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FOREWORD 

This book has been written for the International Baccalaureate Diploma Programme course Mathematics: 
Applications and Interpretation HL, for first teaching in August 2019, and first assessment in May 2021. 

This book is designed to complete the course in conjunction with the HL Mathematics 

Mathematics: Core Topics HL textbook. It is expected that students will 
start using this book approximately 6-7 months into the two-year course, 

upon the completion of the Mathematics: Core Topics HL textbook. 

The Mathematics: Applications and Interpretation courses have a focus on 
technology, and the book has been written with this focus in mind. Where 
appropriate, graphics calculator screenshots and instructions have been 
provided to help students use technology to solve problems. An algebraic 
approach to solving the problem may be included for completeness, and to 
help students enhance their understanding. The material is presented in a 
clear, easy-to-follow style, free from unnecessary distractions, while effort 
has been made to contextualise questions so that students can relate 
concepts to everyday use. 

  

Each chapter begins with an Opening Problem, offering an insight into the 
application of the mathematics that will be studied in the chapter. 
Important information and key notes are highlighted, while worked examples provide step-by-step 
instructions with concise and relevant explanations. Discussions, Activities, and Investigations are used 
throughout the chapters to develop understanding, problem solving, and reasoning. A large number of 
more difficult questions have been included to challenge the HL student. 

Time constraints may not allow for each chapter to be worked through in full. Teachers must select 
exercises carefully, according to the abilities and prior knowledge of their students, to make the most 
efficient use of time and give as thorough coverage of work as possible. 

In this changing world of mathematics education, we believe that the contextual approach shown in this 
book, with the associated use of technology, will enhance the students’ understanding, knowledge and 
appreciation of mathematics, and its universal application. 

We welcome your feedback. 

Email:  info@haesemathematics.com Web:  www.haesemathematics.com 

PMH, MAH, CS, NV 
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ONLINE FEATURES 
With the purchase of a new textbook you will gain 24 months subscription to our online product. 

This subscription can be renewed for a small fee. 

Access is granted through SNOWFLAKE, our book viewing software that can be used in your web 

browser or may be installed to your tablet or computer. 

Students can revisit concepts taught in class and undertake their own revision and practice online. 

COMPATIBILITY 
For iPads, tablets, and other mobile devices, some of the interactive features may not work. However, 

the digital version of the textbook can be viewed online using any of these devices. 

REGISTERING 
You will need to register to access the online features of this textbook. 

Visit www.haesemathematics.com/register and follow the instructions. Once registered, you can: 

e activate your digital textbook 

e use your account to make additional purchases. 

To activate your digital textbook, contact Haese Mathematics. On providing proof of purchase, your 

digital textbook will be activated. It is important that you keep your receipt as proof of purchase. 

For general queries about registering and subscriptions: 

o Visit our SNOWFLAKE help page: https://snowflake.hacsemathematics.com.au/help 
e Contact Haese Mathematics: info@haesemathematics.com 

SELF TUTOR 

Simply ‘click” on the (or anywhere in the example box) to access the worked 

example, with a teacher’s voice explaining each step necessary to reach the answer. 

Play any line as often as you like. See how the basic processes come alive using 

movement and colour on the screen. 

Example [ .1;)) Self Tutor 

Solve the Chinese Postman Problem 

for this weighted graph. 

    

The vertices A and D have odd degree, so the graph is semi-Eulerian. 

We need to walk twice between these vertices. The most efficient way to achieve this is to traverse 

the edge AD twice. 

A route that traverses every edge at least once will have weight equal to the sum of the weights 

of all the edges, plus the weight of edge AD. The total weight is 11 +2 = 13. 

An example solutionis A—~B—C—-D—A—E—D—A.     
  

See Chapter 15, Graph theory, p. 404



  

INTERACTIVE LINKS 
Interactive links to in-browser tools which complement the text are included to 

assist teaching and learning. ICON 

Icons like this will direct you to: 

  

     

     
     
  

  

  

  

  

                

  

  

  
  

  

  

e interactive demonstrations to illustrate and animate concepts 

e games and other tools for practising your skills 

e graphing and statistics packages which are fast, powerful alternatives to using a graphics calculator 

e printable pages to save class time. 
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2= (e - (S owen - 
[— . . 

: N I | O | = = make learning easier! . oo | o0 iavaies [0 T [ wowo | om0 | owow | wowo | om0 
N 

ops X1 3 20000 1.0000 10806 3.0000 20806 

[ om0 | som | v | om0 | oo Namborotrsions 5 o oo s soe s 

" 

Central Limit Theorem O 

Population distribution fesgz Histogram of X, 
. | | Pt sived= " 

ni % 
' 

— ' 
See Chapter 25, Differential Equations, p. 663 s w m W 

wi 2 “ 

Y 
52 10 1 2 38 
oi i 

———— Y P i/ 
05 0% 1 12 15 17 2 oo 2301 

oo o e Sample standard deviation: 02569   

  

See Chapter 29, Estimation and Confidence Intervals, p. 762 

  

Graphics calculator instruction booklets are available for the Casio fx-CG50, TI-84 Plus CE, 

TI-nspire, and the HP Prime. Click on the relevant icon below. 

CASIO 
#x-CG50 TI-84 Plus CE Tl-nspire HP Prime 

When additional calculator help may be needed, specific instructions are 

available from icons within the text. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 
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SYMBOLS AND NOTATION USED IN THIS COURSE 
2 

the set of positive integers and zero, Sn 

{0,1,2,3, ..} 
the set of integers, {0, +1, £2, £3, ....} Soo or S 

the set of positive integers, {1, 2, 3, ...} 

        

the set of rational numbers 

the set of irrational numbers 

the set of real numbers (n 

the set of complex numbers 

{a+bila, beR} 

sy 

  

frz—y 
a complex number 

the complex conjugate of z f(z) 

the modulus of z 1 

the argument of z fog 

the real part of z lim f(x) 

the imaginary part of z roa 

the set with elements z, xo, .... % 
X 

the number of elements in the finite set A d 

the set of all = such that E("") 

fs an element of I(x) 

is not an element of a2y 

the empty (null) set 2 

the universal set " 

union J"(x) 

intersection 
. dny 
is a proper subset of 
. dz™ 
is a subset of 

T () the complement of the set A 

1 . 
a to the power of —, nth root of a T 

n 

a to the power %, square root of a T 

the modulus or absolute value of x, 

that is z for x>0, z€R Jydo 

—z for <0, zeR ) 

identity or is equivalent to / ydx 

is approximately equal to @ 

the closed interval a <z <b e’ 

the open interval a <z <b log, = 
Inz the nth term of a sequence or series 

the common difference of an sin, cos, tan 
-1 

arithmetic sequence sin”, 
: : 1 a1 

the common ratio of a geometric cos™ ", tan 
sequence cisf 

the sum of the first n terms of a 

sequence, uj + u + ... +u, 

the sum to infinity of a sequence, 

U T U2 T veen 

    up +ug + ... +u, 

nx(n—1)x(n—2)x..x3x2x1 

the rth binomial coefficient, 

r=0,1,2, ... intheexpansion of 

(a+b)" 

f is a function under which z is 

mapped to y 

the image of = under the function f 

the inverse function of the function f 

the composite function of f and g 

the limit of f(z) as z tends to a 

the derivative of y with respect to = 

the derivative of .... with respect to x 

the derivative of f(x) with respect to « 

the second derivative of y with 

respect to x 

the second derivative of f(x) with 
respect to x 

the nth derivative of y with respect to x 

the nth derivative of f(z) with respect 
tox 

the first derivative of z(t) with respect to 

time (t) 

the second derivative of z(¢) with respect 
to time (%) 

the indefinite integral of y with respect 

tox 

the definite integral of y with respect to 

« between the limits z =a and z =05 

exponential function of x 

the logarithm in base a of x 

the natural logarithm of z, log, 

the circular functions 

the inverse circular functions 

cosf + isin 6
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Az, y) 

[AB] 

AB 
(AB) 

PB(A, B) 

CAB 
AABC 

PN =[N A 

D =P~ !AP   

the point A in the plane with P(X =z), P(x) 
Cartesian coordinates x and y 

the line segment with end points E(X) 
A and B 
the length of [AB] Var (X)) 

the line containing points A and B 

the perpendicular bisector of [AB] H 

the angle at A :2 

the angle between [CA] and [AB] T 

the triangle whose vertices are 2 

A, B,and C s 

is parallel to — 

is perpendicular to Xn 

the vector v g2 

the displacement vector represented nt 

ig magnitude and direction by the B(n, p) 

directed line segment from A to B 

the position vector OA Po()\) 

unit Ve‘ctors in t'he directions of the N(u, 0?) 

Cartesian coordinate axes 

the magnitude of vector a o~ 

the magnitude of AB - 

the scalar product of a and b 

the vector product of a and b r 

the element in the ith row and 

jth column of matrix A P 

the inverse of the non-singular matrix A Hy 

the determinant of the square matrix A H, 

the identity matrix c 

the zero matrix ¢ 

the adjacency matrix of a graph G A 

a complete graph with n vertices a 

the characteristic polynomial of 8 

matrix A df, v 

the diagonalisation of matrix A fooy 

a transition matrix 

the initial statf-: matrjx G X1+ e+ an X 

the state matrix at time n 

the steady state matrix Za 

probability of event A to v 

probability of the event “not A” e 

probability of the event A given B 2 

observations of a variable Xt 

frequencies with which the Fobs 

observations w1, T3, T3, ..... occur Fesp 

probabilities with which the 
observations 7, xa, x3, .... occur 

probability mass function of the 

discrete random variable X 

the expected value of the random 

variable X 

the variance of the random 

variable X 
population mean 

population standard deviation 

population variance 

sample mean 

sample variance 

sample standard deviation 

the sample mean random variable 

for a sample of size n 

the sample variance random variable 

for a sample of size n 

binomial distribution with n trials 

and probability of success p 

Poisson distribution with rate A 

normal distribution with mean p 

and variance o 
is distributed as 

T—p 
o 

  z-score, z = 

Pearson’s product-moment 

correlation coefficient 

the population product-moment 

correlation coefficient 

the null hypothesis 

the alternative hypothesis 

the critical region of a hypothesis test 

the critical value of a hypothesis test 

acceptance region of a hypothesis test 

significance level of a hypothesis test 

probability of a Type II error 

degrees of freedom 

Student’s ¢-distribution with 

n —1 degrees of freedom 

a linear combination of random 

variables 

P(Z > z,) = @ where Z ~ N(0, 12) 

P(T >t4,,) =« where T ~t, 

calculated chi-squared value 

critical value of the chi-squared 

distribution 
observed frequency 

expected frequency
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THEORY OF KNOWLEDGE 
Theory of Knowledge is a Core requirement in the International Baccalaureate Diploma Programme. 

Students are encouraged to think critically and challenge the assumptions of knowledge. Students 

should be able to analyse different ways of knowing and areas of knowledge, while considering different 

cultural and emotional perceptions, fostering an international understanding. 

The activities and discussion topics in the below table aim to help students discover and express their 

views on knowledge issues. 

IS MATHEMATICS AN INVENTION 
p- 55| OR A DISCOVERY? 

hapter 5: Modelling MOVEMENT OF THE PLANETS 

hapter 2: Logarithms 

I
 

o
 o
 

~
 

hapter 6: Direct and inverse variation MEASURES OF TEMPERATURE 
p. 121 

hapter 7: Bivariate statistics MATHEMATICAL EXTRAPOLATION 
p. 158 

hapter 10: Vector applications INDEPENDENT DEVELOPMENT OF MATHEMATICS 
p- 260 

hapter 15: Graph theory HENRY BECK’'S LONDON UNDERGROUND MAP 
p. 384 

hapter 17: Introduction to differential calculus ZENO'’S PARADOXES 
p. 457 

hapter 20: Applications of differentiation OPTIMISATION 
p. 537 

hapter 25: Differential equations NUMERICAL METHODS 
p. 665 

hapter 29: Estimation and confidence intervals THE CENTRAL LIMIT THEOREM 
p. 767 

hapter 30: Hypothesis testing SIGNIFICANCE LEVELS IN RESEARCH 
p- 792 

hapter 31: x? Hypothesis tests STATISTICAL FALLACIES 
p. 838 

  

  

THEORY OF KNOWLEDGE 

In 1848, William Thomson (1824 - 1907), also known as temperature (°C) 

Lord Kelvin, proposed the need for a temperature scale 

starting at absolute zero. His idea stemmed from research 

showing a proportional relationship between the kinetic 

energy of a system and its temperature. By extrapolating 
his results to a point where the kinetic energy of a system 

was zero, Thomson was able to predict absolute zero as 

about —273°C. 0    

  

temperature (K) 

The SI unit for temperature is the kelvin (K), named in 

Thomson’s honour. Absolute zero is regarded as 0 kelvin, —273.15 

and is defined as —273.15°C. An increase of 1 kelvin 

corresponds to an increase of 1°C, so 0°C is equivalent 

to 273.15 K, and 100°C is equivalent to 373.15 K. 

1 In what ways is it useful to use variables in direct proportion? 

2 Which measure of temperature is most convenient? 

3 What is the most natural measure of temperature? 

See Chapter 6, Direct and inverse variation, p. 121



  

Exponentials 

Contents: 

  

A 

B 

o
n
N
n
 

=
 
X
x
r
o
O
m
m
 

Rational exponents 

Algebraic expansion and 
factorisation 
Exponential functions 

Graphing exponential functions 
from a table of values 

Graphs of exponential functions 

Exponential equations 

Growth and decay 

The natural exponential 

The logistic model



14  EXPONENTIALS (Chapter 1) 

  OPENING PROBLEM 

  

At an antiques fair, Bernard purchases a clock for £500 

and a vase for £400. The clock increases in value by 5% 

each year, and the vase increases in value by 7% each year. 

Things to think about: 

a What is the value of each item 1 year after purchase? 

b Can you write a formula for the value of each item 

t years after purchase? 

  

Which item is more valuable 15 years after purchase? 

d How can we determine when the items are equal in value? 

We have seen previously how exponents are used to indicate when a number is raised to a power. 

  

o 2P=2x2x2 =8 
For a positive integer exponent, the exponent tells us 5 

how many of the base are multiplied together. 21 =2x2 =4 
20 =2 =2 

Any non-zero base to the power 0 is defined as 1, to 20 1 

give consistency to the exponent laws. 
271=1 =1 

For a negative integer exponent, we take the reciprocal L 2 1 i 

of the corresponding positive integer power. 277 = %2 =3 

o3 _ 1 _1 
2X2x%2 8 

In this Chapter we give meaning to exponents which are rational, allowing us to start filling in the 

gaps between the integer exponents. This will allow us to consider exponential functions for which the 

variable appears in an exponent. 

FNMIINNTT RATIONAL EXPONENTS 
The laws of exponents used previously can also be applied to rational exponents, or exponents € Q. 

1 1 1 1 

Forany a >0, notice that a? x a® =a® 2 =a' =a {exponent laws} 

and +/a x \/a=a also. 

1 1 1 

Likewise, a3 x a® x a® =a' =a 

and Yax Yax Ya=a also. 

1 1 

By direct comparison, we conclude that az =./a and a3 ~ va 
1 

In general, a” = {/a where {/a reads “the nth root of a” for n € Z*.
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We can now determine that {/a™ = (a 

m 

Example 1 ) Self Tutor 

Write as a single power of 2: 

a 2 

  

EXERCISE 1A 

  

        

1 Write as a single power of 2: 

1 1 
a V2 b — ¢ 2V2 d 42 e — 2 e V2 v = 

f2xy2 s = h (v2)? i - [ 
V2 V16 V8 

2 Write as a single power of 3: 

1 1 
a V3 b — c V3 d 3v3 e — 3 7 V3 V3 57 

3 Write in the form a*, where a is a prime number and k is rational: 

a V7 b V27 ¢ V16 d /32 e V49 
1 1 1 . 1 . 1 

f == S h 5 I = I = V7 V27 16 V32 Va9 

4 Write in the form z*, where k is rational: 

1 5 1 
a Jr b zyz c 7 d 22z e o 

5 Use your calculator to find, correct to 3 significant figures: 

2 -2 4 5 1 

2 baE VB A e S, 
INSTRUCTIONS 

6 Write without rational exponents: 

_1 5 3 z 
2 ¢ 32 d m? e x2 a 53 b 3



16  EXPONENTIALS (Chapter 1) 

  

   

  

Without using a calculator, write in simplest rational form: 

    
2] 

b 27 3 
  

{(a'rn)n — a7n'n} 

    

W
l
 2 

e 325 a4 

wl
v 1 

f 42 i 125”7 

) RISATION 
We can use the standard rules of algebra, together with the laws of exponents, to simplify expressions 

containing rational or variable exponents: 

  

a(b+c) =ab+ac 

(a+b)(c+d) = ac+ ad + bc + bd 

(a+b)(a—b) =a®>—b* 

(a4 b)? = a® + 2ab + b® 

(a —b)? = a® — 2ab + b® 

  

Example 3 «) Self Tutor 

Expand and simplify: 

  

1 L) g 
z 2(z? 4222 

- 
— 3z 2) 

1 3 1 1 1 1 1 

=z 2 xz?>+x 2x222 -2 2x3z 2 {each term is multiplied by z 2} 

=gt +2:° — 3271 {adding indices} 

—pirg=2 
T 

  
EXERCISE 1B 

1 Simplify: 

ES _1 3 _1 _3 
a z2XzT 2 b z2z2xz 2 ¢ 2?xzx ?



Expand and simplify: 

22(z® + 222 + 1) 

75(7% +2) 

27=(2% 4 5) 

37(37 4 5 4 377) 

+1) 

37(2 — 377) 

5—1(521‘ + 51) 

1 1 

z 2(20% —x +52%) 

  

@ 

  

  

Expand and simplify: 

(27 —1)(2* + 3) 

(27 +3)2 

(@F +2)(a? —2) 

(++2) 

Expand and simplify: 

(2 +3)(2* +1) 

F3)(2° +1) 

=2Tx 2P 42" 4+ 3 x 2"+ 3 

=922 1 4%x2°+3 

(7m d 77m)2 

(71‘ + 7—1)2 

=(T")2 42 x 7% x T7% 4 (77%)2 
:721_ L2 x 704772 

  :72z7 

(3% +2)(37 + 5) 

(3 - 
  

1)2 

(@"+3)(2" -3) 

(7 - 771)2 

L9+ 772z   
(5% —2)(5" — 4) 

(4" +7)2 

(@7 +2 )T 2 
(52772 

  

    

  

[ COR T2 [ (11104 

Factorise: 
2n+3 4 on 

2n+3 4 9n 2n+3 +8 23n + 22n 

= 2n23 o7 =223 18 = 2%ng" 4 2%7 
=2"(2% +1) =8(2")+38 =22"(2" + 1) 
=2"x9 =8(2" +1) 

Factorise: 
52w + 5% 3n+2 4+ 3n ™+ 73n 

5n+1 -5 6n+2 —6 4n+2 —16 

22n o 2n+3 2n+1 e 2n71 4n+1 + 22n71  



  

Example 6 ) Self Tutor 

Factorise: 

4 _9 9% 1+ 4(3%) + 4 

429 
=(2%)2-32 {compare a® —b* = (a +b)(a — b)} 

= (2" 4+ 3)(2® — 3) 

9% 4+ 4(3%) + 4 

=(3%)24+4(3%) +4  {compare a®+ 4a + 4} 

= (3" +2)? {as @®+4a+4=(a+2)?} 

  

  

Factorise: 

9% —4 47 — 25 16 — 9* 

25 — 47 97 — 4% 47 4 6(2°) +9 

9% +10(3%) 4+ 25 4% —14(2%) 4+ 49 25% —4(5%) +4 

Factorise: 

(27)2—22 -2 (3)2 43" -6 47 —7(2%) 4+ 12 

47 +9(27) + 18 47 — 2% — 20 97 +9(3%) + 14 

9% +4(3%) — 5 25% +- 5% —2 49° — 77+ 412   

  

  

    

    

Simplify: 

6" 4n 

37 6 

6" 6" 4n 4n 
o or = = or e 

P 6\" _ 279N _ [(a\" 

= T34, = (5) = Shgn = (E) 

—9n =om _on _ o\n 
ot =(3) 

Simplify: 

127 207 6" 
6 ‘20 2b 

4m 35% 6% 

207 & ge 
24k 5n+1 5n+1 
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Example 8 

Simplify: 

3n 4 6" b 2m+2 —_om 2m+3 + 2m 
Z = ¢ = T= 

B e 9 

7 N m+2 _ om m+3 m a 3 ;6 b 2 — 2 : 2 9+ 2 

_ 3n 4 ongn - 2m22 _om o 2m23 + om 

3n T om T 9 
_ 342 _ 2741 _ 2T 

3 7y 9, 
=1+4+2" =3 — 9om 

8 Simplify: 

6" 4 2™ b 21 4 127 ¢ 8M 4 4™ 

2m 2n 2n 

T _ Qu no n n+l _ rn d 123w3 e 61 ;z f 5 45 

s+l _5n N 4 _on ; on _gn—1 

5n 2n on 

9 Simplify: 

a 2(n+1)+2%n—1) b 3"<"T‘1) —3n ("T“> 

NSl EXPONENTIAL FUNCTIONS 
An exponential function is a function in which the variable appears in the exponent. 

For example, f(z) =5 and g(x) =3 x 2741 are exponential functions. 

  

Example 9 LR (R (L) 

For the function f(z) =3*+5, find: 

a f(6) 

  

EXERCISE 1C 

1 Decide whether each function is an exponential function: 

a y=12%-2 b f(z)y=7-27° ¢ gz)=+yT+5 d f(z)=-3x5
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2 If f(z)=2"-3, find: 

a f(2) b f(1) ) d f(=1) e f(=2) 
3 If f(z)=>5x3"% find: 

a f(1 b f(3) ¢ f0) d f(=4) e f(=1) 
4 If f(z)=2x2% find: 

a f() b f(0) < ) d (=1 e f(=5) 

5 If g(z) =57, find: 

a g(1) b 9(3) ¢ 9(0) d g(=2) e g(=3) 
6 1If h(xz) =3 x(1.1)", use your calculator to evaluate: 

a h(0) b h(1) c h(5) d h(-2) e h(3.8) 

7 Determine whether the given point satisfies the exponential function: 

a y=2"+1 (3,9) b f(z) =5 (1, 5) 

¢ flz)=3""-2 (0, —1) d y=6x2" (-1, 3) 

e flx)=-4x3"+1 (2, -13) fy=47%4+2  (-1,66) 

8 For the function f(z) =3" —1, show that the axes intercepts are both zero. 

9 For the function f(z) =2"% —8, show that: 

a the y-intercept is —7 b the z-intercept is —3. 

   

  

ROM A 
VALUES 

  

  

We can construct a table of values to help graph exponential 

functions.   

  

For example, the table below gives values of y = 27. 
  

  

  

  

  

  

Drawing a smooth curve through the points, we see that as x 

becomes large and negative, the graph approaches the z-axis. 
  

  

For example: when == —10, y =270~ 0.001 

when z = —50, y=2"""~888x10715, 

  

  

  

    We conclude that y = 0 is a horizontal asymptote of the 

function.                   

We write “as © — —oo, y — 0” to mean “as x approaches minus infinity, y approaches zero”. 

We also notice that as = becomes large and positive, y also becomes large and positive. We write 

“as T — 00, Yy — 0", 

Drawing a smooth curve through the points also gives meaning to 27 for irrational values of x.
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EXERCISE 1D 

1 Consider the exponential function y = 4. 

a Copy and complete the table of values. 
  

b Complete the following statements: 

  

i If x is increased by 1, the value of y is ...... 

ii If z is decreased by 1, the value of y is ...... 

¢ Use your table of values to draw the graph of y = 4%. 

d Copy and complete: 

i As 2 —00, Yy — .. il As 2 — —00, Y — .oue 

e Find the horizontal asymptote of y = 4%. 

2 Consider the exponential function y = (%)J 

a Copy and complete the table of values. 

b Use your table of values to draw the graph of .------- 

v=(3)" 
¢ Is the graph of y = (%)‘c increasing or decreasing? 

  

d Copy and complete: 

e Find the horizontal asymptote of y = (%)I 

3 Construct a table of values for z = —3, =2, —1, 0, 1, 2, 3, then use your table to  GRAFHING 

graph each function: 

a y=2"43 b y=3"-4 ¢ y=477 d y=5x2" 

Use the graphing package or your graphics calculator to check your answers. 

L a Construct a table of values for © = —3, —2, —1, 0, 1, 2, 3 for the function: 

i y=27—" i y=(3)" 
Comment on your answers. 

b Explain why 277 = (1)". ¢ Sketch the graph of f(z) =277 = (1)". 

13 [0 GRAPHS OF EXPONENTIAL FUNCTIONS 
INVESTIGATION 1   

. . . - . i 1 GRAPHING ;ri th}s Investigation we examine the graphs of various families of exponential e 

nctions. 

You can use the graphing package or your calculator. 

What to do: 

1 a State the transformation which maps y =a” to y=a" +c.
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b Predict the effect, if any, this transformation will have on the: 

i shape of the graph ii position of the graph 

iii horizontal asymptote. 

Check your predictions by graphing y = 2%, y =2%+1, and y =2% —2 on the same 

set of axes. 

State the transformation which maps y =a” to y =k xa®, k> 0. 

Predict the effect, if any, this transformation will have on the: 

i shape of the graph ii position of the graph 

iii horizontal asymptote. 

Check your predictions by graphing y = 2%, y =3 x 2%, and y = % x 2% on the same 

set of axes. 

State the transformation which maps y = a” to y = —a”. 

Predict what the graph of y = —2 will look like, and check your answer using technology. 

For the family y =k x a®, what effect does the sign of & have? 

State the transformation which maps y = a® to y =a?®, ¢ > 0. 

Predict the effect, if any, this transformation will have on the: 

i shape of the graph ii position of the graph 

ili horizontal asymptote. 

Notice that 2% = (22)* = 4% and 23¢ = (23)% = 8. 

Check your predictions by graphing y = 2%, y = 4%, and y = 8" on the same set of 

axes. 

State the transformation which maps y =a® to y=a™". 

Notice that 277 = (271)% = (%)z 

1 Predict what the graph of y = (5)  will look like, and check your answer using technology. 

Explain why a=% = (l) for all a > 0, a # 1. Hence describe how the graphs of 
a 

x 

y=a"% and y = (%) are related. 

From the Investigation you should have discovered that: 

For the general exponential functions y = ka®™ +c¢ and y = ka™ " + ¢ 

e ¢ controls the vertical position of the graph. 

e The horizontal asymptote is y = c. 

e a and k both affect how steeply the graph increases or decreases. 

e The sign of k determines whether the graph lies above or below the asymptote. 

We can sketch the graph of an exponential function using: I 

e the horizontal asymptote s 
i ymp All exponential graphs have O 

e the y-intercept a horizontal asymptote. 

e two other points. v
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3 E1 IR 

Sketch the graph of y =277 — 3. Hence state the domain and range of f(z) =27% —3. 
  

  

For y=27% -3, Y 

the horizontal asymptote is y = —3. 

When =0, y=2°-3=1-3= -2 
the y-intercept is —2. 

When z=2, y=2"2-3=1-3=—-23 

  

  

  

  

When z=-2, y=22-3=1 
  

The domain is {z | z € R}. 

The range is {y | y > —3}. 
    

  

                    
EXERCISE 1E 

1 Match each function with its graph: 

a y=2° b y=10" 

¢ y=-5 dy=(3)" 
G 

  

2 Sketch each pair of functions on the same set of axes: 

  

a y=2" and y=2"+3 b y=2® and y=27" 

¢ y=2" and y=>5" d y=2% and y=2x2" GRCKACE 

3 Sketch each pair of functions on the same set of axes: 

a y=3" and y=3"" b y=3" and y=3"+1 

¢ y=3® and y= -3 d y=3" and y=3x3" 

4 State the equation of the horizontal asymptote of: 

a y=5"—1 b y=2""4+4 ¢ y=3x4c+1 dy=—(1)"-5 

5 Find the y-intercept of: 

a y=3"+4 b y=6"7-2 € y=3x2"+7T d y=-1x5"+6 

6 Consider the exponential function f(z) =3* — 2. 

a Find: i f(0) i f(2) i f(-2) 

b State the equation of the horizontal asymptote. 

¢ Sketch the graph of the function. 

d State the domain and range of the function.
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7 Consider the function g(z) =3 x (%)1 +4. 

a Find: i g(0) il g(2) il g(—2) 

b State the equation of the horizontal asymptote. 

¢ Sketch the graph of the function. 

d State the domain and range of the function. 

8 For each of the following exponential functions: 

i Calculate the y-intercept. il State the equation of the horizontal asymptote. 

iii Find the values of y when z =2 and z = —2. 

iv  Sketch the function using the information from i to iii. 

v State the domain and range of the function. 

a y=2o+1 b y=372+4 ¢ y=(3)" dy=(3)"-3 

e y=2-2° fy=4""+4+3 g y=3—-27° h y   

  

    
This graph shows the curve y = k x 3* + ¢, where y 

k and c are constants. 

Find the values of & and c. 2 

  

  

Substituting (0, 2) into the equation gives 2=k x 3" +¢ R R e (D) 

Substituting (1, —2) into the equation gives —2 =k x 3! +¢ S 3k+e=-2 .2 

Now (2) — (1) gives 2k =—4 

. k=-2 andso c=4. 
  

9 The graph alongside shows the curve 

y =k x 2 + ¢, where k and c are constants. 

a Find the values of k and c. 

b Find y when z =6. 

  

10 This graph shows the function f(z)=3.5—a""%, 

"""""""""""""""""""""""""""""""""""""""""" where a is a positive constant. 

f@)=35-a""" Tpe point (—1, 2) lies on the graph.      
a Write down the coordinates of the 

y-intercept, P. 

b Find the value of a. 

¢ Find the equation of the horizontal asymptote. 
  

<
 |
Y
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11 Find the exponential function in each graph: 

a 

   

  

12 The graph of y =k x 4% + ¢ is shown alongside. 

a Explain why: 

ik must be positive 

ii ¢ must be negative. 

b Find the equation of the exponential function. 

¢ Find the y-intercept. 

d State the horizontal asymptote. 

13 An exponential function of the form f(z) = k x a® + ¢ has y-intercept 10, horizontal asymptote 

y =2, and passes through the point (5, 258). Find the exponential function. 

14 An exponential function of the form f(z) =k x a™* + ¢ has y-intercept 1, horizontal asymptote 

y =4, and passes through the point (1, 2). Find the exponential function. 

15 An exponential function of the form f(z) = ka® + ¢ passes through the points (1, 11), (2, 17), 

and (3, 29). Find the y-intercept of the function. 

16 An exponential function of the form f(z) = ka™* + ¢ passes through the points (-2, 21), (1, 0), 

and (2, —2). Find: 

a the y-intercept b the horizontal asymptote. 

e For the exponential function y = a®, why do we choose to specify: 

a a#l b a>0? 

e What does the graph of y = (—2)” look like? What is its domain and range? 

[ EXPONENTIAL EQUATIONS 
An exponential equation is an equation in which the unknown occurs as part of the exponent or index. 

For example, 2% =50 and 7'~ =40 are both exponential equations. 

To solve an exponential equation, we graph each side on the same set of axes. The z-coordinate of the 

intersection point is the solution to the equation.
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Example 12 o) Self Tutor 

Use technology to solve 3% = 7. 
  

We graph Y; = 3% and Y, =7 on the same set of axes, and find their point of intersection. 

Casio fx-CG50 TI-84 Plus CE TI-nspire 

W& NORIAL FLOAT AUTO REAL DEGREE MP [ T Unsaved v 

¥2=7 

  
  

The solution is = ~ 1.77. 

  

  

EXERCISE 1F 

1 a Use the given graph of y = 27 to 

estimate the solution to: 

i 2r=3 il 22 =0.6 

b Use technology to check your answer. 

  

  

  

  

  

  

                

T 

v 

2 Solve using technology: 

a 2°=20 b 4% =100 ¢ 3*=30 

d (1.2)*=3 e (1.04)* =4.238 f (0.9)* =05 

3 Solve using technology: 

a 3x2°=93 b 40 x (0.8)* =10 ¢ 8x 3" =120 

d 21 x (1.05)* =34 e 500 x (0.95)* = 350 f 250 x (1.125)* =470 

g 3*+5=50 h 60+ 10 x (1.5)* =80 i 20480 x (0.75)" = 30 

4 An exponential function of the form y =4 x a” — 7, a >0, passes through (-2, 5). Find: 

a the value of @ b the z-intercept of the function. 

5 For what values of k does the equation 10 — 8 x (0.5)” = k have: 

a 1 solution b no solutions? 

6 An exponential function of the form y = k x 2% + ¢ passes through (-1, —%) and (5, 7). Find 

the value of z when y = 10.
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ACTIVITY 1 

In the previous Exercise we used technology to solve exponential equations. However, in some cases 

we can solve exponential equations algebraically. 

  

If both sides of an exponential equation are written as powers with the same base numbers, we can 

equate indices. 

If a® = a* then =z = k. 

For example, if 2% =8 then 2% =23 Thus z =3, and this is the only solution. 

What to do: 

1 Solve algebraically: 

a 2 =32 b 57 =25 ¢ 3* =281 d =1 

e 3¥=1 f 22=2 g 5" =1 h 4 =64 

i 2z72 — % i 3z+1 — 2_17 k 7z+1 — % 1 51721 — % 

2 Discuss the advantages and disadvantages of using this algebraic method to solve exponential 

equations. 

AN GROWIH AND DicaY 
In this Section we will examine situations where quantities are either increasing or decreasing 

exponentially. These situations are known as growth and decay modelling, and occur frequently in 

the world around us. 

Populations of animals, people, and bacteria usually grow exponentially until they become limited by 

resources. We also see exponential growth in the value of items which appreciate over time. 

We observe exponential decay in radioactive substances, in the temperature of objects as they cool, and 

in the value of items which depreciate over time. 

For the exponential function y =k x a® +c¢ where a, k>0, a# 1, we see: 

  

  

  

                

o growthif a>1 o decayif 0 <a< 1. 

GROWTH 

Consider a population of 100 mice which under favourable conditions is increasing by 20% each week. 

To increase a quantity by 20%, we multiply it by 1.2. Ap 

If P, is the population after n weeks, then: 300 P(n) =100 x (1.2)7 

Py =100 {the original population} 

P =Pyx12=100x 1.2 , 200 
Py=P x 1.2 =100 x (1.2) 
Py =Py x 1.2 =100 x (1.2)3, and so on. 100 

From this pattern we see that P, = 100 x (1.2)", n € Z, 

which is a geometric sequence. 0 "(Weeki) 
0 2 3 4 5 6    
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However, while the population of mice must always be an integer, we expect that the population will 

grow continuously throughout the year, rather than in big, discrete jumps. We therefore expect it will be 

well approximated by the corresponding exponential function P(n) =100 x (1.2)", n € R. 

ICEIEEN 
A scientist monitoring a grasshopper plague notices that the area affected by the grasshoppers is 

given by A(n) = 1000 x (1.15)™ hectares, where n is the number of weeks after the initial 

observation. 

  

a Find the original affected area. 

b Find the affected area after: 

i 5 weeks il 10 weeks. 

Draw the graph of the affected area over time. 

d Use your graph or technology to find how long it will take for the affected area to reach 

8000 hectares. 

a A(0) = 1000 x 1.15° = 1000 
the original affected area was 1000 hectares. 

b i A(5)=1000 x 1.15° ~ 2010 i A(10) = 1000 x 1.15'° =~ 4050 

The affected area is about The affected area is about 

2010 hectares. 4050 hectares. 
  

< A A (hectares) 

   

  8000 a>1 

indicates 

6000   

  

4000   

                        
= 

2000 

a 
k: 0 n (vyee' s») 

0 2 4 6 8 10 12 141t 
~15 

d  From the graph in ¢, it would take about 15 weeks for the HORHAL FLOAT AUTU REAL” RADIANHP 
affected area to reach 8000 hectares. Ao 

or Using technology, the solution is ~ 14.9 weeks. 

Intersection 
¥=14.878453 ¥=8000 
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EXERCISE 1G.1 

1 A weed in a field covers an area of A(t) =3 x (1.08)" square metres after ¢ days. 

a Find the initial area covered by the weed. 

b By what percentage does the area increase each day? 
. GRAPHING 

¢ Find the area covered after: PACKAGE 

i 2days ii 10 days ili 30 days. 

d  Sketch the graph of A(t) using the results of a and ¢ only. 

Use technology to graph Y; = 3 x (1.08)X and hence check your answers. 

The weight W of bacteria in a culture ¢ hours after establishment is given by 

W(t) =100 x (1.07)! grams. 

a Find the initial weight. b Interpret the value 1.07 in the model. 

¢ Find the weight after: 

i 4 hours ii 10 hours iii 24 hours. 

d  Sketch the graph of the bacteria weight over time using the results of a and ¢ only. 

Use technology to graph Y; = 100 x (1.07)% and hence check your answers. 

A breeding program to ensure the survival of pygmy possums is established with an initial population 

of 50 (25 pairs). From a previous program, the expected population P in n years’ time is given by 

P(n) = Py x (1.23)". 

a What is the value of Py? 

b What is the expected population after: 

i 2 years ii 5 years iii 10 years? 

¢ Sketch the graph of the population over time using a and b only. 

d How long will it take for the population to reach 500? 

Use technology to graph Y; = 50 x (1.23)* and hence check your answers. 

A flu virus spreads in a school. The number of people N infected after ¢ days is given by 

N =4x1.332, t>0. 

a Find the number of people initially infected. 

b Calculate the number of people infected after 16 days. 

¢ There are 1200 people in the school. Estimate the time it will take for everybody in the school 

to catch the flu. 

d For what values of ¢ is it reasonable to use this model? 

In 1998, 200 bears were introduced to a large island off 

Alaska where previously there were no bears. The population 

increased exponentially according to B(t) = By x al, where 

a > 0 is a constant and ¢ is the time in years since the 

introduction. 

a Find By. 

b In 2000 there were 242 bears. Find a, and interpret your 

answer. 

n 

  
Find the expected bear population in 2018. 

d Find the expected percentage increase in population from 2008 to 2018. 

e How long will it take for the population to reach 2000?
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6 The speed V of a chemical reaction is given by V(t) = Vp x 2°95¢ where ¢ is the temperature 
in °C. 

a Find the reaction speed at: i 0°C i 20°C. 

b Find the percentage increase in reaction speed at 20°C compared with 0°C. 

¢ Find (W) x 100% and explain what this calculation means. 

7 Kayla deposited £5000 into an account. The amount in the account increases by 10% each year. 

a Write a formula for the amount A(t) in the account after ¢ years. 

b Find the amount in the account after: i 2 years ii 5 years. 

¢ Sketch the graph of A(¢). 

d How long will it take for the amount in the account to reach £8000? 

  

   
  

  

  

  

  

  

  

  

                

8 A house is expected to increase in value by 7.5% per 700000, V) 

year. Its expected value in ¢ years’ time is given by the 600000 

exponential model V =k x a® dollars, where ¢ > 0. t 

The model is graphed alongside. 500000 

a State the value of a. 400 000 
. . (1, 387000) 

b Find the value of k, and interpret your answer. 300000 

¢ How long will it take for the house’s value to < t (years 

reach $550 0007 0 2 4 6 s 1 
9 A biologist is modelling an infestation of fire ants. He 8004 4 (hectares) 

determines that the area affected by the ants is given 

by A(n) =k x (1.5)" + ¢ hectares, where n is the 600 (3,550 
number of weeks after the initial observation, and k ’ 

and c are constants. 400 . 

The model is graphed alongside. A=kx (15)"+e 

a Use technology to find & and c. 200 

b Estimate the time taken for the infested area to 0 n (weeks) 
reach 1000 hectares. 0 2 3 4 5   

10 A parachutist jumps from the basket of a stationary 

hot air balloon. His speed of descent is given by 

V =c—k x (0.8)! ms™! where c and k are constants, 
and ¢ is the time in seconds. 

a Explain why ¢ = k. 

b After 2 seconds, the parachutist has speed 21.6 ms™!. 

Find the exponential model connecting V' and ¢. 

Find the speed of the parachutist after 4 seconds. 

Sketch the graph of V' against ¢. 

e Describe how the speed of the parachutist varies over time. 

PUZZLE 

A population of insects doubles in size each week, and exhausts the food supply after 6 months. 

  

o 
n 

  

At what time does % of the food remain?
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DECAY 

Consider a radioactive substance with original weight 255y (gfamb) 

20 grams. It decays or reduces by 5% each year. The 

multiplier for this is 95% or 0.95. 20 

If W, is the weight after n years, then: 

Wo = 20 grams 15 

Wi =Wy x 0.95 = 20 x 0.95 grams 

Wo =W x 0.95 = 20 x (0.95)% grams 10 
Wa =Wy x 0.95 = 20 x (0.95)% grams 

: 5 
Wao = 20 x (0.95)%° ~ 7.2 grams 

n (years 

Wigo = 20 x (0.95)'%° ~ 0.1 grams. % 10 20 

From this pattern we see that W,, =20 x (0.95)", n € Z, which is again a geometric sequence. 

However, we know that radioactive decay is a continuous process, so the weight remaining will actually 

be given by the smooth exponential curve W(n) =20 x (0.95)", n € R. 

|_Example 14_] T, 

b 

< 

d 

  

When a diesel-electric generator is switched off, the current dies away according to the formula 

I(t) = 24 x (0.25)* amps, where ¢ is the time in seconds after the power is cut. 

  

Find I(t) when ¢ =0, 1, 2, and 3. 

What current flowed in the generator at the instant it was switched off? 

Plot the graph of I(¢) for ¢ > 0 using the information above. 

Use your graph or technology to find how long it takes for the current to reach 4 amps. 

I(t) =24 x (0.25)" amps 

1(0) I(1) 1(2) 1(3) 
=24x(0.25)° =24x (025" =24x (0252 =24x(0.25)° 
= 24 amps = 6 amps = 1.5 amps = 0.375 amps 

I(0) = 24 
When the generator was switched off, 24 amps of current flowed in the circuit. 
  

I (amps) 
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d From the graph on the previous page, the time to reach O [EXE]:Show coordinates 

4 amps is about 1.3 seconds. 

or Using technology, the solution is ~ 1.29 seconds. 

=24x0. 25"(x) 

  

  

EXERCISE 1G.2 

1 The weight of a radioactive substance ¢ years after being set aside is 

  

given by W (t) = 250 x (0.998)" grams. DS 
i . . . indicates 

a How much radioactive substance was initially set aside? decay. 

b Determine the weight of the substance after: 

i 400 years i 800 years iii 1200 years. 

¢ Sketch the graph of W(t) for ¢ >0 using a and b only. O 

d  Use your graph or graphics calculator to find how long it takes \\ 

for the substance to decay to 125 grams. 

2 The temperature of a liquid ¢ minutes after it has been placed in a refrigerator, is given by 

T(t) =100 x (1.02)~t °C. 

a Find the initial temperature. 

b Find the temperature after: 

i 15 minutes il 20 minutes ili 78 minutes. 

¢ Sketch the graph of T'(¢) for ¢ > 0 using a and b only. 

d How long will it take for the temperature to fall to 15°C? 

3 An initial count of orangutans in a forest found that the forest 

contained 400 orangutans. Since then, the destruction of their habitat 

has caused the population to fall by 8% each year. 

a Write a formula for the population P of orangutans ¢ years after 

the initial count. 

b Find the population of orangutans after: 

i 1year ii 5 years. 

¢ Sketch the graph of the population over time. 

d How long will it take for the population to fall to 200? 

  

L4 The intensity of light L diminishes below the surface of the sea according to the formula 

L = 10 x a? units, where a > 0 is a constant and d is the depth in metres measured from 

the surface of the sea. 

a Would you expect that 0 <a <1 or a > 1? Explain your answer. 

b The intensity of light 1 m below the surface is 9.5 units. Find the value of a. 

¢ Find the intensity of light 25 m below the surface. 

d A light intensity of 4 units is considered adequate for divers to be able to see clearly. 

Calculate the depth corresponding to this intensity of light. 

e Calculate the range of depths for which the light intensity is between 1 and 3 units.
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5 A group of turtles was observed in a lake in 2005. The population of turtles has decreased by 5% 

each year since. In 2006 the population was 323. 

Suppose the population is given by P =k x a® where ¢ is the number of years since 2005. 

a State the value of a. b Find the value of k, and interpret this value. 

¢ Find the population of turtles in 2015. 

d Do you think it reasonable to apply this model for negative values of ¢? Explain your answer. 

  6 The value of a car after ¢ years is given by the 3OOOOAV($) 

exponential model V = k x 0.7" + ¢ dollars, 

where k and c are constants, and ¢ > 0. 

The model is graphed alongside. 20000 

25000   

  

  a State the value of c. Interpret this value in the 15000 

context of the situation. 

b Find the value of k. 

¢ Find the initial value of the car. 5000 

How long will it take for the value of the car ( L T e T 

to reduce to $5000? Give your answer to the 0 2 4 6 8 lto(yearg 

nearest year. 

10000   

                   
e Does the car depreciate in value by the same percentage each year? Explain your answer. 

7 When a packet of peas is placed in the freezer, its temperature after ¢ minutes is given by 

T(t) = c+k x 0.875" °C, where ¢ and k are constants. 

The temperature of the peas is 18°C after 1 minute, and 14.5°C after 2 minutes. 

a Use technology to find ¢ and k. 

b What do you think is the temperature of the interior of the freezer? Explain your answer. 

¢ What was the temperature of the packet of peas: 

i when first placed in the freezer ii after 5 minutes iii after 10 minutes? 

d  Sketch the graph of T'(t). 

e How long does it take for the temperature of the packet of peas to fall to 0°C? 

3R LR (R (ML) 

  

The weight W of radioactive substance remaining after ¢ years is given 

by W(t) =1000 x (0.979)" grams. 

a Find the initial weight of the radioactive substance. The half-life of 

b Find the half-life of the substance. a quantity is the 
time it takes to 

  

halve in value. 
a W(0) = 1000 x (0.979)° = 1000 

The initial weight was 1000 g. 

b Half of the initial weight is 500 g. [T O T T 
LIS CIN {98 

1000 x (0.979)¢ = 500 

Using technology, it takes ~ 32.7 years 

for the substance’s weight to fall to 500 g. 

So, the half-life of the substance 

~ 32.7 years. 

  
Intersection 
¥=32.659209 ¥=500   
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When medication is taken by a patient, it is slowly used by their body. After ¢ hours, the amount 

of drug remaining is given by D(¢) = 120 x (0.9)" mg. 

a Find the initial drug dose. b Find the half-life of the drug. 

¢ Find the time when there is only 25 mg of the drug left in the body. 

The weight W of radioactive substance remaining after ¢ years is given by 

W(t) = 800 x (0.96)t grams. 

a Find the initial weight of the substance. b Find the half-life of the substance. 

¢ Without using technology, determine the time it takes for the weight of the substance to reach 
50 g. 

The radioactive isotope fermium-253 has a half-life of 3 days. The weight of fermium-253 detected 

t days after an explosion is W (t) = 10 x a’ mg. 

a Interpret the value 10 in this model. 

b Calculate the value of a, correct to 4 decimal places, and interpret this value. 

¢ Find the weight of fermium-253 after 2 days. 

d How long will it take for the weight of fermium-253 to fall to: 

i 3mg il 1.25 mg? 

The weight of a substance after ¢ hours is given by the exponential model W = k x a’ grams, 

k>0, 0<a<l. 

The substance weighs 300 g after 2 hours, and 100 g after 6 hours. 

Find the half-life of the substance. 

The ratio of carbon-12 atoms to carbon-14 atoms in living organisms is approximately 10'2 : 1 

When an organism dies, the amount of carbon-12 in the organism remains constant, but the carbon-14 

begins to decay. 

A piece of wood is found to have carbon-12 and carbon-14 atoms in the ratio 10'® : 1. Given that 

the half-life of carbon-14 is approximately 5700 years, estimate the age of the wood. 

[0 I THE NATURAL EXPONGNTIAL 
We have seen that the simplest exponential functions y=(02)* y=5° 

have the form f(z) = a* where a >0, a # 1. 

Graphs of some of these functions are shown alongside. 

We can see that for all positive values of the base a, the 

graph is always positive. 

Hence a® >0 forall a>0. 

There are an infinite number of possible choices for the 

base number.       

y=(05)" 

However, where exponential data is examined in science, engineering, and finance, the base e ~ 2.7183 

is commonly used.
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e is a special number in mathematics. It is irrational like 7, and just as 7 is the ratio of a circle’s 

circumference to its diameter, e also has a physical meaning. We explore this meaning in the following 

Investigation. 

INVESTIGATION 2 

A discrete formula for calculating the amount to which an investment grows under compound interest 

is up, = up(1+14)™ where u, is the final amount, v is the initial amount, 7 is the interest rate per 

compounding period, and n is the number of periods, or times the interest is compounded. 

We will investigate the final value of an investment for various values of n, and allow n to become 

extremely large. 

What to do: 

1 Suppose $1000 is invested for one year at a fixed rate of 6% per annum. Use your calculator 

to find the final amount or maturing value if the interest is paid: 

a annually (n=1, ¢ =6% = 0.06) b quarterly (n=4, i= GT% =0.015) 

¢ monthly d daily 

e by the second f by the millisecond. 

Comment on your answers. 

2 If r is the percentage rate per year, ¢ is the number of years, and N is the number of interest 

payments per year, then ¢ = % and n = Nt. 

aqrt 

If we let a = fi, show that the growth formula becomes wu,, = ug [(1 + l) } . 
T a 

3 For continuous compound growth, the number of interest 

payments per year [N gets very large. 

a Explain why a gets very large as N gets very large. 10 

b Copy and complete the table, giving your answers as 100 

accurately as technology permits. 1000 

10000 

100000 

1000000 

10000000 

  

4 You should have found that for very large values of a, (1 + %) ~ 2.718281828459.... 

Use the key of your calculator to find the value of e!. What do you notice? 

5 For continuous growth, u,, = uge’™ where ug is the initial amount, r is the annual percentage 

rate, and ¢ is the number of years. 

Use this formula to find the final amount if $1000 is invested for 4 years at a fixed rate of 6% 

per annum, where the interest is paid continuously.
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From Investigation 2 we observe that: 

If interest is paid continuously or instantaneously then 

the formula for calculating a compounding amount 

u, = up(l + %)™ can be replaced by wu, = uge™, 

where r is the percentage rate per annum and ¢ is the 

number of years. 

Since e~ 2.71828, the graph of y = e” lies between 

the graphs of y =27 and y = 3". 

  

  

Example 16 LR R (ML 

Sketch, on the same set of axes, the graphs of: 

a y=e® and y=2¢e" 

a y=2¢e" is a vertical dilation of y = e” b gy = €% is a horizontal dilation of y = e® 

with scale factor 2. with scale factor % 

  

EXERCISE 1H 

1 Sketch, on the same set of axes, the graphs of y =e* and y = —e”. GACRAGE 

What is the geometric connection between these two graphs? 

x 2 Sketch, on the same set of axes, the graphs of y =¢* and y =e~". 

What is the geometric connection between these two graphs? 

3 Sketch, on the same set of axes as the graph of y = e”: 

a y=e"+2 b y=e"-3 ¢ y=23e" 

d y=ge" e y=e>* f y:e% 

For each graph, state the y-intercept and equation of the horizontal asymptote. 

4 For the general exponential function y = ke™ + ¢, what is the y-intercept? 

5 Find, to 3 significant figures, the value of: 

a e? b & c 7 d e e et 

6 Write the following as powers of e: 

1 1 
a e bfi < 5 d eye
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10 

1 

12 

13 

14 

Evaluate, to five significant figures: 

a 231 b 231 ¢ 829 d 4829 

e 50e—0-1764 £ 80e—0-6342 g 1000e!-2642 h (.25¢—3:6742 

Expand and simplify: 

a (e +1)2 b (1+¢)(1—¢e%) ¢ (e —3) 

Factorise: 

a e 4e” b e —16 ¢ ¥ —8e” +12 

a On the same set of axes, sketch and clearly label the graphs of f(z) = e, g(z) = —e”, and 

h(xz) =10 — e®. 

b State the domain and range of each function. 

  ¢ Describe the behaviour of each function as = — +o0. 

t 

The weight of bacteria in a culture is given by W (¢) = 2e2 grams where ¢ is the time in hours 

after the culture was set to grow. 

a Find the weight of the culture: 

i initially i after 30 minutes 

i after 13 hours iv after 6 hours. 

b Hence sketch the graph of W (t) = 2¢2. 

The current flowing in an electrical circuit ¢ seconds after 

it is switched off is given by I(t) = 75¢~%1%* amps. 

a What current is still flowing in the circuit after: 

i 1 second ii 10 seconds? 

b Use your graphics calculator to help sketch the graph 

of I(t) = T5e=015¢, 

¢ How long will it take for the current to fall to 1 amp? 

This graph shows the amount of water in a tank   

  

  

  

  

  

  

              

t minutes after it is punctured by a drill. 

a Find the exponential model connecting A and ¢. 8 

b Do you think the hole is in the bottom or the 6 

side of the tank? Explain your answer. 4 

¢ Find the amount of water in the tank after 

2 minutes. 2 t (min) 

d How long will it take for the tank to lose 6 kL S 1 6 s 1o 
of water? 

A meteor hurtling through the atmosphere has speed of descent given by 

V(t) =650(4 +2 x e7%1) ms™! 

where ¢ is the time in seconds after the meteor is sighted. 

a Is the meteor’s speed increasing or decreasing? 

b Find the speed of the meteor: 

i when it was first sighted i after 2 minutes. 

¢ How long will it take for the meteor’s speed to reach 3000 ms—!?
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15 Consider the function f(z) = e®. 

a On the same set of axes, sketch y = f(z), y==, and y= f~!(x). 

b State the domain and range of f~!. 

      

o0 

* 1.2, 1 3, _ 1 .4 1k Ch ps 16 It can be shown that ¢ 1+a+52° + 5520° + 5552’ + o kgo ¢ which is an infinite 

polynomial expansion. 

Check this statement by finding an approximation for ! using its first 20 terms. 

ACTIVITY 2   

Click on the icon to run a card game for exponential functions. CARD GAME 

  HISTORICAL NOTE 

The natural exponential e was first described in 1683 by Swiss 

mathematician Jacob Bernoulli. He discovered the number while 

studying compound interest, just as we did in Investigation 2. 

  

The natural exponential was first called e by Swiss mathematician 

and physicist Leonhard Euler in a letter to the German 

mathematician Christian Goldbach in 1731. The number was 

then published with this notation in 1736. 

In 1748, Euler evaluated e correct to 18 decimal places. 

  

Euler also discovered some patterns in continued fraction expansions of e. He wrote that 

_ 1 1 521:—1 and  e—1=1+ ) 
14— 1+ - 

bt o — S —— 
1 1 

14+W 1+ T 

  

2k   

1+1+1.,,, 

One may think that e was chosen because it was the first letter of Euler’s name or for the word 

exponential, but it is likely that it was just the next vowel available since he had already used a in 

his work.
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NN THELOGISTIC MODEL 
Some quantities grow exponentially at first, and then level off to approach a maximum value. For 

example, the population of animals on an island may grow exponentially initially, but then approach a 

maximum value due to limited resources of land or food. 

  

This model of growth is called the logistic model. 

L 

14 Ce k= 

where L > 0 is the limiting value, and C' and k are 

positive constants. 

The logistic model has the form y = 

  

  

  

  

  

  

  

  

                        

Notice that as & — oo, e™** — 0, and so y — % =L 

I DR, 
. o5 . g 30 

The weight of bacteria in a petri dish after ¢ hours is W (t) = T4 20007 grams. 

a Find the initial weight of bacteria. 

b Find the weight of the bacteria after: i 2 hours ii 6 hours. 

¢ Sketch the graph of W against ¢. 

d Discuss the weight of the bacteria as ¢ — oo. 

e How long did it take for the weight to reach 25 g? 

a wo)=-2__ 
1429 

The initial weight is 1 g. 

s 30 m 30 
b I W2 = T390 07@ ~ 3.68 il W(6)= T3 290 07® ~ 20.9 

After 2 hours, the bacteria weighs After 6 hours, the bacteria weighs 

~ 3.68 g. =~ 20.9 g. 

€ 3553 (grams) d As t — oo, the weight of the bacteria 

approaches 30 g. 

e Using technology, it took ~ 7.11 hours for 

the weight to reach 25 g. 

[0 [EXE]:Show coordinates 
=304(1+29(e"(-.7x))) 

> INTSECT 

0 2 4 6 8 10 12 14 619632 v=25 L= 
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EXERCISE 11 

1 The population of an island ¢ years after it is first inhabited, is given by P(t) = 5000 
14 24e=01t " 

a How many people initially inhabited the island? 

b Find the population after: 

i 20 years il 60 years. 

State the limiting population of the island. 

Qo 
n 

Use technology to help sketch the graph of P against ¢. 

e How long did it take for the population to reach 3000? 

2 A contagious virus infects the members of a sports club. The number of members infected after 

80 

14 Cet’ 

a Given that only one member was initially infected, find C. 

t days is given by N = 

b Discuss the behaviour of N as ¢ — co. 

¢ Find the number of people infected after: 

i 5 days il 2 weeks. 

d Sketch the graph of N against ¢. 

3 Paige’s height at age ¢ years is given by H(t) = % cm. 

1+2e 4 

Given that Paige was 54 cm tall at birth, find L. 

b Find Paige’s height when she was: 

i 3 years old il 10 years old. 

How tall is Paige now that she is fully grown? 

Q 
n 

The height of Paige’s twin sister Piper also follows a logistic model. Piper had the same birth 

height as Paige, and as adults they have the same height. However, at age 3 Piper was 81 cm 

tall. Find Piper’s height at age 10. 

4 In a small country town, rumours spread very fast. At 8 am on Monday, a rumour begins with 

2 people. By 10 am, 10 people have heard the rumour, and by noon, 45 people have heard the 

rumour. 

a Find the logistic model for the number of people N who have heard the rumour ¢ hours after 

8 am. 

b How many people have heard the rumour by 3 pm? 

¢ How many people do you think live in the town? 

At what time would 200 people have heard the rumour? 

REVIEW SET 1A 

1 Write as a single power of 2: 

1 
a 2 b 8/2 c 7 

2 Evaluate: 
2 2 1 

a 83 b 27 @ c 81 ¢
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3 Expand and simplify: 

a e®(e®+e”) b (2% +5)? ¢ (22 —T7)(z%+47) 

& Determine whether the given point satisfies the exponential function: 

a y=4"-1 (2,15) b f(z)=5x3" (- %) 

5 Consider the exponential function y = (%)I + 2. 
  

a Copy and complete the table of values 2l 3] =2]=1Tol1T273 
alongside. 

b Hence graph the function. 

¢ Copy and complete: 

  

d Find the horizontal asymptote. 

6 On the same set of axes, draw the graphs of y = 2% and y = 2* — 4. Include on your graph 

the y-intercept and the equation of the horizontal asymptote of each function. 

7 Consider y=3—27". 

a Find y when z =0, +1, £2. b Discuss y as = — too.         

¢ Sketch the graph of y =3 —27%. d State the equation of any asymptote. 

8 This graph shows the exponential function y = kxa”, 

where a and k are constants, a > 0. 

a Find £ and a. 

b State the equation of the horizontal asymptote. 

¢ Find the value of y when = = 2. 

  

9 Use technology to solve: 

a 5% =1000 b 15 x (1.6)* =80 ¢ 400 x (0.98)* =70 

10 A population of seals is given by P(t) = 80x (1.15)* 

where ¢ is the time in years, ¢ > 0. 

a Find the initial population. 

b Find the time required for the population to 

double in size. 

¢ Find the percentage increase in population during 

the first 4 years. 

11 Find, to 3 significant figures, the value of: 

a ¢t b 2 ¢ 10e3° 

  

12 Sketch, on the same set of axes, the graphs of: 

a y=e€® and y=e€" -2 b y=e® and y=4e” 

I * and y = —35¢ C y=¢
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13 The value of a computer ¢ years after it is 

purchased is given by V =k x 0.6! + ¢ pounds, 

where k and ¢ are constants. 

  1000417 ¢) 

800   

  

  

  

  

            
a Use technology to find k£ and c. 600 

b Warren thinks that the value of the computer 400 

decreases by 40% each year. Is he correct? 200 

Explain your answer. # (years 

¢ Find the value of the computer after 3 years. o1 =2 3 1 % 

d State the equation of the horizontal asymptote and explain what it means in this situation. 

14 The weight of a radioactive substance after ¢ years is given by W = 1500 x (0.993)* grams. 

a Find the original amount of radioactive material. 

b Find the half-life of the substance. 

¢ Find the time taken for the weight to reduce to 375 grams. 

15 This graph shows the temperature of a mug of water ¢ minutes after it has been poured from a 

kettle. 

  1005 7o) 

80   

60   

40   

  

20               t (min) 

0 5 10 15 20 25 
  

  

0 

a Find the exponential model connecting 7" and ¢. 

b Find the temperature of the water after 10 minutes. 

¢ How long will it take for the temperature of the water to fall to 30°C? 

16 The height of a seedling ¢ weeks after it is planted is given by the logistic model 

H(t) = L m 

1+ 557% 

Given that the seedling was 10 cm tall when it was planted, find the value of L. 

Find the height of the seedling after 5 weeks. 

Sketch the graph of H against ¢. 

Find the time taken for the seedling’s height to reach 50 cm. Q 
an

 
o
 

REVIEW SET 1B 

k 1 Write in the form x*, where k is rational: 

a Iz b z3/z < 2 

2 Evaluate, correct to 3 significant figures: 

  

5 

a 37 b 27 ° ¢ V100
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10 

Expand and simplify: 

a (3—e")? bz 3(z vl
w 

—23% —g 2) € 27%(2%% + 27) 

Factorise: 

a 372 _ 3% b 4*_9% _ 192 € e 4 2% —15 

Consider y =2e™% + 1. 

a Find y when z =0, +1, £2.   

      

b Discuss y as = — +oo. 

¢ Sketch the graph of y =2e™% + 1. 

  d State the equation of any asymptote. 

Answer the Opening Problem on page 14. 

Let f(z) =3 
a Write down the value of: 

i f(4) i f(-1) 
b Find the value of k such that f(z +2) =k f(z), k € Z. 

Find the exponential model in the graph: 

   
An exponential model of the form y =k x 577 4 ¢ has z-intercept 1 and y-intercept 8. 

a Find the exponential model. b Find the value of y when = = —1. 

Solve using technology: 

  

a 4=30 b 2x(1.6)*=7 ¢ 50 x (0.65)" =15 

For what values of k does the equation 4 x (0.3)* —2 =k have: 

a 1 solution b no solutions? 

When a species of bird is introduced onto an island, 40004 p 

its population increases by 15% each year. The 

population ¢ years after introduction is given by 
3000 

P = k x a', where k and a are constants, and 

  

  

  

  

              
t>0. 

a State the value of a. 2 

b Find the value of k and interpret your answer. 

¢ Find the population after 5 years. 1000 

d Do you think this model is likely to be t (years) 

accurate for very large values of ¢? Explain O > 
0 2 1 6 8 10 12 

your answer.
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13 The weight of a substance after ¢ days is given by W =k x a® grams. 

The substance has a half-life of 5 days, and it weighs 400 g after 2 days. 

Find the weight of the substance after 9 days. 

14 Match each equation to its corresponding graph: 

  

a y=—€" b y=3x2" ¢ y=e"+1 d y=37° e y=—e" 

B Yy C 

1 

T 

E    
15 a Use technology to help sketch the graph of f(z) =3 — €. 

b State the domain and range of the function. 

  ¢ Describe the behaviour of the function as x — +oo. 

16 A small island has an abundance of insects and fruits which are food for an endangered species 

of mammal. A small group of the species is introduced to the island including 10 adult females. 

The number of adult females on the island after ¢ months is given by N = L —- 

1+Ce 10 

a Given that there were 20 adult females on the island after 10 months, find L and C. 

b Find the number of adult females on the island after 15 months. 

¢ Find the time taken for the number of adult females to reach 40.



  

Logarithms 

Contents: 

  

Logarithms in base 10 

Laws of logarithms 

Natural logarithms 

Logarithmic functions 

Logarithmic scales
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OPENING PROBLEM 

The slide rule was invented by William Oughtred in 1622 as a tool to perform multiplication and 

division more quickly. 

A simplified slide rule is shown alongside. ' I ' [TTT] 
. . a 2 3 456789 

To multiply 2 and 3, we align the “1” on the top scale 

with the “2” on the bottom scale. We then notice that T I 

El AR S{H 

  

  

the “3” on the top scale aligns with the “6” on the 

bottom scale. This tells us that 2 x 3 = 6. 

Things to think about: 

a Are the integers on the scales equally spaced? 

b Let L(X) be the distance between 1 and X on these scales. 

i Explain why L(1)=0. 

ii For this multiplication method to work, explain why L(A) + L(B) = L(AB). 

          

¢ Suppose we write X as a power of 10, so X = 10%, and let L(X) = z. Show that this 

function satisfies both properties in b. 

d Describe how the integer markings are spaced on the scale. 

e Describe how you would perform division using the slide rule. 

I3 I LoGARTHMS I B 1 
Consider the graph of y = 10 shown. 

  

  Notice that the range of the function is {y | y > 0}. This 

means that every positive number y can be written in the 

form 107. 

For example: 

e When y=10, 2 =1, so 10 = 10" 

e When y=20, z~ 1.3, so 20~ 10'3. 

When we write a positive number y in the form 10%, we say 

that z is the logarithm in base 10, of y. Y 

  

    

  

  

            

The logarithm in base 10 of a positive number is the power that 10 must be raised to 

in order to obtain that number. 

For example: 

e The logarithm in base 10 of 1000 is 3, 

since 1000 = 103. 
We write log;q 1000 = 3 or simply 

log 1000 = 3. 

e 1log(0.01) = —2 since 0.01 =1072. o 

     If no base is indicated we 

assume it means base 10. 

log b means log, b. 

  

    

By observing that log 1000 = log(10%) =3 and log(0.01) = log(1072) = —2, we conclude 

that log10®” = x forany =z € R.
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e ) Self Tutor 

Find: 

a log100 b log(0.1) ¢ logv/10 
  

1 

a log100 = log(10%) b log(0.1) = log(107Y) ¢ log V10 = log(10%) 
=2 e 

  

The logarithms in Example 1 can be found by hand because it is easy to write 100, 0.1, and +/10 as 

powers of 10. The logarithms of most values, however, can only be found using a calculator. 

For example, 10g 34~ 1.53 NORMAL FLOAT AUTO REAL DEGREE MP i 

so 34~ 1043 / 
i . GRAPHICS 

Logarithms allow us to write any number as CALCULATOR 
. INSTRUCTIONS 

a power of 10. In particular: 

x = 10°8% for any z > 0. 

Use your calculator to write the following in the form 10” where z is correct to 4 decimal places: 

  

  

  

as b 800 ¢ 0.08 

a 8=10'e® b 800 = 10'°&50° ¢ 0.08 =10'e00® 
~ 100.9031 ~ 102.9031 ~ 10—1.0969 

Casio fx-CG50 TI-84 Plus CE HP Prime 
B Habbfom] NORMAL FLOAT AUTO REAL DEGREE MP 1] o Function 

Tog 8 
o 0.903089987 

JUMP JDELETEMATVCY MATH . -1.09691001301 

D .      
EXERCISE 2A 

1 Without using a calculator, find: 

  

a log 10000 b log0.001 ¢ logl0 d logl 

¢ logy/I0  log YI0 s log( 4110) h log(10v0) 
. : 1 100 : i logv/100 i log (fi) ke log(10 x ¥/10) I log(1000v/10) 

Check your answers using your calculator. 

2 Simplify: 
10 10¢ 

a log(10™) b log(10% x 100) < log< ) d log( )    
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3 a Explain why log237 must lie between 2 and 3. 

b Use your calculator to evaluate log237 correct to 2 decimal places. 

4 a Between which two consecutive whole numbers does log(0.6) lie? 

b Check your answer by evaluating log(0.6) correct to 2 decimal places. 

5 Use your calculator to evaluate, correct to 2 decimal places: 

a log76 b logl14 ¢ log3 d log831 

e log(0.4) f log3247 g log(0.008) h log(-7) 

6 For what values of z is logz: 

a positive b zero ¢ negative d undefined? 

7 Use your calculator to write the following in the form 10” where x is correct to 4 decimal places: 

  

a 6 b 60 ¢ 6000 d 0.6 e 0.006 

f 15 g 1500 h 15 i 0.15 i 0.00015 

IR R 
a Use your calculator to find: i log2 il log20 

b Explain why log20 = log2 + 1. 
  

  

    

a b log20 = log(2 x 10) 
2 

log ,o 0-3010299957 =log(10"°82 x 10')  {z = 10'&} 
og 

n 1.301029996 = log(10"°82*1) {adding indices} 

=log2+1 

i log2=~0.3010 

il log20 ~ 1.3010 

8 a Use your calculator to find: i log3 il log 300 

b Explain why log300 = log3 + 2. 

9 a Use your calculator to find: i logh il log(0.05) 

b Explain why log(0.05) =logh — 2. 

e ) Self Tutor 

Find x such that: Remember that 

a logz=3 b logz ~ —0.271 1008 — 4. 

logz ~ —0.271 
lologx ~ 1070.271 

z ~ 0.536   
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10 Find z such that: 

a logz =2 b logz=1 ¢ logx=0 

d logzr = -1 e logr =1 f loger=—3 

g logx =4 h logz = -5 i logz ~ 0.8351 

i logz =~ 2.1457 k logz~ —1.378 I logz ~ —3.1997 

11 Suppose the point (a, b) lies on the graph of y = 10”. uA gy=10" 

a Write an equation connecting a and b. (a,b) 

b Hence show that logb = a. 

¢ Explain why the point (b, a) lies on the graph 

of y=logz. 

d What is the relationship between the functions 

y=10" and y =logx? 

e Copy the graph of y = 10*, and sketch the graph 

of y =logz on the same set of axes. 

f Find the x-intercept of y = logz. 

g State the domain and range of y = logz. 

[NMUNNT LAWSOF LOGARITHMS 
INVESTIGATION 1 

What to do: 

  

1 a Use your calculator to find: 

i log2+1log3 ii log3+log7 iii log4 +log20 

iv log6 v log21 vi log80 

b From your answers, suggest a possible simplification for logm + logn. 

2 a Use your calculator to find: 

i log6—log2 ii logl12—log3 iii log3—logh 

iv log3 v log4 vi log(0.6) 

b From your answers, suggest a possible simplification for logm — logn. 

3 a Use your calculator to find: 

i 3log2 ii 2logh iii —4log3 

iv log(2?) v log(5%) vi log(37%) 

b From your answers, suggest a possible simplification for mlogb.
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From the Investigation, you should have discovered the three important laws of logarithms: 

e logm + logn = log(mn) for m,n >0 

  

° logm—lognzlog<fl> for m,n >0 
n 

e mlogb = log(b™) for b>0 

Proof: 

° log(mmn) ° log (E) ° log(b™) 
n 

= log(10'8™ x 10'°5™) Lologm — log((10°0)™) 
_ log(lologm+logn) S 10g( 10logn ) _ log(107n log b) 

=logm + logn :10g(1010gm—logn) = mlogh 

=logm — logn 

  

T 
Use the laws of logarithms to write as a single logarithm or as an integer: 

a logh+log3 b log80 —log8 ¢ log7—-1 

a log5 +log 3 b log 80 — log 8 < log7—1 

=log(5 x 3) - log(%) =log 7 —log 10 

=logl5 =log 10 = log(1—70) 

=1 

Example [ XA 

Simplify by writing as a single logarithm or as a rational number: 

  

    

      
  

  

a 2log7— 3log?2 b 2log3+3 ¢ Loe8 
log4 

3 
a 2log 7 — 3log2 b 2log3+3 < log8 _ log(2") 

) 5 ) 5 logd  log(22) 
= log(7%) —log(2°) = log(3%) + log(10”) _ 3log2 

=log49 — log8 = log 9 + log 1000 " 2log2 

=log(42) = log 9000 = 

EXERCISE 2B 

1 Write as a single logarithm or as an integer: 

a log8+log2 b log4 +logh ¢ log40 —logh 

d logp—logm e log8—1log2 f logh+ log(0.4) 

g log250 +log4 h log 100 — log4 i log2+log3+log4 

i log5+log4 —log2 k log6 —log2 —log3 I log(%) +log3 +1log7  
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2 Write as a single logarithm: 

            

a log7+2 b log4 -1 ¢ 1+1log3 

d logh—2 e 2+log2 f logh0—4 

g t+logw h log40—2 i 3—1log50 

3 Write as a single logarithm or integer: 

a blog2+log3 b 2log3+ 3log2 ¢ 3log4 —log8 

d 2log5 —3log?2 e 1log4+log3 f Llog(3) 

g 3—logd—2logh h 1-3log2+log20 i 2—1log4—1logh 

4 Simplify without using a calculator: 

log4 b log 27 ¢ log 8 d log3 e log 25 f log 8 

log 2 log 9 log 2 log 9 log(0.2) log(0.25) 

  

  

     
        

      

Show that: 

a log(}) = —2log3 b log500 = 3 —log 2 
   

  

a log(5) =log(3™) b log500 = log (122) 
= —2log3 — log 1000 — log 2 

= log(10°) — log 2 
=3 —log2 

5 Show that: 

a log9=2log3 b logv2=4log2 ¢ log(}) = —3log2 

d log(%) = —logh e logh=1-1log2 f log5000 =4 —log2 

6 The number a x 10F where 1 < a < 10, k € Z is written in standard form. Show that 

log(a x 10%) = loga + k. 

7 Suppose p=1log2, g=1log3, and r =logh. Write in terms of p, ¢, and r: 

  

a log6 b log45 ¢ log108 

d log(242) e log(3) t log(2) 

8 Suppose log P =z, log@ =y, and log R = z. Write in terms of z, y, and z: 

a log(PR) b log(RQ?) ¢ log (%) 

@ RVQ d log(P?\/Q) e 1og<fi> f log( =5 > 

9 If logM =1.29 and log(N?) =1.72, find: 

a logN b log(MN) < log( ) gz
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10 Write as a single logarithm: 

log(8!) — log(7!) + log(6!) — log(5!) + log(4!) — log(3!) + log(2!) — log(1!) 

11 Write log(5!) in the form a+logb, where a, b € Z @ 

and b is as small as possible. ‘fi 

[N NATURAL LOGARITHMS 
In the previous Section we considered the logarithm in base 10. 

The logarithm in base e is called the natural logarithm. 

The natural logarithm of a positive number is the power that e must be raised to 

in order to obtain that number. 

The natural logarithm is represented as log, , or more commonly as Inzx. 

Forall 2 >0: Ilne®* =z and e™® =z. 

Example 8 ) Self Tutor 

  

  

As with base 10 logarithms, we can use our 

calculator to find natural logarithms. / 
. GRAPHICS 

For example, In30 ~ 3.40, which means CALCULATOR 
INSTRUCTIONS 

that 30 ~ €340, 

  

LAWS OF NATURAL LOGARITHMS 

The laws for natural logarithms are the laws for logarithms written in base e: 

e Inm+Inn =In(mn) for m,n >0 

m 
. lnm—lnnzln(—) for m, n >0 

n 

e minb = In(b™) for b>0
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EXERCISE 2C 

1 Without using a calculator, find: 

a In(e?) b In(e?) ¢ In((ve)?) d Inl 

e ln<é) f Inie g 1n(ei2) h ln(%) 

Check your answers using a calculator. 

2 Simplify: 

a en3 b 2ln3 ¢ e In5 d e 2ln2 

e Ine” f In(e x ) g In(e® x e?) h In((e*)") 

3 a Use your calculator to evaluate ¢ and e* correct to 4 decimal places. 

b Between which two consecutive whole numbers does In40 lie? 

¢ Find In40 correct to 3 decimal places. 

L Use your calculator to find, correct to 3 decimal places: 

a Inl2 b In68 ¢ In(1.4) d In(0.7) e In500 

5 Explain why In(—2) and In0 cannot be found. 

Example 9 ) Self Tutor 

Use your calculator to write the following in the form e where k is correct to 

4 decimal places: 

  

a 50 b 0.005 

a 50 = eln 50 {.'IZ _ 6ln z} b 0.005 = eln0.005 

s 39120 ~ 52083 

Casio fx-CG50 TI-84 Plus CE 
B ([FIRea) NORMAL FLOAT AUTO REAL DEGREE MP 1] 

3.912023005 In€@.005) o eaai7ae7 
In 50 

0 

JUMP [DELETE PMATIVCT] MATH,      
6 Use your calculator to write the following in the form e* where k is correct to 4 decimal places: 

a 6 b 60 ¢ 6000 d 06 e 0.006 

f 15 g 1500 h 1.5 i 015 j 0.00015
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Example 10 LR (R (ML) 

Find z if: 

a Inx =217 

a Inzx=217 

L g =217 

.z ~8.76 

7 Find z if: 

a lnz=3 b lnz=1 ¢ lnz=0 d Inz=-1 

e Inz=-5 f Inz~0.835 g Inz~2145 h Inz~-3.2971 

8 a Write in simplest form: 

i In(e") i e 

b What does this tell us about the functions y = e* and y = Ina? 

¢ Sketch the graphs of y =e¢” and y =Inz on the same set of axes. 

State the domain and range of y = Inz. 

  

Example 11 ) Self Tutor 

Use the laws of logarithms to write as a single logarithm: 

a In5+1In3 b In24—-In8 

a In5+1n3 b In24 —1In8 < In5—1 

=1In(5 x 3) =In(%) =1In5—In(e') 

—In15 —In3 zln(E) 
e 

  

9 Write as a single logarithm or integer: 

a Inl5+In3 b In15—1In3 ¢ In20—1Inb 

d In4+1In6 e In5+1n(0.2) f In2+1In3+1Inb 

g 1+In4 h In6-1 i In5+In8—In2 

i 2+1In4 Ik In20-—2 I In12—In4 —1n3 

Example 12 ) Self Tutor 

Use the laws of logarithms to simplify: 

a 2In7-3In2 

  a 2In7-3In2 = In(7?) — In(2%) +3 =1n(3%) + In(e?) 
=1n49 —In8 =1n9 + In(e?) 

=In(%) = In(9¢®) 
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10 Write in the form lna, a € R : 

a 5In3+1n4 

d 3In4—2In2 

g —In2 

i 4In2+2 

11 Show that: 

a In27=3In3 

d ln(%) =—1In6 

g In(6e) =In6+1 

2 

i m(%>=2—3m2 
=
 

T
 

60 
O
 

k 

3In2+2Inb 

%ln8+ln3 

~In(3) 
in9—1 

Inyv3= %lnB 

ln(%) = —%11’12 

ln\a/gzéln5 

V3 
ln(e—4 =%1n3—4 

3In2 —1n8 

  

  

THEORY OF KNOWLEDGE 

It is easy to take modern technology, such as the electronic calculator, for granted. Until electronic 

computers became affordable in the 1980s, a “calculator” was a profession, literally someone who 

would spend their time performing calculations by hand. They used mechanical calculators and 

techniques such as logarithms. They often worked in banks, but sometimes for astronomers and 

other scientists. 

The logarithm was invented by John Napier (1550 - 1617) and first published in 1614 in a Latin 

book which translates as a Description of the Wonderful Canon of Logarithms. John Napier was 

the 8th Lord of Merchiston, which is now part of Edinburgh, Scotland. Napier wrote a number of 

other books on many subjects including religion and mathematics. One of his other inventions was a 

device for performing long multiplication which is now called “Napier’s Bones”. Other calculators, 

such as slide rules, used logarithms as part of their design. He also popularised the use of the decimal 

point in mathematical notation. 

  

Johannes Kepler 

1 Can anyone claim to have invented logarithms? 

2 Can we consider the process of mathematical discovery as an evolution of ideas? 

3 Has modern computing effectively doubled the life of a mathematician? 

Logarithms were an extremely important development, and they had 

an immediate effect on the seventeenth century scientific community. 

Johannes Kepler used logarithms to assist with his calculations. This 

helped him develop his laws of planetary motion. Without logarithms 

these calculations would have taken many years. Kepler published 

a letter congratulating and acknowledging Napier. 

gave Sir Isaac Newton important evidence to support his theory of 

universal gravitation. 200 years later, Laplace said that logarithms 

“by shortening the labours, doubled the life of the astronomer™. 

Kepler’s laws
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Many areas of mathematics have been developed over centuries as several mathematicians have 

worked in a particular area, or taken the knowledge from one area and applied it to another field. 

Sometimes the process is held up because a method for solving a particular class of problem has not 

yet been found. In other cases, pure mathematicians have published research papers on seemingly 

useless mathematical ideas, which have then become vital in applications much later. 

In Everybody Counts: A report to the nation on the future of Mathematical Education by the National 

Academy of Sciences (National Academy Press, 1989), there is an excellent section on the Nature 

of Mathematics. It includes: 

“Even the most esoteric and abstract parts of mathematics - number theory and logic, for 

example - are now used routinely in applications (for example, in computer science and 

cryptography). Fifty years ago, the leading British mathematician G.H. Hardy could boast 

that number theory was the most pure and least useful part of mathematics. Today, Hardy’s 

mathematics is studied as an essential prerequisite to many applications, including control of 

automated systems, data transmission from remote satellites, protection of financial records, 

and efficient algorithms for computation.” 

4 Should we only study the mathematics required to enter our chosen profession? 

5 Why should we explore mathematics for its own sake, rather than to address the needs of 

science? 

[0 T LOGARITHMIC FUNCTIONS 
We have seen that log10” = 10'8% =z forall 2 >0 

and that Ine® = €% =2 forall z>0. 

The logarithmic functions logx and Inx are therefore the inverses of the exponential functions 10* 

and e” respectively. We can graph the logarithmic functions by reflecting the appropriate exponential 

function in the line y = z. 

  

We can compare the properties of basic exponential and logarithmic functions as follows: 

T — 

y=ée y=Inzx 

“Doman | aeR | a0 | 
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Consider the function f(z) =2lnz — 1. 

- 
0 

0 
A 

O 

  

  

State the transformations which map y =Inz to y = f(z). 

Find the domain and range of f. 

Find: i f(1) il f(e) 

Find the z-intercept, using technology if necessary. 

Sketch the graph of y = f(z) showing all important features. 

Find the inverse function f~1. 

  

To transform y =Inz to y =2Inz — 1, we perform a vertical stretch with scale factor 2, 

followed by a translation through ( _01 ) . 

The domain is = > 0 and the range is y € R. 

  

  

  

  
  

  

  

  

  

  

i f(1)=2In1-1 d When f(z)=0, 2lnz—1=0 

= lnx:% 

il fle)=2mne—1 z:e%zlfify 

f f is defined by y =2Inz —1 

2 f~1is defined by z=2Iny—1 

. x+1=2hy 

|« x+1 =lny 

z+1 

e? =y 
_9 

z+1 

fiz)=e" 

  

                

  

EXERCISE 2D 

1 For each of the functions f: 

i State the transformation(s) which map y =Inz to y = f(z). 

il State the domain and range. iii Find f(1) and f(e). 

iv Find the z-intercept, using technology if necessary. 

v Sketch the graph of y = f(z), showing all important features. 

vi Find the inverse function f~1. 

a f(z)=Inz—4 b f(z)=In(z—1)+2 

¢ f(z)=3lnz-1 d f(z)=3—-Inz
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2 For each of the following functions f: 

i Find the domain and range. ii  Find any asymptotes and axes intercepts. 

iii - Sketch the graph of y = f(z), showing all important features. 

a f(x)=logx —2 b f(z)=log(z+1) 

¢ f(z)=2logz+1 d f(z)=1-logz 

3 Consider the curves A and B. One of them is the 

graph of y = Inz and the other is the graph of 

y = In(z — 2). 

a Identify which curve is which, giving evidence for 

your answer. 

b Copy the graphs onto a new set of axes, and then 

draw the graph of y = In(z + 2). 

  

¢ Find the equation of the vertical asymptote for 

each graph. 

4 Kelly said that in order to graph y = In(z?), x > 0, Yy ) 
you could first graph y = Inz and then double the y=1n(z*) y=Inz 
distance of each point on the graph from the z-axis. 

Is Kelly correct? Explain your answer. 

  

5 Draw, on the same set of axes, the graphs of: 

a y=Inz and y=In(z?) b y=Inz and y=ln<l) 
x 

¢ y=Inz and y=In(z +e) d y=Inz and y=In(z—2) -3 

e y=2Inz and y = In(z?) +2 

6 a Write In(ex?) in the form a+blnz, x> 0. 

b Hence sketch the graph of y = In(ez?), = > 0. 

   7 The graphs of y = a+ 2logz and y =5 —logz Y 

are shown alongside. 

Find, in the form logk where k € R: 

ab b a 

y=a+2logx    
8 Given f:x+—€*® and g:z+ 2x—1, find: 

a (fTlog)(x) b (9o f)7'(@)
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I LOGARITHMIC SCALES 
With some real-world quantities, there is enormous variation in the size of measurements we make. 

  

For example, the table below shows the energy associated with some physical processes. 

R0 
average kinetic energy of a human red blood cell 

energy needed to raise a grain of sand by 1 mm 

    

      

   

  

     

    

      

kinetic energy when a 200 g apple falls 1 m | 
  

solar energy received by 1 m? of the Earth’s surface 

directly under the Sun in 1 second   
  

energy from the combustion of 1 m? of natural gas | 
  

total world energy consumption in 2016 

If we tried to place these values on a standard number line where 1 mm represented 1 J of energy, then 

the smallest two values would be indistinguishable from zero, and the largest value would be placed 

about 4 million times the distance from the Earth to the Sun. 

Clearly we cannot use a standard number line to compare these numbers, so instead we scale them using 

logarithms. 

To form a simple logarithmic scale, we take the base 10 logarithm of each value. The major tick marks 

on the scale are equally spaced, and correspond to a power of 10. We often say there is an order of 

magnitude difference between each mark. 

measured value 1072 1071 10° 10! 102 
<l Ll Lenl Lenl Ll 

base 10 logarithm -2 -1 0 1 2 

  INVESTIGATION 2 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    
  

  

We know that if y = 10” then z = logy. Ay 

We can therefore use the graph of y = 107 100 

to generate a logarithmic scale with minor tick 90 

marks, and locate values on the scale. 30 

PRINTABLE 70 
GRAPH 

60 

50 

40 

30 

20 

10 

> 

1 2 T 
Y i              
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What to do: 

1 Print the graph. Mark, as accurately as possible, the values on the z-axis corresponding to 

y being 1, 2, 3, 4, ..., 9, and 11, 12, 13, 14, ...., 19. 

2 Comment on the spacing of your minor tick marks. How does this compare with the slide rules 

shown in the Opening Problem? 

3 Measure the distance on your logarithmic scale between the marks corresponding to 

measurements (y-values) of 1 and 10, 2 and 20, and 5 and 50. Use the logarithm laws 

to explain why these distances should all be the same. 

& On the logarithmic scale, which measurement is placed further to the right, 5 x 102 or 10%°? 
Explain your answer. 

  

Example 14 LR R (T 

On the logarithmic scale alongside, values have been 

scaled using the function y = logz. ' 
. . -l 

a State the values corresponding to points A and B. -2 -1 0 

b Identify the position on the scale which represents the value: 

i V10 il 100 times larger than the value corresponding to C. 

  

—2_ 1 a Ahasvalue 1072 = 75 

B has value 10° =1 
1 
2 b i logv10 =1log10 il 1og(100C) = log 100 + log C 

=2+logC 

  

EXERCISE 2E 

1 On the logarithmic scale alongside, values have been P Q R 

scaled using the function y = logz. } | } 
i 3 -l 

a State the values corresponding to points P and Q. -3 -2 -1 0 1 2 

b Identify the position on the scale which represents the value: 
L w1 I 75 i 15 as large as R. 

¢ Is it possible to represent 0 on the number line? Explain your answer. 

2 a Find the logarithm of each energy value in the table at the start of this Section. 

b Illustrate the values on a single logarithmic scale.
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3 The populations of some Asian countries are shown alongside. 

b 

Scale these values using the function y = logx, and display Cambodia |16 482 646 

the val logarithmi le. e values on a logarithmic scale China 1420062022 

For each country, divide the population by the population India 1368737513 

of Singapore, then scale your results using the function 

y = logx. Indonesia | 269536482 

Nauru 11260 

Singapore 5836496 

Thailand 69 306 160 

Vanuatu 288017 

Use a logarithmic scale to display each country’s population 

relative to Singapore. 

Compare your scales from a and ¢. Explain your result. 

  

4 Earthquakes can range from microscopic tremors to huge natural disasters. The magnitude of 

earthquakes is measured on the Richter scale which relates to the energy released by the earthquake. 
I 

The magnitude is calculated as M = log(—), where [ is the earthquake intensity and I is a 
Iy 

reference intensity level. 

b 

What does it mean for a tremor to have magnitude: 

i0 i 1? 

Explain why an earthquake of magnitude 6 is not twice as intense as a magnitude 3 earthquake. 

How much more intense is it? 

Find the magnitude of an earthquake which has: 

i 10% of the intensity of a magnitude 5 earthquake 

i half the intensity of a magnitude 6 earthquake. 

In January 2018 a 7.5 magnitude earthquake hit Honduras, and in August 2018 an 8.2 magnitude 

earthquake hit Fiji. How many times more intense was the Fiji earthquake than the Honduras 

earthquake? 

5 The acidity of a solution is determined by the concentration of hydronium ions (H3O™), measured 

in moles per litre (molL~'). The higher the concentration of H3O", the more acidic it is. The 

opposite of acidic is alkaline. 

In extremely acidic solutions, the concentration of H3O is typically more than 1073 mol L. 

In very alkaline solutions, it is usually less than 107'2 molL~1. 
Explain why a logarithmic scale would be useful in describing the acidity of a solution. 

In chemistry, the pH scale is used to measure acidity. The pH of a solution is given by 

pH = —log C, where C is the concentration of H3O%. Find: 

i the pH of a solution with H;O" concentration 0.000234 mol L~* 

i the H30% concentration in a solution with pH 7. 

Milk has pH 6.6, and vinegar has pH 2.4. 

i Which is more acidic? 

ii Find the pH of a substance which has 200 times the H30" concentration in milk. 

ili How many times greater is the H3O™ concentration in vinegar than in the substance in ii? 

Is it possible for a solution to have a negative pH? Explain what this means in terms of the 

concentration of H3Ot.
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The magnitude of an earthquake which releases E joules of energy is given by M = % log (10%). 

a Find the magnitude of an earthquake which releases 5.1 x 10'° joules of energy. 

b How much energy is released by a magnitude 4.3 earthquake? 

  

b When M =43, 4.3=2log 48) T G 
o Ea:4.3=210g 

using technology, E ~ 1.78 x 10'' joules. x=1.77827941 xul 1 
Lft=4.3 
Rgt=4.3 

X 
104.8 

[REPEAT) 

  

6 Use the formula in the Example above to find: 

a the magnitude of an earthquake which releases 6.2 x 10'® joules of energy 

b the energy released by a magnitude 5.1 earthquake. 

7 Musical notes are named according to the frequency of their sound waves. They are labelled with 

letters of the alphabet. 

A note which has twice the frequency of another is said to be one octave higher than it. So, one C 

is an octave below the next C. 

A note n octaves above “Middle C” has frequency f Hz. The variables n and f are related by the 

o 
fe——— 1 octave ————>| 

Find the frequency of “Middle C”. 

b How many octaves above “Middle C” is a note with frequency 784 Hz? 

equation n = 3.322log 

  

¢ Find the frequency of the note: 

i 3 octaves above “Middle C” ii 1 octave below “Middle C”. 

d  There are 12 different notes in an octave. They are equally spaced on the logarithmic scale. 

Find the ratio of frequencies between two adjacent notes. 

8 In the Krubein phi scale for particle size, a particle with diameter D is assigned the value 

  

¢ = —log, DE’ where Dy =1 mm is a reference diameter. 
o 

a Show that if D is measured in mm, then ¢ = _llogf . 
og 

b Find the diameter of a gravel particle with ¢ = —3.4.
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ACTIVITY 

The brightness of an astronomical object such as a star, planet, or 

moon, is measured in two ways: 

e the apparent magnitude is the object’s brightness as seen 

from Earth 

e the absolute magnitude is the apparent magnitude the object 

would have, if it were 10 parsecs from Earth. 

The scale for the apparent magnitude of stars originated in Ancient 

Greece. The brightest stars were said to have magnitude 1, and the 

faintest were said to have magnitude 6. Each grade of magnitude 

was considered twice the brightness of the following grade.     This system was formalised in 1856 by the English astronomer f = ? 

Norman Pogson, who defined a magnitude 1 star to be 100 times Norman Pogson 

brighter than a magnitude 6 star. 

What to do: 

1 Explain why, under Pogson’s definition, a magnitude increase 

of 1 corresponds to a decrease in brightness by the factor 

V100 ~ 2.512. @ 

/100 is known as Pogson’s ratio. N\~ 

2 The apparent magnitude M of an object’s brightness is defined by M = —2.5log (i) where 
F 

F is the observed flux density of the object and Fj is a reference flux density. 0 

a Does a higher apparent magnitude indicate a brighter or fainter object? 

b Let F; and Fy be the observed flux densities of stars with apparent magnitudes 1 and 6 
. . F . 

respectively. Use the apparent magnitude formula to show that F_l =100, in agreement 
. . 6 

with Pogson’s definition. 

n What does it mean for a star to have a negative apparent magnitude? 

d The Sun has apparent magnitude —26.74, and the full Moon has apparent magnitude 

—12.74. 

i When viewed from Earth, how many times brighter is the Sun than the full Moon? 

ii Find the apparent magnitude of a star which is 1000000 times fainter than the full 
Moon. 

3 The brightness of a star varies inversely with the square of its distance from the observer. 

a Stars A and B have the same apparent magnitude when viewed from Earth, but star B is 

twice as far away. 

i Explain why star B has the higher absolute magnitude. 

ii If star A has absolute magnitude —6, find the absolute magnitude of star B. 

b On average, the Sun is 4.848 x 10~ parsecs from Earth. Find the absolute magnitude 

of the Sun.
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REVIEW SET 2A 

1 

  

Find: 

a log/10 b log( 3110) ¢ log(10% x 10°+1) 

Use your calculator to evaluate, correct to 3 decimal places: 

a log27 b log(0.58) ¢ log400 d In40 

Write in the form 107, giving x correct to 4 decimal places: 

a 32 b 0.0013 ¢ 8.963 x 10~° 

Simplify: 

a 4In2+2In3 b 1In9—In2 ¢ 2In5-1 d in8l 

Write as a single logarithm: 

a logl6+2log3 b log16 —2log3 ¢ 2+logh 

Suppose A =log2 and B =log3. Write in terms of A and B: 

a log36 b log54 ¢ log(8v/3) 

d log(\/(_i) e log(20.25) f log(%) 

Find z if: 

a logz=-3 b Inz=5 

Consider the function f(z) =3Ilnz + 3. 

a State the transformations which map y =Ilnz to y = f(z). 

b Find f(1). ¢ Find any axes intercepts. 

d Sketch the graph of y = f(z). e Find the inverse function f~'(z). 

Draw, on the same set of axes, the graphs of: 

a y=Inz and y=ilnz b y=Inz and y = In(ex) 

¢ y=Ilogz and y=2log(z — 2) 

Suppose Ink > 1 but logk < 1. Between which two values must & lie? 

The point P has z-coordinate 2. It lies on the graph of the function f(z) = 10*. 

a State the y-coordinate of P. 

b State the coordinates of the corresponding point on the inverse function f~!(z) =log. 

The wavelengths of various types Electromagnetic radiation type | Wavelength (m 
of electromagnetic radiation are 

shown alongside. X-rays 0.000000 001 

Scale these values using the Ultraviolet 0.000000 05 
function y = logz, and display Infrared 0.000 04 

the results on a logarithmic scale. High frequency microwaves 30 

Super low frequency radio waves 7000000 
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REVIEW SET 2B 

1 Without using a calculator, find the base 10 logarithms of: 

    

      

  

10 10¢ 
a /1000 b o < T0=b 

2 Find: 

a In(ey/e) b ln(%) ¢ In(e?®) d 1n<e%) 

3 Simplify: 

log 25 log 64 log 81 
b < 

log 125 log 32 log /3 

4 Simplify: 

alcalad b In(e®) ¢ In(\/e) 

d 1010gz+10g3 e ln(i> f log(zz) 

eT log(0.01) 

5 Write in the form e®, where x is correct to 4 decimal places: 

a 20 b 3000 ¢ 0.075 

6 Write as a single logarithm: 

a In60—1n20 b Ind+Inl ¢ In200 —In8+1Inb 

7 For what value(s) of z is logz = Ina? 

8 Find a and b. Y 

(4,1n128) 
f(@)=a+blnz 

(2,In16) 

  

9 a Given f:z+ e 1 write f~1(z) in the form f~1(z) =a+blnaz. 

b Sketch y = f(z) and y = f~!(x) on the same set of axes. 

10 In acoustics, the intensity of sound is measured in decibels (dB). 

The sound intensity level (SIL) is given by L = 10log (Ii) dB, where I is the sound 
i 

intensity, and Iy is the reference sound intensity. 

a How many times more intense is a 50 dB sound than a 30 dB sound? 

b The perceived loudness of a sound doubles for every 10 dB increase in the SIL. 

Suppose a jackhammer has SIL 90 dB, and a passing car has 2% of the sound intensity of 

the jackhammer. 

i Find, in decibels, the SIL of the car. 

ii How much louder will the jackhammer be perceived than the car?
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In0.5 

In(1 — i 
11 If a substance decays by k% per year, its half-life is given by H = ) 

T00 

years. 

a Find the half-life of a substance which decays by: 

i 5% per year it 2.2% per year. 

b Substance A decays by 1.5% per year, whereas substance B decays by 0.7% per year. How 

much longer is substance B’s half-life than substance A’s half-life? 

¢ A substance has a half-life of 30 years. By what percentage does it decay each year?



  

Approximations 

and error 
Contents: A Errors in measurement 

B Absolute and percentage error 
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  OPENING PROBLEM 

After using a tape measure to measure her height, Abigail 

stated that she is 173 cm tall. 

Things to think about: 

a Do you think that Abigail is exactly 173 cm tall? Is 

it possible for Abigail to be exactly 173 cm tall? 

b In what range of values could Abigail’s actual height 

lie? 

¢ Abigail uses the same tape measure to measure the 

length of her finger as 6 cm. 

  

i In what range of values do you think the actual length of Abigail’s finger lies? 

ii.  Which of the two measurements would you consider to be “more accurate”? 

When describing quantities, we often give an approximate answer rather than an exact answer. 

For example: 

e Suppose a survey found that a total of 6428 flights were taken by 825 people last year. It is not 

sensible to give the average number of flights per person as 7.791 515 152. An approximate answer 

of 7.8 is more appropriate. 

e In the Opening Problem, Abigail’s height is a continuous variable, so it is impossible to find her 

exact height. Instead, her height is rounded to the nearest centimetre. 

In this Chapter, we will study the errors that arise when we approximate values. 

[p] YoV (o] 

  

Why is it important to understand errors? 

What things can go wrong if people measure inaccurately or round off incorrectly? 

You may wish to consider cases such as: 

e If a pilot flies off-course by 0.1° for 1000 km, how far away from his target will he be? 

e What happens to a patient if a doctor injects 2 mg of a drug instead of 2 ug? 

VS I ERRORS IN MEASURGMENT 
When we take measurements, we are usually reading some sort of scale. 

The scale of a ruler may have centimetres marked on it, but when we measure the length of an object, it 

is likely to fall between two divisions. We approximate the length of the object by recording the value 

at the nearest centimetre mark. In doing so our answer may be inaccurate by up to a half a centimetre. 

  A measurement is accurate to ::% of the smallest division on the scale.
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€T IO | LR R 

Ling uses a ruler to measure the length [ of her pencil case. 

She records the length as 18.7 cm. 

We do not include the endpoints 

of the interval because the length 
Find the range of values in which the length may lie. 

  

can never be exactly these values. 

18.7 cm is 187 mm, so the measuring device must be accurate 

to the nearest half mm. 

  

L1 
— 2 

  the range of values is 187 £+ 5 mm 

The actual length is in the range 1863 mm to 1874 mm. 

18.65 cm < [ < 18.75 cm. 
  

EXERCISE 3A 

1 State the accuracy of the following measuring devices: 

a a tape measure marked in cm 

a measuring cylinder with 1 mL graduations 

a beaker with 100 mL graduations 

a set of scales with marks every 500 g 

® 
O
 an 
O
 

a thermometer with marks every 0.1°C. 

2 Find the range of possible values corresponding to the following measurements: 

a 27 mm b 383 cm ¢ 48m 

d 15kg e 25g f 3.75 kg 

3 Tom’s digital thermometer said his temperature was 36.4°C. In what range of values did Tom’s 

actual temperature 7" lie? 

4 Joanne’s exercise watch displays the distance she has run to 3 significant figures. State the least 

distance Joanne could have run, if the watch displays: 

a 1.06 km b 9.72 km ¢ 10.1 km 

Comment on the accuracy of the watch. 

5 Four students measured the width of their classroom using the same tape measure. The measurements 

were 6.1 m, 6.4 m, 6.0 m, 6.1 m. 

a Which measurement is likely to be incorrect? Explain your answer. 

b What answer would you give for the width of the classroom? Explain your answer. 

¢ What graduations do you think were on the tape measure? 

6 Hasan has many lengths of rope. He has measured each length to be 2.4 m. 

a In what range of values does the actual length of a rope [ lie? 

b If Hasan carefully places n of his ropes end to end, in what range of values will the total length 

of rope L lie? 

7 In the 800 m race at the sports carnival, the times recorded for Jiao and Liang were 2 min 8 s and 

2 min 13 s respectively. 

Find the range of possible values for the time ¢ by which Jiao beat Liang.
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Example 2 «) Self Tutor 
The boundary 

values are the 

smallest and 

largest values 

that the actual 

value could be. 

A rectangular board was measured as 78 cm by 24 cm. Find the boundary 

values for its perimeter. 

The length of the board could be from 773 cm to 783 cm. 

The width of the board could be from 23% cm to 24% cm. 

the lower boundary of the perimeter is 2 X 77% +2x 23% =202 cm 

and the upper boundary of the perimeter is 2 x 78% +2x 24% = 206 cm 

  The perimeter is between 202 cm and 206 cm, which is 204 + 2 cm. 

  

  

8 

9 

10 

13 

14 

15 

16 

A rectangular bath mat was measured as 86 cm by 38 cm. Find the boundary values of its perimeter. 

A rectangular garden bed is measured as 252 cm by 143 cm. Find the range of possible values for 

the total length of edging [ required to border the garden bed. 

    

Example 3 LR AR (1118 

A paving brick is measured as 18 cm x 10 cm. What are the boundary 

values for its actual area? 

The length of the paving brick could be from 173 cm to 182 cm. 

The width of the paving brick could be from 93 cm to 10% cm. 

the lower boundary of the area is 173 x 9% = 166.25 cm? 

and the upper boundary of the area is 183 x 103 = 194.25 cm?. 

The area is between 166.25 cm? and 194.25 cm?. 

166.25 + 194.25 o 194.25 — 166.25 
  

        

This could also be represented as 5 + > cm? 

which is 180.25 & 14 cm?. 

A rectangle is measured to be 6 cm by 8 cm. Find: 

a the largest area it could have b the smallest area it could have. 

Find the boundary values for the actual area of a glass window measured as 42 cm by 26 cm. 

The base of a triangle is measured as 9 cm and its height is measured as 8 cm. In what range of 

values does its actual area A lie? 

Find the boundary values for the actual volume of a box measuring 4 cm by 8 cm by 6 cm. 

Find the range of values in which the actual volume V' of a house brick measuring 21.3 cm by 

9.8 cm by 7.3 cm must lie. 

A cylinder is measured to have radius 5 cm and height 15 cm. Find the boundary values for the 

cylinder’s volume. 

A cone is measured to have radius 8.4 cm and height 4.6 cm. Find the boundary values for the 

cone’s volume.
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17 The distances recorded alongside have been 

rounded to the nearest metre. Find the boundary 

values for the angle of elevation 6. 

  

        

  

+—I0m————> 

18 Tahlia measures the lengths of two sides of a triangle as 5.1 cm and 7.2 cm, rounded to the nearest 

millimetre. She measures the included angle as 12°, rounded to the nearest degree. Find the 

boundary values for the triangle’s: 

a area b perimeter. 

19 Eko measures the diameter of a ball to be 18.2 cm. Do you expect the rounding in Eko’s measurement 

to have more effect on a calculation of the ball’s surface area, or a calculation of its volume? Explain 

your answer. 

20 Rachel measures the base side lengths of a square-based pyramid to be 4.6 cm, and its height to be 

5.2 cm. Find the boundary values for the pyramid’s: 

a volume b surface area. 

  RESEARCH R SCALES 

A vernier scale is used to measure the length of objects 

with a high degree of accuracy. 

Research how vernier scales work. 

  

I IETABSOLUTE AND PERCENTAGE ERROR 
Whenever we measure a quantity there is almost always a difference between our measurement and the 

actual value. We call this difference the error. 

The size or magnitude of the error, whether the measured or estimated value is too high or too low, is 

called the absolute error. 

If the actual or exact value is Vg and the approximate value is V4 then the 

absolute error = | V4 — Vg | 

Error is often expressed as a percentage of the exact value: 

Vi — Vi 
percentage error = 1Va — Vsl X 100% 

Ve
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e ) Self Tutor 

Suppose you estimate a fence’s length to be 70 m, whereas its true length is 78.3 m. Find, correct 

to one decimal place, the: 

a absolute error b percentage error. 
  

a absolute error = | V4 — Vg | b percentage error = WAV;VE‘ x 100% 
E =[70 - 78.3| m o3 

=|-83| m = == x 100% 

=83m ~10.6% 

  

EXERCISE 3B 

1 Find the absolute error and percentage error in rounding: 

a the yearly profit of €1 367 540 made by a company to €1.37 million 

b a population of 31467 people to 31 000 people 

¢ aretail sales figure of $458 110 to $460 000 

d the number of new cars sold in a year from 2811 to 3000. 

2 Find the absolute error and percentage error if you estimate: 

a the mass of a brick to be 5 kg when its actual mass is 6.238 kg 

b the perimeter of a property to be 100 m when its actual perimeter is 97.6 m 

¢ the capacity of a container to be 20 L when its actual capacity is 23.8 L 

d the time to write a computer program to be 50 hours when it actually takes 72 hours. 

Example 5 ) Self Tutor 

Alan wants to lay carpet on his 4.2 m by 5.1 m lounge room floor. He estimates the area of the 

lounge room by rounding each measurement to the nearest metre. 

a Find Alan’s estimate of the lounge room area. 

b The carpet costs $39 per square metre. Find the cost of the carpet using Alan’s estimate of 

the area. 

Find the actual area of Alan’s lounge room. 

Find the percentage error in Alan’s estimation. 

e Will Alan have enough carpet to cover his lounge room? How should he have rounded the 

measurements? 
  

a Arear4mx5m b Cost = 20 x $39 ¢ Actual area =4.2 x 5.1 

~ 20 m? = $780 =21.42 m? 

|Va—VE| 
Ve 

[20 — 21.42| 
= ———— x 100 

21.42 % 

~ 6.63% 

e Alan only has 20 m? of carpet, so he will not have enough to cover his lounge room. 

He should have rounded the measurements up to make sure he had enough carpet. 

d Percentage error = x 100% 
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Jon’s apartment is a 10.3 m by 9.7 m rectangle. 

a Find the actual area of the apartment. 

b Estimate the floor area by rounding each length to the nearest metre. 

¢ Find the absolute error and percentage error in your estimate. 

The cost of freight for a parcel is dependent on its volume. Justine lists the dimensions of 

a parcel as 24 cm by 15 cm by 9 cm on the consignment note. The actual dimensions are 

23.9 cm x 14.8 cm x 9.2 cm. 

a Calculate the actual volume of the parcel. 

b Estimate the volume using the dimensions given on the consignment note. 

¢ Find the absolute error and percentage error in the calculation using the consignment note. 

Consider the Opening Problem on page 68. 

a Find the maximum absolute error and percentage error in Abigail’s estimate of: 

i her height i the length of her finger. 

b Which estimate do you consider to be more accurate? Explain your answer. 

A hotel wants to cover an 8.2 m by 9.4 m rectangular courtyard with synthetic grass. The manager 

estimates the area by rounding each measurement to the nearest metre. 

a Find the manager’s estimate of the area. 

b The synthetic grass costs $85 per square metre. Find its cost using the manager’s estimate. 

¢ Find the actual area of the rectangle. 

d Calculate the percentage error in the manager’s estimate. 

e Will the hotel have enough grass to cover the courtyard? 

f Find the cost of the grass if the manager had rounded each measurement up to the next metre. 

The Italian flag has three different regions of equal size. A B 

a Find the area of the green section exactly. 

b Find the length AB correct to 1 decimal place. 

¢ Hence estimate the area of the green section. 3m 

d Find the percentage error in your estimate. 

+—im——> 

Hemi estimates that she can drive at an average speed of 70 kmh~! between her house and the 

beach, 87 km away. One particular journey took her 1 hour and 20 minutes. 

a Calculate Hemi’s average speed for this journey. 

b Find the absolute error and percentage error in her estimate. 

A tinned fruit can has the dimensions shown. - 

Suppose the dimensions are rounded to the nearest millimetre. 

Find the resulting percentage error in an estimate of: 

a the surface area of the can 
12.14cm 

<+—(.23cm—> 

b the capacity of the can.
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10 The sentence below is translated from an ancient Indian text, the 

Sulba sutra: 

The measure is to be increased by its third and this (third) 

again by its own fourth less the thirtyfourth part (of that 

fourth); this is (the value of) the diagonal of a square 

(whose side is the measure). 

a Show that the diagonal of a square is /2 times the measure 

of its side. 

  

<«+——— measure ——» 

b Hence show that the text estimates /2 %. 

¢ Find the percentage error for this estimate, giving your answer in scientific notation. 

Example 6 l1>)) Self Tutor 

The side length of a square is measured as 22 c¢cm, rounded to the nearest centimetre. 

a Use this measurement to estimate the area of the square. 

b Find the boundary values for the area of the square. 

¢ Hence find the maximum percentage error in the estimate. 

Area =~ 22 cm x 22 cm ~ 484 cm? 

b The side length of the square could be from 21% cm to 22% cm. 

the lower boundary of the area is 213 x 211 = 462.25 cm? 

and the upper boundary of the area is 223 x 224 = 506.25 cm?. 

¢ If the exact area Vi was 462.25 cm?, the If the exact area Vi was 506.25 cm?, the 

percentage error = ‘VAV;VE‘ x 100% percentage error = WAV;VE‘ x 100% 
B E 

|484 — 462.25| |484 —506.25 | 
T 46225 R AT - 506.25 R 
~4.71% ~ 4.40% 

the maximum percentage error in the estimate ~ 4.71%.     
11 The side lengths of a rectangle are measured as 2.3 m and 1.4 m, rounded to one decimal place. 

a Use these measurements to estimate the area of the rectangle. 

b Find the boundary values for the area of the rectangle. 

¢ Hence find the maximum percentage error in the estimate. 

12 Jasper measured the dimensions of his cylindrical can of tuna. He found the radius was 4 cm and 

the height was 5 c¢cm, rounded to the nearest centimetre. 

a Use these measurements to estimate the volume of the can. 

b Find the boundary values for the volume of the can. 

¢ Hence find the maximum percentage error in the estimate. 

13 Carolina completed a 250 km car trip (rounded to the nearest km). The GPS in her car displays the 

average speed for the trip as 56.8 kmh~! (rounded to 1 decimal place). 

a Estimate the time it took Carolina to complete the trip. 

b Find the maximum possible percentage error in the estimate.
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A TN 

1 a How accurate is a tape measure marked in cm? 

b Find the range of possible values for a measurement of 36 cm. 

¢ If the sides of a square are measured to be 36 cm, in what range of values must the actual 

area A lie? 

2 A photograph was measured as 15 cm by 10 cm. Find the boundary values for its perimeter. 

3 A triangular garden is measured to have sides of length 8 m, 12 m, and 14 m, rounded to the 

nearest metre. Find the range of possible values for the area A of the garden. 

4 Find the absolute error and percentage error if you: 

a estimate your credit card balance to be $2000 when it is $2590 

b round 26.109 ¢cm to 26 cm 

¢ estimate the number of people at a music festival to be 4000 when there are 4386 in 

attendance. 

5 In limited overs cricket, teams must score as many runs 

as possible within a particular number of overs. For the 

team batting second, the required run rate is found by Overs remaining: 7 

dividing the number of runs required by the number of Required run rate:  5.29 
overs remaining. 

On this scoreboard, the required run rate has been rounded 

to 2 decimal places. Find the percentage error in the 

calculation. 

Runs required: 37 

  

6 A circular gazebo has diameter 2.8 m. In calculating the area of the 

gazebo, the diameter is rounded to the nearest metre. 

a Find the actual area of the gazebo. 

b Find the calculated area of the gazebo. 

¢ Find the absolute error and percentage error in the calculation. 

  

REVIEW SET 3B 

1 Dafne competed in the 100 m sprint at her school sports carnival. Her time for the race, rounded 

to 1 decimal place, was recorded as 14.9 seconds. 

Find the range of possible values for: 

a her time ¢ seconds b her average speed s ms~!. 

2 A box has dimensions 5 cm by 7 cm by 10 cm, rounded to the nearest centimetre. Find the 

boundary values for the surface area A of the box. 

3 Boats A and B depart from a port at the same time. Boat A travels at 20 kmh~! and Boat B 

travels at 15 kmh—!. The bearing of each boat is recorded as 035° and 278° respectively, 

rounded to the nearest degree. Find the boundary values for the distance D between the boats 

after 2 hours.
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4 Edward measures the width and height of a television screen to the nearest 10 cm. The width 

is approximately 150 cm and the height is approximately 90 cm. 

a Use Edward’s measurements to estimate the length of the diagonal of the screen. 

b Given that the diagonal has length 177.8 cm, find the absolute error and percentage error 

of the estimate. 

5 An architect designs a support beam to be /5 metres long. The builder working from the 

architect’s plans converts this length to a decimal number. 

a Write down the length of the support beam correct to the nearest: 

i metre il centimetre ili millimetre. 

b The architect insists that there be no more than 1% error. Which of the approximations 

in a, if any, will satisfy this? 

6 In order to quickly estimate areas and volumes, people use various approximations for 7. 

Find the percentage error if 7 is approximated by: 

a3 b 31 ¢ 3.14 d 2 e 38 

7 The radius of a circle is measured as 3.5 cm, rounded to 1 decimal place. 

a Use this measurement to estimate the area of the circle. 

b Find the boundary values for the area of the circle. 

¢ Find the maximum percentage error in the estimate.
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  OPENING PROBLEM 

Diane is about to retire at the age of 68. Over her career, she 

has accumulated £600 000 in savings which she places in an 

annuity fund paying 4% p.a. interest compounded monthly. 

Her plan is to make monthly withdrawals from the account 

to live on for the next 25 years. 

Things to think about: 

a What is meant by an annuity fund? How does it differ 

from the standard compound interest investments we 

have studied previously? 

  

b Diane reasons that for her money to last for 25 years or 300 months, she should be able to 

withdraw at least % = £2000 each month. Is Diane correct? Explain your answer. 

¢ If Diane’s investment is to be completely used up by regular withdrawals over 25 years, how 

much can she withdraw each month? 

Loans and annuities play an important role in modern life. Understanding these processes allows you 

to make informed financial decisions. 

HISTORICAL NOTE 

In 14th century Italy, merchants would set up stalls in local markets and lend money to customers. 

Interest was applied, and the borrower was expected to repay the money in regular intervals. The 

word “bank” is derived from the Italian word banca, which describes the benches on which the 

merchants sat. 

  

If a banker suffered a series of bad loans and was unable to repay his own creditors, the creditors 

would break up his bench, showing that the banker was no longer in business. This was known as 

banca rotta, meaning “broken bench”. Over time, the Italian word for “broken” was replaced with 

the Latin word rupta, giving banca rupta, the basis of the modern term “bankrupt”. 

DNEET o 
A common way to borrow money to finance larger purchases such as houses, cars, renovations, education 

expenses, and share portfolios, is to take out a personal loan. The financial institution lends an amount 

of money to the borrower, who repays the amount plus interest by a series of regular repayments over a 

given time period. 

The process of repaying a loan with a series of regular repayments is called amortisation. 

Interest is calculated on the reducing balance of the loan, so the interest gradually reduces as the loan 

is repaid. 

Because of the interest, the total repayment will be greater than the amount originally borrowed. The 

difference between these values is the interest paid. 

interest paid = total repayments — amount borrowed
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CALCULATING REPAYMENTS 

We can use a table of repayments to work out the repayments required for a loan. The table below 

shows the amount you need to repay each month for every $1000 borrowed. 

Table of monthly repayments per $1000 borrowed 

Loan term Annual interest rate . Awwdlimterestrate | 
ey 

85.1499 | 85.3785 | 85.6075 | 85.8368 | 86.0664 | 86.2964 | 86.5267 

57.3314 | 57.5557 | 57.7805 | 58.0059 | 58.2317 | 58.4581 | 58.6850 

43.4249 | 43.6478 | 43.8714 | 44.0957 | 44.3206 | 44.5463 | 44.7726 

29.5240 | 29.7469 | 29.9709 | 30.1959 | 30.4219 | 30.6490 | 30.8771 

22.5791 | 22.8035 | 23.0293 | 23.2565 | 23.4850 | 23.7150 | 23.9462 

18.4165 | 18.6430 | 18.8712 | 19.1012 | 19.3328 | 19.5661 | 19.8012 

10.1245 | 10.3638 | 10.6066 | 10.8526 | 11.1021 | 11.3548 | 11.6108 

7.39688 | 7.64993 | 7.90794 | 8.17083 | 8.43857 | 8.71107 | 8.98828 

6.05980 | 6.32649 | 6.59956 | 6.87887 | 7.16431 | 7.45573 | 7.75299 

  

We can also calculate the monthly repayments using the TVM solver on a 
) 

calculator. 
GRAPHICS 

In this case, you are receiving the amount loaned, so PV is positive. PMT is CALCULATOR 
. . . . . INSTRUCTIONS 

the amount to be repaid each time period, so it is negative. 

Erica takes out a personal loan of $16500 to buy a car. She negotiates a term of 4 years at 

5.5% p.a. interest. 

  

a Calculate the monthly repayments using the table. Check your answer using technology. 

b Hence calculate: i the total repayment ii the total interest charged. 

  

a From the table, the monthly repayments on each $1000 for [EEEETICIIEIT 

4 years at 5.5% p.a. = $23.2565 N-d8 

repayments on $16 500 | Pv=teson 

= $23.2565 x 16.5 {16.5 lots of $1000} ;\//3212 

= $383.732 c/Y=12 
PMT:[EB BEGIN 

The repayments are $383.74 per month. 

The monthly repayment 

is always rounded up.       
\/ 

b i Total repayment ii Interest 

= monthly repayment x number of months = total repayment — amount borrowed 

= $383.74 x 48 = $18419.52 — $16 500 

= $18419.52 = $1919.52    
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In the following Exercise, calculate monthly repayments using your calculator. Where appropriate, check 

your answers using the table. 

EXERCISE 4A 

1 

6 

Don takes out a personal loan for $12000 to fund his wedding. He will repay it over 5 years at 

6% p.a. Calculate the: 

a monthly repayments b total repayment ¢ interest charged. 

Jay and Penni need £9500 to fund house renovations. They take out a personal loan over 3 years 

at 4.5% p.a. Calculate the: 

a monthly repayments b total repayment ¢ interest charged. 

Binh-vu needs $15000 to buy a boat. His bank offers him a personal loan at 6.5% p.a. Calculate 

the total interest he will pay if he repays the loan with monthly repayments over: 

a 2 years b 5 years. 

Mimi takes out a personal loan of €10000. She will repay the loan over 4 years at 6% p.a. She is 

charged a €150 application fee and a €10 monthly service fee. 

Calculate the total cost of taking out the loan. 

  

The spreadsheet alongside shows the A 

progress of a $30 000 loan taken out over LOAN SPREADSHEET 
5 years at 8% p.a. interest compounded Loan amount $30,000.00 

monthly. Number of years 5 

Rate p.a. 8.00% 
a Check that the monthly repayment Periods p.a. 1 

has been correctly calculated. Rate per period 0.667% 
: R t 608.30 b What is the account balance after epaymen s 

six months? 10 Month Amount Interest Repayment Balance 

c HOW muCh interest iS pald in: 11 1 $30,000.00 $200.00 $608.30 $29,591.70 

X o 12 2 $29,501.70 $197.28  $608.30 $29,180.68 
i month 1 il month 6? 13 3 $29,180.68 $19454  $608.30 $28,766.92 

Explain the differences between 14 4 $28766.92 $191.78  $608.30 $28,350.40 
15 5 $28,350.40 $189.00  $608.30 $27,931.10 

these amounts. 16 6 $27,931.10 $186.21  $608.30 $27,509.01 
  

d Click on the spreadsheet icon. SPREADSHEET 

Fill row 16 down to the end of the 60th month. 

i How much interest is paid in the 60th month? 

ii How much interest is paid in total? 

e Explain why the final payment is slightly less. 

Grace takes out a loan of $7000 to buy a jet ski. She There are 26 

will repay the loan over 2 years at 9.9% p.a. interest fortnights in a year. 
compounded fortnightly. 

  

a Calculate Grace’s fortnightly repayments. 

b Find the total amount of interest charged on the loan.
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Ryan takes out a $10000 loan to be repaid over three years at 9.6% p.a. interest compounded 

monthly. 

a Calculate the monthly repayments. 

b Find the outstanding balance on the loan after 1 year of repayments. 

  

a N=3x12=36, I%=9.6, PV =10000, FV =0, P/Y =12, C/Y =12 

PMT ~ —320.80 NORMAL FLOAT AUTO REAL RADIAN MP o 

The monthly repayment is $320.80. N=36 
17=9.6 
PV=10000 

« PMT=-320. 7971565 
FV=0 
P/Y=12 
c/v=12 
PMT:EB] BEGIN 

  

b N=1x12=12, I% =96, PV =10000, PMT = —320.80, P/Y =12, C/Y =12 

;. FV = —6979.81 

The outstanding balance on the loan after 1 year is $6979.81. 
NORMAL FLOAT AUTO REAL RADIAN MP n 

       

      

    

N=12 
17=9.6 

i - ) PV=10000 The outstandlng balance is A PMT=-320.8 

the amount still to repay. (=) - ;v; '379'5@5319 
. . Y= 

It is “outstanding” because & C/¥=12 
it requires attention. v PMT:E8 BEGIN     

7 Pieter takes out a loan of £20000 to renovate his home. He 

agrees to repay the loan over 4 years at 8.25% p.a. interest 

compounded monthly. Find: 

a Pieter’s monthly repayments 

b the outstanding balance on the loan after 1 year of 

repayments. 

  

8 Jacob wants to buy a piano valued at $12000. He has $3500 in savings, and will borrow the 

remaining money. 

a How much will Jacob borrow? 

b Jacob will repay the loan over 5 years at 7.9% p.a. interest compounded quarterly. 

i Calculate Jacob’s quarterly repayments. 

ii Calculate the total interest charged on the loan. 

iii Find the outstanding balance on the loan after 2 years. 

9 Simon took out a loan of $7000 to pay for a holiday. He will repay the loan over 4 years with 

monthly repayments of $165.36. 

a What annual interest rate, compounded monthly, is being charged? 

b Calculate the total interest Simon will pay in the first year.
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10 Consider a loan of $25000 at 8.5% p.a. interest compounded monthly. 

a Calculate the monthly loan repayments if the loan is taken out for: 

i 3 years ii 5 years iii 7 years. 

b Which loan charges the least interest in total? Explain your answer. 

11 Ally takes out an €18 000 car loan over 5 years at 10.5% p.a. interest compounded monthly. 

a Calculate the monthly repayments. 

b Calculate the total interest Ally will pay on the loan. 

¢ Find the outstanding loan balance after 2% years of repayments. 

d Explain why Ally still has more than half the loan to pay off when half the loan period has 

passed. 

12 Shane and Julie have taken out a $250 000 loan to purchase 

an apartment. They will repay the loan over 20 years at 

6.25% p.a. fixed interest compounded monthly. 

a Calculate the monthly repayments. 

b Calculate the total interest charged. 

¢ Find the outstanding balance on the loan after 10 years. 

d After 10 years, the couple can afford to increase their 

monthly repayments. They aim to completely repay the 

loan over the next 5 years. 

  

i Calculate their monthly repayments for the next 5 years. 

ii Calculate the total interest that would be charged over the 15 years. 

iii  How much interest will the couple save by repaying their loan sooner? 

13 A young couple borrows $435000 to buy their home at a starting rate of 6.25% p.a. interest 

compounded monthly over 30 years. 

a Calculate the monthly repayments for this starting interest rate. 

b Find the outstanding debt after 3 years of repayments. 

¢ After 3 years the interest rate drops to 5.5% p.a. 

i Calculate the new monthly repayments. 

il If the couple is able to keep paying the original repayments, how much earlier will the 

loan be paid off? State any assumptions you make. 

  ACTIVITY 1 

Interest rates have changed a great deal over time. They have a big MONTHLY PRINTABLE 
. 5 REPAYMENTS TABLE 

impact on what homes a family can afford. 

What to do: 

1 Suppose you have saved $50 000 as deposit for a new house. The house is valued at $450 000 

(including all fees), so you will need a loan for $400 000. 

Copy and complete the tables on the next page with the monthly repayments needed, and the 

total interest paid, for different interest rates and loan durations. You will need to click on 

the “Monthly repayments” icon and use the table of monthly repayments given. Consult the 

websites of some banks to find the current interest rates.
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Monthly repayments 
  

Current interest rates 

5 years 

10 years 

15 years 

20 years 

  

Total interest paid    

     

  

    
    

  

Current interest rates 

  

   

  

5 years 

10 years 

15 years 

20 years     

2 Discuss the impact of higher interest rates on the total interest that needs to be paid over the 

course of a loan. Include a discussion of the benefit of paying off a loan over a shorter time 

period, and what effect interest rates have on a family’s ability to do this. 

  
ACTIVITY 2 

In the previous Exercise we used technology and a table of values to find the necessary repayments 

for a loan. In this Activity we explore the calculations leading to these values. We will use our 

knowledge of geometric sequences and series. 

  

Consider a loan for which PV is the amount originally borrowed 

n s the number of repayment periods 

i is the interest rate per period, and 

p s the repayment per period. 

After each time period, interest is charged on the loan by multiplying the balance by (14 4). The 

repayment p is then subtracted from the balance. 

So, the balance after: 

o ( repayment periods = PV 

e 1 repayment period = PV (1+1i)—p 

e 2 repayment periods = [PV (1 +14) —p|(1+i) —p=PV(1+i)? —p(l+i) —p 

What to do: 

1 Show that the balance of the loan after: 

a 3 repayment periods = PV (1+i)% —p(1 +i)2 —p(1+4) —p 

PV(1+i)* —p(1+14)3 —p(1l+1)? —p(1- 

2 Following the pattern in the formulae, show that the balance of the loan after n repayment 

periods will be 

  

      b 4 repayment periods i)—p 

n—1 
  

  PVA+i" - Ypl+if =PVt -—plFd -1 
g =0 7 

—_—— 

compound interest formula 

for balance if no repayments 

were made at all. 

reduction due to regular 

repayments
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3 After n repayments, the loan must be completely repaid. Hence show that the regular repayment 

PV xix (1+4)™ 

Q+ir—-1 

4 By setting PV = 16500, i = 

must be p= 

0.055 
  , and n =4 x 12 =48, verify the result in Example 1. 

PV xix (1+4)™ 

A+ —1 

6 Jade takes a loan of $20 000 to be repaid over 5 years at 5% p.a. interest compounded monthly. 

Use the formula to find her monthly repayments. Check your answer using technology. 

5 Use the formula p = to check the repayments you calculated in Exercise 4A. 

7 Apply the formula in a spreadsheet to generate the table of values for loan repayments shown 

on page 79. 

8 Are there any other advantages to knowing a formula to find an answer, rather than relying on 

a calculator’s built-in solver? 

Do you think it is better to borrow money to purchase an item you want, or to save your money 

until you can afford to purchase the item? 

In your discussion, consider: 

e the costs associated with borrowing 

e the benefits associated with having the item sooner rather than later 

e the effect of inflation on the cost of the item. 

O aswmes 
An annuity is an investment where an individual makes a lump-sum deposit, and then makes regular 

withdrawals over a fixed time period. The investment earns interest according to the balance of the 

annuity each time period. 

In effect, an annuity is the reverse of a personal loan. The person loans the bank their money, and the 

bank makes regular repayments over time. As the balance in the annuity fund decreases, so does the 

interest it earns. However, the regular repayments remain the same. 

Annuities are most commonly used as a source of regular income for people who have retired from work. 

Money saved during their working life is “rolled over” into an annuity fund. The regular withdrawals 

provide money for the person to live on. 

In some countries, all workers receive superannuation payments as part of their salaries. They do 

not have access to this money until they reach retirement age, so it is a form of compulsory saving. 

Why might a government make superannuation compulsory? 

When performing calculations with annuities: 

e The person is depositing a lump-sum with the bank, so PV is negative. 

e The person receives regular repayments, so PMT is positive.
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Heather has just retired at age 65. She has $900000 in her savings fund. She “rolls over” the 

money into an annuity fund which returns 4% p.a. compounded monthly. 

   
    

    
    

     

a If Heather withdraws $5400 per month to live on, how long will it take for the money in the 

fund to run out? 

b If Heather wants the money to last until she is 90 years old, how much can she afford to 

withdraw each month? 

We need to find how long it will take for the future value to fall to $0. 

1% = 4, PV = —900000, PMT = 5400, FV =0, 

P/Y =12, C/Y =12 Compound Interest 

N ~243.7 
PV _=-900000 

It will take 244 months (or 20 years 4 months) for the money 

in the fund to run out. 
  

  

  CPMTICEV G               

b Heather wants the money to last 90 — 65 = 25 years. 

N =25x12 =300, I% =4, PV =-900000, FV =0, 
P/Y =12, C/Y =12 Com;_)ggr&d Interest 

. PMT ~4750.53 T4 a 
. PV =-900000 

Heather can afford to withdraw $4750.53 each month. PMT=4750.531563 
FV =0 

  

P/Y=12 ¥ 
[ 1% JL PV J(PMT]CFV AN                     

  

    
EXERCISE 4B 

1 Sue has achieved her target of $700 000 in her savings fund for her retirement at age 55. She rolls 

the money into an annuity account earning 4.85% p.a. compounded monthly. 

a How long will Sue’s money last if she withdraws $4000 per month? 

b If Sue wants her money to last for 30 years, how much can she afford to withdraw per month? 

2 Terrence has $800000 in his savings fund. He rolls his money into an annuity fund which earns 

4.7% p.a. compounded monthly. He wants to withdraw $7000 each month to live on. 

a How long will his money last? 

b How much longer would his money last if he only withdrew $6000 each month? 

3 Henry has retired at age 68 with £830000 in his savings fund. He rolls the money into an annuity 

fund that earns 4% p.a. compounded monthly. 

a If Henry wants the money to last until he is 85, how much can he withdraw each month? 

b Henry currently lives on £6000 per month. Will Henry be able to maintain his current standard 

of living? Explain your answer. 

4 Tamsyn invests $750 000 in a savings account which pays 3.8% p.a. interest compounded quarterly. 

a How much money will be in the account when she retires in 10 years’ time? 

b When she retires, Tamsyn rolls the money into an annuity fund which pays 4.9% p.a. interest 

compounded monthly. Tamsyn would like the money to last for 15 years. 

i How much can Tamsyn withdraw each month? 

il How long will it take for the balance of the fund to fall to $300000?
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After retiring at age 55, Danny rolls his £600000 into an annuity account earning 5.9% p.a. 

compounded quarterly. 

a If he wants his money to last for 25 years, how much can he withdraw each quarter? 

b How much money will be left in Danny’s annuity account when he is 68? 

¢ How much more could Danny withdraw each quarter if his money only needed to last 20 years? 

When Maggie retires at 70, she will deposit her savings 

in an annuity account which pays 6.2% p.a. interest 

compounded monthly. She wants to withdraw $4500 per 

month from the annuity account until she is 90. 

a Show that Maggie will withdraw a total of $1 080 000 

from her annuity account. 

b Explain why Maggie does not need $1 080000 in 

savings at the time when she retires. 

¢ Calculate the amount Maggie will need in savings 

when she retires. 

  

Abby has carefully saved $1 000 000 during her career. She rolls it into an annuity fund which pays 

5% p.a. interest compounded monthly. If Abby withdraws $4000 each month, how long will Abby’s 

money last? 

Hint: Find the balance of the fund after 1 year. 

Igor has saved €550000. He wants to put the money in an annuity fund where he can withdraw 

€5000 per month for the next 15 years. 

a What interest rate, compounded monthly, will Igor require? 

b The best interest rate Igor can find is 4.9% p.a. compounded monthly. 

i If he still wants to withdraw €5000 per month, how much /ess time will the money last? 

il If he still wants the money to last 15 years, how much /ess must his withdrawals be each 

month? 

Luke rolls his $700 000 of savings into an annuity fund which earns 4.5% p.a. interest compounded 

monthly. He wants the money to last for 16 years. 

a How much money can Luke withdraw each month? 

b Find the outstanding balance of the fund after 10 years. 

¢ After 10 years, Luke receives an inheritance of $100000 which he adds to the annuity fund. 

How much is Luke now able to withdraw each month for the remaining 6 years? 

Célia deposits €500000 in an annuity fund which earns 4.5% p.a. interest compounded monthly. 

Célia wants the money to last for 20 years. 

a How much can Célia afford to withdraw each month? 

b Find the outstanding balance of her fund after 5 years. 

¢ After 5 years, Célia transfers the balance of her fund to an account which earns 5.5% p.a. interest 

compounded monthly. 

i How much can Célia afford to withdraw each month for the remaining 15 years? 

il How long will it take for the balance of the fund to fall to €200 000?
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ACTIVITY 3 

A perpetuity is a special type of annuity in which the regular payments continue indefinitely. This 

is achieved by ensuring the interest earned by the investment matches the payments taken out. 

The price we would expect to pay for a perpetuity is therefore the principal required to give interest 

equal to the regular repayment. 

So, the price or present value of a perpetuity is given by 

PMT 

T 
PV =   where PMT is the payment received each year and 

r is the annual interest rate. 

For example, for a perpetuity which pays $2000 per year indefinitely, with an interest rate of 

What to do: 

1 Find the price you would expect to pay for a perpetuity of: 

a $300 per year with an interest rate of 5% p.a. 

b $4000 per year with an interest rate of 3.2% p.a. 

¢ $18000 per year with an interest rate of 4.5% p.a. 

2 Find the annual payment you would expect to receive from a perpetuity which has: 

a present value €1000 and interest rate 3.5% p.a. 

b present value €25000 and interest rate 4.8% p.a. 

3 a Suppose you had $500000 in savings, and used it to purchase a perpetuity with interest 

rate 4% p.a. What payment would you expect to receive each year? 

b Suppose $500 000 is deposited in a pension fund which pays 4% p.a. interest compounded 

annually. How much can be withdrawn from the fund each year so that the money lasts 

for: 

i 10 years ii 20 years iii 50 years iv 200 years v 1000 years? 

¢ Comment on your answers to a and b. 

ACTIVITY 4 

In the previous Exercise, we have assumed that the amount withdrawn each time period does not 

change over time. 

This is unrealistic for several reasons: 

e The prices of goods and services increase over time with inflation, so the cost of living at the 

same standard increases. 

e As we age, we inevitably need more health care and domestic services, so these expenses 

increase. 

In a growing annuity, the amount withdrawn increases by a certain percentage, called the growth 

rate, each year.
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What to do: 

  

1 a Click on the icon to open a A B c D E 

spreadsheet for a growing annui 1 [Growth Annuties P g g ty 2 
fund. $300000 is deposited into 3 Amount $300,000 

. 4 Number of years 20 
the fund which earns 6% p.a. 5 [Ratepa. 0.06 

interest compounded monthly for 6 Periods p.a. 12 
9 h 7 Rate per period 0.005 

0 years. We assume a growt 3 Growth rate p.a. 0.02 
rate of 2% p.a. 9 Growth rate per period 0.00167 

o s,e . . 10 

The initial withdrawal is 11 Initial withdrawal $1,819.92 
calculated as $1819.92. 12 

13 Period Amount Interest Withdrawal Balance 

SPREADSHEET 14 1 $300,000.00 $1,500.00 $1,819.92 $299,680.08 

15 2 $299,680.08 $1,498.40 $1,822.95 $299,355.53 

16 3 $299,355.53 $1,496.78 $1,825.99 $299,026.32 

17 4 $299,026.32 $1,495.13 $1,829.03 $298,692.42 

18 5 $298,692.42 $1,493.46 $1,832.08 $298,353.80 
  

b Discuss what is happening to the withdrawals over time. 

Find the amount withdrawn for the final time period. 

d Use your calculator to find the regular withdrawal you would make for this investment. 

Compare this value with the initial and final withdrawals in the growing annuity. 

e How could you calculate the regular withdrawal found in d by adjusting the spreadsheet? 

2 Suppose $500000 is deposited into a growing annuity fund which earns 4% p.a. interest 

compounded monthly for 25 years. Assume a growth rate of 3% p.a. 

a Use the spreadsheet to find: 

i the initial monthly withdrawal ii the total amount withdrawn over 25 years. 

b Hence find the total interest earned by the annuity fund. Check your answer by finding the 

sum of the interest payments in the spreadsheet. 

3 Predict the effect on the initial withdrawal of increasing: 

a the amount originally deposited b the duration of the annuity 

¢ the interest rate d the growth rate. 

Use the spreadsheet to check your answers. 

4 For a growing annuity over n periods with initial deposit PV, interest rate ¢ per period, and 

PV x (i—g) x (L+)" 

a+9r—-(1+g" 
a Verify that this formula gives the correct initial withdrawals for the scenarios in 1 and 2. 

growth rate g per period, the initial withdrawal w is given by w = 

b What happens to this formula when g = 0? Compare your answer with the formula found 

in Activity 2 on page 83. 

AT AN 

1 Alberto takes out a personal loan for $23 000 at 7% p.a. over 5 years. Calculate: 

a his monthly repayments b the total of the repayments 

¢ the total interest charged.
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2 Alexandra takes out a loan of €2000 to pay for an emergency vet bill. She will repay the loan 

over 6 months at 8.12% p.a. interest compounded fortnightly. Calculate: 

a Alexandra’s fortnightly repayments 

b the outstanding balance on the loan after 6 fortnights. 

3 Simone borrows $410 000 to purchase a house. She agrees 

to repay the loan over 25 years at 6.95% p.a. interest 

compounded monthly. 

a Find Simone’s minimum monthly repayments. 

b Show that the total interest Simone will pay is greater 

than the amount she originally borrowed. 

  

& Yasmin retires at age 60 with $500 000 in her savings fund. She rolls the money into an annuity 

fund earning 5.25% p.a. interest compounded monthly. 

a How long will Yasmin’s money last if she withdraws $6000 per month? 

b If Yasmin wants her money to last for 25 years, how much can she afford to withdraw per 

month? 

5 When Scott retires at 68, he will deposit his savings in an annuity fund which pays 5.4% p.a. 

interest compounded monthly. He wants to be able to withdraw $6000 per month from the fund 

until he is 85. 

a Calculate the amount Scott will need to have in savings when he retires. 

b How much money will be left in Scott’s account when he is 80? 

6 After retiring at age 65, Vasili rolls €1400000 of savings into an annuity account earning 

5.4% p.a. interest compounded monthly. He wants his money to last for 30 more years. 

a How much can Vasili withdraw per month? 

b How long will it take for the balance of the fund to fall below €1 000 000? 

¢ How much of Vasili’s annuity will be left after 20 years? 

d After 20 years, Vasili must withdraw €20 000 from the account to pay for an operation. 

i If Vasili continues to make the same monthly withdrawals he made for the first 

20 years, how long will his money last? 

ii How much is Vasili now able to withdraw each month if his money is to last for the 

remaining 10 years? 

REVIEW SET 4B 

1 Nicola and Hamish take out a personal loan of $12000 to pay for their wedding. The loan is 

to be repaid over 4 years at 5.5% p.a. Calculate: 

a their monthly repayments b the total interest charged on the loan. 

2 A loan of 500000 pesos is taken out at 6% p.a. interest compounded monthly. 

a Calculate the monthly loan repayments if the loan is taken out for: 

i 4 years ii 6 years. 

b Which loan charges the least total interest? Explain your answer.
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3 Peter has saved $4500 towards buying a car. The car he wants to buy is valued at $22 000, so 

he will borrow the remaining money. He is able to get a loan for 4 years at 6.9% p.a. interest, 

compounded quarterly. 

a How much will Peter borrow? 

b Calculate Peter’s quarterly repayments. 

¢ Find the outstanding balance after 2 years. 

d After 2 years the interest rate for the loan increases to 7.5% p.a. compounded quarterly. 

i Calculate the new quarterly repayments for the remaining 2 years. 

ii How much additional interest must Peter pay as a result of the interest rate rise? 

4 Answer the Opening Problem on page 78. 

5 Pia retires at age 62 with €350000 in her savings fund. She rolls this money into an annuity 

fund earning 5.8% p.a. interest compounded monthly. 

a How much will she be able to withdraw each month if her money is to last another 

2 decades? 

b How much more will she be able to withdraw each month if her money was to only last 

15 years? 

6 Harold rolls his £800000 of savings into an annuity account. He wants the money to last for 

15 years. 

a Given that Harold can withdraw £6284.75 each month, find the annual interest rate, 

compounded monthly, of the account. 

b How much longer would Harold’s money last if he withdrew only £5000 each month?



  

Modelling 

Contents: A The modelling cycle 

B Linear models 

C  Piecewise models 
D Systems of equations 
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OPENING PROBLEM 
  

  

  

  

  

                  

Briony’s laptop had 8% charge left when she started to A charge (C'%) 

recharge it. 12 minutes later, the laptop had 23% charge. 100 

Briony would like to know when the laptop will be fully 

charged. She constructs the model alongside to describe 80 

the laptop’s charge after ¢ minutes. - C=125t+8 

Things to think about: 

a Can you explain how Briony constructed her model? £ 

What assumptions did Briony make? Do you think 2 (12,23 
the assumptions are reasonable? ) ) 

. 8 time (¢ min 
b What range of values can each variable take? Has 0 > 

Briony accounted for this correctly? CE OB 

n According to Briony’s model, how long will it take for the laptop to be fully charged? 

d The laptop actually took 79 minutes to be fully charged. 

i Why do you think the actual time differed from the time predicted by Briony’s model? 

ii Do you think Briony’s model was accurate enough to be useful? 

We can apply mathematics to real-world problems to help understand the world around us. 

A mathematical model is a simplified description of a real system using mathematical concepts and 

language. The process of developing this model is called mathematical modelling. 

0 THE MODELLING CYCLE 
Beyond basic problems of counting, most real-world problems are complicated. We generally cannot 

find an exact, perfect solution. 

In mathematical modelling, we simplify the problem by making assumptions and removing less important 

details. This allows us to construct a mathematical description of the problem which is simple enough 

for us to work with, and which we can solve to approximate the real-world situation. 

Mathematical models are developed using a modelling cycle: 

Step 1:  Pose a real-world problem. Make assumptions which simplify the problem without 

missing key features. 

Step 2:  Develop a model which represents the problem with mathematics. This may involve 

a formula or an equation. The model should consider constraints such as the range of 

possible values each variable can take in the real world. 

Step 3:  Test the model by comparing its predictions with known data. If the model is 

unsatisfactory, return to Step 2. 

Step 4:  Reflect on your model and apply it to your original problem, interpreting the solution in 

its real-world context. 

Step 5:  1f appropriate, extend your model to make it more general or accurate as needed.
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reject 

Pose a Reflect on 

real-world amodel andapply (00 problem the model 

In general, when we consider the relationship between two variables, dependent variable 

the value of one of the variables is dependent on the value of the 

other independent variable. We place the independent variable on the 

horizontal axis, and the dependent variable on the vertical axis. 

  

independent variable 

For example, suppose we are interested in the distance a person could walk in a certain time. Zime is 

the independent variable and distance is the dependent variable. In reality, the person will not walk at 

the same speed the whole time, and they will not walk at exactly 5 kmh~!. However, we might assume 

that the person walks at this typical speed. This assumption allows us to construct a simplified model 

for the distance (D km) travelled in ¢ hours: 

  

distance 
speed = — 

time 

distance = speed x time 

=5kmh™xth 
D = 5t km 

We can use the model to predict that, for example, in 3 hours the 

person will travel 15 km. 

If this model is not sufficiently accurate, we might consider using 

different speeds for walking uphill, on flat ground, and downhill. 

EXERCISE 5A 

1 The graph alongside is a model for the distance travelled 

by a cyclist. 

  

100   
  

  

a What assumptions have been made in constructing the 80 

model? Do you think the assumptions are reasonable? 60 

b Use the model to predict the distance travelled by the 

cyclist in 2 hours. 

  

  

  

  40 
  

20                   

  

2 Answer the Opening Problem on page 92. 

3 Rick takes 15 seconds to run 100 metres. 

a Construct a model to describe how long Rick takes to run d metres. 

b Hence predict how long Rick takes to run 500 metres. 

¢ Do you think the actual time Rick takes to run 500 metres will be longer or shorter than your 

prediction? Explain your answer.
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4 a Which of these graphs is the most appropriate model for the temperature of a city on a particular 

day? Explain your reasoning. Time is measured in hours after midnight. 

      

      

      

                                                

A A temperature (?C) B A temperature (°C) ¢ temperature (°C) 

30 30 30 

20 20 20 

10 10 10 

time (h time (h time (h 

00 6 12 18 24 (J 00 6 12 18 24 (J 00 6 12 18 24 (J 

b Use the model you selected in a to predict the temperature of the city at 8 pm. 

5 A particular type of light globe is claimed to last for 200 hours. The manufacturer simultaneously 

tests 100 of these globes. 

      

      

      

      

      

                                          

a Which of these graphs do you think is the most appropriate model for the number of light 

globes still working at any given time? Explain your reasoning. 

A A number of light globes B A number of light globes c A number of light globes 
100 100 100 

80 80 80 

60 60 60 

40 40 40 

20 20 20 

0 > 0 > 0 > 
0 100 200 300 0 150 300 450 0 200 400 600 

time (h) time (h) time (h) 

b Use the model you selected in a to predict the number of light globes still working after 

250 hours. 

6 h A lighthouse is 40 m tall. Darren wants to know how far the 

D light at the top can be seen from. 

He draws the diagram alongside to describe the situation, 

where 7 is the Earth’s radius, & is the height of the lighthouse, 

and D is the required distance. 

a What assumptions has Darren made in constructing this 

model? Do you think they are reasonable? 

b Given that the Earth’s radius is approximately 6370 km, 

use the model to find D. 

7 A power line is connected between two poles as shown. 

Hashni needs to know the height of the power line 

above the road, as he needs to work out whether a 

truck can fit underneath. 

  

  

a Use similar triangles to construct a model for the 

height of the power line above ground level at 3m road 3m 

point P. Describe any assumptions you make 15m 

when constructing your model.
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b For what values of x is it reasonable to apply the model? 

¢ Use your model to predict the height of the power line above ground level as it passes over the 

middle of the road. 

d Does your answer to ¢ seem reasonable? Explain your answer. 

e Do you think your model would be useful for Hashni’s purposes? Explain your answer. 

8 Antonio is swimming at A, and his belongings are at B. . £ 

Feeling cold, he wonders how he can return to his 

belongings quickest. 

Antonio can swim at 1.5 ms™! and can jog at 4 ms™—!, 

a Find the time Antonio would take to return to his 

belongings by: 

i swimming directly to B 

ii  swimming to C, then jogging to B. 

  

State any additional assumptions you have made in your calculations. 

b Which option appears to be quicker? 

¢ Can you find another option that is even quicker? 

Example | -1>)) LRI 

Henri takes 6 hours to clean the house. Marcia takes 5 hours to clean 

the house. How long would they take to clean the house working 

together? 
  

Henri can clean % of the house each hour, and Marcia can clean % of 

the house each hour. Always check that 
your answer is 

We assume Henri and Marcia can work without getting in each reasonable! 

other’s way when they work together. So, working together they 

will clean % S5 % = é—(l) of the house each hour. 

  

it would take them % ~ 2.73 hours ~ 2 hours 44 minutes to 

clean the house together. 

This answer seems reasonable. With two people working we expect ’ 

them to take about half the time, and 2 hours 44 minutes is between 

half of Henri’s time and half of Marcia’s time.     
9 Kate takes 7 hours to dig a hole. Lenny takes 12 hours to dig a hole. How long would they take to 

dig a hole working together? 

10 A tank holds 1200 litres of water. Pulling the plug would drain the tank in 15 minutes. A hole 

develops which would drain the tank in 25 minutes. How long would it take to drain the tank 

through the hole and the plug together? 

11 Aaron can make 4 widgets per hour, Bonnie can make 3 widgets per hour, and Calum can make 

2 widgets per hour. How long would they take to make 135 widgets working together? 

12 Angus can paint a room in 3 hours. Angus and Beitidh would take 2 hours to paint the same room 

together. How long would Beitidh take to paint the room on her own?
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13 Huiliang and Lifen would take 2 hours to complete a jigsaw puzzle. Lifen and Suyin would take 

3 hours, whereas Huiliang and Suyin would take 4 hours. How long would it take if all three of 

them worked together to complete the jigsaw puzzle? 

ACTIVITY 

What to do: 

Working in small groups, try to solve the problems presented below. You will need to make some 

assumptions in order to simplify each problem to one that can be solved mathematically. Record 

your assumptions as well as your mathematical solution. 

  

e How long would it take to count to 1 million out loud? 

e Do people who take showers or baths use more water? 

e A swimmer must swim up a river from A to B, and 

then back to A. 

Would a current in the river make the task take more 

time or less time? 

  

e One tonne of sand is dumped into a pile on the ground. How high is the pile? 

Compare your answers with those of other groups. If your answers differ significantly, compare the 

assumptions you have made. 

  

INVESTIGATION 

A solar day is the time it takes Earth to rotate about its axis. A tropical year is the time it takes 

the Earth to orbit around the Sun. 

There are approximately 365.242199 solar days in a tropical year. However, it is much more 

convenient to have a calendar with a whole number of days in the year. In this Investigation we will 

explore some models for achieving this. 

What to do: 

1 If we fixed a year as 365 days then quite quickly we would find the months drifting apart from 

the seasons. July would eventually move to winter in the Northern hemisphere! 

a Find the difference between 365 days and a tropical year. 

b How long would it take for the difference between 365 days and a tropical year to 

accumulate to one whole day? 

¢ How many years would it take for the difference to accumulate to six months? 

2 To fix this problem, we have leap years in which an extra day is added to the end of February. 

The Julian calendar, devised by Julius Caesar in 46 BC, adds an extra day to every fourth 

year, giving the average length of a year as 365.25 days. 

a In days per year, how inaccurate is the Julian calendar? 

b How long would it take for this inaccuracy to accumulate to: 

i one whole day ii six months? 

3 In the mid 1200s, Roger Bacon (1219 - 1292) noticed that the Julian calendar had already drifted 

by about nine days. Religious festivals such as Easter were being celebrated at the wrong time! 

However, it was only in 1582 that Pope Gregory XIII introduced the Gregorian calendar used 

in most of the world today.
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In the Gregorian calendar, every 4th year is a leap year unless it is divisible by 100 and not by 

400. For example: 

e 1800 was divisible by 100 but not divisible by 400, so it was not a leap year. 

e 2000 was divisible by 100 and by 400, so 2000 was a leap year. 

When the Gregorian calendar was first introduced, people who went to bed on October 4th 1582 

woke up the next day on October 15th. People did not like having so many days “stolen” from 

them! Few European countries used the new system immediately. For example, the Kingdom of 

Great Britain waited until 1752, Russia until 1917, and China until 1949. The Eastern Orthodox 

Church has still not adopted the Gregorian calendar. 

a In each period of 400 years, how many leap years does the Gregorian calendar add? 

b Find the length of an average year in the Gregorian calendar. 

¢ How long will it take for the inaccuracy in the Gregorian calendar to accumulate to one 

whole day? 

& The Julian calendar has an approximate error of one day per 128 years. Noticing that 128 = 27 

gives rise to another possible model. We first write the year number in binary, which means 

that the number is written in base 2 rather than the traditional base 10. 

a In base 2, a number will end in n Os if it is divisible by 2. 

Describe how the year number ends, if it is divisible by: i 4 ii 128. 

b In the binary calendar, there is a leap year if the year number ends in “00”, except if it 

ends in “0000000”. 

i Explain how the binary calendar improves the Julian calendar. 

ii What advantages does this binary calendar have over the Gregorian calendar? 

iii In each period of 128 years, how many leap years does the binary calendar add? 

iv Find the length of an average year in the binary calendar. 

v How long will it take for the inaccuracy in the binary calendar to accumulate to one 

whole day? 

THEORY OF KNOWLEDGE 

People have always been fascinated by the Moon, the planets, and 

the stars. Many attempts have been made to accurately model their 

movement, given their importance in navigation and for calendars. 

  

Early teaching in Europe put the Earth at the centre of the universe. 

However, Nicolaus Copernicus (1473 - 1543) created a new model 

of the solar system which placed the Sun at the centre. In this model, 

the orbits of the planets were circles centred at the Sun. The orbit of 

the Moon was also a circle, centred at the Earth. Putting the Sun at 

the centre made it much easier to describe the positions of the planets. 

By carefully analysing astronomical observations, Johannes Kepler 

(1571 - 1630) realised that the positions of the planets did not 

exactly fit the theory of circular orbits. He proposed his three laws 

of planetary motion, the first two of which appeared in his book 

Astronomia nova in 1609: 

  

Nicolaus Copernicus 

e The planets move in elliptical orbits, with the Sun at one focus. 

e The speed of the planet is proportional to the area swept out by the orbit.
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In the Renaissance, clockwork mechanisms were developed to display the solar system. A mechanism 

like this is called an orrery. 

In the late 17th century, Isaac Newton developed his law of gravitation and his laws of motion 

in which he suggested that forces result in acceleration and not velocity. His new theories now 

predicted the elliptical orbits suggested by Kepler. 

However, Newton’s elliptical orbits did not account for the gravitational pull of the planets on each 

other. A revised model was needed to more accurately account for the observed movement of the 

planets. Indeed, the existence of the planet Neptune was predicted by the mathematical model before 

it was directly observed. More recent mathematics has improved models of how bodies move under 

gravity, and the “three body problem” is the subject of ongoing mathematical research. 

How did the different models for the solar system build on previous models? 

Identify assumptions made in each model. 

Can a mathematical model ever be “complete™? 

S
 

W
 

D
 

=
 

The British statistician George Box stated that “All models are wrong, but some are 

useful”. 

Discuss what he meant by this. 

DEE UNEAR MobELs 
Two variables are linearly related if the graph connecting them is a straight line. 

Ted the taxi driver charges passengers an initial fee of £4, and 

then £2 for each kilometre travelled. 

To study the relationship between the distance travelled (d km) 

and the cost (C pounds), we construct a table of values and draw 

a graph. The cost is dependent on the distance travelled, so we 

place d on the horizontal axis, and C' on the vertical axis. 

Distance travelled (d km) n 314 

Cost (£C) 416 | 8|10 | 12 

T S S 
2 2 2 o 

  

    

  
  

  

  

  

  

  

  

  

  

  

  

  

              

The graph of C' against d is a straight line, so C' and d are 1 C(£) 

linearly related. 
10 

Notice in the graph that: 

e The C-intercept of the graph is 4. This is the initial 8 

fee, in pounds, of the taxi ride. 6 

e The gradient of the graph is 2. This is the cost, in 4 

pounds, of each additional kilometre travelled. 

o The variables are related by the linear model 2 d (km) 

C=2d+4. 0 >  
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The model can be used to predict the value of one variable given the value of the other variable. For 

example, for a 10 km journey, d =10, and C = 2(10) + 4 = 24. The cost of the 10 km journey is 

£24. 

EXACT AND APPROXIMATE MODELS 

In the taxi situation on the previous page, the cost follows a specific rule, and the relationship between 

C and d is exact. We can use our linear model to find the exact cost C' for any positive distance d. 

In many situations, however, the connection between the variables is not exact. When we plot a set of 

data points, we may observe a /inear trend, which suggests a linear model will be a good approximation 

of the situation. 

For example, the table below shows the number of customers at a restaurant every 5th day after it opens. 

  

Time (t days) 

i fewsomes @] | 6| 5 7 o2 ] 
If we plot these points on a graph, we can see the variables 

are approximately linearly related. The line C = 6t + 50 

is an approximate model for the data. 200 

  

  

  

  

  

We will see how to 

formally construct this 

  

  

  model in Chapter 7. 
  100 
  

  

  

  

  

  

                          0 > 
0 5 10 15 20 25 30 
  

Care must be taken when using an approximate model to predict values beyond the range of the given 

data points. This process is called extrapolation. 

For example, we could use the model to predict that, on the 100th day, the restaurant will receive 

6(100) + 50 = 650 customers. However, this assumes that the linear trend will continue far beyond the 

given data. This is unrealistic given the restaurant will have a maximum capacity. 

EXERCISE 5B 
  

  

  

  

  

  

  

  

  

        

1 This graph shows the cost $C of buying z bottles of juice. 10AC $) 

a Find the model connecting C' and x. 

b Is the model exact or approximate? Explain your answer. 8 

¢ Can the model be used to find the exact cost of 12 bottles 

of juice? If so, find the cost. 6 

4 

2 

0 (bott] ea                  
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2 A tank contains 265 litres of water. The tap is left on and 11 litres of water escape per minute. 

a Construct a table of values for the volume V' litres left in the tank after ¢ minutes, for 

t=0,1,2,3,4,and 5. 

b Draw the graph of V' against ¢. ¢ Find the linear model connecting V' and ¢. 

d Determine: 

i the amount of water left in the tank after 15 minutes 

ii the time taken for the tank to empty. 

3 Xuanyu planted a 30 cm high bamboo plant in her garden bed. She found that with consistent 

weather it grew 10 cm each day. 

a Copy and complete this table of values which gives nn 

the height H of the bamboo after ¢ days. o ) 

b Draw the graph of H against ¢. 

¢ Discuss whether it is reasonable to continue the line for ¢ < 0 and for ¢ > 6 days. Hence 

state the domain of the function H (t). 

d Find the model connecting H and ¢. 

e How long will it take for the bamboo to be 1 m high? 

  

L As punishment for misbehaving, Jack must pick up litter at lunchtime. This table shows how many 

pieces of litter he has picked up after ¢ minutes. 

Time (t minutes) 

  

Number of pieces of litter (N) 

  

  

  

  

The graph alongside shows these data points, as well as AN 
the linear model N =8t +0.2. 40 

a Is the linear model exact or approximate? Explain 30 N=80+02 

your anSwer. 
  

  b Use the model to predict how many pieces of litter 20 

Jack will pick up in 20 minutes. Discuss the accuracy 

of your prediction. 10 

  

                            

  

5 The graph alongside shows the world record times for the 

women’s 400 m, between Marlene Mathews’ record of 

57.0 s on January 6, 1957 and Marita Koch’s record of 

47.60 s on October 6, 1985. The data is modelled with 

the straight line y = 54.85—0.2660z where y is the time 

in seconds and x is the number of years since 1957. 

  

  

  

  

a What does the model predict the time will be in 

1957? What was the time, and why are these values 

different? 46 
. S z(fiars! 

b Could the model be used to estimate world record 0 

times prior to 1957? Explain your answer. 0 10 20 30 

    

  

                
¢ Florence Griffith-Joyner holds the women’s 100 m record of 10.49 s. In what year does this 

model predict the women’s 400 m will be completed in 10.49 x 4 = 41.96 s? 

d Marita Koch’s time of 47.60 s is still the world record in 2018. Discuss the reliability of this 

model for predicting future world record times.
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CE PIECEWISE MODELS 
In many real-world situations, a single formula is not sufficient to describe the behaviour of a variable 

over its entire domain. Instead, we can divide the domain into smaller subintervals, and build a function 

using separate formulae for each subinterval. This is known as a piecewise model. 

PIECEWISE LINEAR MODELS 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                            

  

  

  

  

  

  

  

  

  

  

  

    
                          

  

  

  

  

  

  

  

  

    

  

  

A piecewise linear model is a model made up of several A cost () 

straight line segments. 

This piecewise linear graph shows the relationship 200 

between the water used by a household and the cost of 

the water. Water usage up to 25 kL is charged at a base 150 S 
rate, and any water usage above 25 kL is charged at a higher 

higher rate. We observe this in the graph because after 100 ate 

25 kL, the gradient of the graph suddenly increases. 

50 Dasl 

rat 

0 > 
0 10 20 30 40 50 

water usage (kL) 

The cost of printing invitations depends on the number A cost ($) 

of invitations printed, as shown in this piecewise linear 100 

model. - 

a Find the gradient of: i [AB] ii [BC]. 

Interpret your answer. 60 

b Find the cost of printing 60 invitations. 

¢ How many invitations can be printed for $74? 40 

20 

0 

a 1 Ais(0,0) and B is (100, 50) A cost ($) 
. 50 — 0 Ll 

gradient of [AB] = =05 
100 — 0 C 

The first 100 invitations cost 50 cents each to %91 
print. 60 

ii Bis (100, 50) and C is (200, 80) 

gradient of [BC] = —=—°0 — (.3 40 
200 — 100 30 

to print. 

b Tt costs $30 to print 60 invitations. 

¢ 180 invitations can be printed for $74.   Each invitation after the first 100 costs 30 cents 20 

  

    
                          v 
  

60 100 180200 
number of invitations 
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EXERCISE 5C.1 

1 Consider the water costs graph on the previous page. 

a Find the gradient of each line segment. Interpret your answers. 

b Find the cost of using 40 kL of water. 

¢ Kelly’s last water bill was $80. How much water did she use? 

  

2 Each month, Colin pays $2 per gigabyte for mobile phone cost ($) 

data up to his allowance, and then a higher rate for excess 

data. 

a What is Colin’s data allowance? 

  

  60 
  

  40 
b At what rate is Colin charged for excess data? 

  

  ¢ How much does Colin need to pay for using 15 GB 20 

of data in a month?             
  

  

  

  

  

                            

. . \ 
d What data usage would result in a bill of $60? =10 it 0 = 

data usage (GB) 

3 This graph mf)dels the speed of a car over a 124 speed (s~ 

20 second period. 10 

a Describe the car’s journey over this period. 

b What assumptions have been made when 8 D E, 

using this graph to model the car’s speed? 6 

Are these assumptions reasonable? 4 

¢ i Find the average speed of the car 9 

between A and B. B C 
. . 0 > 
il Hence find the distance travelled 0 2 4 6 8 10 12 14 16 18 20 

between A and B. time (s) 

d Find the total distance travelled by the car. 

4 Jasper picks berries on a farm. He earns $5 per kg for the first 12 kg of berries he picks each day, 

and $8 for each additional kilogram. 

a Draw a graph to display the relationship between the weight of berries Jasper picks and his 

daily wage. 

b How much does Jasper earn for picking 9 kg of berries? 

¢ How many kilograms of berries must Jasper pick to earn $100 in a day? 

  

    

  

  

  

  

  

  

  

  

  

  

  

  

  

  

5 Refrigerator service costs This graph shows the costs for refrigerator services. 

1204 cost ($ o a Find the cost of a service which takes: 
110 . . . . 
100 I 20 minutes il 45 minutes. 

90 Tt b Find the maximum time for a service costing: 

80 i $55 il $115 

70 ! ¢ Predict the cost of an 80 minute service, stating 

60 any assumptions you are making. 
— 

50 

40,                                           

0 15 30 45 60 75 
time (minutes)
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6 The cost of sending a parcel overseas depends on the weight 

of the parcel. 

a Draw a graph to display the information given in the L 

table, for weights up to 5 kg. Over 500 g up to 1 kg 

b Find the cost of sending a parcel weighing: Over 1 kg up to 2 kg 

i 750¢g il 1.6 kg ili 3.4kg Over 2 kg up to 3 kg 

¢ Heather has a 1.7 kg parcel and a 2.8 kg parcel to send Extra kg or part thereof 

to her mother. How much money will she save by 

sending the parcels together as a single package, rather 

than separately? 

    
7 A swimmer in a 200 m medley swims all 4 strokes (butterfly, 

backstroke, breaststroke, and freestyle) in one race. Laura’s times 

for each 50 m leg are shown in the table. Butterfly 

a Sketch a distance-time graph to model Laura’s position during Backstroke 
the race. Breaststroke 

b Describe any assumptions you made when constructing your Freestyle 

graph. 

¢ Use your graph to estimate how far Laura had swum after 1 minute. 

  

This table shows the income tax rates in the United Kingdom in 2018. 

Up to £11850 Nil 

£11851 - £46 350 £0.20 for each £1 above £11850 

£46 351 - £150000 £6900 + £0.40 for each £1 above £46 350 

Over £150000 £48360 + £0.45 for each £1 above £150000 

  

a Draw a graph of tax paid against income. 

b Find the amount of tax paid by a person who earns £50 000 per year. 

  

  

  

  

  

  

  

            
  

a 4 Tax paid (£) 
60 000 (150 000,48 

N 

40 000 

20000 [ (46:350,6900) 
(11850,0) | 

I £ . ncome (| J 

0 50 000 100 000 150 000 200 000 

b £50000 = £46 350 + £3650 

the tax paid = £6900 + £0.40 x 3650 

= £8360   
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8 Use the income tax rates in Example 3 to answer the following problems: 

a The minimum wage in the United Kingdom is £7.83 per hour. Find the annual tax paid by a 

person working on minimum wage for 36 hours per week, 50 weeks of the year. 

b Harold is a train driver earning £53 172 per year. 

i How much income tax must Harold pay? 

ii  Find Harold’s salary after income tax has been deducted. 

¢ On April 1, 2018 the United Kingdom Prime Minister’s total salary was £153 907. 

i How much income tax did the Prime Minister pay? 

il What percentage of the Prime Minister’s income was paid as income tax? 

9 For 2018 - 2019, the Australian government set the following income tax rates for residents: 

Rl e e e 

  

Up to $18200 Nil 

$18201 - $37000 $0.19 for each $1 over $18 200 

$37001 - $90 000 $3572 plus $0.325 for each $1 over $37000 

$90001 - $180000 $20797 plus $0.37 for each $1 over $90 000 

$180001 and over $54 097 plus $0.45 for each $1 over $180 000 
  

a Draw a graph of tax paid against income for incomes between $0 and $200 000. 

b On a separate set of axes, draw a graph showing the rate of tax against income for incomes 

between $0 and $200 000. 

¢ Calculate the income tax for the following annual incomes: 

i $28000 il $48300 ili $96 150 

ABSOLUTE VALUE FUNCTIONS 

The absolute value or modulus of a real number z is its distance from 0 on the number line. 

We write the absolute value of z as |z |. 

Because the absolute value is a distance, it cannot be negative. 

o If >0, [z]=u= o If <0, |z]=—=a. 

-1 5 -l 1 5 
0 z T 0 

For example: |7|=7 and |-5|=05. 

-5 —r————— T —————» 
- | | | > 

-5 0 7 
  

This leads us to the algebraic definition: 

) if >0 
The absolute value of z is |z | = { f2<0 

—x T



    
    

  

The relation y = |x| is a piecewise linear 

function. We call it the absolute value function, 

and it has the graph shown. This branch 

y=lz| 

This branch 

is y=—xz, 2 <0. isy=uaz, x>0. 

More generally, we can define |z — a| as the distance between |z —a|—> 

2 and a on the number line. 

Algebraically, we define: 

x—a if x>a 
|z —a| = . . 

a—x if x<a 

  

  

LR R0 

Sketch the graph of: 

y=|z+3] y=lz|+|z—4] 

     
   

  

   

  

    
    

||+ |z —4] 
z+(x—4) if 224 

= z+(4—2z) if 0<z<4 

—z+@4—z) if £<0 

20 —4 if v >4 

= 4 if 0S<z<4 

4-2z if <0 

  

Taking the absolute value of 

a linear expression creates a 

piecewise linear graph.  
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EXERCISE 5C.2 

1 Sketch the graph of: 

a 

< 

e 

  

y=la—1| b oy=lr+2] 
y=la|+|z+5| d y=lo+1|+|z—3| 
y=lz—2|~|a+1] ty=2|c+3|-|al 

2 The absolute error of a weather forecast is the difference between the forecast maximum temperature 

and the actual maximum temperature. 

Let 2°C be the forecast maximum temperature on a day with maximum temperature 15°C. 

a 

b 

C 

Use an absolute value function to construct a model for the absolute error F of the forecast. 

Find E when: 

i =18 i =15 il x=13. 

Sketch the graph of E against z. 

3 Schools P and Q lie 10 km apart on the road (AB). 

Susie and her sister Sarah live on road (AB). Susie P Q 

attends school P, and Sarah attends school Q. Both A 0 10 ~B 
sisters cycle to school each morning. 

Suppose z is the position of their house relative to 

school P, 

a 

b 

Q
 

Construct a model for D, the total distance the sisters cycle each morning. 

Find D if: 

i x=7 il z=-3. 

Sketch the graph of D against . 

Find the value(s) of = for which D is minimised. 

Draw the graph of y=|z+5|+ |z +2[+|z|+ |z - 3] 

P Q 0 
-5 -2 3 

P, Q, and R are swimming beaches which are respectively 5, 2, and 3 km from beach O. 

An ambulance service wants to locate its premises along the coast such that in an emergency 

its average distance to any of the four beaches is minimised. 

i Suppose the ambulance service is located at position x relative to O. Explain why the 

average distance to any of the beaches is given by 

L(le+5[+]z+2]+|z|+|z—3]) km. 

il Where should the ambulance service locate its premises? Explain your answer. 

iii  Funding for the new ambulance service premises is approved, but it is conditional to the 

service supporting an extra beach at S, 7 km to the right of O. Where should the ambulance 

service locate its premises now? Explain your answer.
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NON-LINEAR PIECEWISE MODELS 

In the world around us, there are many situations where piecewise models involve curves. 

The weight, in kilograms, of a cat at age ¢ months is given by 

  

t2 

Lo < 40+015, 0<t<12 

W) = 4.57%, 12<t<18" 

t> 4, 18 

Sketch the graph of W against ¢. 

b Find the weight of the cat at age: 

i 4 months il 15 months. 

  

¢ How long did it take for the cat to be fully grown? 

  

  

  

2 2 S Lo b i W) =3 +015 
A t {as 0<t <12} 

BB T =055 
3 : i The cat weighed 0.55 kg at age 

4 months. 
  

i W(15)=45-2Z 

{as 12 <t <18} 
     =39                      
  

  

  

  

  

  

  

                

0.15 : i t (months) Th oh K 

% 5 1012 15 1820 25 30 A 
15 months. 

¢ The cat was fully grown after 18 months. 

EXERCISE 5C.3 

1 The temperature 7°C in a room, ¢ minutes after the air 34y TEC 

conditioning is turned on, is 39 

12 
244+ ——, 0<t<10 30 

t+2 = T(t) 
T(t) = 24 . 28 

31— 5 t>10 % 

The graph of 1" against ¢ is shown alongside. 24 

a Find the initial temperature of the room. 22 ; (min) 

b Ho?f lgng do you think the air conditioner was turned g 5 10 15 20 35 

on for? 

Find the temperature of the room at the time when the air conditioner was turned off. n 

d How long did it take for the room to return to its initial temperature?
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2%, 0<t<5 
2 The speed S of a car in kmh~! is given by S(t) = { 2t +40, 5<t< 10 

60, t>10 
where ¢ is the time in seconds. 

a Sketch the graph of S(%). 

b What do you think is the speed limit where the car is driving? 

¢ Find the speed of the car after: i 3 seconds ii 8 seconds iii 12 seconds. 

d Find the time at which the speed of the car was 32 kmh~". 

3 A restaurant orders tomatoes from either Supplier A or Supplier B. The costs of purchasing = kg of 

tomatoes from each supplier, including delivery, are given by the functions C4(z) =9+ 3z and 

Cp(z) =12+ 2z + 2/x dollars, respectively. 

Each week the restaurant chooses the cheaper supplier, based on the size of their order. 

a Sketch Cu(z) and Cp(z) on the same set of axes. 

b Construct a piecewise model for the cost C' of x kg of tomatoes. 

¢ Hence find the cost of: i 6 kg of tomatoes il 9 kg of tomatoes. 

4 When a ball is dropped from the top of a tower, it H (m) 

hits the ground after 3 seconds. The ball then bounces 

before hitting the ground again after a further 4 seconds. 

The height in metres of the ball above the ground after 

t seconds follows the piecewise model H(t) 

—5t% +¢ 0<t<3 
H(t) = ’ . 
® {75t2~dt+e, 3<tLT 

Find all of the unknowns in the model. 0 3 7 L(s) 

How high is the tower from which the ball was dropped? 

Find the maximum height reached by the ball after the first bounce. 

  

O 
an 
o
 

Find the times at which the ball was 15 m above ground level. 

filz), z<a 
Suppose a piecewise model has the form f(z) = { () Sy 

2(z), T>a 

e I[s it always a requirement that fi(a) = fa(a)? 

e List some situations where: 

> fi(a) = fo(a) is required > fila) # f2(a) 

[N SYSTEMS OF EQUATIONS 
When we construct a mathematical model, we can often use our knowledge of mathematical functions 

to guess the form that the model should take. 

For example, when a ball is thrown into the air, we can predict that its height above the ground will be 

modelled by a function of the form y = at? + bt + ¢, where ¢ is the time in seconds, and a, b, and ¢ 

are unknown coefficients or parameters.
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  DISCUSSION 

e What do we mean by coefficients, parameters, and constants? 

e Can we use these mathematical terms interchangeably without causing confusion? 

If we have some data values that the model needs to fit, we can substitute the 
) 

points into the function to construct a system of equations for the unknown 

parameters. By solving the system of equations simultaneously, we obtain the S R 

parameters which complete the model. INSTRUCTIONS 

  

[ 3ET -0 

The table alongside shows the quantity V' of air affected by smoke 

t seconds after a fire is started. 
    

         
    

    

V and t are connected by a cubic model of the form 

V = at® + bt? + ct. 

Find the coefficients a, b, and c. 

Substituting (1, 2) into the model gives 2 = a(1)% 4+ b(1)% + ¢(1) 

a+b+c=2 

Substituting (2, 4) into the model gives 4 = a(2)% 4 b(2)% + ¢(2) 

8a+4b+2c=4 

Substituting (3, 12) into the model gives 12 = a(3)> 4 b(3) + ¢(3) 

27a 4 9b + 3c = 12 

a+b+c=2 

So, we have the system of equations 8a+4b+2c=14 

27a + 9b + 3c = 12 

Solving these equafions simultaneously Efcgalhgggvp AUTO REAL DEGREE MP n ;«EwntygL:g; AUTO REAL DEGREE MP n 

using technology, we find that a = 1, 
b= —3 and c=4 1x+ 19+ 1z= 2 , . 

. % 8x+ 49+ 2z= 4 

So, the model is V = 3 — 3t% + 4t. . 2|   
  

  

EXERCISE 5D 

1 a Use technology to find this linear model. 

b Check your answer algebraically.
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The points (1, 7), (2, 10), and (3, 11) lie on a model N O —— 
— ar? ) 

of the form y = az” + bz +c. equations, you need at least as many 
a Construct three equations in terms of a, b, and c. equations as there are unknowns. 

b Use technology to find a, b, and c. 

  

¢ Hence determine the model. 

Find the equation of the quadratic function which passes through the points: 

a (1,-2), (2,4), and (3,12) b (-1,3), (2,9), and (4, —7). 

Try to find the equation of the quadratic which passes through the points (-1, 7), (2, 1), and 

(3, —1). Explain your answer. 

Determine the model for each graph: 

      
b Y y=axd+ba®+cx 

y=ax’+bx Y 

  

The table alongside shows the distance D m a scooter has 

travelled ¢ seconds after it starts moving. 

The model connecting D and ¢ has the form 

D = at® 4+ bt + cv/t. 

Find the parameters a, b, and c. 

  

This graph shows the relationship between the height and 

radius of cylinders which have a constant surface area. 

The model connecting h and r has the form h = Iy br, 
T 

where a and b are constants. 

a Use the given data points to determine the model 

connecting i and r. 

b Use the formula for the surface area of a cylinder to 

explain why a model of this form is reasonable. 

¢ Find the constant surface area of these particular 

cylinders. 

  

d  Use your model to find the value of h when r =9. Is your answer reasonable? 

e For what values of 7 can this model be correctly applied?
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8 y (m) 

20m 

  -+ > 

x (m) 

A tightrope connects two elevated platforms which are 50 m high and 100 m apart. 

Julian wants to know the height of the tightrope above ground level as a function of the distance 

along it. He knows that the tightrope is 30 m high at its lowest point L, and he assumes the height 

follows a quadratic function. 

a Find the quadratic model connecting y and z. 

b Hence estimate the height of the tightrope above ground level at point P. 

¢ For what values of z is the quadratic model valid? 

9 The cross-section of a mound on a bike track is shown 

alongside. It can be modelled by the function 

y=azx®+bx? +cx+d for 0 <z <20. 

Units are in metres. 5.209 

a State the value of d. 

b Use technology to find a, b, and c. 

¢ Find the height of the mound at point E. 

y (m) 
(5,7.264) 

    

       
    

  

(10,5.719) 

(15,2.824) 

y=az®+ba®+cx+d 

RESEARCH 

The height of a free-hanging rope, such as the tightrope in the previous Exercise, does not in fact 

follow a quadratic model. 

e Research the correct model for the height of a free-hanging rope. 

e Do you think the quadratic model gives a good approximation for the height of the tightrope? 

What advantages are there to using the quadratic model as opposed to the correct model? 

REVIEW SET 5A 

1 Ben loves to kayak. He can paddle 100 metres in 40 seconds. 

a Construct a model to describe how far Ben can kayak in ¢ seconds. 

b Hence predict how far Ben can kayak in 10 minutes. 

¢ Do you think the actual distance Ben can kayak in 10 minutes will be more or less than 

your prediction? Explain your answer. 

2 Amy and Bernard are electricians. It would take each of them 3 days to wire a particular house. 

a Assuming they were able to work without getting in each other’s way, how long would it 

take for the two of them to do the job? 

b Do you think the assumption in a is reasonable? If not, do you think it would take more 

or less time than your answer in a?
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3 Some water is boiled, then poured into a cup. 

a Which of these graphs do you think is the most appropriate model for the temperature of 

the water? 

A 100 temperature (°C) B 100 temperature (°C) C 100 temperature (°C) 

  

    
80 

60 

40 

20 

80 

60 

40 

20 

    time (min) 

10 20 30 

time (min) 

30 
—20, —20, 

  

b Use the model you selected to predict the temperature of the water after 10 minutes. 

  

  

  

  

  

  

  

  

                    

4 A (litres) The amount of oil A left in a leaky barrel after 
160 t minutes is shown on the graph alongside. 
140 a Find the gradient and A-intercept of the line. 
L0 Interpret your answers. 

1(8)8 b Find the model connecting A and t. 

60 ¢ How much oil will be left after 15 minutes? 

40 d For what values of ¢ is it reasonable to apply 

20 this model? 

%2 1 ¢ s   
t (minutes) 

5 A plumber charges customers a £50 call-out fee, and then 

£80 for each hour he spends on the job. 

a Copy and complete this table of values: 

e @how [ 0 12 [ 3] 1] 
[ wwo [ [ [ [ [ 

b Draw the graph of C' against ¢. 

¢ Find the linear model connecting C' and . 

d Hence find the cost of a job which takes 6 hours. 

  

6 This graph shows the cost of hiring a squash court. 
  

a Find the cost of hiring the court for: 
  

i 45 minutes ii 2 hours. 
  

b Kate and Peggy can spend no more than $15 each to 

hire a court. What is the longest time they can hire the 

court for? 
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7 A triathlon consists of a 1.5 km swim, a 40 km bicycle ride, and a 10 km run. 

The table alongside shows the times Alana obtained for each 

36 
a Draw a distance-time graph to model Alana’s position S 

during the triathlon. 
Bicycle ride 81 

Run 54 
b Describe any assumptions you made when constructing 

your graph. 

  

¢ Use your graph to estimate how far Alana had travelled 

after 1 hour. 

8 A house is to be built along an isolated road 

(AB). The house must be connected to the A W G = 

water access point W with a water pipe, and 0 2 (km) 
to the gas access point G with a gas pipe. 

Let x be the position of the house along (AB). 

a Construct a model for L, the total length of pipe required. 

b Find L when: 

i z=15 i z=-1 

Find the value(s) of = for which L is minimised. 

d Suppose each metre of gas pipe costs twice as much as each metre of water pipe. Where 

should the house be built to minimise the total cost of the pipes? 

9 Find the equation of the quadratic function which passes through the points (-8, 4), (—4, —8), 

and (6, 32). 

10 Determine the model for each graph: 

       
a b 

(3,27) 

y=az®+ bz’ +cx 

11 This graph shows the relationship between the speed braking distance (y m) 

of Daniel’s car and his braking distance, which is the 

distance required to bring the car to a complete stop (20,52) 

in an emergency. T 

The variables are related by the model y = az?+ ba. 

a Find @ and b. 

b Use the model to predict Daniel’s braking 

distance when he is travelling at 30 ms—!. (10,19) 

¢ Can we use this model to predict the braking 

distance for a different person? Explain your 

answer. 

  

speed (zms™ 1)
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REVIEW SET 5B 

1 Todd takes 3 hours to weed the garden. Sophie takes 3.5 hours to weed the garden. How long 

would they take to weed the garden working together? State any assumptions you make. 

2 Rohan’s lawn mower cuts grass to a height of 

17 mm. The grass grows 3 mm each day. 

a Construct a table of values for the height A 

of the lawn d days after it is cut, for 

d=0,1,2,3,4. 

b Draw the graph of H against d. 

¢ Determine the linear model connecting H 

and d. 

d Find the height of the lawn after 12 days. 

e Rohan mows the lawn again when it is 8 cm high. How often does he mow the lawn? 

  

3 Elizabeth needs to estimate the volume of usable wood in the trees growing in a plantation. For 

her calculations, she assumes that the trees are perfectly cylindrical and that 80% of the wood 

in each tree is usable. She measures a sample of trees and finds the average trunk diameter is 

45 cm. 

a Do you think these assumptions are reasonable? Explain your answer. 

b Based on these assumptions, construct a model for the volume V' of usable wood in a tree 

that is h metres high. 

¢ Hence predict the volume of usable wood in a 15 m high tree. 

  

  

  

  

  

  

  

4 The graph alongside shows the population of France, 05 p (<1000 000)1 

in millions, since the start of 2010. The linear model 69 

P =0.336t + 64.6. 68 fi=@-3 61 -+ 6146 

a s the linear model exact or approximate? 67 
Explain your answer. 66 

b Use the model to predict when France’s 65 \ 

population will reach 75 million. Do you think 64     your prediction is reasonable?                   t (years since 2010) 

0 2 4 6 8 10 

5 Shayne is looking for somewhere to stay during his vacation. He is choosing between the 

following places: 

Bobs Beach House: $150 per night for the first 2 nights, $120 for each additional night 

Claire’s Cottage: $180 per night for the first 3 nights, $100 for each additional night 

A “night” is a 24-hour period starting after 10 am. 

a On the same set of axes, graph cost against number of nights for each place. 

b Find the cost of staying for 4 nights at: 

i Bob’s Beach House ii Claire’s Cottage. 

¢ For what length stay is the cost the same at each place? 

d Shayne wants to stay for 8 nights. Which place will be cheaper, and by how much?
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6 For 2019, the income tax rates for a single person Income tax rate (%) 

resident in Germany are shown in the graph 

alongside. 

a What type of model is this? 

b Estimate the rafe of income tax payable by 

Gert-Jan, who has an annual income of 

€34 500. 

¢ The tax payable on the first €55961 is 

€14729.32. Calculate the income tax payable 

by Nikolas, who earns €108 609 in 2019.     
55 961 265 327 

Income (€) 

7 In a show jumping competition, a competitor is given 

one time penalty for every commenced four seconds 

by which they exceed the time allowed. 

For example, if the time allowed is 75 seconds, and the 

competitor takes 79.4 seconds, they are 4.4 seconds 

over the time allowed, and so are given 2 time 

penalties. 

  

a Draw a graph to display the time penalties for 

different times over the time allowed. 

b If the time allowed is 82 seconds, find the time penalties given to a rider who takes: 

i 83.1 seconds ii 87.9 seconds iii 81.5 seconds iv 96.3 seconds 

8 The downwards speed S ms~! of a skydiver ¢ seconds after jumping from a plane is 

  

60— 0<t<T 
approximated by the piecewise model S(t) = i 

104+ ——, t>T 
t—10 

a Find the value of k. 

b Sketch the graphs of y = 60 — HLI and y =10+ 7 imw on the same set of axes. 

¢ Find the time 7" at which the skydiver opened her parachute. 

d What would the terminal velocity of the skydiver have been if she had not opened her 

parachute? 

e Find the speed of the skydiver after: 

i 5 seconds ii 15 seconds. 

9 A cricketer hits the ball in the air with 

the path shown alongside. 
y (m) 

(20,15.25) 
   
    
  

a Use technology to find the quadratic fence 
model connecting y and z. - T}l m 

b Find the maximum height reached 75m > @ (m) 
by the ball. 

¢ The 1 m high boundary fence is 75 m away. Will the ball clear the boundary fence?
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10 Determine the model for each graph: 

a y b 

(4,8) 

y=az+b/z    
11 A tray is formed by cutting squares from each }+—30 cm— 

corner of a 30 cm x 30 cm sheet of metal, then —l 

folding the remainder. i i T 

If the squares cut out are x cm X x cm, the ’ 30cm ' 

volume of the container can be written in the form 

V=az®+b2® +cx+d cmi. L 

a Explain why d = 0. 

  

      

b Use the data points alongside to find the values of 

a, b, and c.       
z (cm) o] 

¢ Use the formula for the volume of a rectangular prism to explain why a model of this form 

is reasonable. 

d For what values of x can this model be correctly applied?



  

Direct and inverse 

variation 

Contents: 

  

m
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o
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w
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 Direct variation 

Powers in direct variation 

Inverse variation 

Powers in inverse variation 

Determining the variation model 

Using technology to find variation 

models
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  OPENING PROBLEM 

Mrs Cornwall has set a challenge for the students in her 

Mathematics class. Each student must try to guess the 

number of jelly beans in a large cylindrical jar. 

Jill measures the jar, and finds that its height and width 

are each 20 cm. She cannot find another jar that size, 

but she finds three other jars with equal height and 

width at home. She fills them with jelly beans and 

counts how many they can contain: 

  

T 

== o 

5 o 12em e —i6em—| 
95 jelly beans 321 jelly beans 763 jelly beans 

Things to think about: 

a What does the graph of the number of jelly beans against the jar height look like? 

b Does the number of jelly beans increase in proportion with the jar height? 

¢ Explain why we should expect the number of jelly beans to increase in proportion with the cube 

of the jar height. 

d Can you find an equation which connects the number of jelly beans and the jar height? 

e What guess do you think Jill should make in the challenge? 

Suppose petrol costs $3 per gallon. X 

The table alongside shows how the ]2 - 
cost y of the petrol varies with the Cost ($y) 9|12 15| 18 
amount x of petrol bought. ~ 

X2 %3 

  

x 3 

o 

  

) 

S
 

w
 

(=2
} 

  

Notice that: 

e If z is doubled from 1 to 2, y is also doubled (from 3 to 6). 

e If z is tripled from 2 to 6, y is also tripled (from 6 to 18). 

The variables = and y vary in proportion to each other. We say that x and y are directly proportional. 

Two variables are directly proportional or vary directly if multiplying one of them by a number 

results in the other one being multiplied by the same number.
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If the variables x and y are directly proportional, we write y o< . 

    

      

   
   
   

   
    

   

   
If yxa then y = kz where k is 

a constant called the proportionality 

constant. 

o reads “is directly 

proportional to”, or 

“varies directly as”. 

When y is graphed against x, the graph 

is a straight line with gradient &, which 

passes through the origin. 

  

In the petrol scenario on the previous page, the proportionality constant k = 3, and the variables are 

connected by the formula y = 3z. 

Example 1 «) Self Tutor 

  

  

The table alongside shows the relationship between the Side length (xem) | 1| 2] 3] 5 

side length of a square and its perimeter. — T 
& 4 i Perimeter (P cm) | 4             a Copy and complete the table. 

b Use a graph to show that P is directly proportional to . 

Find a formula connecting P and z. 

Side length (x cm) 

  

[Feinaer Pem 115 
  

  

  

    
    
    

b The graph is a straight line which passes through AP 

the origin, so P o . 20 

¢ The gradient of the line = % 5 

=4 0 

the proportionality constant k& = 4, and the 5 

formula connecting P and = is P = 4. 
- > 

5 x } }                   
EXERCISE 6A 

1 Which graph indicates that y is directly proportional to x? 

A Y B Y C Y D Y 

4%» /j/ » <IJ> lév 

T x xT T 
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2 For each table of values: 

i Plot the graph of y against . 

ii  Determine whether y is directly proportional to x. If it is, find the proportionality constant. 

alafol1]2a[3][4] 
[ To s 0] 552 

3 This table shows the cost of parking in a parking lot. Time (¢ hours) | Cost (€C) 

6 a Find the cost of parking for: 

i 1 hour il 2 hours 

iii 2.5 hours iv 4 hours. 

b Are C and t directly proportional? Explain your answer. 

   

N 

12 

18 

24 

30 

  

<2 
<3 
<4 
<5 

L Suppose y is directly proportional to z. State what happens to: 

a vy if z is doubled bz if y is multiplied by 6 

¢ yif z is divided by 3 d z if y is increased by 20% 

e y if z is decreased by 70% f x if y is increased by 10. 

5 Water freezes at 0°C, which is approximately 32°F. Explain why the variables temperature in °C 

and temperature in °F cannot be directly proportional. 

6 Water is poured into this drinking glass at a constant rate. - 

Determine whether the following pairs of variables are 

directly proportional: 

a volume of water and time 6 

b volume of water and height T 

height and slant height < 
slant height 

d  height and radius 

e slant height and weight of water. 

Example 2 LR AR (T8 

  

Suppose p <t and that p =17 when ¢ =>5. Find ¢ when p = 60. 
  

  

60 
Xy 

To change p from 17 to 60, we multiply by 82 b 

Since p o< t, we must also multiply ¢ by 89 i 

t*5>< ~176   
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Suppose y o< z and that y =24 when = =7. Find: 

a ywhen z=21 bz when y=30. 

The amount of energy used by a heater is directly proportional to the time it is on. When it is on 

for 2 hours, the heater uses 3.6 kWh of energy. Find: 

a the proportionality constant and explain what it means 

b the energy used by the heater if it is on for 1.5 hours 

¢ the time it would take for the heater to use 6 kWh of energy. 

Isabella has drawn a scale diagram of her school. An actual length of 60 m is represented by 3 cm 

on her diagram. 

a Find the proportionality constant. Explain how it relates to the scale of the diagram. 

b The football pitch is 110 m long. How long is the pitch on Isabella’s diagram? 

¢ The front fence is 15 cm long on Isabella’s diagram. Find the actual length of the front fence. 

10 The momentum of a gridiron player is directly proportional to his velocity. When he moves at 

5 ms~!, his momentum is 610 kgms~!. Find: 

a the player’s momentum when he moves at 3 ms™! 

b the velocity required for his momentum to be 420 kgms™". 1 

11 A plumber charges a £30 call-out fee plus a constant rate per hour of labour. 

Suppose the total charge for a job requiring ¢ hours labour is £C. 

a Explain why: 

i C and t are not directly proportional 

il (C —30) and t are directly proportional. 

b The total charge for a 1.5 hour job is £120. Find the total charge for a 5 hour job. 

THEORY OF KNOWLEDGE 

In 1848, William Thomson (1824 - 1907), also known as 

Lord Kelvin, proposed the need for a temperature scale 

starting at absolute zero. His idea stemmed from research 

showing a proportional relationship between the kinetic 

energy of a system and its temperature. By extrapolating 

his results to a point where the kinetic energy of a system 

was zero, Thomson was able to predict absolute zero as 

about —273°C. 

The ST unit for temperature is the kelvin (K), named in 

Thomson’s honour. Absolute zero is regarded as 0 kelvin, 

and is defined as —273.15°C. An increase of 1 kelvin 

corresponds to an increase of 1°C, so 0°C is equivalent 

to 273.15 K, and 100°C is equivalent to 373.15 K. 

temperature (°C)      
  

temperature (K) 

273.15 

—273.15 

1 In what ways is it useful to use variables in direct proportion? 

2 Which measure of temperature is most convenient? 

3 What is the most natural measure of temperature?
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B} ARIATION 
In many circumstances, the variables we consider are not directly proportional, but there is direct variation 

between their powers. 

  

For example, the surface area of a sphere with radius 7 is A = 4772, 

A is not directly proportional to . However, A o r? with proportionality 

constant 47. ' 

Example 3 o) Self Tutor 

3 
Suppose y = 2% State two variables which are directly proportional, and determine 

the proportionality constant k. 

  

y=2(z%), so yoca® and k=2 

y is directly proportional to the cube of , and the proportionality constant k = 2. 

  

  

EXERCISE 6B 

1 State which two variables are directly proportional, and determine the proportionality constant k: 

4 
a A=mr? b V:§7TT‘3 < ng% 

2 Suppose y o< x3. Describe what happens to: 

  

a vy if = is doubled by if z is divided by 10 

¢ y if z is increased by 20% d z if y is multiplied by 2.5 

e z if y is decreased by 30% f xif y is increased by 100%. 

e ) Self Tutor 

Suppose D is directly proportional to 22, and that D = 14 when z = 5. Find: 

a D when z=15 b zwhen D =140, given z > 0. 

. ] o [EET ] 
5 14] 0] 5] = 5 

[(D]1a] ] <10 
2 is multiplied by 3 D is multiplied by 10 

    

22 is multiplied by 3% = 9 . 2% is multiplied by 10 {as D o 2%} 

D is multiplied by 9 {as D o 22} . zis multiplied by V10 {as z > 0} 

D=14x9=126 s 2=5/10~158   
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3 Suppose M is directly proportional to 2, where ¢ > 0. When ¢ =6, M = 40. Find: 

a M when t=9 b ¢t when M =120. 

& Suppose V is directly proportional to the cube of y, and that when y =3, V = 30. Find: 

a V when y=12 b y when V =180. 

5 The mass of a square sheet of glass is directly proportional to the square of its length. 

Given that a 30 cm square sheet has mass 900 g, find the mass of a 50 cm square sheet. 

6 The amount of medicine in this glass is directly proportional to the 

cube of its depth d. The glass is 6 cm high, and has capacity 40 mL. 

a Find the amount of medicine needed to fill the glass to a depth 

of 4 cm. 1     b Jimmy needs 30 mL of medicine. To what depth should the 

glass be filled? 

7 The volume of a regular octahedron is directly proportional to the 

cube of its side lengths. 

a If the side lengths increase by 5%, by what percentage does the 

volume change? 

b What percentage change in side length is required to double the 

volume? 

  

8 The kinetic energy of an object with mass m and speed v is given by E = %mv? 

a For objects travelling at a particular speed, what proportionality exists between E and m? 

b For an object with constant mass, what proportionality exists between E and v? 

¢ What happens to the kinetic energy of an object if its speed decreases by 10%? 

d The brakes of a car turn kinetic energy into heat at a constant rate. Explain why the stopping 

distance of a car is proportional to the square of the speed. 

9 Suppose y is directly proportional to /Z, and that z is directly proportional to #2. What power of 

z is y directly proportional to? 

RIATION 
Emilija is driving 200 km from Vilnius to Minsk. 

  

Travelling at an average speed of 50 kmh™!, the 

trip will take % = 4 hours. Travelling at an 

average speed of 100 kmh~!, the trip will only take 

208 — 2 hours. > 

Notice that doubling the average speed will halve 

the time taken. In other words, when one variable 

was multiplied by 2, the other was divided by 2. © 
Op

en
St

re
et

Ma
p 

co
nt

ri
bu

to
rs

 

  

In a case like this, we have an inverse proportion. 

Two variables are inversely proportional or vary inversely if, when one is 

multiplied by a constant, the other is divided by the same constant.
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Suppose Emilija travels with average speed # kmh~!, and the y 

trip takes y hours.   

  The table below shows some possible combinations of  and y. 

  

  'S
 

  

  

When these points are plotted, they form part of a hyperbola.                   24106 80 100 120 
  

Notice that: 

e As x gets closer and closer to 0, y gets infinitely large. The curve approaches but never reaches the 

vertical asymptote = = 0. 

e As x gets infinitely large, y gets closer and closer to 0. The curve approaches but never reaches the 

horizontal asymptote y = 0. 

e zxy =200 for all points in the table. 

If y is inversely proportional to x, then y is directly proportional to l 
T 

We write this as y o l 
T 

or zy = k. Consequently, Yy = k 
T 

  

IO 

    

Suppose y is inversely proportional to z, and that y = 12 when x = 10. Find: 

a ywhen z =40 b z when y=19 

Since y is inversely proportional to z, y o l 
xT 

a x4 b 
™ 

(v[12] | 
« is multiplied by 4 y is multiplied by 3 

y is multiplied by 3+ {as y o l} . @ is multiplied by 12 {as y o l]» 
x T 

y=12x3=3 o z=10x £ ~6.32     
EXERCISE 6C 

1 Which graph could indicate that y is inversely proportional to z? 

oA
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2 For each of the following tables, calculate the value of zy for each point. Hence determine whether 

x and y are inversely proportional. If an inverse proportionality exists, determine the law connecting 

the variables, and draw the graph of y against . 

(2 [34]6] b 
[6]4] 

3 6 and ¢ are the two smaller angles of a right angled 

triangle. 

       

a Are 6 and ¢ inversely proportional? 

b Are tanf and tan ¢ inversely proportional? 

U ¢ Explain your answers. 

4 Suppose y is inversely proportional to x. Explain what happens to y if: 

a x is doubled b =z is divided by 7 

¢ is multiplied by 2 d =z is increased by 30%. 

5 Suppose C is inversely proportional to ¢, and that C' =15 when ¢ =6. Find: 

a C when t=18 b ¢t when C = 20. 

6 The time taken to landscape a garden is inversely proportional to the number of gardeners working 

on the task. If 5 gardeners could do the task in 6 hours, how long would it take 3 gardeners to do 

the task? 

7 When a constant force is applied to an object, the object’s acceleration is inversely proportional to 

its mass. 

When the force is applied to a 5 kg object, the resulting acceleration is 1.5 ms™2. 

a Find the acceleration which would result if the same force acted on a 2 kg object. 

b Find the mass of an object whose acceleration under the force is 10 ms~2. 

8 Wendy wants to use the money in her savings account to buy shares in her favourite company. 

a Explain why the number of shares she can buy is inversely proportional to the share price. 

b The share price is currently £6.25, and Wendy can buy n shares at that price. 

i If the share price drops by £0.15, how many shares can Wendy now buy? 

ii By what percentage must the share price fall so that Wendy can buy 1.5n shares? 

Ohm’s law states that in an electrical circuit, the potential difference V' across a resistor is equal to 

the current [ times the resistance R. 

e Assuming the potential difference is fixed, are the current and resistance inversely proportional? 

e In general, is it reasonable to say that the current and resistance are inversely proportional?
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[0 T POWERS IN INVERSE VARIATION 
In this Section we consider the inverse variation between one variable and the power of another. We use 

the same techniques as for direct variation. 

Example 6 LR (R TS 

Suppose P is inversely proportional to the square of n, and that P =40 when n = 6. 

a Find P when n = 12. b Given n >0, findn when P = 90. 
  

1 
Since P is inversely proportional to n2, P o i 

2 n is multiplied by 2 

- n? is multiplied by 22 =4 
1. o n 
— i multiplied by 3 

P is multiplied by {as P« n—12} 

P=40x1=10 

P is multiplied by 23 = §   n—12 is multiplied by {as P n—12} 

n? is multiplied by % 

n is multiplied by \/% =2 {as n>0} 

_ 2 _ n=6x5=4 

  

  

EXERCISE 6D 
1 

1 Suppose y o< —. Explain what happens to: 
T 

a y if = is doubled by if = is multiplied by % ¢ x if y is multiplied by 64. 

2 Suppose y is inversely proportional to the square of z, and that y = 27 when x = 8. 

a Find y when z = 24. b Given z >0, find z when y = 75. 

3 Suppose M is inversely proportional to the cube of ¢, and that M =64 when ¢ = 12. 

a Find M when c=38. b Find ¢ when M =1. 

4 A drink company wants to adjust the dimensions of their cylindrical soft drink cans, but keep the 

same volume. The current can is 12.9 cm high with radius 3.04 cm. 

a Explain why the height of the can is inversely proportional to the square of its radius. 

b Find the height of the can if the radius chosen is 3.39 cm. 

¢ Find the radius of the can if the height chosen is 15.3 cm. 

d The production manager restricts the possible radius of the can to values between 2.7 cm and 

3.8 cm. Can you suggest why this was done?
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5 The tidal acceleration acting between two bodies is inversely proportional to the cube of the distance 

between them. Find: 

a the percentage change in the tidal acceleration if the distance between the objects increases 

by 10% 

b the percentage change in the distance between two objects such that the tidal acceleration triples. 

1 1 L. . 
6 Suppose y o< - and z 7 What variation exists between z and 2? 

I3 [ BETERMINING THE VARIATION MODEL 
The direct and inverse variations we have studied have equations of the form y = az™ where n € Z, 

n # 0. These equations are called variation models. 

e If n>0 we have direct variation. e If n <0 we have inverse variation. 

Yy 

y=2 
— y=az® x 

a 
—_—y= ax? Y= = 

— y=azx a 

=3 

xT 

The graph passes through the origin (0, 0). The graph is asymptotic to both the = and 

y axes. 

In some cases, we know what type of variation exists between the variables. Given this knowledge, we 

can use a point which lies on the graph to find the exact equation of the variation model. 

L Y O AR (T8 

  

  

The area A of a sector of given A 

angle is directly proportional to 

the square of its radius r. The 

graph of A against r is shown 

alongside. 

  

  

  

  

  

  Find the equation of the variation 

model.   

  

  

                    

Since A o 72, A =ar? where a is a constant. - 
Check the other data points 

From the graph we see that when r =2, A =3 on the graph to make sure 
they obey this model. 

3=ax4 andso a=32 

  

The equation of the variation model is A = 372 |      
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EXERCISE 6E 

1 The height (H m) of a person above AH (m 

sea level is directly proportional to the ) 

square of the distance (d km) to the - 

horizon. 3 
The graph of H against d is shown 

alongside. ) 

a Find the equation of the variation 

model. 1 

b Teresa is 16 km from the horizon. (km) 
Find her height above sea level. v 2 4 8 ™ 

2 Am (kg) Scale models of a car are made in different sizes. 

6 The mass of a model car (m kg) is directly proportional 

— to the cube of its length (I cm). 

(40.3.9) The graph of m against [ is shown alongside. 

; ' a Find a model connecting m and [. 

b Find the mass of a model car which is 50 cm long. 

le e (cm) ¢ Find the length of a model car with mass 1 kg. 
v 10 20 30 40 50 60 

3 It is suspected that variable y varies inversely with y 
  

variable z. 
  

a Do the three marked points confirm this 

relationship? Explain your answer. 
  

  

b State the equation of the model connecting y 

and x. 
  

  

¢ Find the value of y when z = 8. 
                    

L The table opposite contains data from an experiment. 

a Show that the model relating z to y has the form y = £ 2 
and find the value of k. ’ 

b Find the value of >0 when y=0.5. 

5 A car designer wants to find the relationship between the air 

resistance R and the velocity v kmh~?! of the car. He performs Rlos| 4 | 13532 

a wind tunnel experiment and records the results in the table --- - 

alongside: 

  

a The designer initially suspects that R o< v2. 

i Assuming R o v?, use the first data point to find the model for R in terms of v. 

il Use the other data points to show that this model is incorrect. 

b Show that a model of the form R = kv® fits all data points. 

¢ Hence find the air resistance when the car is travelling at 50 kmh—!, 

d  What reduction in velocity is required to reduce air resistance by 20%?
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LOGY TO 
N MODELS 

So far we have only considered data which a variation model fits exactly. This is unlikely to be the case 

when we collect data from real-world situations, due to experimental error, inaccuracies in measurement, 

and rounding. In these circumstances, we can use technology to find the variation model which best fits 

the data. 

Variation models are often referred to as power models, because the variable is 

raised to a power. We use the power regression function on our calculator to 

  

  

find variation models. .nggg;#li‘:’fis 

Example 8 «) Self Tutor 

A company manufactures ball bearings Radius (r mm)| 5 
in different sizes. The table alongside 

shows the radius and mass of each type Mass (M g) 16.73| 32.67 | 89.65 

  

of ball bearing. 

a Draw a scatter diagram of the data. Discuss the shape of the graph. 

b Obtain the power model which best fits the data. 

¢ Estimate the mass of a ball bearing with radius 22 mm. 

  

  

  

          
  

a M(g) ° The data points appear to lie on a curve passing 

through the origin. This suggests that a variation 

150 | model is appropriate. 

100 
° 

50 
° 

o 

0 ° > 
0 5 10 15 7 (mm) 

b The power is very close to 3, so NORMAL FLOAT AUTO REAL DEGREE MP 1 T T n 

it is reasonable to conclude that Ju ftz— ho h« ks o} 
M is directly proportional to 3. 2233336171341 

. / b=3. 000645109 
The model is M = 0.0326r°. p——— r2=0.9999999572 

r=0.9999999786 

  

¢ When r=22, M ~0.0326 x 22% ~ 347 
So, a ball bearing with radius 22 mm has mass ~ 347 g.   
  

DISCUSSION 

  

In the Example above, why should we expect that mass o radius®? 

Discuss other situations where you might expect variation models.
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EXERCISE 6F 

1 For each data set, obtain the power model which best fits the data: 

blael2]3]6[09] 

  

  

  

  

  

  

  

                

  

  

AP 
50 ° 

-- A 
a Do you think there is direct variation or inverse 40 

variation between the variables? Explain your 20 % 

answer. 10 
1 o 

b Obtain the variation model which best fits the data. ! ° 

¢ Estimate the value of P when z = 4. - 2 4 6 8§ 10 7 

3 Zach never remembers to charge his phone until the battery has completely run out. This table 

shows the percentage charge his phone receives when it is charged for different times: 

R [ = 
What type of variation would you expect between C' and ¢? Explain your answer. 

Find the power model which best fits the data. 

an 
C 

o 

Estimate the percentage charge of the phone after 56 minutes. 

d For what values of ¢ is it reasonable to apply this model? Explain your answer. 

L4 The land blocks in a new housing development have different dimensions, but they all have 

approximately the same area. Some of the land block dimensions are shown in the table below. 

What type of variation do you expect between [ and w? Explain your answer. 

Draw a scatter diagram of the data. Is the diagram consistent with your answer to a? 

Obtain the power model which best fits the data. 

Estimate the length of a land block which is 23 m wide. 

For what range of values of w can this model sensibly be applied? Explain your answer. ® 
O
 

A
 
O
 
o
 

5 When a car turns a corner, its furning radius depends on its speed. 

iem Tow o o [ow 7] 7] 

  

Turning radius (R m) [ 1.0 
  

a Obtain the variation model which best fits the data. 

b Estimate the turning radius for a car travelling at 10 ms~!. 

¢ Estimate the speed of a car if its turning radius is 4 m. 

6 Answer the Opening Problem on page 118.
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7 The force between two positively charged spheres was measured at different distances. The results 

are recorded below. 
  

Distance (d m) 

  

e [ oo [ me oo s 7] 
a Obtain a power model which best fits the data. 

b Estimate the strength of the force when the spheres are 0.4 m apart. 

¢ Find the distance between the spheres if the force between them is 650 N. 

8 Donna had heard that the pressure of a constant volume of gas is directly proportional to its 

temperature. 

To test this for herself, Donna observed how the pressure in a tube changed as the gas inside was 

heated. Her results are shown in the table: 
  

Temperature (T°C) | 5 [ 10 [ 15 [ 20 [ 25 [ 30 | 35 

Pressure (P x 10° Pa) | 3.22 | 3.28 | 3.33 | 3.39 | 3.45 | 3.51 | 3.57 

a Obtain the power model which best fits the data. Explain 

why P is not directly proportional to 7. 

  

    
    

   
To convert temperatures 

. from °C to K, add 273.15. 
b Donna’s friend Penny suggests that the temperatures should om ~foha 

be recorded in kelvin (K) rather than degrees Celsius. 

i Redraw the table with the temperatures recorded in 

kelvin. 

ii  Obtain the power model which best fits the data. 

iii Is it now reasonable to conclude that pressure and 

temperature are directly proportional? Explain your 

answer. 

REVIEW SET 6A   

1 Which graph indicates that y is directly proportional to z? 

A Y B Y C Y 

  

2 Suppose A is directly proportional to ¢. Explain what happens to: 

a A when t is multiplied by 4 b ¢ when A is increased by 5%. 

3 A person’s weight on the Moon is directly proportional to their weight on Earth. A person 

weighing 750 N on Earth weighs only 124 N on the Moon. 

Given that John weighs 640 N on Earth, find his weight on the Moon. 

4 State which two variables are directly proportional, and determine the proportionality constant k: 

a y=5a? b P72§ c Vz%a?’
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Suppose y is directly proportional to 22, where = > 0. When z =38, y = 30. 

a Find a model connecting x and y. 

b Hence find: i ywhen x =4 ii « when y = 150. 

For each of the following data sets, use values of xy to determine whether z and y are inversely 

proportional. If an inverse proportionality exists, determine the law connecting the variables, 

and draw the graph of y against . 

   | 58 ]10] 
[y]20]12]8]6 ] 

The frequency of a light wave is inversely proportional to its wavelength. 

Light waves that are seen as orange have wavelength 600 nm and frequency 500 THz. 

Light waves that are seen as blue have wavelength 480 nm. Find the frequency of this blue 

light wave. 

  

The resistance to the flow of electricity in a wire varies inversely to the square of the diameter 

of the wire. When the diameter is 0.44 cm, the resistance is 0.24 ohms. Find: 

a the resistance when the diameter is 0.3 cm 

b the diameter when the resistance is 0.45 ohms. 

  In the graph alongside, y varies directly with 404y 

the square of z. 
30   

a Find the equation of the model connecting 

the variables. 20 (6,24) 

b Find the value of y when z = 11. 

  

10               
  

%2 1 6 s = 

Kelly makes glass regular pyramids of height 2 cm. She suspects that the volume of glass 

V cm? she uses is directly proportional to a power of h, so V oc h™. A table of volumes for 

various heights is shown below. 

  

Explain why we should expect that 7 = 3. 

Use the first piece of data to find the variation model connecting V' and h. 

an 
T
 

o 

Check that the model you have found is satisfied by the remaining data points. 

d Hence find: i Vwhen h=8 ii 7 when V =50. 

For each data set, use technology to find the power model which best fits the data. 

a bafoo[14a]22]25] 
[z [os i [ 

The current was measured across a range of resistors for a constant potential difference: 

[Resvaree o) | 65 [ o1 | 15 [ 3 | o5 [ 0] 
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Draw a graph of [ against R. 

b Do you think there is a direct variation relationship or inverse variation between the 

variables? Explain your answer. 

Obtain the variation model which best fits the data. 

Estimate the current for a 250 ohm resistor given the same potential difference. o 
n 

  REVIEW SET 6B 

1 Consider the table of values alongside. 

a Draw a graph of P against ¢. 

  

b Explain why P and ¢ are directly proportional. 

¢ Find a formula connecting P and ¢. 

2 The force on a length of wire in a constant magnetic field is directly proportional to the current 

flowing through the wire. When the current is 1.09 A, the force on the wire is 2.18 N. Find: 

a the force when the current is 1.45 A 

b the current when the force is 3.6 N. 

3 Which graph could indicate that y is inversely proportional to z? 

A 4y B L C 4\ 

- ; - ; <T\ 

4 Tamzin works at the botanic gardens. She has been told by the head gardener that 250 kg of 

compost is needed to cover a circular garden bed of radius 3 m. However, she has new plants 

to add to the collection, so she has decided to increase the size of the garden bed at the same 

time. 

  

a Explain why the amount of compost needed is directly proportional to the square of the 

radius of the garden bed. 

b How much extra compost will Tamzin need to extend the radius of the garden bed by 15%? 

¢ By how far can Tamzin extend the radius of the garden bed with an extra 40 kg of compost? 

5 Suppose y is inversely proportional to the cube of z, and that y =16 when x = 6. 

a Find a model connecting x and y. 

b Hence find: i ywhen z=4 ii 2 when y=-2. 

6 If 3 people could paint a grain silo in 18 days, how long would it take 8 people to paint the silo 

working at the same rate? 

7 For an object moving in a circular orbit under gravity, the radius of the orbit is inversely 

proportional to the square of the object’s orbital speed. 

If the radius of the orbit increases by 20%, what happens to the orbital speed of the object?
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In the graph alongside, y varies inversely with z. YA 

a Find the equation of the variation model. 10 

b Find the value of y when = =0.1. 

- > 

¥ 1 T                     
The power P required by a cyclist to maintain constant speed on flat ground is directly 

proportional to the cube of their speed, v. 

To maintain a speed of 35 kmh~1!, the power required is 262 W. 

a Find the model connecting P and v. 

b Hence find: 

i the power needed to maintain a speed of 45 kmh~! 

ii the speed of a cyclist exerting 205 W on flat ground. 

It is suspected that two variables D and p are related 

by a law of the form D = * where k is a constant. 2 P 
An experiment was conducted to find D for various 

  

values of p, and the results are given in the table. 

a Graph D against p for these data values. 

b What features of the graph suggest that D = % may be an appropriate model? 

¢ Determine the value of k. P 

d Find the value of D when p = 5. 

The data below is displayed on the scatter diagram. 1904Y 

e 
o 

a Do you think there is a direct variation 60 

relationship or inverse variation between the 10 o 

variables? Explain your answer. 

b Obtain the variation model which best fits the 

data. n 5 1 15 

  

  

  

  

  

  

Vs
 

          Abbas wanted to test the sound intensity of the speakers in the local hall. He set the output to 

a constant power, and took measurements at different distances. The results are given below. 

Sound intensity (I Wm~=2) | 63.7 | 2.55 | 0.637 | 0.283 | 0.159 

  

  

a Abbas thinks that [ oc é By calculating the value of I x d for each data point, show 

that he is incorrect. 

b Find the power model which best fits the data. 

¢ Hence find the percentage change in intensity if the distance is increased by 40%.



  

Bivariate statistics 

Contents: 

  

O
m
M
m
o
n
 

Association between numerical 
variables 

Pearson’s product-moment 
correlation coefficient 
The coefficient of determination 
Line of best fit by eye 

The least squares regression line 

Statistical reliability and validity 

Spearman’s rank correlation 
coefficient
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OPENING PROBLEM 

At a junior tournament, some young athletes each throw a discus. The age and distance thrown are 

recorded for each athlete. 

  

Athlete AlBJc|D|EJF]JG[H]I]JI]K]L 
Age (years) 
  

  

  

Distance thrown (m) 

Things to think about: 

a Do you think the distance an athlete can throw is related to the person’s age? 

b What happens to the distance thrown as the age of the athlete increases? 

¢ How could you graph the data to more clearly see the relationship between the variables? 

d How can we measure the relationship between the variables? 

In the previous Chapter we saw how the relationship between two variables can be described using a 

function. In particular, we considered linear relationships between variables, and discussed how they 

could be exact or approximations. 

In this Chapter we consider bivariate data, which means data which has two variables recorded for each 

individual. In most real-world situations, there will not be an exact relationship between these variables. 

Our task is to find the model which best fits the data, and measure how strong the relationship between 

the variables is. 

For example, each athlete in the Opening Problem has . 
had th bl ddi i ded The independent and 

ad the fwo variables age and distance thrown recorde T TR e g 

about them. We expect the distance thrown will depend e el 

on the athlete’s age, so age is the independent variable explanatory and 

and distance thrown is the dependent variable. response variables 

respectively. 

  

A ETWEEN 
RIABLES 

  

We can observe the relationship between two numerical variables using a scatter diagram. We usually 

place the independent variable on the horizontal axis, and the dependent variable on the vertical axis. 

In the Opening Problem, the independent variable age   
60 gistanice thrown (m) 
  

  

  

  

  

  

  

                

is placed on the horizontal axis, and the dependent 

variable distance thrown is placed on the vertical axis. "+ 
o 

We then graph each data value as a point on the 20 

scatter diagram. For example, the red point represents . . 

athlete H, who is 10 years old and threw the discus 30 s 

15 metres. ° 
o 

From the general shape formed by the dots, we can see 20 o : 
that as the age increases, so does the distance thrown. o 2g¢ (years)| 

10 12 14 16 18 20
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CORRELATION 

Correlation refers to the relationship or association between two numerical variables. 

There are several characteristics we consider when describing the correlation between two variables: 

direction, linearity, strength, outliers, and causation. 

  

DIRECTION 

4 o o  Fora generally upward trend, we say that the correlation is positive. 

o o9, 0°° An increase in the independent variable generally results in an 

s © increase in the dependent variable. 
o 

A For a generally downward trend, we say that the correlation is 

S ° negative. An increase in the independent variable generally results 

in a decrease in the dependent variable. 

  

  

4 For randomly scattered points, with no upward or downward trend, 

. ° ° we say there is no correlation. 
° o ° °© ° e ° o 
° .. . o . o 

LINEARITY 

When a trend exists, and the points approximately form a straight line, we say the trend is linear. 

These points are roughly linear. These points do not follow a linear trend. 

   
STRENGTH 

To describe how closely the data follows a pattern or trend, we talk about the strength of correlation. It 

is usually described as either strong, moderate, or weak. 

strong moderate weak 

strong positive moderate positive weak positive 

strong negative moderate negative weak negative 

    

   
             



138  BIVARIATE STATISTICS (Chapter 7) 

OUTLIERS 

Outliers are isolated points which do not follow the trend outlier 

formed by the main body of data. 

If an outlier is the result of a recording or graphing error, it 

should be discarded. However, if the outlier is a genuine piece 

of data, it should be kept. 

  

  

  

  

  

  

  

  

  

  

  

For the scatter diagram of the data in the Opening 605 distance thrown ™) 

Problem, we can say that there is a strong, positive { 

correlation between age and distance thrown. The 50 = 

relationship appears to be linear, with no outliers. l - 

0 | = 

o 
20 o = 0 ©             

  

agel(yearsf 

10 12 14 16 18 20 
  

CAUSALITY 

Correlation between two variables does not necessarily mean that one variable causes the other.   
For example: 

e The arm length and running speed of a sample of young children were measured, and a strong, 

positive correlation was found between the variables. 

This does not mean that short arms cause a reduction in 
running speed, or that a high running speed causes your arms 

to grow long. 

Rather, there is a strong, positive correlation between the 

variables because both arm length and running speed are 

closely related to a third variable, age. Up to a certain age, 

both arm length and running speed increase with age. 

e The number of television sets sold in London and the number 

of stray dogs collected in Boston were recorded over several 

years. A strong, positive correlation was found between the 

variables. 

Obviously the number of television sets sold in London was 

not influencing the number of stray dogs collected in Boston. 

It is coincidental that both these variables increased over this 

period of time. 

  
If a change in one variable causes a change in the other variable then we say that a causal relationship 

exists between them. In these cases, we can say that the independent variable explains the dependent 

variable. It may be more natural to use the terminology explanatory variable and response variable. 

In cases where a causal relationship is not apparent, we cannot conclude that a causal relationship exists 

based on high correlation alone.
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EXERCISE 7A 

1 For each scatter diagram, describe the relationship between the variables. Consider the direction, 

linearity, and strength of the relationship, as well as the presence of any outliers. 

    

  

a b 4y, c Ay 
oy o ° o ° o 

o: . o ° ° 

o ° ° . 
o o 
.. ° o 

° o o ° 

- - 

d e Ay o f 4y o . 

... ... 

©0o o 
° o 

..o °o ° ° 
o ©°9%0 . ° 

:..‘ : ° 

—  » T —  » T 

2 Tiffany is a hairdresser. The table below shows the number of hours she worked each day last week, 

and the number of customers she had. 

Hours worked 

Number of customers 

a Which is the explanatory variable, and which 

is the response variable? 

b Draw a scatter diagram of the data. 

  

  

  

      

  

You can use technology to 

help draw scatter diagrams. 

¢ On which two days did Tiffany: 

i work the same number of hours 

ii have the same number of customers? ( 

i iti G cs ] d Explam' why you would expect a positive CSRaPHICS A 

correlation between the variables. INSTRUCTIONS 

3 The scores awarded by two judges at an ice skating competition are shown in the table. 

Competltar 

Judge A 6.5 
  

  

fl-fl---- 
a Construct a scatter diagram for the data, with Judge A’s scores on the horizontal axis and 

Judge B’s scores on the vertical axis. 

b Copy and complete the following comments about the scatter diagram: 

There appears to be ...... s e R correlation between Judge A’s scores and Judge B’s scores. 

This means that as Judge A’s scores increase, Judge B’s scores ...... 

¢ Would it be reasonable to conclude that an increase in Judge A’s scores causes an increase in 

Judge B’s scores? Explain your answer.
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4 Paul owns a company which installs industrial air conditioners. The table below shows the number 

of workers at the company’s last 10 jobs, and the time it took to complete the job. 

Number of workers 

  

  

  

-flfl---- 
a Which job: i took the longest ii involved the most workers? 

b Draw a scatter diagram to display the data. 

¢ Describe the relationship between the variables number of workers and time. 

5 Choose the scatter diagram which would best illustrate the relationship between the variables x and y. 

a x = the number of apples bought by customers, y = the total cost of apples bought 

bz = the number of pushups a student can perform in one minute, 

y = the time taken for the student to run 100 metres 

¢ x = the height of a person, y = the weight of the person 

d 2z = the distance a student travels to school, y = the height of the student’s uncle 

    

  

  

  

  

  

    

A4y, B 4y o C Ay o oo DAY ) 
0o 0° .u ° ° ° ° o o . ° 

. .' ° ©eo o ° ° ° ° 
o © o o4 ° ° 

° ° o © ° ° ° 
°© o o o ° 00 ° ) 

o ° o o . ° o 
° : ° ° °e : 

> > > > 
x x x xT 

6 The scatter diagram shows the marks obtained by 604 marks ° 
students in a test out of 50 marks, plotted against 

the number of hours each student studied for the 50 ° 
test. 40 o° o ° 

° 

a Describe the correlation between the o °6 % o 

variables. 30 T 
b How should the outlier be treated? Explain 2 . o ° 

your answer. 

¢ Do you think there is a causal relationship 10 
between the variables? Explain your answer. “‘HPber of hours of study               0 = 

0 2 4 6 8 10 12 

7 When the following pairs of variables were measured, a strong, positive correlation was found 

between each pair. Discuss whether a causal relationship exists between the variables. If not, 

suggest a third variable to which they may both be related. 

a The lengths of one’s left and right feet. 

The damage caused by a fire and the number of firefighters who attend it. 

A company’s expenditure on advertising, and the sales they make the following year. 

The heights of parents and the heights of their adult children. 

The number of hotels and the number of service stations in rural towns. ® 
O 

A 
O
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-MOMENT 
EFFICIENT 

In the previous Section, we classified the strength of the correlation between two variables as either 

strong, moderate, or weak. We observed the points on a scatter diagram, and judged how clearly the 

points formed a linear relationship. 

Since this method is subjective and relies on the observer’s opinion, it is important to get a more precise 

measure of the strength of linear correlation between the variables. We achieve this using Pearson’s 

product-moment correlation coefficient . 

For a set of n data given as ordered pairs (z1, y1), (22, ¥2), (@3, ¥3)s wos (Tns> Yn)s 

Y(-T)(y—7) 
V(@ —%)? ) (y —9)? 

where T and 7 are the means of the = and y data respectively, and ) denotes the sum over 

all the data values. 

Pearson’s product-moment correlation coefficient is r» = 

You are not required to learn this formula, but you should be able to calculate 

the value of r using technology. ' 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

HISTORICAL NOTE 

  

Karl Pearson (1857 - 1936) was an English statistician who developed the product-moment 

correlation coefficient together with his academic advisor Sir Francis Galton. 

Pearson made many other contributions to statistics including the use of histograms in exploratory 

data analysis, parameter estimation, and hypothesis testing. 

He is considered a key figure in the development of mathematical statistics. 

PROPERTIES OF PEARSON’S PRODUCT-MOMENT CORRELATION 
COEFFICIENT 

o The values of r range from —1 to +1. 

e The sign of r indicates the direction of the correlation. 

» A positive value for r indicates the variables are positively correlated. 

An increase in one variable results in an increase in the other. 

> A negative value for r indicates the variables are negatively correlated. 

An increase in one variable results in a decrease in the other. 

> If r =0 then there is no correlation between the variables. 

o The size of r indicates the strength of the correlation. 

> A value of 7 close to —1 or +1 indicates strong correlation between the variables. 

> A value of r close to zero indicates weak correlation between the variables.
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The following table is a guide for describing the strength of linear correlation using r. 

Positive correlation Negative correlation 

perfect perfect 

positive negative 

correlation correlation 

very strong very strong 

positive o negative 

correlation correlation 

strong strong 

positive negative 

correlation correlation 

moderate S moderate 

positive negative 

correlation correlation 

weak weak 

positive negative 

correlation correlation 

very weak very weak 

positive negative 

correlation correlation   
Example | Self Tutor 

The Department of Road Safety wants to know if average speed (km h™1) 

there is any association between average speed in 

the metropolitan area and the age of drivers. They 

commission a device to be fitted in the cars of drivers 

of different ages. 

The results are shown in the scatter diagram. 

The r-value for this association is +0.027. 

Describe the association. 

  

20 30 40 50 60 70 80 90 
age (years) 

Since 0 < r < 0.5, there is a very weak positive correlation between the two variables. 

We observe this in the graph as the points are randomly scattered.    
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The botanical gardens have been trying a new chemical to control the number of beetles infesting 

their plants. The results of one of their tests are shown in the table. 

Quantity of chemical (g) | Number of surviving beetles 

2 

  

A 11 

B 6 

© 4 

D 6 

E 3 

a Draw a scatter diagram for the data. b Determine the correlation coefficient r. 

¢ Describe the correlation between the quantity of chemical and the number of surviving beetles. 

  

We first enter the data into separate lists: 

  

  

      

          
  

      

  

          

Casio fx-CG50 TI-84 Plus CE TI-nspire 

Rad o 11 12 ] *Unsaved w 1Al 

chemical™ beetles al 

o 

1 2) 11 

5 6 

DS DS 2 4 
3 6 

> 9 3| C 
a1 |2 <[> 

a Casio fx-CG50 TI-84 Plus CE 
[T e     
  

CALC 

  

b Casio fx-CG50 TI-84 Plus CE 
NORMAL FLOAT AUTO REAL RADIAN MP 

Lin g ar Rg g S(J g’égg ) LinRegMx chemical, beetles, 1: CopyVar stat.> &) 
10 y=ax+b "Tile"  "Linear Regression (mx+b)" 
2o . a=-0.9666666667 "RegEqn" tm*g+b" 

= b=10.83333333 
r2=0.7377192982 

= 
o 

I 

"m" -0.966667 

"b" 10.8333 

0.737719 

-0.858906 
Ly 

r2=0 
3 r=-0.8589058728 

  

      

So, 7~ —0.859. 

¢ There is a moderate negative correlation between the quantity of chemical used and the number 

of surviving beetles. 

In general, the more chemical that is used, the fewer beetles that survive.    
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EXERCISE 7B 
  

  

  

  

  

  

  

  

  

        

1 In a recent survey, the Department of International 54 export earnings (§/million) 

Commerce compared the number of employees of a 

company with its export earnings. A scatter diagram 4 ° . 

of their data is shown alongside. The corresponding 

value of r is 0.556. 3 . 

Describe the association between the variables. ) ° 
o 

o 
° 

o 
1 o 

number of loyees 0 r of employ             
0 10 20 30 40 50 60 70 EO 

2 Match each scatter diagram with the correct value of r. 

  

    

a AY b AY ; < 

:‘,: 

s 
: 

l':. 

-—Pp—> - 

v v 

d AY e AY 

A\ v 

A r=1 B r=06 C r=0 D r=-07 Er=-1 

3 For each of the following data sets: 

i Draw a scatter diagram for the data. 

il Calculate Pearson’s product-moment correlation coefficient 7. 

iii  Describe the linear correlation between z and y. 

alz[1[2[3]4]5]6] b[z][3]8]5J14]19]10] 16 

(v[3]2]5[5[9]6] (p[17[12]15[ 6 [ 1 [10] 4 | 

clz|3]e6Jul7[5]6]8[i0]4] 
288 ]af7]9]uu]1]5 

A sltion of swdens were [ Sug T Ts]c[o[E[F]a]n] 
asked how many phone calls and . 
text messages they received the | Lhonecallsreceived 14171103 ]2]2[4] 
previous day. The results arc | Text messages received | 6 [0 [2 | 2 |5 [8[4 ] 7 | 
shown alongside. 

  

  

a Draw a scatter diagram for the data. b Calculate 7. 

¢ Describe the linear correlation between phone calls received and text messages received. 

d Give a reason why this correlation may occur.
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5 Consider the Opening Problem on page 136. 

a Calculate r for the data. 

b Hence describe the association between the variables. 

6 Jill does her washing every Saturday and hangs her clothes out to dry. She notices that the clothes 

dry faster some days than others. She investigates the relationship between the temperature and the 

time her clothes take to dry: 
  

  

Temperature (z°C) | 25 |32 [ 27 [ 39|35 ] 24 [30 [ 36 | 29 35 | 

Drying time (y minutes) | 100 | 70 | 95 | 25 | 38 [ 105 | 70 |35 | 75 40|                 

a Draw a scatter diagram for the data. 

b Calculate r. 

¢ Describe the correlation between temperature and drying time. 

7 This table shows the number of supermarkets in 10 towns, and the number of car accidents that 

have occurred in these towns in the last month. 
  

Number of supermarkets 5 

  

sy e | 10 |5 [ 0 o T [ 27 
Draw a scatter diagram for the data. 

Calculate 7. 

Identify the outlier in the data. 

Q 
a 

T 
o 

It was found that the outlier was due to an error in the data collection process. 

i Recalculate » with the outlier removed. 

ii Describe the relationship between the variables. 

iii Discuss the effect of removing the outlier on the value of r. 

e Do you think there is a causal relationship between the variables? Explain your answer. 

8 A health researcher notices that the incidence of Multiple Sclerosis (MS) is higher in some parts of 

the world than in others. 

To investigate further, she records the latitude and incidence of MS per 100 000 people of 20 countries. 

Latitude (degrees) 55 | 25 |41 |22 47 | 37 | 56 | 14| 34 | 25 
MS incidence per 100000 | 165 | 95 | 75 [ 20 [ 180 [ 140 [ 230 [ 15 | 45 | 65 
  

Latitude (degrees) 

  

e per oo | 50| 1o 5 515 T [ | oo o] 
a Draw a scatter diagram for the data. 

    
      

  

Higher latitudes occur near 

the poles. Lower latitudes 

occur near the equator. 

b Calculate the value of r. 

¢ Describe the relationship between the 

variables. 

d TIs the incidence of MS higher near the 

equator, or near the poles? 
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ACTIVITY 1 

In this Activity, you will explore the relationship between the height and foot length of the students 

in your class. 

  

You will need: ruler, tape measure 

What to do: 

1 Predict whether there will be positive correlation, no correlation, or negative correlation between 

the height and foot length of the students in your class. 

2 Measure the height and foot length of Height (cm) | Foot length (cm 

each student in your class. Record your 

measurements in a table like the one alongside. 

3 Use technology to draw a scatter diagram for the 

data. 

  

4 Calculate Pearson’s product-moment correlation coefficient » for the data. 

Describe the relationship between height and foot length. Was your prediction correct? 

Do you think that a high value of r indicates a causal relationship in this case? 

I3 [0 HE CORFFICIENT OF DETERMINATION 
To help describe the correlation between two variables, we can also calculate the coefficient of 

determination, r2. This is simply the square of Pearson’s product-moment correlation coefficient r, 

so the direction of correlation is eliminated. 

We can find r? using technology, or if 7 is already known, we can B Gl 

simply square this value. e 
0.8333333 
0.8589058 
.73771929 

MSe=3.32222222 
y=ax+b 

  

  

  COPY] (DI       

INTERPRETATION OF THE COEFFICIENT OF DETERMINATION 

If there is a causal relationship, then 72 indicates the degree to which change in the 

independent variable explains change in the dependent variable. 

For example, an investigation into many different brands of muesli found that there is strong positive 

correlation between the variables fat content and kilojoule content. Tt was found that r ~ 0.862 and 

r? &~ 0.743. 

An interpretation of this 2 value is: 
dependent or independent or 

response variable explanatory variable 
¥ N 

74.3% of the variation in kilojoule content of muesli can be explained by the variation in fat content in 

the muesli. 

In this case, we assume that the other 100% — 74.3% = 25.7% of the variation in kilojoule content in 

the muesli can be explained by other factors.
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At a father-son camp, the heights of the fathers and their sons were measured. 

Fathers height (x cm) | 175 | 183 | 170 185 | 170 
  

  

Sons hezght (y cm) | 167 | 178 | 158 177 | 152 

a Draw a scatter diagram for the data. 

b Calculate 72 for the data, and interpret its value. 

  

  

  

  

  

                  

a 1904, cm) 

180 s 

170 . * 
o o 

° ° 

160 3 

150 2 
fi>:\’ T (cm>) 

165 170 175 180 185 190 

b TI-84 Plus CE TI-nspire 

LinRegMz father,son, 1: CopyVar stat. RegEgh & 

“Tifle"  "Linear Regression (mz-+b)" 
111904762 “RegEqn" mkeb” 
9.91904762 [ 1.1119 

r2=0, 6832362155 
MSe 26.748 b r=0.8265810399 "b" -29.919 

y=ax 
f 0.683236 

  

    0.826581 
Ly 

     
So, 7%~ 0.683. 

68.3% of the variation in the son’s height can be explained by variation in the father’s 

height.     
EXERCISE 7C 

1 From an investigation at an aquatic centre, the coefficient of determination between the variables 

number of visitors and maximum temperature is found to be 0.578. Complete the following 

interpretation of the coefficient of determination: 

..... % of the variation in the ...... can be explained by the variation in ...... 

2 Aninvestigation has found the association between the variables time spent gambling and money lost 

has correlation coefficient 0.7732. Find the coefficient of determination and interpret its meaning. 

3 For a group of children, the correlation coefficient —0.365 is found between the variables /eart rate 

and age. Find the coefficient of determination and interpret its meaning. 

4 For a particular species of bear, the variables weight and running speed are found to be negatively 

correlated with coefficient of determination 72 = 0.821. Find the correlation coefficient r.
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5 Joanne is a real estate agent. This table shows the distance from the city and the selling price of the 

last 12 houses she has sold. 

Dtstance fiom city (km) 

Selltngprzce ($><1000 380 | 495 [ 350 | 420 | 540 | 260 | 480 | 340 | 350 | 310 | 470 | 350 

a Draw a scatter diagram for the data. 

  

b Calculate the coefficient of determination r2. 

¢ What percentage of the variation in selling price 

can be explained by the variation in the distance 

from the city? \ $800,000 00, 

d  What other factors could explain the variation in \\ 7 

selling price? 

  

6 A sample of 8 tyres was taken to examine the association between 

the tread depth and the distance travelled. 

Distance (x km x 1000) [ 14 | 17|24 | 34 [ 35 | 37| 38 | 39 depth of tread 

Tread depth (ymm) |57]65(4.0(3.0/1.9]|2.7[1.9(2.3 tyre cross-section 
  

  

a Draw a scatter diagram for the data. 

b Calculate 2 for the data, and interpret its meaning. 

[0 MU LINE OF BEST AT BY EYE 
If there is a sufficiently strong linear correlation between two variables, we can draw a line of best fit 

to illustrate their relationship. In general, it is only worth drawing a line of best fit if the coefficient of 

determination 72 > 0.7. 

If we draw the line just by observing the points, we call it a line of best fit by eye. This line will vary 

from person to person. 

We draw a line of best fit connecting variables x and y as follows: 

Step I: Calculate the mean T of the z-values, and the mean 7 of the y-values. 

Step 2: Mark the mean point (T, 7) on the scatter diagram. 

Step 3:  Draw a line through the mean point which fits the trend of the data, and so that about the 

same number of data points are above the line as below it. 

Consider again the data from the Opening Problem: 

  

Athlete A|B c|D E|F G|HI|J K|L 

12 
  

  

i ]



BIVARIATE STATISTICS  (Chapter 7) 149 
  

We have seen that there is a strong, positive linear 

correlation between age and distance thrown. 

We can therefore model the data using a line of 

best fit. 

The mean age is 15 years and the mean distance 

thrown is 29 m. We therefore draw our line of 
best fit through the mean point (15, 29). 

We can use the line of best fit to estimate the 

value of y for any given value of z, and vice 

versa. 

We draw the line through the mean point 

so it follows the trend of the data and 

there are about the same number of 

points above the line as below the line. 

  

  

604 distance (m) 

55   

  

45   

  

     
40 

mean poin 

35   

  30 

25   

  20 

15                 age (years) 

  

10 12 14 16 18 20 

INTERPOLATION AND EXTRAPOLATION 

Consider the data in the scatter diagram 

alongside. The data with the highest and lowest 

x-values are called the poles. 

The line of best fit for the data is also drawn 
on the scatter diagram. We can use this line 

to predict the value of one variable for a given 

value of the other. 

e If we predict a y-value for an x-value 

in between the poles, we say we are 

interpolating in between the poles. 

e If we predict a y-value for an z-value 

outside the poles, we say we are 

extrapolating outside the poles. 

  

      
   - 

     

    

upper pole 

/i 
lower pole 

> — 
i extrapolation 

  

  

extrapolation interpolation 

' 
The accuracy of an interpolation depends on how well the linear model fits the data. This can be gauged 

by the correlation coefficient and by ensuring that the data is randomly scattered around the line of best 

fit. 

The accuracy of an extrapolation depends not only on how well the model fits, but also on the assumption 

that the linear trend will continue past the poles. The validity of this assumption depends greatly on the 

situation we are looking at.
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For example, consider the line of best fit for the data in the Opening Problem. It can be used to predict 

the distance a discus will be thrown by an athlete of a particular age. 

The age 14 is within the range of ages 1605 Discus throws 

in the original data, so it is reasonable to } distance (m) 
predict that a 14 year old will be able to 140 [~144 

throw the discus 26 m. 

  

  

  

  

  

  However, it is unlikely that the linear 

trend shown in the data will continue 100 

far beyond the poles. For example, 80 

according to the model, a 50 year old 

might throw the discus 144 m. This is 60 

  

  

  

  

  

  

  

  

  

                            
almost twice the current world record 20 o 

of 76.8 m, so it would clearly be an ~26 
unreasonable prediction. oo . ° 

0 : > 
0 5 10,15 20 25 30 35 40 45 50 55 

14 age (years) 

Example 4 .1;)) Self Tutor 

On a hot day, six cars were left in the sun _ Ou o oy , Gr[A[s[c[P[E[F] in a car park. The length of time each car T " o015 1251201515 

was left in the sun was recorded, as well ------ 

as the temperature inside the car at the Temperature (y °C) 

end of the period. 

  

a Calculate 7 and 7. b Draw a scatter diagram for the data. 

¢ Locate the mean point (7, J) on the scatter diagram, then draw a line of best fit through 

this point. 

d Predict the temperature of a car which has been left in the sun for 35 minutes. 

e Predict how long it would take for a car’s temperature to reach 55°C. 

f Comment on the reliability of your predictions in d and e. 

s B0+5+25+40+15+45 go SEBH36L0 43U 
a 38 

b, c 

30,   

  

  

  

  

  

                    - ¢ 0 1 0 Y ) 
0 10 20 30 35 40 50 60 70 ~75 80 

2 (minutes)    
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d When z =35, y~40. 

The temperature of a car left in the sun for 35 minutes will be approximately 40°C. 

e When y =055, z~T75. 

It would take approximately 75 minutes for a car’s temperature to reach 55°C. 

f The prediction in d is reliable, as the data appears linear, and this is an interpolation. 

The prediction in € may be unreliable, as it is an extrapolation and the linear trend displayed 

by the data may not continue beyond the 50 minute mark. 

  

EXERCISE 7D 

1 Consider the data set alongside. 
  

5 12|20 |17 10| 8 [25] 15 

5[ 10] 1 1] [20] 7 10 
Draw a scatter diagram for the data. 

Does the data appear to be positively or negatively correlated? 

Calculate r for the data. 

Describe the strength of the relationship between x and y. 

Calculate the mean point (7, 7). 

- 
0 

0 
A 

O 
o 

Locate the mean point, then use it in drawing a line of best fit. 

g Estimate the value of y when x = 22. 

2 Fifteen students were weighed and their pulse rates were measured: 

(a6 37 32 57 [ 47 [ o1 2 [0 52 56 [ 65 | 43 36 [ 28 0] 

  

[65 59 54 [ 74 [69 [ 57 61 5 70 [0 75 o0 56 53 [ 5| 
Draw a scatter diagram for the data. b Calculate 7. 

Describe the relationship between weight and pulse rate. 

Calculate the mean point (7, 7). 

Locate the mean point on the scatter diagram, then use it in drawing a line of best fit. 

- 
0 

O 
A 

o 

Estimate the pulse rate of a 50 kg student. Comment on the reliability of your estimate. 

3 The trunk widths and heights of the trees in a garden are given below: 

    

    

  

35|47 | 72 |40 | 15 | 87 | 20 | 66 | 57 | 24 | 32 

i [is[21]n] s [w]»a]i] 5 [10] 
Draw a scatter diagram for the data. 

b Which of the points is an outlier? 

¢ How would you describe the tree represented by the 

outlier? 

d Calculate the mean point (Z, 7). 

e Locate the mean point on the scatter diagram, then 

draw a line of best fit through the mean point. 

f Predict the height of a tree with trunk width 120 cm. 

Comment on the reliability of your prediction. 

g Predict the trunk width of a tree with height 10 m. 

Comment on the reliability of your prediction.  
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13 000 THE LEAST SQUARES REGRESSION LINE 
The problem with drawing a line of best fit by eye is that the line drawn will vary from one person to 

another. For consistency, we use a method known as linear regression to find the equation of the line 

which best fits the data. The most common method is the method of “least squares”. 

RESIDUALS 

When we fitted a line of best fit by eye, we tried to minimise the distances between the line and each 

data point. We can formally define each of these distances as a residual: 

The residual of the ith data point (z;, y;) is 

=Y —Yi 

where ¥; is the predicted value of y at z = x;. 

THE LEAST SQUARES REGRESSION LINE 

The goal of least squares linear regression is to y positive residual 

minimise the sum of the squared residuals. 
(5, Y5), 

   

n Y=z tb 
S Sres Z ?($3:y3) y=ax 

1 -~ hegative residual 

    

2 

i . 

iT4 

=> i —%)° (21.41) 
i=1 ° 

n 

;<l‘4, Ya)    

  

o 
.(1’2, y2) 
  

|]
Y 

If our least squares regression line is y = ax + b, we need to choose a and b to minimise 
n 

SSres = > (yi — (az; + b))% 
i=1 

The required values of a and b are: 

Yz =Ty —7) a= and b=7—aT 
> (@ — 7 / 

i i i ST S s Click on the icon to see how these formulae are derived. LEAST SQUARE 

In this course you will not be required to find the equation Aias 

of the least squares regression line by hand. ) 

Instead, you can use your graphics calculator or the GRAPHICS 
o e CALCULATOR 

statistics package. INSTRUCTIONS
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The annual income and average weekly grocery bill for a selection of families is shown below: 

Income (z thousand pounds) | 55 | 36 | 25 | 47 | 60 | 64 | 42 | 50 

Grocery bill (y pounds) | 120 [ 90 [ 60 | 160 | 190 | 250 | 110 | 150 | 
  

a Construct a scatter diagram to illustrate the data. 

b Use technology to find the equation of the regression line. 

¢ State and interpret the gradient of the regression line. 

d Estimate the weekly grocery bill for a family with an annual income of £95 000. 

e Estimate the annual income of a family whose weekly grocery bill is £100. 

f Comment on whether the estimates in d and e are likely to be reliable. 

  300 y(£) 

250 ° 

200 

150 ° e 

100 T 

  

  

  

  

  

x (£ thousands 

0 10 20 30 40 50 60 "0 
              
  

b Casio fx-CG50 TI-84 Plus CE TI-nspire 
@ NORMAL FLOAT AUTO REAL RADIAN MP n 

a =4. _ 
b =-56.694686 g=axtb 

a=4.178251967 
r =0.89484388 b="-56.69468693 

*Unsaved v 

LinRegM income,bill, 1. CopyVar stat. RegEe> O 
"Title"  "Linear Regression (mx+b)" 

"RegEqn" "m¥g+b" 
"m" 4.17825 

-56.6947 
r2=0.80074556 r2=0, 8007455697 

MSe=839.7744 r=0.8948438801 
yv=ax+b 0.800746 

0.894844 
Ly    

Using technology, the regression line is y ~ 4.18z — 56.7 

¢ The gradient of the regression line ~ 4.18. This means that for every additional £1000 of 

income, a family’s weekly grocery bill will increase by an average of £4.18. 

d When z =95, y~ 4.18(95) — 56.7 ~ 340 

So, we expect a family with an income of £95000 to have a weekly grocery bill of 

approximately £340. 

e When y =100, 100~ 4.18z —56.7 

156.7 ~ 4.18x {adding 56.7 to both sides} 

x ~ 37.5 {dividing both sides by 4.18} 

So, we expect a family with a weekly grocery bill of £100 to have an annual income of 

approximately £37 500. 

f The estimate in d is an extrapolation, so the estimate may not be reliable. 

The estimate in e is an interpolation and there is strong linear correlation between the variables. 

We therefore expect this estimate to be reliable.    
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THE COEFFICIENT OF DETERMINATION 

The graph alongside illustrates: AY    
e the residual sum of squares (black) 

SSres = Z (yz - :/l/\'i)z 
i=1 

e the total sum of squares (red) 
n 

S8 =3 (yi —7)? 
=1 

<
 

  

  
  

|y
 

Notice that SSy is also the variance of the y-values, so SSi is the fotal variation in y. 

S'Ses 18 the variation in y that is not explained by the model. 

Stes 
  So, the fraction gives us the proportion of variation that is not explained by the model. 

tot 

S Sres 

Stot 
  Thus, 1— is the proportion of variation that is explained by the model. 

In Section C we claimed that the coefficient of determination is the proportion of variation that is 

SS]’ES 
explained by the model. So, coefficient of determination = 1 — <5 

tot 

  

Click on the icon to see how this definiton of the coefficient of determination is equivalent ~ SOEFFICIENT OF 

to the value 72, the square of Pearson’s product-moment correlation coefficient. 

S Sres 
The coefficient of determination is therefore defined as % =1 — 5SS 

tot 

  

You should be able to use both r and 2 to assess how well a linear model fits data. 

DISCUSSION 

Is it always true that SSyes < SSior? 

  

EXERCISE 7E 

1 Consider the data set below. 

x |10 4|6 (8|9 |5 | 7| 1|2]3 

B 20 [ 6 [8[3[a0fi2[iafa 2| 
a Draw a scatter diagram for the data. 

  

GRAPHICS 
CALCULATOR 
INSTRUCTIONS     

b Use technology to find the equation of the regression line, and plot the line on your calculator. 

¢ Use b to draw the regression line on your scatter diagram.
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2 Steve wanted to see whether there was any relationship between the temperature when he leaves for 

work in the morning, and the time it takes for him to get to work. 

He collected data over a 14 day period: 
  

Temperature (w°C) [ 25 [ 19 [ 23 [ 27|32 [ 3520 [ 27 [ 21 [ 18] 16 | 1 | 34 

| Time (y minutes) |35 [ 42 [49 |31 |37 ]33 [31[47] 4236 45]33[43]39 

an 
T
 

o 

d 

  

              
  

Draw a scatter diagram for the data. 

Calculate 7 and 2. 

Describe the relationship between the variables. 

Is it reasonable to fit a linear model to this data? Explain your answer. 

3 The table below shows the price of petrol and the number of customers per hour for sixteen petrol 

stations. 

Petrol price (x cents per litre) [ 105.9 [ 106.9 | 109.9 | 104.5 | 104.9 | 111.9 | 110.5 | 112.9 

Number of customers (y) 45 42 25 48 43 15 19 10 

  

  

Number of customers (y) 
  

-
0
 

O
 
A
 
O
 

Calculate Pearson’s product-moment correlation coefficient and the coefficient of determination 

for the data. 

Describe the relationship between the petrol price and the number of customers. 

Use technology to find the equation of the regression line. 

Interpret 72 and hence describe how well the linear model fits the data. 

State and interpret the gradient of the regression line. 

Estimate the number of customers per hour for a petrol station which sells petrol at 

115.9 cents per litre. 

Estimate the petrol price at a petrol station which has 40 customers per hour. 

Comment on the reliability of your estimates in f and g. 

& To investigate whether speed cameras have an impact on road safety, data was collected from several 

cities. The number of speed cameras in operation was recorded for each city, as well as the number 

of accidents over a 7 day period. 

Number of speed cameras (x)| 7 [15(20| 3 |16|17]28|17[24[25(20| 5 [16]|25]|15|19 

Number of car accidents (y) |48 |35]31|52(40|35|28(30|34(19[29|42(31|21|37(32 

W 
- 

® 
O 

A 
T 

o 

  

Construct a scatter diagram to display the data. 

Calculate 7 and 72 for the data. 

Describe the relationship between the number of speed cameras and the number of car accidents. 

Find the equation of the regression line. 

Interpret 72 and hence describe how well the linear model fits the data. 

State and interpret the gradient and y-intercept of the regression line. 

Estimate the number of car accidents in a city with 10 speed cameras.
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5 The table below contains information about the maximum 

speed and ceiling (maximum altitude obtainable) for 

nineteen World War II fighter planes. The maximum 

speed is given in kmh~!, and the ceiling is given in km. 

T 
W 
-
0
 

O
 
A
 
C
 
o
 

    

Draw a scatter diagram for the data. 

Calculate 7 and 72. 

Describe the association between maximum speed (x) and ceiling (y). 

Use technology to find the regression line, and draw the line on your scatter diagram. 

Describe how well the linear model fits the data. 

State and interpret the gradient of the regression line. 

Estimate the ceiling for a fighter plane with a maximum speed of 600 kmh~?!. 

Estimate the maximum speed for a fighter plane with a ceiling of 11 km. 

6 A group of children was asked the numbers of hours they spent exercising and watching television 

each week. 

W 
- 

® 
O 

A 
T 

o 

  

Draw a scatter diagram for the data. 

Calculate r and 2. 

Describe the correlation between time exercising and time watching television. 

Find the equation of the regression line, and draw the line on your scatter diagram. 

Describe how well the linear model fits the data. 

State and interpret the gradient and y-intercept of the regression line. 

i One of the children in the group exercised for 7 hours each week. How much television 

does this child watch weekly? 

ii Use the regression line to predict the amount of television watched each week by a child 

who exercises for 7 hours each week. 

iii  Compare your answers to i and ii.
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7 The yield of pumpkins on a farm depends on the quantity of fertiliser used. 
  

er (x g per m?) 
  

  

Draw a scatter diagram for the data, and identify the outlier. 

b What effect do you think the outlier has on: 

i the strength of correlation of the data ii the gradient of the regression line? 

¢ Calculate the correlation coefficient and coefficient of determination: 

i with the outlier included ii  without the outlier. 

d Calculate the equation of the regression line: 

i with the outlier included ii  without the outlier. 

e If you wish to estimate the yield when 15 g per m? of fertiliser is used, which regression line 

from d should be used? Explain your answer. 

f Can you explain what may have caused the outlier? Do you think the outlier should be kept 

when analysing the data? 

ACTIVITY 2 

Consider a bivariate data set (z1, ¥1), ..., (Zn, Yn) where we know the model connecting the 

variables should pass through the origin. The model therefore has the form y = az. 

What to do: 

1 Show that the sum of the squared residuals for this model is 

88es = o) () — 203 (@) + 20 (4:°) 
i=1 i=1 i=1 

n 

> @iy 
=1 
  2 Hence show that SS; is minimised when a = 

n 3 . 

IEi 

=S iz 

3 Consider the data in the table below: 

  

  

  

a Fit the zero-intercept model y = aux to the data. 

b Fit the regular linear regression model y = ax + b to the data. 

¢ Compare the zero-intercept model with the regular linear regression model. 

4 Explain how you might fit the following linear models to a data set: 

a y=ax+c where c is a known constant 

b y=ax+ b+ c where cis a known constant.
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ACTIVITY 3 

In addition to the correlation coefficient and the linearity of a scatter diagram, we REsIu 

can use a residual plot to decide whether a linear model is appropriate. Click on 

the icon to explore these graphs. 

  

When we generated our least squares regression AY 

line, our aim was to minimise the vertical distances regression line 
between the data points and the line. This means 

that when we use the regression line to estimate a 

value of y given a value of x, we can be sure that 

the error in our estimate is minimised. 

  

The graph alongside shows the same data points and AY 

regression line. It also shows the horizontal distance 

each point is from the line. 

  

  
T 

1 Do you think that this regression line also minimises the horizontal distances between the data 

points and the line? 

How would the regression line be different if we tried to minimise the horizontal distances 

instead? 

2 Suppose we use a regression line to estimate = given a value of y. 

a Can we be sure that the error in this estimate has been minimised? 

b Will this estimate be as reliable as an estimate of y given a value of z? 

THEORY OF KNOWLEDGE 

The use of extrapolation for predicting the future leads to debate on many global issues. Even when 

data shows a strong linear correlation, we need to consider whether it is reasonable for the trend to 

continue in the long term. 

For example, the graph on the next page is based on the article by Oeppen and Vaupel (2002)(. Tt 

shows female life expectancy from 1840 to the early 2000s, and the country with the highest female 

life expectancy at each point in time.



BIVARIATE STATISTICS (Chapter 7) 159 
  

Notice that: 

e The linear regression trend line is drawn in black, and extrapolated in grey. 

e The horizontal black lines show asserted “ceilings” on life expectancy. The vertical line at the 

left end shows the year of publication. 

e The dashed red lines denote projections of female life expectancy in Japan published by the 

United Nations (UN) in 1986, 1999, and 2001. 

Record female life expectancy from 1840 to the present - Oeppen and Vaupel (2002) 
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1 Discuss the relationship between the variables. 

2 Use the regression line to predict female life expectancy in the year 2100. Do you think 

this is realistic? 

3 Discuss the “ceilings” suggested by publishers over time. Is there evidence to suggest 

that human life expectancy will approach a limiting “ceiling”? 

4 Discuss the accuracy of the UN projections for females in Japan from 1986 to 1999. Is 

there reason to expect the latest projection will be more reliable?
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The graph below shows data from the NASA Goddard Institute for Space Studies!®!. The data for 

each point is for the first six months of the corresponding year. 

Global Mean Surface Temperature (January-June) 
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5 Discuss the relationship between the variables. Is it reasonable to use a linear model to 

describe the mean surface temperature of the Earth over time? Is it reasonable to even 

conclude that the mean surface temperature of the Earth is increasing? 

6 How can we predict the mean surface temperature of the Earth in the future? 

7 Is mathematical extrapolation valid evidence for dictating environmental policy? 

References: 

[1] Oeppen and Vaupel, Broken limits to life expectancy, Science, 296, 5570, 1029-1031, 2002. 

[2] www.nasa.gov/feature/goddard/2016/climate-trends-continue-to-break-records 

13 [ STATISTICAL RELIABILITY AND VALIDITY 
We have already studied the various errors that can arise in sampling. We have seen how they can be 

minimised by choosing both an appropriate: 

o sampling method so the sample is representative of the whole population, and an appropriate 

e data collection method so the data obtained is useful for answering the question we are investigating. 

In this Section we will see how Pearson’s product-moment correlation coefficient can be used to assess 

the reliability and validity of an experiment’s design. 

RELIABILITY 

Statistical reliability is a measure of how consistently a variable can be measured. 

To assess the reliability of a measurement, we want to know if we would get the same results if we 

repeated the experiment with the same sample and the same conditions.
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You can contrast this with sampling error, where measurements taken from different samples will vary 

due to the natural differences between individuals. 

Suppose a researcher gives a reading comprehension test to a group of adults. There are several ways 

for the researcher to consider reliability: 

o Test-retest reliability 

The researcher could give the same test to the same group of adults under the same conditions a 

week later. In this case, the researcher is considering how consistent the measurement is over time. 

The main disadvantage of test-retest reliability in this scenario is that sampled individuals are likely to 

perform better on the retest, because they are now familiar with the test and can probably remember 

some of the answers. 

o Parallel forms reliability 

The researcher could write similar sets of questions for similar reading passages, and give the sample 

of adults each passage as a separate test. In this case, the researcher is considering how consistent 

the measurement is across different versions. 

For either form of reliability test, the measurement of a variable is considered reliable if the repeated 

measurements give similar results. In other words, there should be a strong positive correlation between 

the measurements. 

VALIDITY 

Statistical validity considers how accurately a variable measures a particular aspect of a population. 

There are several types of validity we can consider: 

e Content validity considers how well the field of study or content domain is covered. 

For example: 

» A final IB examination needs to include questions covering all aspects of the course. Questions 

of varying difficulty are also needed to test the skills that students should have acquired 

throughout the course. 

» An experiment testing a person’s cognitive skills should consider many areas including memory, 

problem solving, comprehension, language skills, and spatial awareness. 

This type of validity is not necessarily statistical as it requires knowledge of the particular field of 

study. 

e Criterion validity considers how well a variable predicts another 

valid variable, called the criterion variable. A variable has 

high criterion validity if it can accurately predict the value of 

the criterion variable. 

For example, if a university entrance exam can accurately predict 

a student’s academic performance at the university, then the 

entrance exam has high criterion validity. 

To measure the criterion validity of a predictor variable, we 

consider the strength of its correlation with the criterion variable. 

Suppose the correlation coefficient between a predictor variable and a criterion variable is r. Does 

high criterion validity correspond to: 

e 7 close to +1 e 7 closeto —1 e |r| closeto 1? 

A criterion variable 

can be thought of as a 

dependent variable. 
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ORI 
Q 

a 
C 

o 

Mr Pettigrew is a primary school teacher. Each week, he gives his students a test to help them 

practise their times tables. Each test has 20 randomly chosen times tables which the students are 

given 10 minutes to complete. The table below shows the results for consecutive weeks: 

  

  

  

  

  

Calculate Pearson’s product-moment correlation between the Week I and Week 2 results. 

What type of reliability is being considered here? 

Comment on the reliability of Mr Pettigrew’s times tables test. 

Does this test necessarily have content validity for assessing the student’s arithmetic skills? 

Explain your answer. 

  

  
  

Using technology, 
List 1 M List 3 r =~ 0.893. 

8 8| 

11 11 

8 13 

19 20| 

YD [EY INTR 

  

  

      
    

  

            
  
  

  

Each test has the same number of questions and is done under the same conditions by the 

same set of students each week. However, the tests are not identical as the 20 times tables 

are randomly selected each week. Parallel forms reliability is being considered here. 

From a, there is a strong positive correlation between the students’ Week I and Week 2 results. 

Mr Pettigrew’s times tables test is therefore reliable. 

This test only considers multiplication. A valid test for assessing arithmetic skills 

should include questions covering all arithmetic operations including addition, subtraction, 

multiplication, and division.   
EXERCISE 7F 

1 For each of the following scenarios, determine the type of reliability being considered: 

b 

< 

A language teaching app randomly selects 10 Spanish sentences for Frederick to translate into 

English every evening. 

Lucien measures his resting blood pressure every morning as soon as he wakes up. 

The longest distance thrown by each javelin thrower in a track and field team is recorded at 

the end of each training session. 

2 Jo is a PhD candidate studying the impact of improper footwear while running. 

Jo has designed an experiment in which volunteers run on a treadmill. To satisfy the research 

requirements outlined by the School of Human Movement and Sport, she must obtain at least 

3 repeated measurements from each volunteer. 

a 

b 

List the factors that Jo should control to help ensure that her measurements are reliable. 

Would test-retest reliability or parallel forms reliability be more relevant in Jo’s experiment? 

Give reasons for your answer.
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3 The Association of Tennis Professionals (ATP) assigns ranks to professional tennis players based on 

how they perform in tournaments. 

The following table shows the number of grand slams won by the top 15 male singles players as of 

January 2019: 
  

ATP rank 123 [a]s]e6]7]s]o]wo]u]12]13]14a]15] 
  

Number of grand slams | 14 [ 17120 (0| 1|0 (1]|0f0| O[O | O] O0O|O0O]|O 

b 

< 

Calculate the Pearson’s product-moment correlation coefficient between the player’s ATP rank 

and number of grand slams won. 

Explain why criterion validity is being considered here, and identify the criterion variable. 

Comment on the criterion validity of the predictor variable. 

& To test the accuracy of a set of scales used to weigh parcels, a post office worker records the readings 

on the scales when weighing a set of standard weights: 

n 

  

Standard wezght (grams) 100 200 300 

Measured wetght (grams) | 50.4 | 100.5 | 150.4 | 200.7 | 250.5 | 300.4 

Calculate the Pearson’s product-moment correlation coefficient between the standard weights 

and measured weights. 

Explain why the post office worker is concerned about the validity of the scales’ measurements 

rather than their reliability. 

Is this an example of content or criterion validity? Explain your answer. 

Explain why using the correlation coefficient to measure the validity of the scales’ measurements 

is not necessarily appropriate in this case. 

5 A psychologist asks a group of 20 school children to play a card matching game. She randomly 

places 6 pairs of cards ina 4 x 3 grid, and records the time it takes for each child to match all of 

the cards correctly. 

After a short break, the psychologist asks the children to play the game again with the same set of 

cards, again randomly placed. 

The results for the two games are shown below: 

Q 
a 

O 
o 

| cud |1 [2[3]al5]6[7]|8|9[10] 
  

  

1st game (minutes) | 4.4 | 83 | 58 [ 4.0 (29|52 |52 |51 |38]|4.3 

2ndgame(m1nutes) 31 471836328 |58|54|84]37]37 

     
m 
2nd game (minutes) | 4.2 | 4.9 | 46 | 2.0 | 4.5 | 6.1         

Calculate Pearson’s product-moment correlation between the /st game and 2nd game times. 

Explain why parallel forms reliability is being considered in this case. 

Comment on the reliability of the psychologist’s test. 

The main disadvantage of test-retest reliability is the child remembering the answers. Is this a 

problem in this case? Explain your answer.
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$ RANK 
FICIENT 

The table below shows data from 10 young athletes competing in a track and field competition. It 

includes the length of their longest jump, and the maximum speed attained on their approach. 

  

  

Maximum speed (z ms=1) | 8.68 | 8.92 | 8.57 | 8.47 | 8.96 | 8.84 | 8.72 | 7.46 | 7.28 | 8.08 
| Longestjump (ym) | 464529 | 438|431 [ 522462 458|394 389 | 428 

The scatter diagram of the data is shown alongside. 64 longest jump (y m) 
® 

Pearson’s product-moment correlation coefficient for the data 5 ®o 
. I ° 

~ 0.864, which suggests a strong (but not perfect) positive 4 . * 9 

correlation between the variables. 3 

2 

1 
maximum speed (; ms~1) 

0V 

  

  

  

  

  

                > 

7 7.5 8 8.5 9 

In a case like this, we may not be convinced that a linear model is appropriate for the data. We may 

therefore wish to focus just on the upward or downward trend of the data. One way to do this is to 

consider the relationship between each variable’s ranks instead of the raw values. 

For the above example, we can assign each z-value and each y-value a rank. A rank of 1 corresponds 

to the smallest value for the variable, a rank of 2 corresponds to the second smallest, and so on. 

Athlete A B © D E F G H 1 J 

Maximum speed (x ms™ 8.68 | 8.92 | 857 | 8.47 | 8.96 | 8.84 | 8.72 | 7.46 | 7.28 | 8.08 

Longest jump (y m) 4.64 | 5.29 | 4.38 | 4.31 | 5.22 | 4.62 | 4.58 | 3.94 | 3.89 | 4.28 

rank ofy 10 3 

  

       
  

  

  

  

  

    

The scatter diagram for the ranked data is shown alongside. For 124 bfy 

this data we observe a more clear linear trend with Pearson’s o 

product-moment correlation coefficient ~ 0.952 . This indicates ° 

a strong upward but not necessarily linear trend in the original 8 i ! 

data. 6 ° 
o 

4 ° 

° 

2 ° 

° rank of © 0 1               = 
0 2 4 6 8 10 12 

Spearman’s rank correlation coefficient of a bivariate data set is defined as the 

Pearson product-moment correlation coefficient of the variables’ ranks.
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To distinguish between the two correlation coefficients, it is common to use r, and rs for Pearson’s 5 p s 

product-moment correlation and Spearman’s rank correlation respectively. 

Since Spearman’s correlation only considers the relationship between the ranks and not the data itself, rg 

is often used instead of 7, when the data is clearly non-linear, but has an upward or downward trend. 

Example 7 o) Self Tutor 

The population of black bears on a particular island has been recorded every 5 years since 1978: 

Years since 1978 (t) 0 5 10 15 20 25 30 35 40 

Population (P) 1030 | 1836 | 2678 | 3077 | 3394 | 3501 | 3479 | 3418 | 3511 

  

  

  

  

  

  

  

  

  

                      

a Draw a scatter diagram for the data. 

b Calculate Pearson’s product-moment correlation coefficient 7, for this data. 

¢ Find the ranks for each variable and draw a scatter diagram of the ranks. 

d Calculate Spearman’s rank correlation coefficient, rs. 

e Which correlation coefficient is more appropriate to use for this data? Explain your answer. 

f Describe the correlation between the variables. 

a 40004, (bears) b Using technology, 7, ~ 0.860. 

3500 e e + 

3000 

2500 2 
2000, 
1500 

1000¢ 

500 t ()(ears) 
0 

0 5 15 20 25 30 35 40 45 

  

c 20 30 35 

    

  

1030 | 1836 | 2678 | 3077 | 3394 | 3501 | 3479 | 3418 | 3511 

  

  

  

  

  

  

  

  

                        

108 rank of d Using technology, 75~ 0.933. 

8 . 1 e Looking at the scatter diagram of the raw 

! data, the relationship between the variables 

. . is clearly non-linear. Spearman’s rank 

! correlation coefficient is therefore more 

appropriate. 
4 ° 

° f Based on the value of r, there is a strong, 

2 ° positive non-linear correlation between the 

| o variables. 
raEk i)f t 

00 2 4 6 8 10     
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RANKS OF TIED VALUES 

In some cases, we have xz-values or y-values that are equal. These 

are called ties. For example, in the data alongside we have one 

tie in the y-values. 
    

The values in a tie must be given the same rank. To do 

this, the unique values are assigned ranks which leave 

out values for the ties. 

We then assign the ties the average of the ranks that 

were left out for them. In this case the ranks left 
out were 5 and 6, so we give the two shaded 7s the - 

rank = 246 _ 5.5. 

EXERCISE 7G 

1 Match each scatter diagram with the correct rank scatter diagram: 

      
  

  

  

  

  

  

  

    

        

a Ay b AY C Ay 
o .W ° e o ° ° 

° o 

. ° 
o o 

° ° o o .. 

° ° ° ° 

, 00 : °e .' ° o *e 
° o'w,.‘.o 1'. ° ° ° 

-—Hp— - > 
xT x x 

A\ vy vy 

A Arank of y B Arank of y C Arank of y 
° o .. .C 

° ° .. ... . .... 

° o ° o .. 

o ° o ° .. 
o ° ° o .. 

o ° .. .. 
o ° ° o .. 

.. ° o .. 

° o ° o .. 

° ° .. C. 
o o ) 

° ° ) 

-2 -«—p—° -— > 
rank of rank of rank of 

A\ vy v 

2 The scatter diagram alongside shows the time  that 124 (geconds) o 
a person takes to make a selection given a set of 10 o © °° 

n choices. g ° o o 

° 

6 o 

4 o T T 1T 

+ ,flchtrcefl                   
  

0 10 20 30 40 50
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a  Which of the following scatter diagrams is the scatter diagram of the ranks? 
  

  

  

  

  

    
                  

A hrankoft 
12 ° 

° 

o 
° 

8 o} 
° 

o 

4 FER 

SESSEEn 
0 4 8 12 

rank of n 

  

  

  

  

  

                      

B | 12%aklkoft 

° 
o 

8 .l 
° 

o 

4 7 
o 

? 

%4 s 1z 
rank of n 

C   
  

  

  

  

  

                    

A rank of ¢ 
12 T 

° 
o 

8 ° 
o 

° 
o 

4 ° 
o 

o 

0L - 
0 4 8 12 

rank of n 

b Hence identify the correct value of Spearman’s rank correlation coefficient for this data: 

B ry~ —0.958 A r,~0.958 

3 For a particular data set, Spearman’s rank correlation coefficient 3 ~ —0.7. 

a Is the trend in the data positive or negative? 

C r,~0.755 

b Can we determine the /inearity of the data from the value of 7y alone? 

4 Ina 60 minute Art lesson, students were asked to make as many paper cranes as possible. The table 

shows how long it took each student to make a paper crane, and how many cranes they made during 

the lesson: 

[Fime whent@mm [ 95 [ 4[5 5] 7 [11]65] 

  

[ Grresmade(© [ 9] 5 [0 [11[6] 7 [ 4] | 
b Calculate Pearson’s product-moment correlation 

coefficient. 

¢ Find the ranks for each of the variables and draw 

a scatter diagram for the ranks. 

d Calculate Spearman’s rank correlation coefficient. 

e Which correlation coefficient is more appropriate 

Draw a scatter diagram for the data. 

to use for this data? Explain your answer. 

f Describe the correlation between the variables. 

  

5 A local council collected data for the area of its parks and the number of maple trees each contains: 

  

  

a Draw a scatter diagram for this data. 

b Use the scatter diagram to explain why you 

would expect Pearson’s correlation and Spearman’s 

correlation coefficients to have similar values. 

¢ Calculate 7, and ry to verify your answer to b.  
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6 Ten students in a typing contest were given one minute to type as many words as possible. The 

table below shows how many words each student typed, and how many errors they made: 

Number of words (x) | 40 | 53 [ 20 | 65 | 35 | 60 | 85 | 49 | 35 | 76 

Number of errors (y) | 11 | 15 | 2 |20 | 4 |22 | 30 | 16 | 27 | 25 | 
  

a Calculate r, and 7. 

b Draw a scatter diagram for this data and hence identify the outlier. 

¢ Recalculate r, and 7 without the outlier. 

d  Which correlation coefficient is most affected by the presence of the outlier? 

7 Consider the long jump data from the start of this Section. 

a Use the longest jumps to determine the placing of each athlete in the competition. 

b Out of longest jump or placing, which is the independent variable? 

¢ Explain why: 

i the variable placing is already ranked 

il Spearman’s correlation coefficient for the variables longest jump and placing must be 

exactly —1. 

  ACTIVITY 4 

Anscombe’s quartet is a collection of four bivariate data sets which have interesting statistical 

properties. 

  

It was first described in 1973 by the English statistician Francis 

Anscombe (1918 - 2001). At the time, computers were becoming 

increasingly popular in statistics, as they allowed for more large scale 

and complex computations to be done within a reasonable amount of 

time. However, many common statistical packages primarily performed 

numerical calculations rather than produced graphs. Such output was 

often limited to those with advanced programming skills. 

In his 1973 article, Anscombe stressed that: 

“A computer should make both calculations and graphs. Both 

sorts of output should be studied; each will contribute to 

understanding.” 

  

Francis Anscombe 
Photo courtesy of 

The data values for Anscombe’s quartet are given in the tables below: Yale University. 

Data set A: 0] 8] B3]oJuulua]e] 4 27715 
y [804]6.95] 7.58 [8.81][833]9.06]7.24]|4.26[10.84[4.82]5.68 ] 

Data set B: 0] 8] 13]9 
|y [914]814] 874|877 

Data set C: 0] 8 [ B [o|nn]Jua|e |4 ]12]7]5 
|y [746]6.77| 1274 [ 7.11 [ 7.81[8.84[6.08[5.39 | 8.15 [ 6.42 [ 5.73 

DatasetD: [z ] 8 [ 8 8 S [ 8 [ 8] 819 8 8 | 8 
|y [658]5.76] 7.71 [8.84 847 7.04|5.25|12.5] 5.56 [ 7.91 | 6.89 
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Enter the data into your graphics calculator or click on the icon to access the data in ~ sTaTisTICS 

the statistics package. o 

What to do: 

1 For each data set, use technology to calculate: 

a the mean of each variable b the population variance of each variable. 

Comment on your answers. 

2 Find the regression line and Pearson’s product-moment correlation coefficient for each data set. 

What do you notice? 

3 Construct a scatter diagram for each data set, and plot the corresponding regression line on the 

same set of axes. 

4 How do your calculations in 1 and 2 compare to your graphs in 3? Is a linear model necessarily 

appropriate for each data set? 

Calculate Spearman’s rank correlation coefficient for each data set and comment on your results. 

6 Discuss why it is important to consider both graphs and descriptive statistics when analysing 

data. 

For example, consider the data in the scatter diagram 205 1, (m)   

  

  

  

alongside. 

Is either Pearson’s product-moment correlation 15 o %o 

coefficient or Spearman’s rank correlation coefficient . ° 

appropriate for measuring the strength of the 106 . o 

relationship between these variables? o o 

5 o ° 
° 

t (hours,               = 
0 5 10 15 20 25 

REVIEW SET 7A 

For each scatter diagram, describe the relationship between the variables. Consider the direction, 

linearity, and strength of the relationship, as well as the presence of any outliers. 

   T 

Kerry wants to investigate the relationship between the water bill and the electricity bill for the 

houses in her neighbourhood. 

a Do you think the correlation between the variables is likely to be positive or negative? 

Explain your answer. 

b s there a causal relationship between the variables? Justify your answer.
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3 The table below shows the ticket and beverage sales for each day of a 12 day music festival: 

  

Beverage sales ($y x 1000) 
  

Draw a scatter diagram for the data. 

Calculate Pearson’s product-moment correlation coefficient 7. 

Find the ranks for each variable and draw a scatter diagram for the ranks. 

Calculate Spearman’s rank correlation coefficient ¢ for these variables. 

® 
&
 

an 
O 

o 

Describe the correlation between ticket sales and beverage sales. 

4 Jamie is a used car salesman. This table shows the age and selling price of the last 10 cars he 

has sold. 

Age (years) 
  

  

g pee oo | o [z 7 e 1o o 7] 
Draw a scatter diagram for the data. 

Describe the correlation between age and selling price. 

Calculate the coefficient of determination 2. 

What percentage of the variation in selling price can be explained by variation in age? 

® 
O
 

n 
O 

o 

What other factors could explain the variation in selling price? 

5 A garden centre manager believes that during March, the number of customers is related to the 

temperature at noon. Over a fortnight, the number of customers and the noon temperature were 

recorded. 
  

Temperature (z°C) 23 (25|28 (30 (3027|2528 (32(31(33](29 |27 

Number of customers (y) | 57 [ 64 | 62 [ 75 [ 69 | 58 [ 61 [ 78 | 80 [ 35 [ 84 | 73 | 76 

Draw a scatter diagram of the data. 

Calculate Pearson’s product-moment correlation coefficient 7. 

Calculate Spearman’s rank correlation coefficient 7. 

Identify the outlier. 

Remove the outlier, and recalculate r, and 7. 

Which correlation coefficient is most affected by the presence of the outlier? 

W 
- 

® 
O 

A 
O 

o 

Describe the association between the number of customers and the noon temperature at the 

garden centre. 

6 A clothing store recorded the length of time customers were in the store and the amount they 

spent. 

[fme i [ 5 [ s o[r]i[o o [ [a] 1] o [ o 7 
i 

  

  

a Find the mean for each variable. 

b Draw a scatter diagram for the data. Plot the mean point, and draw a line of best fit by 

eye. 

¢ Describe the relationship between time in the store and the money spent.
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7 Thien is a postgraduate Chemistry student. He wants to improve the reliability of his 

measurements when performing titrations. Should Thien consider the test-retest reliability or 

parallel forms reliability of his measurements? Give reasons for your answer. 

8 The table below shows the marks an English teacher gave his students for an internally assessed 

short response assignment, and the marks the students obtained for their mid-year examinations: 

[ Swlw [ A[B[C[D[E[FGC 
Short response (marks) | 13.0 | 17.0 | 14.5 | 19.0 | 16.5 | 15.5 | 16.0     

  

       

  

   

   

  

  

  

  

Mid-year exam (%) | 70 | 81 [ 71 [ 94 [ 90 [ 72 [ 83 

H |1 [J[XK]|]L|MI[N 
Short response (marks) | 17.0 | 16.5 | 17.0 | 18.5 | 17.0 | 13.5 | 11.0   [ idsearesan 0| 5 | s | 7 [ 00 [ w0 [ w0 | 5 

a Calculate the Pearson’s product-moment correlation coefficient between the short response 

marks and the mid-year exam results. 

b Explain why criterion validity is being considered here. Which variable is the criterion 

variable? 

¢ Comment on the criterion validity of the predictor variable. 

9 The ages and heights of children at a playground are given below: 

Age(a:years)Q 74412 8] 6] 5 ]10]13 

94 Height (y cm) 132 [ 123 [ 102 [ 109 | 150 | 127 | 110 | 115 | 145 | 157 

Draw a scatter diagram for the data. 

Use technology to find the regression line. 

State and interpret the gradient of the regression line. 

Use the regression line to predict the height of a 5 year old child. 

e Based on the given data, at what age would you expect a child to reach 140 cm? 

Q 
an 
O
 o
 

10 Tomatoes are sprayed with a pesticide-fertiliser mix. The table below shows the yield of tomatoes 

per bush for various spray concentrations. 
  

Spray concentration (x mL per L) | 3 | 5 6 8 9 11 | 15 

Yield of tomatoes (y per bush) 67 [ 90 [ 103 | 120 | 124 | 150 | 82 

Draw a scatter diagram to display the data. 

  

  

Determine the value of 72 and interpret your answer. 

Is there an outlier present that is affecting the correlation? 

Q 
a 
C
 o
 

The outlier was found to be a recording error. Remove the outlier from the data set, and 

recalculate 2. Is it reasonable to now fit a linear model? 

Determine the equation of the regression line. 

State and interpret the gradient and y-intercept of the regression line. 

g Use your line to estimate: 

i the yield if the spray concentration is 7 mL per L 

ii the spray concentration if the yield is 200 tomatoes per bush. 

h Comment on the reliability of your estimates in g.
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REVIEW SET 7B 

1 For each pair of variables, discuss whether the correlation between the variables is likely to be 

positive or negative, and whether a causal relationship exists between the variables: 

a price of tickets and number of tickets sold 

b ice cream sales and number of shark attacks. 

2 For a group of foods, a Pearson’s product-moment correlation coefficient of 0.787 is found 

between the fat content and energy. 

a Describe the relationship between the variables. 

b Calculate the coefficient of determination, and interpret your answer. 

3 Match each scatter diagram to the correct Spearman’s rank correlation coefficient: 

  

A r,=1 B r,=-04 C r,=0.7 

& A group of students is comparing their results for a Mathematics test and an Art project: 

| Sudew  |A[B|C|DIEJF[GIH]|T][]J] 
| Mathematics test | 64 | 67 | 69 | 70 | 73 | 74 | 77 | 82 | 84 ] 85 | 
[ npiea_[ 5[ [so[w [2[ 1[0 71 [e2 ] 6] 

a Construct a scatter diagram for the data. 

b Describe the relationship between the Mathematics and Art marks. 

  

¢ Given that the coefficient of determination 72 ~ 0.864, find Pearson’s product-moment 

correlation coefficient r. 

5 Safety authorities advise drivers to travel three seconds behind the car in front of them. This 

gives the driver a greater chance of avoiding a collision if the car in front has to brake quickly 

or is itself involved in an accident. 

A test was carried out to find out how long it would take a driver to bring a car to rest from 

the time a red light was flashed. The following results were recorded for a particular driver in 

the same car under the same test conditions. 

Speed (v kmh~1) 40 60 80 

Stopping time (tS 1.23 | 1.54 | 1.88 | 2.20 | 2.52 | 2.83 | 3.15 | 3.45 | 3.83 
  

  

a Find the mean point (T, %). 

b Draw a scatter diagram of the data. Add the mean point and draw a line of best fit by eye. 

¢ Hence estimate the stopping time for a speed of: 

i 55kmh™! ii 110 kmh~! 

d Which of your estimates in € is more likely to be reliable?
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6 A craft shop sells canvasses in a variety of sizes. The table below shows the area and price of 

each canvas type. 

® 
Q&
 

A 
O 

o 

  

Price (£y) 6 

225 | 300 | 625 | 850 | 900 
12 | 13 | 24 | 30 | 35       

Construct a scatter diagram for the data. 

Calculate r and 2. 

Describe the correlation between area and price. 

Find the regression line and draw it on your scatter diagram. 

Estimate the price of a canvas with area 1200 cm?. Discuss whether your estimate is likely 

to be reliable. 

7 Eight identical flower beds contain petunias. The different beds were watered different numbers 

of times each week, and the number of flowers each bed produced was recorded in the table 

  

below: 

(Snberapwarrngs 0 [ 0 [ 12 [ 5 [ 15[ 6 [ 7] 
Flowers produced (f) 18 | 52 | 86 | 123 | 158 | 191 | 228 | 250 

a Draw a scatter diagram for the data, and describe the correlation between the variables. 

b Find the equation of the regression line. 

¢ Calculate the coefficient of determination. Hence comment on how well the linear model 

fits the data. 

d Is it likely that a causal relationship exists between these two variables? Explain your 
answer. 

e Plot the regression line on the scatter diagram. 

f Violet has two beds of petunias. She waters 

one of the beds 5 times a fortnight and the 

other 10 times a week. 

i How many flowers can she expect from 

each bed? 

ii Discuss which of your estimates is likely 

to be more reliable. 

  

8 A drinks vendor varies the price of Supa-fizz on a daily basis. He records the number of sales 

of the drink as shown: 

-
 

0 
O 

aAn
 

O 
o 

  

Price ($p) 1.90 | 1.60 | 2.10 | 2.20 | 1.40 | 1.70 
  

Sales (s) 

  

Produce a scatter diagram for the data. 

Are there any outliers? If so, should they be included in the analysis? 

Calculate the equation of the regression line. 

State and interpret the gradient of the regression line. 

Calculate > and hence comment on how well the linear model fits the data. 

Do you think the regression line would give a reliable prediction of sales if Supa-fizz was 

priced at 50 cents? Explain your answer.
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9 Mrs Wang teaches a class of Year 2 students in Nanjing. Each week she randomly selects 

20 Chinese characters from the 800 her students should know, and asks the students to write 

them down. The table below shows the students’ results for two consecutive weeks: 

ABCDEFGH MNOPQRSTUV 

| Week 1] 17[20{19]16]18]15]20]20 12]16]17[20] 18] 15]16[19]20[1 
  

  

------------------- 
a Calculate the Pearson’s product-moment correlation coefficient between the students’ Week 1 

and Week 2 results. 

b What type of reliability is being considered here? 

¢ Comment on the reliability of Mrs Wang’s tests. 

d Does this test have content validity for assessing the students’ language skills? Explain 

your answer. 

10 Rumours can spread quickly in small towns. The table below shows the number of people who 

have heard a rumour in a particular town: 

(et 5[] v [l 
Number of people (N) | 7 103 | 167 | 397 | 450 | 496 | 497 
  

Draw a scatter diagram of N against ¢. 

b Calculate Pearson’s product-moment correlation coefficient r, for the data. 

¢ By inspecting the data and your scatter diagram, state the value of Spearman’s rank 

correlation coefficient rs. 

d Which correlation coefficient is more appropriate for this data? Explain your answer.
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OPENING PROBLEM 

The higher a person is above the Earth, the further they can see. 

The table below shows the distance D, in kilometres, a person 

can see from a height & metres above the Earth’s surface. 

h| \D 

   
Things to think about: 

  

  

  

  

  

                

a A scatter diagram of D against & is shown alongside. 604 p (km) 

Which of the following model types might be 50 * 

appropriate for modelling the relationship between the a 

variables? ° 

A linear B logarithmic 30 3 

C exponential D power 20( 

b How can we determine which model best describes 10|° 

the relationship between the variables? . P h ("L) 

0 50 100 150 200 

For data which is clearly non-linear, it is not sensible to fit a linear model directly to the data. However, 

for some relationships between variables we can transform the data into data which is linearly related. 

We can then use linear regression to find a model connecting the transformed variables. 

In this Chapter we will use logarithmic transformations to fit logarithmic models, exponential models, 

and power models to data. 

CNEE LOGARITHMIC MODELS 
A logarithmic model has the form y = a + blnx. 

The logarithmic function y = a4 blnx is clearly not linear. 

However, if we consider Inx as a variable, there is a linear relationship between y and Inx. 

We can therefore use linear regression to find an equation connecting y and In z. 

If the variables x and y are connected by a logarithmic model, the graph of 

y against In x is linear. 
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Find the logarithmic model 

connecting = and y. 

The graph of y against Inz is linear with 

1-0.5 

  

gradient m =   

  

    
y    

(4,1) y=05+0.125Inz. 

  

7€, I CY) LR R (MY 

  

Consider the data: 

  

GRAPHICS 

  

     
=0.125 and y-intercept ¢ =0.5. 

  

  
  

    

    

    

                            

. . . CALCULATOR 
a Draw scatter diagrams of y against z and y against In . INSTRUCTIONS 

b Explain why y and x are related by a logarithmic model. 

¢ Find the equation connecting y and z. 

a 0 1 4 

[ [05 [ 56 114149 [ 160 
[z | 0 139220 ]277]322] 

against against Inx 20,y Y ag 204y yag 
° o 

15 ° 15 ° 

o ° 

10 10 
o o 

5 5 

° T Inz 
0 > 0 > 

0 5 10 15 20 25 0 1 2 3) 4 

b The graph of y against Inz appears linear, so a logarithmic model is appropriate. 

z y Iz 
NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP 

--_--H ETEIET) 
Xlist:Lsl 
Ylist:lLz2 225895298 
FreaList: 6924277656 
Store RegEQ: r2=0.9923296133 
Calculate .r=0. 996157424 

Using technology, the linear model connecting y and Inz is y ~ 0.692 + 5.23Inz. 

  

1 
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EXERCISE 8A 

1 For each of the following graphs, find the logarithmic model connecting the variables: 

a P b L < A 

2.5 

2.1) : 
Int 

=3 Ink 

2 Which of the following models is equivalent to the form y = a + blnxz? Explain your answers. 

a y=p+qln(re) b y=a+Fn(x—7) 

  

n 

3 The following table shows the sum of the first n terms of the harmonic series, S, = > l, n 
=17 

\%
 

-
 

correct to 3 decimal places where applicable. 

  

a Draw scatter diagrams of S,, against n and S,, against lnn. 

b Explain why the model connecting S,, and n is logarithmic. 

¢ Find the logarithmic model connecting S,, and n. 

o0 . s . 1 . . 
d Do you think the infinite series S = > = is convergent? Explain your answer. 

i=1" 

[NMINNNT EXPONGNTIAL MODELS 
An exponential model has the form y = kb® where £ >0 and b >0, b# 1 are constants. 

Using the laws of logarithms, notice that: 

If y=kb", then Iny = In(kb") {taking the logarithm of both sides} 

=Ink+ In(d") 

=Ilnk+xlnd 

Since Ink and Inb are constants, there is a linear relationship between the variables Iny and z. 

If the variables « and y are connected by an exponential model, the graph of 

Iny against « is linear. 
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Once we have used linear regression to find an equation connecting Iny and z, we can rearrange the 

equation to make y the subject. 

  

Find the exponential model The graph of Iny against = is linear with 

ODITETNNG & Zndl gradient m = L0 0.75 and y-intercept ¢ = 4. 

= Iy = 0.750 14 (8,10) ny = 0.75x + 

y = 0T+ 

4 coy= 0757 5 o4 

y= 64 % (80.75)m 

y ~ 54.6 x 2.127 

  

  

The mass of bacteria in a culture is measured 

each day for five days. 

  

a Draw scatter diagrams of M against ¢ 

and In M against ¢. 

b Explain why M and ¢ are related by an exponential model. 

¢ Find the equation connecting M and ¢. R R HIeS 

d Estimate the original mass of the bacteria. INSTRUETIONS 

  

        The logarithm of 

a variable is not 

given units. 

  

    

    

    

    

                          

  

    

95 M against t 5 In M against ¢ 
M (grams) ° Aln M, 

4 

3 
° 

2 +— 
1 ° 

0 - - 
0 2 3 4 5 t(days) o 1 2 3 4 5  t(days) 

b The graph of In M against ¢ appears linear, so an exponential model is appropriate. 

< t M InM 
B2 Rad Foru]) Rad Forwd) 
?EWH* LinearReg (ax+b) 
rap ype :Scatter a =0.46755943 

XList :Listl 0.80915154 
YList :List3 0.99998859 
Frequency :1 0.99997718 
Mark Type .0 M 1.6824e-05 
Color Link :Off 

D> (GRAPHT) (GRAPH2GRAPH3 COPY 

b = 
r = 
re= 
Se= 
x+b < Il o 
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Using technology, the linear model connecting In M and ¢ is 

In M ~ 0.468t + 0.809 
. ,0.468¢+0.809 R e 

M~ (0468t (0.809 

M~ 0809 (¢0-468)t 

M = 2.25 x (1.60)" 

d When t=0, M ~2.25 x (1.60)° ~ 2.25 
So, the original mass of the bacteria was approximately 2.25 g. 
  

EXERCISE 8B 

1 For each of the following graphs, find the exponential model connecting the variables. 

a Iny b InG < 

(5.5) (3.4) 

2 

—0.5—% t 
T 

2 The population of a buffalo herd was recorded every 5 years after 1990. 

    

Draw a scatter diagram of Iny against . 

Explain why 2 and y are related by an exponential model. 

Find the linear model connecting lny and z. 

Find the exponential model connecting = and y. 

Estimate the population of the herd in: i 1998 i 2025. ® 
& 

A 
C 

o 

3 The table below shows the concentration of venom in the blood of a snake bite victim at various 

times after an injection was administered to neutralise it. 

[ et [ W [ [ [ [ ] @ [ ] 

  

a Draw scatter diagrams of V' against ¢ and In V' 

against t. 

b Explain why the model connecting V' and ¢ is 

exponential. 

Find the linear model connecting In V" and ¢. 

o 
a 

Find the exponential model connecting V and ¢. 

e The victim is considered to be “safe” when the 

venom concentration is less than 0.01 units. 

How long will it take to reach this “safe” level?  
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DISCUSSION 

1 Will a linear model fitted to z against y necessarily be the same as the linear model fitted to 

y against z? 

2 Notice that for an exponential model: 

y = kb” 

=2 
k 

xlnbzln(%) =lny—Ink 

Ink 1 
T=—1 A5 o Y 

z=A+ Blny for some constants A and B. 

Will a logarithmic model fitted to x against y necessarily be the same as the exponential model 

fitted to y against z? 

L POWER MODELS 
A power model has the form y = az™ where a >0 and n # 0 are constants. 

Using the laws of logarithms, notice that: 

If y=ax", then Iny=In(az") {taking the logarithm of both sides} 

=Ina+In(z") 

=lna+nlnzx   

Since Ina and n are constants, there is a linear relationship between the variables Iny and Inz. 

If the variables x and y are connected by a power model, the graph of 

Iny against Inz is linear. 

   
Since y = az™, all power models pass through the origin. However, since we cannot take the logarithm 

of 0, we will need to remove data such as (0, 0) before starting our analysis.
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Example 5 o) Self Tutor 

Find the power model connecting 

F and t. 

  

The graph of In F' against In¢ is linear with 
q 6.6 — 0.6 

gradient m =   =2 and y-intercept ¢ = 0.6. Knowing the laws of 

. InF=2Int+0.6 

. InF = In(t?) + In(e"F) 

. InF =In(t? x ) 
F— 2 % 06 | 

F ~1.82t% y: 

logarithms is essential. 

  

  

  

ORI 

The maximum speed of a canoe with different numbers of rowers is recorded in the table below: 
  

Number of rowers (n) 4 6 10 14 18 

a Draw scatter diagrams of S against n and In S against Inn. 

    
b Explain why S and n are related by a power model. 

¢ Find the equation connecting n and S. 

d Predict the maximum speed of the canoe if there are 8 rowers. 

a[m] 1o [0 [uls] 
159 

  

| 159 | 

    

  

  

  

    

  

  

                          

o S against n . In S against Inn 

AS (kmh1) AlnS 0® 
o 

15 ° ° 
o ° 2 ° 

10 o 

1 
5 

0 n 0 lnfi 

0 5 10 15 20 0 1 2 3 4 

b The graph of InS against Inn appears linear, so a power model is appropriate.    
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c n S Inn InS 
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14| 14.2| 2.639|2.6532 Mark Type ‘0 

28 183323026 Color Link :Off 
|GRAPH] CALC J TEST ] INTR ] DIST (GRAPHT)(GRAPH2 GRAPH3 

  

  

      
    

                    
    

  

Using technology, the linear model connecting InS and Inn is 

InS ~0.396Inn + 1.618 
S ~ 81,6181»0,396 Inn 

S ~ e1.618 X 60'396 Inn 

S~ 5.04 x n%3% 

d When n =38, S~5.04x83% 115 

So, we would expect the maximum speed of a canoe with 8 rowers to be approximately 

11.5 kmh~=!.   

  

EXERCISE 8C 

1 For each of the following graphs, find the power model connecting the variables. 

a Iny c 

Inz    
2 A tennis ball is dropped from the top of a cliff. The distance fallen after various times is measured. 

Draw a scatter diagram of In D against Int. 

  

a 

b Explain why D and ¢ are related by a power model. 

¢ Find the linear model connecting In D and Int. 

d Find the power model connecting D and t. 

3 When a force is applied to an object, the resulting pressure exerted on the object depends on the 

surface area where the force is applied. The pressure that results when 100 newtons of force is 

applied over various areas, is recorded below. 

Pressure(Ppascals) 25 14.3 | 6.7 42133292522 
  

  

Draw scatter diagrams of P against ¢ and In P against Ina. 

Explain why P and a are related by a power model. 

Find the linear model connecting In P and Ina. 

Find the power model connecting P and a. 

® 
O
 

an 
O
 

o 

Estimate the pressure that results when the 100 newton force is applied over an area of 10 m?. 

Comment on the reliability of this estimate.
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[INIT PROBLEMSOLVING 
When we obtain a set of data, we generally do not know which type of model connects the variables. 

We must use the techniques we have learnt to assess which model is the most appropriate. 

To determine whether a linear, logarithmic, exponential, or power model is most appropriate to connect 

variables z and y: 

Step 1:  Draw scatter diagrams of y against z, y against Inz, Iny against z, and Iny against Inx. 

Step 2:  Find the regression line for each scatter diagram in which the variables appear linearly 

related. If more than one model appears appropriate, choose the one with the highest 72 

value. 

Step 3: Write the equation connecting the variables = and y without logarithms. 

EXERCISE 8D 

1 When Tristan went fishing, he caught ten salmon. He measured and weighed each one: 

b 

< 

d 

Length (x cm) | 32 | 28 | 15| 42 | 39 | 22 | 25 | 45 | 35 | 47 

Weight (y g) | 300 | 200 [ 33 | 680 | 540 | 100 | 150 | 830 | 400 | 950 
  

Draw scatter diagrams of: 

iy against z ii y against Inz ili Iny against z iv Iny against In . 

Explain why a power model is most appropriate. 

Find the linear model connecting Iny and Inx. State the value of 72, 

Find the power model connecting x and y. 

2 The area affected by a forest fire £ minutes after a lightning strike is recorded in the table below. 

b 

< 

d 

  

Time (t minutes) 23 [s5] 7] 9 f1o] 

Area affected (A hectares) | 1.6 | 2.5 | 4.9 | 9.3 | 18.2 | 27.3 | 55 

Draw scatter diagrams of: 

  

  

i A against ¢ ii A againstInt ili InA against ¢ iv In A against Int. 

Explain why an exponential model is most appropriate. 

Find the linear model connecting In A and ¢. State the value of 2. 

Find the exponential model connecting ¢ and A. 

3 A water balloon is filled from a hose. The diameter of the balloon after ¢ seconds is recorded in the 

table: 
  

  

                  

Time (t seconds) | 1 2 3 4 5 6 7|8 

Diameter (D cm) | 5.1 [ 6.4 | 7.2 | 8.0 | 86 [ 9.2 | 9.8 | 10 

Draw scatter diagrams of: 

i D against ¢ ii D against Int¢ ili InD against ¢ iv InD against Int. 

Which model is most appropriate for the data? Explain your answer. 

Find the model connecting D and ¢. 

Estimate the diameter of the water balloon after 3.5 seconds. Comment on the reliability of 

your estimate.
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L& A driver was timed to see how long he took to bring his car to rest from varying speeds: 
  

Speed (v kmh—1) 10 [ 20 [ 30 [ 40 ][50 ]60] 70 [ s8] o0 
Stopping time (t seconds 1.88 | 2.20 | 2.52 | 2.83 | 3.15 | 3.45 | 3.83 
  

  

a Draw scatter diagrams of: 

i tagainstv ii ¢ against Inv iii Int against v iv Int against Inv. 

b Which model is most appropriate for the data? Explain your answer. 

¢ Find the model connecting ¢ and v. 

d Estimate the stopping time from speed 110 kmh~!. 

5 The table below shows the value of a house ¢ years after it is built. 

[ Tmeey [ 1] 4o [w]n]n5] %] 
257 | 281 [ 299 [ 335 | 354 | 390 | 450 

a Find an appropriate model connecting V" and ¢. 

b Predict the value of the house after 25 years. 

6 The German mathematician and astronomer Johannes Kepler (1571 - 1630) was an important figure 

in the 17th century scientific revolution. He used data from observations of planetary orbits to show 

that these motions are not random, that they obey certain mathematical laws, and that these laws 

can be written in algebraic form. He took the Earth as his “base unit”, so that orbital periods are 

given as multiples of one Earth year, and orbital radii as multiples of one Earth orbit. Some of his 

observations are given in this table. 

Orbital radius (r) 

Orbital period (T') 

    Mercury | Venus | Earth | Mars | Jupiter | Saturn 

0.723 [ 1.000 | 1.542 | 5.202 | 9.539 

11.862 | 29.457 

       
   

    

  

     
Kepler showed that this data could be summarised by an equation of the form T = ar* where a 

and k are constants. 

a Find values for a and k. 

b Determine whether this is an appropriate model for the data. 

¢ Kepler stated the relationship as “The square of the planet’s year is proportional to the cube of 

its distance from the sun.” Show that your results agree with this conclusion. 

  ACTIVITY 1 

A pendulum can be made by tying a solid object to a piece of string 

and allowing the object to swing back and forth. 

The period of a pendulum is the time taken for one complete 

oscillation. 

The length of the pendulum is the distance from the point of support 

to the object’s centre of mass. 

Our aim is to determine a rule which connects the period of the 

pendulum (7' s) with its length (I cm). 

  
The period is independent of the angle 6, so for the purposes of the 

experiment, use 6 ~ 15°.
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What to do: 

1 Discuss which of the following ideas have merit when finding the period of the pendulum for 

a particular length: 

e several students should time the period using their stopwatches 

e timing 8 complete swings and finding the average is better than timing one complete swing 

e if several students do the timing, the highest and lowest scores should be removed and the 

remaining scores averaged. 

Discuss possible factors which could lead to inaccurate results. 2 

3 After deciding on a method for determining the period, Length (I cm) | Period (T s) 

measure the period for pendulum lengths 20 cm, 30 cm, 20 

40 cm, ...., 100 cm. Record your results in a table. 30 

4 Determine the law connecting 7" and (. 40 

  

  ACTIVITY 2 

Click on the icon to investigate other types of models which can all be studied by ACTIVITY 

transforming variables and using linear regression. 

3 ESSION 
In some cases, we cannot transform the data into a form where we can use linear regression. 

  

For example, we cannot transform the general quadratic model y = ax? + bx + ¢ into the linear form 

Y =aX + [ where X and Y are functions of  and y, and « and 3 are constants. 

In these cases we can use non-linear regression to fit the model. 

NON-LINEAR REGRESSION 

In the linear regression procedure, our aim was to minimise S S, the sum of the squared residuals. 

The residuals are the vertical distances between each point and the line. The values of the coefficients 

that gave the minimum value of SS, gave us the line of best fit. 

In non-linear regression, we apply these same ideas. However, instead of a line, we consider the graph 

of a non-linear function. 

For example, consider the quadratic model y = ax? + bx + c. 

n 

We want to minimise SSps = > d,2 
=1 

Z (yi — Z/L 

:E( (ax; +bxl+c)) 
i=1 
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In Chapter 7, we used quadratic theory to find the coefficients which minimised SSis. This is not 

possible in this case. 

In general, there is no analytic solution to this optimisation problem, so instead we use numerical methods 

to minimise S Sies. 

ACTIVITY 3 

In this Activity, we will use a spreadsheet to explore non-linear regression. 

What to do: 

1 The data below was generated using an exponential model y = e*® where \ = 4.2. 

[z]-03]02] 0o [-04] 01 —0.2 | 04 
0.20 | 1.47 | 142 | 0.13 | 0.65 0.43 | 4.58 

Click on this icon to obtain a spreadsheet that performs non-linear regression to  SPREADSHEET 

fit an exponential model y = e*. 

  

  

0.3 

3.12 

—0.5 

0.07 

0.5 

4.52 

—0.1 

0.40 
  

                

a What do the values in the column on the far left represent? 

b Explain how the spreadsheet is estimating A. 

¢ How can the accuracy of the estimate be improved in the spreadsheet? 

d Use logarithmic transformations to fit an exponential model to the data. How does your 

result compare with the value from the spreadsheet? 

2 Consider fitting the model y = In(z + ¢) to the data below: 

el o |1 ] 2]3 45 67 [8]09]10] 

  

| 6 | 

Write down an appropriate range that ¢ might lie within. 

Create a spreadsheet similar to that in 1 to fit this model. 

Produce a scatter diagram for the data, and graph the fitted model on the same set of axes. 

Q 
an 
O
 o
 

Comment on how well the fitted model fits the data. Include the value of SSy in your 

answer. 

3 Click on this icon to obtain a spreadsheet that performs non-linear regression to  SPREADSHEET 

fit a quadratic model y = az? + bz + ¢ to the data below: 

  

  

  

a Write down the ranges of possible values that are being considered for a, b, and c. 

b Find the values of a, b, and ¢ which minimise S Ss. 

¢ Produce a scatter diagram for the data and graph the fitted model on the same set of axes. 

d Consider the number of rows that were necessary to calculate a, b, and ¢ to just 1 decimal 

place of accuracy. Discuss the problems with using this spreadsheet approach for non-linear 

regression.
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In examinations, you will only have access to your graphics calculator. This will 

have functions to fit quadratic, cubic, and quartic models. Click on the icon to 
P . GRAPHICS obtain instructions. CALCULATOR 

INSTRUCTIONS 

) 

  

What your calculator does when it fits polynomial models is not actually “non-linear” regression. 

The regression algorithm that it is performing is still linear, just in more than two variables. 

For example, consider the quadratic model y = az? + bz +c. If we let z = 22, then we have 

y = az + bx + ¢, which is linear in terms of the variables z, y, and z. 

Does the “linear” in linear regression refer to the linearity of the variables or the coefficients? 

EXERCISE 8E 

1 Consider the data in the table below: 

9.6 | 7436 |46 |54 106 | 12.1     41|68 1]9.5 
  

  

04[08]36[14]09] 04 02]20][06]06] 

2.482 . . . 
The model y = o1 Was fitted to the data using non-linear regression. 

T — 2. 

Draw a scatter diagram of the data, and sketch the fitted model on the same set of axes. 

Calculate the residual of each data point. 

Hence calculate SS¢s for the model. 

d Comment on how well the model fits the data. 

a 
C 

o 

2 The model y = az™ was fitted to the data below: 

x| 2.7 | 3.7 | 5.7 9.1 2.0 9.0 9.4 6.6 6.3 | 0.6 

Using non-linear regression, it was found that a ~ 6.894 and n ~ 1.359. 

  

    

a Draw a scatter diagram of the data, and sketch the fitted model on the same set of axes. 

b Calculate the residual of each point. 

¢ Hence calculate SSis. 

d Use Inz and Iny to fit the power model to the data. How does this model compare to the 

one above? 

3 The table below shows the prices for pizzas at Pinkie’s Pizza Parlour: 

    

Diameter (z inches 

Price ($y)      
  

  10.00 [ 13.50 | 17.50 | 21.75 | 26.75 
  

a Draw a scatter diagram for the data. 

b Use your graphics calculator to fit a quadratic model of the form 3y = az? + bz + ¢ to the 

data. 

¢ Calculate SS;es for the model. 

d Comment on whether your quadratic model is reasonable. 
) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS
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4 The table below shows the power a motor glider needs in order to overcome air resistance when 

travelling at various speeds: 
  

Speed (v ms™t) 

Foner P horsepone 
a Draw a scatter diagram for the data. 

b Use your graphics calculator to fit a cubic model to the data. 

¢ Calculate SS;es for the model. 

5 Consider fitting a quartic model y = az* + b2 + ca? +dr +e to 11213475 
the data alongside: EE 

a Use your graphics calculator to fit a quartic model. 

b Draw a scatter diagram for the data and plot your fitted model on the same set of axes. 

¢ Calculate SSy for the model. Explain your answer. 

Suppose you have a set of n data points (21, Y1), <o (T, yn) Where n > 4. 

If you obtained a quadratic, a cubic, and a quartic model of best fit for the data, which would you 

expect to have the lowest SSs? Discuss why this will have the lowest S Ses. 

REVIEW SET 8A   

1 Find the model connecting the variables: 

a Iny b InP 

(4,5) 

Inz 6 n 

  

2 A cinema records the average number of audience members for a new action movie, and wants 

to use the data to estimate future attendance. 

Days after release (d) 13|18 |21 |25 |30 (3440 47 

Audience members (A) | 45 | 34 | 28 | 27 [ 24 | 19 | 17 | 13 

a Draw scatter diagrams of: 

i A against d ii A against Ind iiil In A against d iv In A against Ind. 

  

Explain why an exponential model is appropriate. 

Find the linear model connecting In A and d. 

Hence find the exponential model connecting A and d. 

[
 

- 
- 

Estimate the average number of audience members when the movie was first released.
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3 The rate of a chemical reaction decreases with time as the reactants are slowly consumed. 

  

Rate of reaction (R) | 45.4 | 42.2 | 39.3 | 36.5 | 34.1 | 31.8 
  

a Draw scatter diagrams of: 

i R against ¢ ii R againstInt iii In R against ¢ iv In R against Int. 

b Which model for R and ¢ is most appropriate? Explain your answer. 

Find the model connecting 12 and t. 

d Hence estimate the rate of reaction after 160 seconds. Comment on the reliability of your 

answer. 

4 The table below shows the alarm volume required to wake a sleeping person under the influence 

of alcohol. 

Alcohol reading (a g per 100 mL) | 0.02 m 

oline V)| %7 
a Draw scatter diagrams of: 

i V against a il V againstIna iiil InV againsta iv InV against Ina. 

b Which model is most appropriate for the data? Explain your answer. 

n Find the model connecting V' and a. 

d Estimate the alarm volume required to wake a person with an alcohol reading of: 

i 0.15 g per 100 mL ii 0.05 g per 100 mL. 

5 The table below shows the acceleration produced when a 125 newton force acts upon objects 

with different mass: 

EENIEEN © [ = o] ]0o]nx] 

  

Acceleration (a ms™ 
  

a Find the model which best fits the data. Explain your choice. 

b According to Newton’s second law of motion, the force F', mass m, and acceleration a are 

related by the equation £' = ma. How closely does your model fit the theoretical model? 

6 Hick’s law states that the time 7" for a person to choose between n choices is given by the 

equation: 
T =blog(n+1) 

where b is a constant estimated from data. 

The table below shows data for a particular person: 
  

  

Using non-linear regression, it was found that b ~ 5.830. 

a Draw a scatter diagram of 7" against n. Sketch the fitted model on the same set of axes. 

b Calculate the residual for each data point. 

¢ Hence calculate SS; for the model. 

d Comment on how well the model fits the data.
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REVIEW SET 8B 

1 Find the model connecting the variables: 

b In K 

2 

4 Ind 

  

2 Warm blooded animals maintain a remarkably constant body temperature by using most of the 

food they consume to produce heat. The larger the animal, the more heat it needs to produce. 

The following table gives the heat produced (H joules) for animals of various masses (m kg). 

® 
O 

A 
O 

Heat produced (H joules) | 25 | 170 | 630 [ 1670 | 2500 | 4200 | 16750 
  

Draw scatter diagrams of: 

i H against m ii H against lnm 

iii In A against m iv In H against Inm. 

Explain why a power model is most suitable. 

Find the linear model connecting In F and In m, stating the coefficient of determination 2. 

Find the power model connecting H and m. 

Estimate the heat produced by an elephant of mass 5 tonnes. Comment on the reliability 

of your estimate. 

3 The table below shows the temperature of a cup of coffee as it cools. 
  

Time of cooling (t minutes) 5 10 | 15| 20 | 25 | 30 35 

Temperature (I' °C above room temperature) | 31.5 | 13.3 | 5.6 | 2.3 | 1.0 | 0.41 | 0.17 

a 

b 

< 

d 

Draw a scatter diagram of In 7" against ¢. 

Does an exponential model seem appropriate? 

If the room temperature is kept constant at 25°C, estimate the temperature of the coffee 

when the experiment started. 

Estimate the temperature of the coffee after it has been cooling for 2 minutes. 

4 The pH of a person’s blood depends on the partial pressure of carbon dioxide contained within it. 

Fartial pressure of COz |1 | 15| 90 | 95 | 30 | 35 | 40 | 45 | 50 | 55 
(P torr) 

  

b 

< 

Explain why a logarithmic model is suitable for this data. 

Find the logarithmic model connecting b and P. 

Hence estimate the partial pressure of CO5 in a person’s blood with pH 7.5.
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5 A bird bath is filled with water. Over time, the water evaporates as shown in the table below: 

Time (t hours) 
  

  

e g ey | 57 5|3 oo [ow [0 o 
a Draw scatter diagrams of: 

i V against ¢ ii V against Int 

iiil InV against ¢ iv InV against Int¢. 

b Find an appropriate model connecting V" and t. 

¢ Estimate the amount of water remaining in the bird 

bath after 5 hours. 

d Estimate the amount of water which has evaporated 

after 10 hours. 

  

6 Gravity is the force of attraction which exists between any / 

two objects in the universe. The force of attraction F' between d 

two spherical masses at various distances d apart is shown / 4/@ 

below: 

d (cm) 24 | 26 

F (newtons) | 237|202 

a Find the model which best fits the data. Explain your choice. 

  

28 | 30 | 32 

1741152133 

34 

118 

36 

105 

38 

95 

40 

85 
                    
  

b Estimate the force of attraction between the two spheres if they are: 

i 29 cm apart il 20 cm apart ili 50 m apart. 

7 The table below shows the average time 7" it takes for a computer to sort n items using a 

selection sort algorithm: 
  

  

Draw a scatter diagram of 7" against n. 

b Use your graphics calculator to fit a quadratic model to the data. Graph this model on your 

scatter diagram. 

Calculate S S, for the model. 

Predict the time it will take to sort 10000 items using the selection sort algorithm. Q 
n 

e Comment on the reliability of your prediction in d.
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OPENING PROBLEM 

An aeroplane in calm conditions is flying at 800 kmh~! due east. A cold wind suddenly blows from 

the south-west at 35 kmh~!, pushing the aeroplane slightly off course. 

Things to think about: 

a How can we illustrate the plane’s movement and the wind using a scale diagram? 

b What operation do we need to perform to find the effect of the wind on the aeroplane? 

¢ Can you use a scale diagram to determine the resulting speed and direction of the aeroplane? 

LN VECTORS AND SCALARS 
In the Opening Problem, the effect of the wind on the aeroplane is determined by both its speed and its 

direction. The effect would be different if the wind was blowing against the aeroplane rather than from 

behind it. 

Quantities which have only magnitude are called scalars. A vector has magnitude 

Quantities which have both magnitude and direction are called vectors. and direction. 

The speed of the plane is a scalar. It describes how fast the plane is 

moving. 

The velocity of the plane is a vector. It includes both its speed and also 

its direction. 

  

Other examples of vector quantities are: 

e acceleration e force 

o displacement e momentum 

For example, farmer Giles needs to remove a fence post. He 

starts by pushing on the post sideways to loosen the ground. 

Giles has a choice of how hard to push the post and in which 

direction. The force he applies is therefore a vector. 

  

DIRECTED LINE SEGMENT REPRESENTATION 

We can represent a vector quantity using a directed line segment or arrow. 

The length of the arrow represents the size or magnitude of the quantity, and the arrowhead shows its 

direction. 

Example 1 o) Self Tutor 

Draw a scale diagram to represent 

a force of 30 newtons in a 

north-easterly direction.  
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EXERCISE 9A.1 

1 Using a scale of 1 cm represents 10 units, sketch a vector to represent: 

a 30 newtons in a south-easterly direction 

b 25 ms~! in a northerly direction 

¢ an excavator digging a tunnel at a rate of 30 cm min~—! at an angle of 30° to the ground 

d an aeroplane taking off at an angle of 10° to the runway with a speed of 50 ms~!. 

2 If _ 26mm represents a velocity of 50 ms~! due east, draw a directed line segment 

representing a velocity of: 

a 100 ms~—! due west b 75 ms~! north-east. 

3 Draw a scale diagram to represent: 

a a force of 30 newtons in a north-westerly direction 

b a velocity of 36 ms~? vertically downwards 

¢ a displacement of 4 units at an angle of 15° to the positive x-axis 

d the velocity of an aeroplane taking off at an angle of 8° to the runway at a speed of 150 kmh™?. 

VECTOR NOTATION 

e The vector from the origin O to point A is called the A We use a in the text 
— 

position vector of point A. It is written as OA, a or a. a book, but students 

. S q can write @. 
The magnitude or length of vector OA is written as = 
— 
|OA| or OA or |a| or |al. 0 

/’ B g 

A 

— 
e AB is the vector which originates at A and terminates 

at B, AB s called the displacement vector of B 

relative to A. 

  

GEOMETRIC VECTOR EQUALITY 

Two vectors are equal if they have the same magnitude and direction. 

Equal vectors are parallel and in the same direction, and 

are equal in length. The arrows that represent them are 2 

translations of one another. a 2 

We can draw a vector with given magnitude and direction 

from any point, so we consider vectors to be free. 

GEOMETRIC NEGATIVE VECTORS 

The negative of a vector a is the vector parallel to a and with 

the same length, but in the opposite direction. It is denoted —a. ‘\\i 

a



196  VECTORS (Chapter 9) 

  

For example, AB and BA have the same length, but they have opposite B 

directions. — 
— — . — — AB 
BA is the negative of AB, and we write BA = —AB. . 

BA 

A 

Q b R PQRS is a parallelogram in which P_Q) =a 

and (fii =h. 

? Find vector expressions for: 
— — — — 

P S a QP b RQ ¢ S d S 

  

. — 

= —a {the negative vector of PQ} 
. —_—> 

{the negative vector of QR} 

=a {parallel to and the same length as l%)} 

o
 

=l 
2l 

Bl
 

<l
 

l. 

= —b  {parallel to and the same length as (ji, but opposite in direction}   
EXERCISE 9A.2 

1 State the vectors which are: 

a equal in magnitude b parallel / 

¢ in the same direction d equal P a r s t 

e negatives of one another. 

2 The figure shown consists of two equilateral triangles. A, B, and C are collinear. 
— — — 
AB=p, AE=¢q, and DC =rr. E D 

Which of the following statements are true? 
— — q r 

a EB=r b |p|=]q]| ¢ BC=r 
— — 

d DB =q e ED=p fp=q A p B C 

3 ABCDEF is a regular hexagon. A B 

a Write down the vector which: 

i originates at B and terminates at C 
— 

i is equal to AB. 

b Write down all vectors which: 

i are the negative of EF 
. == 
ii have the same length as ED. 

E D 

¢ Write down a vector which is parallel to AB and twice its length.  
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e Does a vector of length 0 have a direction? 

  

o Is it possible to represent such a vector geometrically? 

[ 77 GEOMETRIC OPERATIONS WITH VECTORS 
In previous years we have often used trigonometry and Pythagoras’ theorem to solve problems involving 

distances and directions. 

A typical problem could be: 4km 

A runner runs east for 4 km and then south for 2 km. ’ 

How far is she from her starting point and in what direction? 2km 

  

Problems like these can be well represented by vectors. In this case, the vectors are displacements. There 

is a displacement of 4 km to the east followed by a displacement of 2 km to the south. We want to know 

the sum of these displacements, including distance and direction. 

GEOMETRIC VECTOR ADDITION 

Suppose we have three towns P, Q, and R. P 

A trip from P to Q followed by a trip from Q to R has the same R 

origin and destination as a trip from P to R. 

This can be expressed in vector form as the sum 
— = — 
PQ + QR = PR. Q 

From examples like this, we can define vector addition geometrically as follows: 

To construct a + b: 

Step 1: Draw a. DEMO 

Step 2: At the arrowhead end of a, draw b. 

Step 3:  Join the beginning of a to the arrowhead end of b. 

This is vector a + b. 

  

€T T LR R 

    Given vectors a 

and b shown, 

construct a + b. 
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THE ZERO VECTOR 

Having defined vector addition, we are now able to state that: 

    

  

   The zero vector 0 is a vector of length 0. When we write the 
zero vector by hand, 

we usually write 0. 
    For any vector a: a+0=0+a=a 

a+ (—a)=(-a)+a=0.      

  

  

    
  

        
  

      

      

      

      

                            

      

      

      

      

                                                            

    

    

Find a single vector which is equal to: E D 
— —> 

a BC+CA 
— — — 

b BA + AE + EC € 
— — — 

¢ AB+BC+ CA 
— — — — 

d AB + BC + CD + DE 
A B 

— —> —> — — — — 
a BC+ CA=BA b BA + AE + EC =BC 

— — — — — — — — — 
¢ AB+BC+CA=AA=0 d AB + BC + CD + DE = AE 

EXERCISE 9B.1 

1 Use the given vectors p and q to construct p + q: 

a b < 

q q 
P P q 

o p 

d e f 

e /1 
2 Find a single vector which is equal to: 

— — — — — — 
a AB+BC b BC+CD ¢ AB+BA 

— = = — == = — = - 
d AB+BC+CD e AC+CB+BD f BC+CA+A 

3 a Given and q use vector diagrams to find: 

P i p+gq ii q+p. 
    

                        

b For any two vectors p and q, is p + q = q + p? Illustrate your answer.
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4 Consider: Q b 

P S 

5 Answer the Opening Problem on page 194. 

6 Susan and Cathy are pushing a heavy trolley containing 

groceries. Susan pushes the trolley with force 40 N in 

the direction 017°. Cathy pushes the trolley with force 

35 N in the direction 335°. 

a Use a scale diagram to estimate the resultant force 

from the two girls pushing. 

b Use trigonometry to find the resultant force more 

accurately. 

GEOMETRIC VECTOR SUBTRACTION 

— 
One way of finding PS is: 

= 
PS 

— 
=PR+RS 

=(a+b)+ec 

Use the diagram to show that 

(a+b)+c=a+ (b+c). 

  

To subtract one vector from another, we simply add its negative. 

For example, 

    

given and then 

R     

    

                              

  

  

Example 5 

a—b=a+ (—b) 

  

  

  

  

  

  

  

  

                        

O AR (T8 
  

For the vectors illustrated, 

show how to construct: T 
  

  

ar—s 
          bs—t—r 
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EXERCISE 9B.2 

1 For the following vectors p and q, show how to construct p — q: 

a b < d 

P 

g q 
P P 

2 For the vectors illustrated, 

show how to construct: q 1 

aptq-r bp-q-r cr—q-p 

  

€T T ) «) Self Tutor 

For points A, B, C, and D, simplify the following vector expressions: 
— = — 

b AC-BC-DB 

  

  

3 For points A, B, C, and D, simplify the following vector expressions: 
— = — = 

a AC+CB b AD - BD 
— 

< 

—  — —  —  — 
d AB+BC+CD e BA-CA+CB f =l 

Al +
 

&l 
8l 

GEOMETRIC SCALAR MULTIPLICATION 

A scalar is a non-vector quantity. It has magnitude but no direction. A scalar multiple of a 
vector is always parallel 

We can multiply vectors by scalars such as 2 and —3, or in fact any k € R. to the vector. 

If a is a vector, we define: 

  

e 2a = a + a has the same direction as a but is twice the length 

e 3a =a + a + a has the same direction as a but is three times the 

length 

e —3a=3(—a)=(—a)+ (—a)+ (—a) has the opposite direction to a 
and is three times the length.
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If ais / 

then we have: 

  

If a is a vector and k is a scalar, then ka is also a vector and we are 
. N VECTOR SCALAR 

performing scalar multiplication. MULTIPLICATION 

e If k>0, ka and a have the same direction. 

e If £ <0, ka and a have opposite directions. 

e If k=0, ka= 0, the zero vector. 

      Example 7 o) Self Tutor     
Given the vectors below, construct: 

a 2r+s b r—3s 

  

  

  

  

  

  

  
  

    

  

  

  

  

  
N   
  

                                                      
  

  

  Example 8 

Sketch vectors p and q if: a p=3q 

Suppose q is: II/' a b 

    

  
  

  

  

  

                  
  

P=—34 

EXERCISE 9B.3 

1 Given vectors , construct geometrically: 

T, 

\ 

a —-r b 2s ¢ ir d —3s 

e 2r—s f 2r + 3s g 3r+2s h %(r+ 3s) 

2 Sketch vectors p and q if: 

ap=gq b p=-—q cp=24q dp=
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3 a Copy this diagram and on it mark the points: 
— — — 

i X such that MX = MN + MP P 
— — — 

ii Y such that MY = MN — MP 
— — N 

i Z such that PZ = 2PM. - 

b What type of figure is MNYZ? M 

] A P B ABCD is a square. Its diagonals [AC] and [BD] intersect at M. 

If AB = p and BC = q, find in terms of p and q: 
— — — — 

q a CD b AC ¢ AM d BM 

PQRSTU is a regular hexagon. 
— — 

If PQ=a and QR = b, find in terms of a and b: 
— 

a PX b PS cQ*)X d RS 

  

In the given figure [BD] is parallel to [OA] and half its length. 

A B Find, in terms of a and b, vector expressions for: 
— 

b AB < 
— 

e AD f 

gl 

S| 
%l a 

d 

  

e What difficulties are there in using scale diagrams to solve vector problems? 

e Can you extend your vector diagrams to higher dimensions? 

e Can you draw the zero vector 0?7 

[T VECTORS IN THE PLANE 
When we plot points in the Cartesian plane, we move first in the z-direction and then in the y-direction. 

  

For example, to plot the point P(2, 5), we start at the origin, move Y 
o L o L P(2,5 

2 units in the z-direction, and then 5 units in the y-direction. 
  

  

We have previously seen in transformation geometry that translating 

a point @ units in the z-direction and b units in the y-direction can be 5 
  

  

b   . . . a [ 
achieved using the translation vector ( ) 

              

L= 2 
So, the vector from O to P is OP = (5 )
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Let i= ( 0) be a translation 1 unit in the positive z-direction 

and j= ((1]) be a translation 1 unit in the positive y-direction. 

Moving from O to P is equivalent to two lots of i plus 5 lots of j. 
_, 
OP = 2i + 5j 

(3)=2(0) = (3) 
In the 2-dimensional plane, the point P(z, y) has pesition vector 

— z 
OP:( >:xi+yj 

Y SN~—— 

N 
component form unit vector form 

. 1 . . . L 
where i= ( 0) is the base unit vector in the x-direction 

and j= ((1)) is the base unit vector in the y-direction. 

VECTOR EQUALITY 

  

    

  

  

  

  

                

i and j are unit vectors 

because they have 

length 1. 

  

Two vectors are equal if their components are equal. 

Example 9 

  

  

  

  

                

  

) Self Tutor 
. ~ - . 

a Write vectors OA and CB in component 

form and in unit vector form. 

b Comment on your answers in a. 

  

== 3 = 3 a 0A=(1>=3i+j CB=(1>=3i+j 

— — 
b The vectors OA and CB are equal. 
  

EXERCISE 9C 
  

1 Write the illustrated vectors in component 
  

form and in unit vector form: a 
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2 Write each vector in unit vector form, and illustrate it using an arrow diagram: 

(1) * (0) (5 <) 
  

  

  

  

  

  

  

  

3 a Write in component form and in unit vector form: 

A °B . On = oA e A 
° i BA i BC iii DC 

. 2 — L = 

v AC v CA vi DB 
- - aus - . — 

°5 vii AE viii CE ix ED 

D % b Use the given points to describe as many pairs of equal 
vectors as you can.                     

&  Write in component form, and illustrate using a directed line segment: 

a i+2j b —i+3j ¢ —5j d 4i— 2j 

5 Write the zero vector 0 in component form. 

6 Find the unknowns if: 

OG- () 
10 N THE MAGNITUDE OF A VECTOR 
Consider vector a = (g) =2i + 3j. 

The magnitude or length of a is represented by | a|. 

By Pythagoras, |a|>=22+32=4+9=13 

o |a| = V13 units {since |a|> 0} 

. ay . 
The magnitude or length of a = (a2> is |a| = /a2 + a2 

  

  

Example 10 ) Self Tutor 

It p=(§5) and q = 2i — 5j find: a |p| 

p=<f’5) b As 2i—5j=< 

oo pl=/3+(-5)? la|=+/22 4+ (-5)? 

= /34 units = /29 units 

  

  

UNIT VECTORS 

A unit vector is any vector which has a length of one unit.
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For example, we have seen that i = ((1]) and j = (?) are the base unit vectors in the positive x 

and y-directions respectively. 

  

    

  

1 _1 
Find k given that ( k3 ) Since ( k3 ) is a unit vector, 4/(—%)2+k2=1 

is a unit vector. /% k21 

12 
o kz s 

e 9 

k = ::_8   

  

EXERCISE 9D 

1 Find the magnitude of: 

I G OB R 
a i+j b 5i — 12j ¢ —i+4j d 3i e kj 

; 5 2 

V2 

4 Find k such that the given vector is a unit vector: 

0 k k k 

() @) ) ) 
5 Given v = (2) and |v| = /73 units, find the possible values of p. 

I3 I GPERATIONS WITH PLANE VECTORS 
ALGEBRAIC VECTOR ADDITION 

Consider adding vectors a = (a1 ) and b = (bl ) 
az 

3 Which of the following are unit vectors? 

W
l
 

oo
l 

Notice that: 

e the horizontal step for a + b is a; + by 

e the vertical step for a + b is as + bo. 

o a _ b1 o a1+b1 
Ifaf(az) and b= (bz) then a+ b= (a2+b2)' 
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ALGEBRAIC NEGATIVE VECTORS 

In the diagram we see the vector a = (g) 

— a 3 =3 — 

and its negative —a = < 7?)) ) A : 2 

  

  

  

  

                          

ALGEBRAIC VECTOR SUBTRACTION 

To subtract one vector from another, we simply add its negative. 

A a (b v 
Suppose a = (az) and b = (bz)' 

. a—b=a+(-b) 

_ ai *bl 

() (%) 
(a1 —b 

- a27b2 

Ifa= (%" and b = o , then a—b= w1 =t . 
as by ag — by 

ECIITEEN 

  

  

(3)-(2) 
( - (—:)’2++((_—2§)) -     

ALGEBRAIC SCALAR MULTIPLICATION 

We have already seen a geometric approach for integer scalar multiplication:
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constr 2= (3). m=ava= (1) (3) = (2) = (220) 
woaeaeas (3)(3)+ (3) = (5) - (323) 

  

        

  

  

S5 e) () -(5) -(.455) - ((g);@;)) 

(8     
EXERCISE 9E 

-3 1 -2 . 
1 If a7<2 ), b7<4>, and cf(_5) find: 

    

a a+b b b+a ¢ b+ec d c+b 

e a+tc¢ fc+ta g a+a h b+a+c 

2 Given p=<_24),q=(:é), and r=(§2) find: 

ap-—gq b q-r cp+q-—r 

dp-q-r e q-r—p frtq-p   

3 Let a= (“1). 
a3 

a Use vector addition to show that a + 0 = a. 

b Use vector subtraction to show that a — a = 0.
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4 For p= (é), q= (712), and r = (:i’) find: 

a —3p b 1q ¢ 2p+q d p-2q 

e p—ir f 2p+3r g 2q — 3r h 2p—q+3r 

5 Consider p = (1) and q = (_21> 

a Find geometrically: 

i p+trp+q+q+gq i p+rq+p+q+q i g+p+q+p+gq 

b Comment on your results in a. 

6 Find k such that: 

2 3\ (20 (-1 4 7 (9 

(5 ()-() () 0) - (8) 
Example 14 ) Self Tutor 

If p=3i—5j and q =—i— 2j, find |p—2q]|. 

p—2q = 3i— 5§ — 2(—i — 2j) 
= 3i — 5j + 2i + 4 
=5i—j 

oo Ip—2q] = /5% + (-1)? 
= /26 units 

  

7 If r=2i+3j and s = —i + 4j, find: 

  

a |r| b |s] ¢ |r+s] d |r—s]| 

e |s—2r| f |2r] g |r+2s| h |2r—s] 

1 
8 a Ifp= <3>, find: 

iIp i |2p| i |—2p| v |3p] v [=3p| 

b By letting v = (Ul), prove that |kv|=|k||V]. 
U2 

Show by equating components, that if kx = a then x = 

=
 ® 

  ACTIVITY 

Click on the icon to practise your skills with vectors. SKI RACER
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LA VECTORS IN sPACE 
In Chapter 10 of the Core Topics HL book, we saw that we can specify a point in 3-dimensional space 

using 3 mutually perpendicular axes called the X, Y, and Z axes. 

  

In 3-dimensional space, the position vector of P(z, y, z) 

T — 
is OP= | y | =i + yj + 2k 

z 

1 0 0 

where i=| 0|, j=| 1], and k= |0 

0 0 1 

are the base unit vectors in the X, Y, and Z directions 

respectively. 

  

THE MAGNITUDE OF A VECTOR 

Z Triangle OAB is right angled at A 

. OB*=a?+b* .. (1) {Pythagoras} 

Triangle OBP is right angled at B 

. OP? =OB?+¢* {Pythagoras} 

. OP? =a? + b+ &2 {using (1)} 

. OP=+va2+ 0%+ 2 

P(a,b,c)    
ap 

The magnitude or length of the vector a = | a2 | is |a| = \/a? +af +af. 
as 

  

  

  

Illustrate each point and find its distance from the origin O: 

a A(0,2,0) b B(3,0,2) 

a Z b Z 

2 

B 

2 Y Y 

X X#3 

| OK| | OB | |oc | 
TP e _FreiT — PP E 

= 2 units = V13 units = V14 units    
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EXERCISE 9F 

1 

10 

Consider the point T(3, —1, 4). 

a Draw a diagram to locate the position of T in space. b Find OT. 

¢ Find the distance from O to T. 
. 

For each point P, write OP in component form and unit vector form: 

a P(2,0,4) b P(-3,1,2) ¢ P(0, —2,0) 

Find the length of: 

3 —4 4 -2 

a 0 b 0 < 1 d 2 
0 3 -2 -1 

Tllustrate P and find its distance from the origin O: 

a P(0,0, —3) b P(0, -1, 2) ¢ P(3,1,4) d P(-1, -2, 3) 

Write each vector in component form, and find its length: 

a a=2i+j+ 4k b b= -3i+4k ¢ c=2j—3k 

Find a, b, and c if: 

a—4 1 a—>5 3—a 3a+4 12—a 

a b—-3 | =1 3 b b—2 | =1|2-0 < b—c | = a—4 
c+2 —4 c+3 5—c 4—5b 5a — 22 

Which of the following are unit vectors? 

  

1 0 *% 3V3 

a 0 b % c % d 3\5/5 A unit vector 
0 1 2 1 has length 1. 

? 3 T 3/3 

  

Find % given the unit vector: 

1 
2 

B
 

o 

W
=
 

o
 

wh
o 

7 

"
 >
 

a
 

F
l
w
 
N
 
=
 

Find the possible values of m, given that: 

—9 4 
a m has length /14 units b -3 has length 6 units. 

1 m 

IS 

Suppose 
  
(Z) ‘ =5 units and ’ (g) ’ = 3 units. Find the range of possible values of b
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[0 FGRERATIONS WITH VECTORS IN SPACE 
For 3-dimensional vectors, it is difficult to illustrate operations. Instead, we perform operations using 

component form. 

  

The rules for algebra with vectors readily extend from 2 dimensions to 3 dimensions: 

  

ay by 
If a=| as and b= | by then: 

as b3 

—ay ay + bl 

e —a=— —a2 e at+b=|a+b 

—ag as + b3 

a, — by kay 

e a—b=|a—b o ka= | kas for any scalar k. 

as — b3 ka3 

LR TR T 

  

  

aa+b b 2a—b c |alb 

a a+b b 2a—b c |a|b 

—i 3 —i 3 3 
=3 |+| o0 =2 3 ]-]o0 =+/(-1)2+32+22| 0 

2 1 2 —il —il 

—il45 —3 3 3 
=| 3+0 6 |- o =via| o 

24 (1) 4 = -1 

2 —2-3 3v14 
=3 60 = 0 

1 4—(-1) —/14 

=5 
= 6 

5   
  

EXERCISE 9G 

2 1 0 

1T Leta=|—-11|, b= 2 ], and ¢ = 1 |. Find: 

1 -3 -3 

a a+b b a—b ¢ b+ 2¢ 

dc—3a e a—-b-c f 2b—c+a
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2 Let a=i+ 3k and b= —-2i +j + k. Find: 

a |a| b |b| c 2a d |2a| 

e —3|b]| f |-3b]| g |a+b]| h |a—b]| 

-1 1 -2 

3 Let a= 1 |, b= -3], and ¢ = 2 |. Find: 

3 2 4 

a 2a—¢ b 3b+ 3¢ ¢ —a+3b d a—>5b+4c 

e [btec| f la—c| g |alb h |Tl.\a 

L Find scalars a, b, and ¢ such that: 

1 b 1 2 0 -1 
a2l o0 c—1 b all]+bl O +cl 1] = 3 

3a 2 0 -1 1 3 

2 1 c 

cal -3 |+b|T7T)=1]c¢c d 2| 1 + =| —c 

1 2 2 -2 4 ab 

I 0000 THE VECTOR BETWEEN TWO POINTS 
In the diagram, point A has position vector a = <a1 ), 

and point B has position vector b = (Zl ) 
2 

  

. . W = by —ay 
The displacement vector of B relative to Ais AB=b — a = b — a0 |’ 

2 — G2 

blfal — 
Notice that AB = ( 

bg — az 
) is the translation vector 

required to move point A to point B. 
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Given points A(—1, 2), B(3,4), and C(4, —5), find the displacement vector of: 

a B from O b B from A ¢ A from C. 
  

. . e 3-0 3 
a The displacement vector of B relative to O is OB = i—0)=\4 

. . .= 3—(-1) 
b The displacement vector of B relative to A is AB = 

¢ The displacement vector of A relative to C is CA = ( 

We can define a similar result for vectors in space: 

If A(ai, a2, a3) and B(by, bo, b3) are two points in space with position vectors 

a and b respectively, then the displacement vector of B relative to A is 

by —ar \ «— X-step . 
AB=b—a=| by—ay | <« Y-step 

by — a3 «— Z-step 

  

  

Example 18 

— — 
Given P(—3,1,2) and Q(1, —1, 3), find: a OP b PQ ¢ |PQ| 
  

  

-3 1—(-3) 4 
— — 

a OP=| 1 b PQ=| -1-1 | = -2 
2 3-2 1 

¢ |PQ| =2+ (22+1° 
= V21 units 

EXERCISE 9H 
— 

1 Find AB given: 

a A(2,3) and B(4,7) b A(3,—1) and B(L, 4) ¢ A(=2,7) and B(1, 4). 

2 Given A(2,3) and B(6, 2), find: 
— —> — 

a AB b B ¢ |AB| 

3 B(3.5) a Find AB and AC. 
3 — —  — 

b Explain why BC = —AB + AC. 

¢ Hence find BC. 

A(L,2) d  Check your answer to ¢ by direct evaluation. 

c(4,-1)
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4 

10 

12 

13 

14 

VECTORS  (Chapter 9) 

. 
a Given BA = ( 

. 
b Given PQ = ( 

A(3,6) 

B(-1,2) 
C(—4,1) 

. 
Find PQ given: 

a P(1,0,2) and Q(3,5,4) 

¢ P(-2,3,0) and Q(1,4, —3) 

-2 1 — 
-1 and OB = 3 

1 —1 

. 
If OA = 

Given A(-3,1,2) and B(1,0, —1), find: 
— — 

a AB and BA 

Given M(4, =2, —1) and N(—1, 2, 0), find: 

a the displacement vector of M relative to N 

¢ the distance between M and N. 

For A(—1,3,—2) and B(3, =2, 1) find: 
— . 

a ABin terms of i, j, and k 

Find the shortest distance from Q(3, 1, —2) to: 

a the Y-axis 

¢ the YZ-plane. 

b the origin 

— 

IfAB—l—]+k and BC = -2i +j — 3k, 

— 
If AB= s 

— 
a AD 

Consider the points A(fl, 3) and B(3, k). 
— — 

a Find AB and |AB|. 

— 
, and BD = 

_3 . 
:( 1 ), find AC. 

2 — 
= 1), and R57(2 ’3), find SP. 

a Find the coordinates of M. 
— —— — 

b Find vectors CA, CM, and CB. 
. — — — 

¢ Verify that CM = 2CA + 1CB. 

|
 =
 

b P(5,2 3) and Q(6, 2, —1) 

d P4, —1,5) and Q(—1, -5, 3). 

, find AB and hence the distance from A to B. 

— — 
b the lengths | AB| and | BA|. 

b the displacement vector of N relative to M 

— 
b the magnitude of AB. 

      
    

The YZ-plane is the plane 

for which all points have 

X-coordinate 0. 

  

find AC in terms of i, j, and k. 

0 

2, 
-3 

— 
¢ CD 

find: 

b Given that A and B are 5 units apart, find the two possible values of k. 

¢ Show, by illustration, why & should have two possible values.
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15 

16 

17 

18 

19 

20 

  

  

Example 19 ) Self Tutor 

[AB] is the diameter of a circle with centre C(—1, 2). If B is (3, 1), find: 
N 

a BC b the coordinates of A. 

== (27) () 
b If A has coordinates (a, b), then 

&-(5)-(313) 
O a+1)\ (-4 

But CA =BC, so <b72>_(1) 

a+1l=-4 and b—-2=1 

. a=-5 and b=3 

Ais (=5, 3). 

Consider the point A(1, 4). Find the coordinates of: 

. -3 3 . - -1 
a B given AB:(_Q) b C given CA:( ) 

[PQ] is the diameter of a circle with centre C. 

a Find PC. Q 
b Hence find the coordinates of Q. 

P(-1,1) 

A(1,4) B(6,5) ABCD is a parallelogram. 

a Find AB. 
— 

b Find CD. 

¢ Hence find the coordinates of D. 

D C(4, 1) 

A sphere has centre C(—1, 2, 4) and diameter [AB] where A is (-2, 1, 3). 

Find the coordinates of B and the radius of the sphere. 

Consider A(—1,2,5), B(2,0,3), and C(—3, 1, 0). 

a 

b 

< 

d 

Show that P(0, 4, 4), Q(2, 6, 5), and R(1, 4, 3) are vertices of an isosceles triangle. 

Find the displacement vector AB and its length AB. 

Find the displacement vector AC and its length AC. 

Find the displacement vector CB and its length CB. 

Hence classify triangle ABC. 

B(3.1) 
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21 The vertices of triangle ABC are A(5, 6, —2), B(6, 12, 9), and C(2, 4, 2). 

a Show that the triangle is right angled. b Hence find the area of the triangle. 

Example 20 O [ (1) 

ABCD is a parallelogram. A'is (—1,2,1), Bis (2,0, —1), and Dis (3,1, 4). 

Find the coordinates of C. 

  

  

Let C be (a, b, ¢). 

[AB] is parallel to [DC], and they have the same B(2,0,1) 

length, so DC = AB A(-1,2,1) 

a-3 %) — (=il) 3 
b—1 | = 0—-2 =| -2 

c—4 —1-1 —2 C(a, b, c) 
D(3,1,4) 

a—3=3, b—1=-2, and c—4=-2 

a =6, b= -1, and e=2 

So, Cis (6, —1, 2). 

34+2 140 44-1 . Ak ; s (813 Check:  The midpoint of [DB] is (T’ - ) which is (5, i 5) .   

    The midpoint of [AC] is (‘1; = fl)   The midpoints are the same, so the diagonals of the parallelogram bisect. v 

22 A(-1,3,4), B(2,5, —1), C(—1,2,—-2), and D(r, s, t) are four points in space. 

Find r, s, and ¢t if: 
— — — — 

a AC=BD b AB=DC 

23 A quadrilateral has vertices A(1, 2, 3), B(3, —3,2), C(7, =4, 5), and D(5, 1, 6). 
— — 

a Find AB and DC. 

b What can be deduced about the quadrilateral ABCD? 

24 PQRS is a parallelogram. Pis (—1,2,3), Qis (1, —2,5), and Ris (0,4, —1). 

a Use vectors to find the coordinates of S. 

b Use the midpoints of the diagonals to check your answer. 

25 Use vectors to determine whether ABCD is a parallelogram: 

a A(5,0,3), B(—1,2,4), C(4, —3,6), and D(10, -5, 5) 

b A2, —3,2), B(L 4, —1), C(~2,6,—2), and D(—1, —1, 2). 

26 Use vector methods to find the remaining vertex of: 

a  P(-1,4,3) Q(~2,5,2) b w1578 X 

Z(0,4,6 Y(3,-2,-2 S40.7) R (0,4,6) ( ) 
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AREE PARALLELISM 
Two non-zero vectors are parallel if and only if one is a scalar multiple of the other. 

Given any non-zero vector v and non-zero scalar k, the vector kv is parallel to v. 

e If a is parallel to b, then there exists | k| is the absolute 
o a scalar k such that a = kb. value of k, whereas 

e If a= kb for some scalar k, then |a| is the length of 
vector a. 

/ > ais parallel to b, and 

> [a]l=[k|[b]. 

    

oL L ) Self Tutor 

2 s 

Find r and s given that a = | —1 is parallel to b = 2 . o 

r -3 

Since a and b are parallel, a = kb for some scalar k. 

2 s 

-1 | =kl 2 

r -3 

2=ks, —1=2k, and r = -3k 

Consequently, k= —3 

2=—1s and r=-3(-3) 

s=-4 and r=3     
  

UNIT VECTORS 

Given a non-zero vector a, its magnitude | a | is a scalar quantity. 

If we multiply a by the scalar fi, we obtain the parallel vector |_1\ a. 
a a 

1 

[a 
|a\:m:1, so ——a isa unit The length of this vector is 

lal lal     

  

vector in the direction of a. We write this unit vector as a. 

  

      

e A unit vector in the direction of ais a = m a. 

e A vector b of length k in the same direction as ais b = ka = — a. 
lal 

P k 
e A vector b of length k£ which is parallel to a could be b = £ka = a.
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I O R (T 

Find a vector b of length 7 units in the opposite directionto a = | —1 

  

  

The unit vector in the direction of a is 
We multiply the unit vector by —7. 

  

      
N 2 2 The negative reverses the direction. 

—a=— | 1= -1]. The 7 gives the required length. 
fa]* = VirirL| v\ £ 4 = 

2 

b=—"2| -1 
5 

e 1 

COLLINEAR POINTS 

Three or more points are said to be collinear if they lie on the same straight line. 

. L= — B G, 
A, B, and C are collinear if AB = kBC for some scalar k. / 

Example 23 OR8] 

Prove that A(—1, 2, 3), B(4, 0, —1), and C(14, —4, —9) are collinear. 

[BC] is parallel to [AB]. 

Since B is common to both, A, B, and C are collinear. 

  

EXERCISE 91 

1 Determine whether each pair of vectors is parallel: 

() (5) e () me () < () e (V) 
1 -2 8 —6 6 24 

d 4 and | —8 e 0 and 0 f 10 and | 40 

-3 6 —20 15 -2 8 

2 Find a such that: 

2 —6 a 3 
a (71) and (a) are parallel b (2) and (71) are parallel.
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10 

1 

Find r and s given that a and b are parallel: 

2 —6 3 

a a=|-1 and b = r b a=|-1 and b= | 2 

3 s 2 

< 
w 

What can be deduced from the following? 
— — — 

a AB =3CD b RS=- 
— — — 

L ¢ AB =2BC 

o
=
 

2 -1 3 1 

The position vectors of P, Q, R, and S are 2 ) s 4 |, —1 |, and | —2 | respectively. 

-1 -3 2 3 

Show that [PR] and [QS] are parallel, and state the ratio PR : QS. 

If a= (i), write down the vector: 

a in the same direction as a and with twice its length 

b in the opposite direction to a and with half its length. 

Find the 2-dimensional unit vector in the direction: 

a i+ 2j b 2i - 3j ¢ —2i+2j 

Find the 3-dimensional unit vector in the direction: 

a 2i+ 3k b —i+2j—k ¢ 2i—2j+Kk 

Find a vector v which has: 

2 
a the same direction as ( . ) and with length 3 units 

b the opposite direction to ( 4 ) and with length 2 units 

-1 

¢ the same direction as 4 and with length 6 units 

1 

d the opposite direction to —i — 2j — 2k and with length 5 units. 

a Find the vectors of length 1 unit which are parallel to a = [ —1 

b Find vectors of length 2 units which are parallelto b = | —1 

2 

A is (3, 2) and point B is 4 units from A in the direction ( _11 ) 

— — — —  — 
a Find AB. b Find OB using OB = OA + AB. 

¢ Hence state the coordinates of B.
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12 Find the coordinates of point X which is: 

a 5 units from (1, —5) in the direction (i) 

-3 

b 6 units from (1, 3, —2) in the direction 0 

4 

1 

¢ 4 units from (2, —1, 4) in the direction | —1 

2 

13 Show that the following sets of points are collinear: 

a A(-1,1), B(4,6), C(13) b P(3,3), Q6, —3), R(L,7) 

¢ A(=2, 1,4), B(4,3,0), C(19, 8, —10) d P(2,1,1), Q5 —5, —2), R(~1,7, 4) 

14 Find a and b if: 

a A(2,-3,4), B(11, —9,7), and C(—13, a, b) are collinear 

b K(1,-1,0), L(4, =3,7), and M(a, 2, b) are collinear. 

15 Let P(z,y, z) be a point on a sphere with radius r units and centre C(X, Y, Z). 

a  Write down the vector CP. 

b Use the distance formula for CP to write a Cartesian equation for the sphere. 

  INVESTIGATION 1 

™ 5 . . . . 
Any vector (s) in the plane can be written in the form ri + sj. We say that o8N ions 

(7;) is a linear combination of i and j. 

Click on the icon to explore linear combinations further. 

(1] [T THE SCALAR PRODUCT OF TWO VECTORS 
For ordinary numbers a and b we can write the product of @ and b as ab or a x b. There is only one 

interpretation for this product, so we can use power notation a? = a x a, a® 

as shorthand. 

=a X a X a, and so on 

However, there are two different types of product involving two vectors. These are: 

» The scalar product of 2 vectors, which results in a scalar answer and has the notation 

aeb (read “a dot b”). 

» The vector product of 2 vectors, which results in a vector answer and has the notation 

a x b (read “a cross b”). 

Consequently, for vector a, we do not use the terms a? or (a)2, as it is not clear which of the vector 

products it refers to. 

For 2-dimensional vectors in a plane, we only need to talk about scalar product. The vector cross product 

will be important for 3-dimensional vectors in space.
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SCALAR PRODUCT 

The scalar product of two vectors is also known as the dot product or inner product. 

“ b a b 
» 116 1) = a1by + ashs > as ° by = a1by + asbsy + azbs 

2 bz az b3 

Be careful not to confuse the scalar product, which is the product of two vectors to give a scalar answer, 

with scalar multiplication, which is the product of a scalar and a vector to give a parallel vector. They 

are quite different. 

Example 24 «) Self Tutor 

  

  

=2x1+3x4 

=14 
=—-1x3+2x1+4+4x2 

=7 

  

ALGEBRAIC PROPERTIES OF THE SCALAR PRODUCT 

1 aeb=bea 
PROOFS OF 

ALGEBRAIC PROPERTIES 
aea—|al’ 

ae(b+c)=aeb-taec % 

(a+b)e(c+d =aec+aed+bec+bed s
 

W
 

N
 

  

EXERCISE 9) 

1 Find: 

3 4 —4 9 

a (;)o(i’) b (El).(i) < 0 |e| -2 d —-5]e| —6 

-2 5 3 -1 

3 -1 -2 . 
2 For p= (2), q= ( 5 ), and r = ( 4 ), find: 

a qep b qer c qe(p+r) d 3regq 

e 2pe2p fiep g qej h iei 

2 -1 0 

3 Fora=|1], b= 1 |, and ¢=| —1 |, find: 

3 1 1 

a aeb b bea ¢ |af? 

d aea e ae(b+c) f aeb+aec
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4 Find: 

a (i+j-Kke(2j+Kk b oiei ¢ (3i—2K)e(i+j) 
d (2 +K)e (—i+3j+ 2K) ciej f (i — 4j + 2K) o (3i — 3j — 5K) 

1 -2 3 0 

5 Let a=|0], b= 1 J,e=|-1],and d=| -2 

4 0 5 3 

a Find: 

i aec ii aed iii bec iv bed 

b Hence show that (a + b)e(c +d)=aec+aed-+bec+bed   

  

6 Explain why a e b e ¢ is meaningless. 

7 If |a|=5 and |b|=3, find (a+ b)e(a —b). 

I8 N THE ANGLE BETWEEN TWO VECTORS 
  

1 Elaine has drawn a vector v on a plane which is a sheet of paper. 

It is therefore a 2-dimensional vector. 

/ a How many vectors can she draw which are perpendicular to v? 

b Are all of these vectors parallel? 

2 Edward is thinking about vectors in space. These 

are 3-dimensional vectors. He is holding his pen 

vertically on his desk to represent a vector w. 

a How many vectors are there which are 

perpendicular to w? 

  

b If Edward was to draw a vector (in pencil) on 

his desk, would it be perpendicular to w? 

¢ Are all of the vectors which are perpendicular to w, parallel to one another? 

THE ANGLE BETWEEN TWO VECTORS 

Suppose 6 is the angle between 

the vectors a and b. a ) ) 
«— This vectoris —a +b or b — a. 

Its length is |b —a|.
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Using the cosine rule, [b—al®>=|al>+|b[>—2|a||b|cosh 

ay by 
Letting a = | as and b= | by |, 

as bs 
by ay by —ay 

b—a= b2 — as = bz — ag 

b3 ag b3 — a3 

(bl (l1)2 t (b2 a2)2 t (bg a3)2 (1112 } d22 } d32) t (b12 t b22 t 1232) 2|aHb|cos9 

" 2a1by + 2aby + 2a3bs =2 |a||b|cosf {simplifying} 

  

  

. apby 4 azbsy + agbs = |a||b|cosf 

. aeb=|a||b|cosf 

aeb 
The angle 6 between two vectors a and b can be found using cosf = Tal[b]’ 

a 
  

3CT TP LR R (T 

  

Peq= 

= 2(—1) +3(0) + (—1)2 
=—240-2 
= 

  

GEOMETRIC PROPERTIES OF THE SCALAR PRODUCT 

Using the formula a e b = |a||b]|cosf, we notice that: 

» If a is perpendicular to b then 6 = 90°. 

. aeb=|a||b|cosf 

=|a||b|cos90° 

=0 

» If a is parallel to b then 6 = 0° or 180°. 

. aeb=a]||b|cosf 

=|a||b|cos0° or |al||b]|cos180° 

:::\a||b\ 

o laeb|=Tal[b] 
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We are hence able to state the following geometric properties of the scalar product: 

For non-zero vectors a and b: 

1 aeb=0 < aandb are perpendicular. 

2 |aeb|=|a||b| < aandb are parallel vectors. 

3 If 0 is the angle between vectors a and b then a e b = |a||b|cosé. 

If 0 is acute, cosf >0 andso aeb >0 

If 0 is obtuse, cosf <0 andso aeb < 0. 

The angle between two vectors is always 0 
taken as the angle € such that 0° < 6 < 180°, b 

rather than reflex angle a. 

EXERCISE 9K 

3 2 
1 If a= (1) and b = <5), find: 

a aeb b the angle between a and b. 

2 Find the angle between r and s, given: O e 
cr=i—jand s=2i—j d r=iand s=i+j 

1 2 

3 Show that 1 and 3 are perpendicular. 

5 -1 

              
   

3 -1 } Vectors are mutually 
4 Show that a = ; , b= 1 , and ¢ = 04 perpendicular if each 

one is perpendicular 

are mutually perpendicular. to all the others. 

5 Find the angle between: 

4 2 3 -2 
a 0 and | —3 b —1 | and 1 ¢ 2j—k and i+ 2k 

-2 1 2 3 

6 Find ¢ given that the following pairs of vectors are perpendicular: 

(e (7) s (ih) o= (%) 
3 2t 

t 2—3t 
< a—(t+2),b—< ; ) d a= —tl , b= :i 

ep=| ¢t |,q=| -3 fa=2i+tj+ (t—2)k, b=ti+3j+tk
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1 2 s 

7 Findr,s,andtsuchthat a= | 2 |, b=1| 2], and ¢= | ¢ are mutually perpendicular. 

3 T 1 

()= 
vectors of the form & ( 111 ) are perpendicular to ( 

Now (;l) has length /16 +1 = /17 units 

_ 1 ; k= i for a unit vector. 

a vector of length 3 units is b ( 

  

  
8 Find a vector of length: 

a 10 units which is perpendicular to ( _3 4) 

b 34/2 units which is perpendicular to (31 ) 

¢ +/20 units which is perpendicular to ( :? ) . 

9 Find two vectors of length 5 units which are perpendicular to (g) 

| 3€T TP Y4 LR R TS 

a and b have lengths 5 units and /7 units respectively, 

and the angle between them is 110°. Find a e b. 

aeb=|al|b|cosd 

=5 x /7 x cos 110° 

~ —4.525 

  

10 aand b have lengths 1/T0 units and 3 units respectively and the angle between them is 71°. 

Find a e b. 

11 Find peq for: 

a |p|=2, |q|=5, and 0 =60° b [p|=6, [q|=3, and =2
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12 Suppose a e b = —12 and b is a unit vector. 

a Explain why a and b are not perpendicular. 

b Given that a and b are parallel, find |a|. 

13 Suppose |¢|=|d|=+/5. What can be deduced about ¢ and d if: 

a ced=>5 b ced=-5? 

14 Find three vectors a, b, ¢ in space such that a # 0 and aeb =aec but b #c. 

1 

15 Find any two vectors which are not parallel, but which are both perpendicular to 2 

-1 

16 Consider triangle ABC in which A is (5, 1, 2), Bis (6, —1, 0), and C is (3, 2, 0). Using scalar 

product only, show that the triangle is right angled. 

17 A(2,4,2), B(-1,2,3), C(-3,3,6), and D(0, 5, 5) are vertices of a quadrilateral. 

a Prove that ABCD is a parallelogram. 

b Find | AB | and | BC |. What can be said about ABCD? 

¢ Find ACeBD and discuss your answer. 

18 Find the angle ABC of triangle ABC for A(3, 0, 1), A 

B(-3,1,2), and C(-2, 1, —1). 
— — 

Hint: To find the angle at B, use BA and BC. B 

What angle is found if BA and CB are used? C 

ORI 

Use vector methods to determine the measure of 

ABC. 

  

  

Placing the coordinate axes as illustrated, A is 

(2,0,0), Bis (0,4,3), and Cis (1, 4, 0). 

2 1 
— — 
BA=| —4 | and BC = 0 

-3 -3 

  

    
    
      

  

|BA| |BC| 

_ 2() + (-4)(0) + (-3)(=3) 
VEi+16+9v/1+0+9 The vectors used must both be . 

1 away from B (or towards B). I~ 

~ V290 If this is not done you will be 

finding the exterior angle at B.    
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19 The cube alongside has edges of length 2 cm. 

Find, using vector methods, the measure of: 

a ABS b RBP ¢ PBS 

  

20 [KL], [LM], and [LX] are 8, 5, and 3 units long 

respectively. P is the midpoint of [KL]. Find, using vector 

methods, the measure of: 

a YNX b YNP 

I [THENECTOR PRODUCT OF TWO VECTORS 
We have seen how the scalar product of two vectors results in a scalar. 

  

The second form of product between two vectors is the vector product or vector cross product, and 

this results in a vector. 

The vector cross product is only defined for 3-dimensional vectors. 

The vector product arises when we attempt to find a vector which is perpendicular to two other known 

vectors. 

T ay by 

Suppose x = | y | is perpendicular to both a = | as and b= | by 

z as bz X 

  

  

  

arx + a azz =0 
{ ! 20 {as dot products are zero} 

b]SC + bzy T b3Z =0 

a1+ ay = —azz ... (1) 

blm - bzy = 7b32 (2)   
We will now try to solve these two equations simultaneously to obtain expressions for z and y in terms 

of z. 

To eliminate =, we multiply (1) by —b; and (2) by a;. 

—a1byr — asbyy = asbyz {=b1 x (1)} 

arbiz + a1b2y = —a1bzz {a1 x @)} 

Adding these gives (a1by — asby)y = (asby — a1bs)z 

y = (asby — a1b3)t and z = (a1ba — azby)t for any non-zero t. 

Substituting into (1), arz + az(azby — aybs)t = —ag(arby — azby )t 

a1z = (—a1asbs + gzashi — asasbi + arasbs)t 

a1xr = ay (a2b3 — (lng)t 

Tr = ((l2l)3 - (lgbg)t
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agbg - agbg 

Letting ¢t =1, we obtain x = | agb; —aibs |, and we call this vector the vector cross product of 

a1by — azby 
a and b. 

ay bl 

The vector cross product of vectors a = | as and b= | by 

as b3 
az b3 — agbg 

is axb= a3b1 — a1b3 

(5] b2 - a2b1 

A formula like this will be given in your exam formula booklet. However, the formula may be confusing 

to use if, for example, you were finding b x a. For this reason we recommend an alternative method 

for calculating vector cross product. We will discover it in the following Investigation. 

INVESTIGATION 2 

In matrix algebra, we can define a determinant for any square matrix. In particular: 

    

            

. . a b . la b 
e The determinant of the 2 x 2 matrix is =ad — bc. 

c d c d 

It is the product of the terms on the main (red) diagonal minus the product o b 

of the other terms. ( X ) 
cd 

ai; Qa2 a13 

e The determinant of the 3 x 3 matrix as1 22  G23 is 

asy az2 ass 

a a2 a 
! ! 13 _ Qg2 (23 az1 G23 a1 a2 

az1 G2 a3 | = ail — a2 + a3 
aszz2 as3 asy ass asy 32 

az1 Gz 033 

Notice that: 
VIDEO 

e The sign of the middle term is negative. 

e The size of the ith term is ay; times the 2 x 2 determinant seen by covering the 

top row and the ith column. 

    

What to do: 

ay by 
Let a= | a2 and b= | by be vectors. 

as bg 

: j . a Qa; a Qa; a a 2 a3 |. 1 a3, 1 G2 Show that [a1 a2 a3 by by i by bs j+ by by k 

bl b2 bg         

is equal to the vector cross product a x b.
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From the Investigation, you should have found that: 
Be careful to get the sign 

of the middle term correct! 

  

a by 
The vector cross product of a = | ap and b= | by is 

as b3 

i j k a a, a a, a a _ | |a2 a3|. a1 asz|, 1 a2 
axb=|a a a3 by by i by by )+ by by k 

by by b3             

SCALAR TRIPLE PRODUCT 

For non-zero 3-dimensional vectors a, b, and ¢, a e (b X ¢) is called a scalar triple product. 

        

   

     

   

     

    

  

    
      

oLy LR R TS 

2 1 2 

For a = 1 |, b=|2], and ¢={ 0 |, find: 

-1 3 4 

b ae(bxc) 

1 j k b203 - b362 

a bxe=|1 2 3 or bxec= | bzc; —bics 

2 0 4 bicy — bacy 

_ 12 3|, |1 3], 1 2 (2)(4) — (3)(0) 

*‘o nk ’2 4"*‘2 0"‘ =| 3@ -1)@ 
8 (1(0) = (2)(2) 

= 2 8 
—4 = 2 

—4 

2 8 

b ae(bxc)= 1 o 2 
—il 4 Check that b x ¢ 

is perpendicular 
=16+2+4 to both b and c. 

=22 

  

  
  

ALGEBRAIC PROPERTIES OF THE VECTOR CROSS PRODUCT 

The vector cross product has the following algebraic properties for non-zero 3-dimensional vectors a, b, 

¢, and d: 

1 axa=0 foralla 
PROOFS OF 

2 axb=—-b xa forall aandb. PROPERTIES 
This means that a x b and b x a have the same length but opposite direction. 

3 ax(b+c)=(axb)+(axc) 

4 (a+b)x(c+d) =(axc)+(axd)+(bxc)+(bxd).   
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EXERCISE 9L.1 

1 Calculate: 

2 1 -1 3 4 -3 

a -3 | x| 4 b 0 | x| -1 < -1 x| 1 
1 -2 2 -2 2 -5 

d (i+j—2Kx({i—k e (2i—k) x(j+3K fo(i—j+3K) x (=2 +3j — k) 

2 -1 

2 Let x= | —1 and y = 3 |. Show that: 

1 2 

a xxx=0 b yxy=0 € XXy=-yXX 

1 -1 

3 Suppose a= | 2| and b= 3 

3 -1 

a Find a x b. b Hence determine a e (a x b) and b e (a x b). 

¢ Explain your results. 

4 i, j, and k are the base unit vectors parallel to the coordinate axes. 

a Find i x1i, j xj, and k x k. Comment on your results. 

b Find i x j and j x i. Comment on your results. 

¢ Predict what the following vector cross products will be, then check your prediction: 

  

  

2 | =-2f -1 
) 1 

i jxkand k x j ii ixk and k x i 

1 2 0 
5 Suppose a= |3 ]|, b=| -1 ], and ¢ = 1 |. Find: 

2 1 -2 

a bxec b ae(bxc) 

6 Suppose a=1i+ 2k, b= —j+ k, and ¢ = 2i — k. Find: 

a axb b axec 

¢ (axb)+(axc) d ax(b+ec) 

Example 30 l1>)) Self Tutor 

1 1 
Find all vectors perpendicular to both a = 2 and b= 0 

-1 -3 

i j k a2b3 - a3b2 

axb=|1 2 -1 or axb=| asby —a1bs 

1 0 —3 albz—Gle 

_[2 - S| 2y (2)(—3) — (-1)(0) 
0 -3 1 -3 10 = (=1)(@) - 1)(=3) 

= —6i+2j — 2k (1) = (2)() 
=—-23i—-j+k) (6 3    
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3 
The vectors have the form k| —1 where k is any non-zero real number. 

1 

  

7 Find all vectors perpendicular to both: 

2 1 -1 5 
a —1 ] and [ 1 b 3 and | 0 

3 1 4 2 

¢ i+jand i—j—k d i—j—k and 2i+ 2j — 3k 

2 1 
8 Find all vectors perpendicular to both a = [ 3 and b= | -2 

-1 2 

Hence find two vectors of length 5 units which are perpendicular to both a and b. 

THE DIRECTION OF a x b 

We have already observed that a x b = —(b x a), 
so a x b and b x a are in opposite directions. 

However, what is the direction of each? 

In the last Exercise, we saw that i x j = k 

and j xi=—k. 

  

If the fingers on your right hand turn from 

a to b, then your thumb points in the 

direction of a x b. 

  

THE LENGTH OF a X b 

a2b3 — a3b2 

Using axb= [ asby —aibs |, 
albz — (l2b1 

|a X bl = (a2b3 - a3b2)2 + (03b1 - a1b3)2 + (a1b2 - a2b1)2' 

However, another very useful form of the length of a x b exists: 

[axb|=|al|b|sinf where 6 is the angle between a and b.
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Proof: [al?|b[*sin?6 =|a|*|b|? (1 — cos®6) 

=|al|b[* —[a*|b|* cos® § 
=|al’[b* —(aeb)’ 

(af +af +af) (b + bl + b3) — (a1by + azbs + azbs)? 

which on expanding and then factorising gives 

((I,ng a3b2)2 } (a3b1 a1b3)2 f (a1b2 a2b1)2 

=laxb|? 

o |laxb|=]a||b|sind {as sin® > 0} 

  

  

  

  

The immediate consequences of this result are: 

e If u is a unit vector in the direction of a x b then a x b =|a||b|sinfu. 

In some texts this is the geometric definition of a x b. 

e If a and b are non-zero vectors, then a x b =0 < ais parallel to b. 

EXERCISE 9L.2 

1 a Find i x k and k X i using the original definition of a x b. Z 

Check that the right hand rule correctly gives the direction of 

ixk and k x i 

b Verify that a x b = |a||b|sinfu, where u is the unit vector 

in the direction of a x b, is true for i x k and k X i.    
X 

Let a=2i—j+3k and b=i—- k. 

a Find aeb and a x b. b Find cosf using aeb = |a||b|cosf. 

¢ Find sin6 using sin?6 + cos? 0 = 1. d Find sinf using |axb|=|a||b|sinf. 

Prove the property: 

“If a and b are non-zero vectors then a x b =0 < ais parallel to b.” 

2 3 
Suppose p = 1 and q = [ —1 

-5 1 

a Show that p and q are perpendicular. b Find p X q. 

¢ Verify that |[px q|=|p||q] 

A, B, and C are 3 distinct points with non-zero position vectors a, b, and ¢ respectively. 
— — 

a If a xc¢=D>b x ¢, whatcan be deduced about OC and AB? 

b If a+ b+ ¢ =0, what relationship exists between a x b and b x ¢? 

¢ If ¢#0 and b x ¢ =c¢ x a, prove that a + b = kc for some scalar k.
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GEOMETRIC INTERPRETATION OF |a x b| 

We can use the vector cross product to find the area of a triangle or parallelogram defined by two vectors. 

TRIANGLES 

If a triangle has defining vectors a and b g 

then its area is £ |a x b/ units?. 

Proof: Area = % x product of two sides x sine of included angle 
a 

=1la||b|sin6 

=1laxb| 

  

    

b 

Example 31 COR T2 [ (1104 

Find the area of triangle ABC given A(—1, 2, 3), B(2, 1, 4), and C(0, 5, —1). 

3 1 
. — — 

The defining vectors from A are AB= | —1 and AC = 3 

1 —4 

i j k _ _ 

Now ABxAC=1[3 -1 1 |=|21 *li-[3 !li+|3 ik 
3 —4 1 —4 1 3 

1 3 -4 

=i+ 13j+ 10k 

area =1 | AB x AC | = v/T 1 169 + 100 
-2 -2 

= $V/270 units® 

  

  
PARALLELOGRAMS 

If a parallelogram has defining vectors 

a and b then its area is |a x b| units?. 

a 

b 

The proof follows directly from that of a triangle, as the parallelogram consists of two congruent triangles 

with defining vectors a and b. 

EXERCISE 9L.3 

1 Consider the triangle OAB shown. Find: 
— — 

a OA and OB 
— — 

b OA x OB 

¢ the area of AOAB. o 

A(2,3,-1) 

   S B(-1,1,2) 

2 Calculate the area of triangle ABC given: 

a A(2,1,1), B(4,3,0), C(1, 3, —2) b A(0,0,0), B(-1,2 3), C(1,2,6) 
¢ A(1,3,2), B2, —1,0), C(L 10, 6)
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3 A In the triangle OAB alongside, the defining vectors from O are a and b. 

; a Write down the area of AOAB in terms of a and b. 

b The defining vectors from B are BO and BA. 

i Write these vectors in terms of a and b. 

ii Hence write down the area of AOAB using the defining 

vectors from B. 

  

¢ Use the properties of the vector product to show that the areas in 

a and b i are equal. 

4 A(-1,1,2), B(2,0,1), and C(z, 2, —1) are three points in space. The area of triangle ABC is 

/88 units?. Find z. 

5 A(2,4,1), B(1,9,1), and C(—1, 5, 0) are three points in space. 

a Show that OABC is a parallelogram. b Hence find the area of OABC. 

6 Calculate the area of parallelogram ABCD given A(—1, 2, 2), B(2, —1, 4), and C(0, 1, 0). 

7 ABCD is a parallelogram with vertices A(—1, 3, 2), B(2,0,4), and C(—1, —2, 5). Find: 

a the coordinates of D b the area of the parallelogram. 

8 The 3-dimensional shape alongside is a 

parallelepiped with defining vectors a, b, 

and c. 

Let 6 be the angle between a and the base plane. 

a Find: 

i the area of the base plane 

ii the perpendicular height of the 

parallelepiped. 

  

b Hence show that the volume of the parallelepiped is |a e (b x ¢) | units®, the scalar triple 

product. 

¢ A(3,0,0), B(0,1,0), and C(1, 2, 3) are the vertices of a parallelepiped which are adjacent 

to another vertex at O(0, 0, 0). Find the volume of the parallelepiped. 

Discuss the following statement: 

“Scalar product is a measure of the parallelism of two vectors, whereas vector product is a measure 

of the perpendicularity of two vectors.” 

DM VECTOR COMPONENTS 
We have seen that vectors are commonly written in component form using the base unit vectors i, j, 

and k. 
T 

For the vector a = | y |, the components z, y, and z are scalars which tell us the components of a 

z 

in the i, j, and k directions respectively. Notice that z, y, and z may each be positive or negative.
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In many vector problems, particularly in Physics, we are interested in the component of a vector which 

acts in a particular direction. 

For example, when a block of wood rests on a slope, gravity 

exerts a force F downwards on the block. In order for the block 

to not slide, friction must balance the component of F in the 

downhill direction d. 

  

Suppose the angle between F and d is 6. 

The component of F in the directiond is | F|cos6 

  

  

_ |F[|d]cos® 

~ 7 
_ Fed 

[d] 

The component of the force normal or perpendicular to the |F| 
. . F||d|siné 

surface is | F|sinf = % 

_|Fxd] 
[d] 

We can generalise these results as follows: 

For 3-dimensional vectors a and b: 

  

    

    
  

, 9 . , b 
» the component of a in the direction of b is a\l.)| 

. i b component 

» the component of a perpendicular to b is ‘a‘ >|;| ‘ perpendicular to b 

component in 

the direction of b 

These definitions include cases for which the angle between the vectors is obtuse. The component of a 

in the direction of b is therefore signed, being positive for acute # and negative for obtuse 6. 

DISCUSSION 

Why is it sensible that the component of a perpendicular to b is not signed? 

R LR R 

1 

Suppose a= | 2 | and b = . Find the component of a: 

0 

a in the direction of b b perpendicular to b. 

  

aeb 1(3) +2(5) + 0(-1) 
a component of a in the direction of b = 

[b] 32 + 52 + (—1)2 
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b . component of a perpendicular to b 

_ laxb] 
D] 
(224124 (-1 

  

i 
/35 

EXERCISE 9M 

1 For the vectors a and b, find the component of a: 

i in the direction of b i perpendicular to b. 

1 -2 -2 ! 

a a= 4] and b= 2 b a= 0 and b = 3 
0 1 5 -2 

¢ a=i+4j+2k and b= —i+ 3k d a=2j—4k and b=i—-j+k 

1 5 
2 For the vectors a = | —3 and b = 1 |, find the component of a: 

2 -1 

a in the direction of b b perpendicular to b. 

Explain your answers. 

3 a Forthevectors p=2i+j— 3k and q = —3i + 4j + k, find: 

i the component of p in the direction of q 

ii  the component of q in the direction of p. 

b Draw a diagram to explain why your answers in a are different. 

L& Two strongmen are pulling a train along a track in the 

direction 7i + 6j + k. 

Strongman A is exerting the force 220i 4 200j + 40k N. A 

Strongman B is exerting the force 180i + 240j + 60k N. 

a Find the magnitude of the force exerted by each 

strongman. 

  

      

b For each strongman, find the component of the force B 
in the direction of the train’s motion. 

¢ Is the strongman who is exerting the most force 

contributing the most to the movement of the train? 

Explain your answer. 

5 a Explain why the component of vector a acting perpendicular to vector b has direction 

b x (a x b). 

Hint: All vectors in the plane containing a and b are perpendicular to a x b.
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2 3 A 
b Consider the vectors a = | 1 and b= | 0 / 

2 1 

i Find the vector (S)(, where OX is the component 

of a in the direction of b. 

ii Use a to find the vector fl, where XA is the 

component of a perpendicular to b. 

il Verify that: 
— . . — —  — 

(1) OX is perpendicular to XA (2) OX+ XA =a. 

  

  REVIEW SET 9A 

1 Using a scale of 1 cm = 10 units, sketch a vector to represent: 

a an aeroplane taking off at an angle of 8° to a runway with a speed of 60 ms~*! 

b a displacement of 45 m in a north-easterly direction. 

      

2 Simplify: 
— — — — — 

a AB-CB b AB+BC-DC 

3 Write the illustrated vectors in component form and in unit vector form: 

a b < 
      

      

      

                                                    

4 Tllustrate P and find its distance from the origin O:   a P(1,3,2) b P2 —1,3) 

—4 -1 2 
— — — — 

5 fPQ=| 1 |, RQ=( 2 |, and RS= | —3 |, find SP. 
3 -1 5 

3 6 

6 Given a= | —1 and b= | —1 |, find: 

2 —4 

aa—->»\ b |af ¢ 2a+3b 

d —1la e |bla f |b—2a| 

1 2 b 4 

7 Find scalars a, b, and csuch that 3| =2 | +a|[ O ] — | -1 | =] ¢ 

-1 6 —4 7 

8 The points A, B, and C have position vectors 2i + j — 4k, 5i — k, and —i — 4j + k 

respectively. 

a M is the midpoint of BC. Find the magnitude of AM. 

b Point D is such that AC = BD. Find the position vector of D.
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3 2 

Find mand nif | m | and | —20 | are parallel vectors. 

n 2 

Prove that P(—6, 8, 2), Q(4, 6, 8), and R(19, 3, 17) are collinear. 

3 
Find the vector which is 5 units long and has the opposite direction to 2 

-1 

If p= 3 , qQ= ! , and r = -3 , find: a pegq b qe(p—1) 
—2 5 4 

Suppose |a| =2, |b| =4, and |c|=5. a 

Find: C 

a aeb b bec C aec c b 

—4 -1 

If u= 2 and v = 3 |, find: 

1 -2 

a uev b the angle between u and v. 

Find the angle between the vectors a = 3i + j — 2k and b = 2i + 5j + k. 

2—1t t 

Find ¢ given that 3 and 4 are perpendicular. 

t t+1 

Find a unit vector which is parallel to i + rj + 2k and perpendicular to 2i + 2j — k. 

Use vector methods to find the measure of GAC: 

  

3 -2 1 

Given a=|[ -1 |, b= 1 |, and ¢c=| 0 |, find: 

2 1 3 

a axb b (axb)ec ¢ bxe 

Find two vectors of length 3 units which are perpendicular to both —i 4+ 3k and 2i — j + k. 

Find the area of this triangle: Q(4, —1,0) 

R(5,2, —1) 

P(1,-3,2)
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4 -1 
22 Given a = 0 and b = 2 |, find the component of a: 

-1 3 

a in the direction of b b perpendicular to b. 

LA 

1 Copy the given vectors and find geometrically: 

a x+ty b y—2x e Y 

  

  

  

                          

2 Find a single vector which is equal to: 

  

  

  

  

  

  

                    

— = — = = 
a PR+RQ b PS+SQ+QR 

3 Find in component form and in unit vector form: Q 
— — t 

a PQ b RP 
P. 

R 

. — — — 
4 P Q In the figure alongside, OP = p, OR =r, and RQ = q. 

M and N are the midpoints of [PQ] and [QR] respectively. 

Y Find, in terms of p, q, and r: 

q — — — — 
a 0Q b PQ ¢ ON d MN 

o 

r 
R 

6 2 -1 

5 Form=| -3]|, n= 3 |, and p= 3 |, find: 

1 —4 6 

am-n+p b 2n — 3p ¢ |m+p| 

2 —6 
— — — 

6 If AB=| -7 and AC = 1 |, find CB. 

4 -3 

7 Given P(2, —5,6) and Q(—1,7,9), find: 

a the displacement vector of Q relative to P b the distance from P to Q 

¢ the distance from P to the X-axis. 

8 Find k given that ki + fij — kK is a unit vector. 

9 Find a and b if J(—4, 1, 3), K(2, —2,0), and L(a, b, 2) are collinear. 

10 Find two vectors of length 4 units which are parallel to 3i — 2j + k.
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2 

11 Find the coordinates of point X which is 12 units from (—2, 1, —5), in the direction 1 

-2 

12 Suppose |v|=3 and |w|=2. Ifv is parallel to w, what values might v e w take? 

13 Using p = (_32), q= (;2), and r = (_13), verify that 

pe(q—r)=peq—per 
14 P(-1,2,3) and Q(4, 0, —1) are two points in space. Find: 

a }f)) b the angle that }Y)) makes with the X -axis. 

15 Given p=2i — j + 4k and q = —i — 4j + 2k, find the angle between p and q. 

—4 t 
16 Findt given [ t+2 | and 1+t | are perpendicular vectors. 

t -3 

17 Find the angle between 2i — 4j + 3k and —i + j + 3k 

18 Find the measure of DMC. D(1,—4,3) 

C(3,-3,2) 

A(—2,1,-3) 
M B(2.5,—1) 

2 1 
19 Find all vectors perpendicular to both l and | 1 

-2 2 

1 

20 Given |u|=3, |v|=05, and u x v= | —3 |, find the possible values of u e v. 
—4 

1 1 

21 Point A has position vector a = | —2 and point B has position vector b = 1 

2 -3 
a Find a x b. 

b Point C is 6 units from the origin O, in the direction opposite to that of a x b. Find the 

coordinates of C. 

Find the area of the triangle OAB. 

d Hence find the volume of the tetrahedron OABC. 

n



  

Vector applications 

Contents: 

  

A Lines in 2 and 3 dimensions 

B 

C 
D 

The angle between two lines 

Constant velocity problems 

The shortest distance from a point 
to a line 

The shortest distance between two 
objects 

Intersecting lines
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OPENING PROBLEM 

Haley and Liam are flying their drones in a park. Haley’s 

drone takes off from the point (5, 1, 0) and moves at 

-2 

2.5 ms~! in the direction 0 ]. Liam’s drone takes 

1.5 

off from the point (—12, —3, 0) and moves at 1.5 ms~* 

1 

in the direction 1 

0.5 

  

Things to think about: 

a Can you write an equation to describe the position of each drone after ¢ seconds? 

b How far apart are the drones after 2 seconds? 

¢ Do the paths of the drones intersect? 

d At what time are the drones closest to one another? How far apart are the drones at this time? 

There are many applications of vectors in geometry. We do not use some of these applications in 

2-dimensional planar geometry because we have other tools. 

In 3-dimensional space, however, vector methods are very efficient, in particular when we consider the 

relationships between lines. 

CS LINES IN 2 AND 3 DIMENSIONS 
In both 2-dimensional and 3-dimensional geometry we can determine the equation of a line using its 

direction and any fixed point on the line. 

In 2 dimensions we are dealing with a line in a plane. In 3 dimensions we are dealing with a line in 

space.    
   

  

Suppose a line passes through a fixed point A with DEMO 

position vector a, and the line is parallel to the 

vector b. 

A (fixed point) 

Consider a point R on the line with position vector r. a . 
R (any point) 

o - 

By vector addition, r = a + AR. 

ioi line 
Since AR is parallel to b, O (origin) 

— 
AR = \b for some scalar A € R 

r=a+Ab 

So, r=a+ Ab, A €R is the vector equation of the line.
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Suppose R(z, y, z) is any point on the line, by 

A(ay, as, a3) is the known or fixed point on the line, b= b 
b3 

by / R(z 29, 2) 
and b= by is the direction vector of the line. 

bg A(ai, az, az) 

T ay bl 

° y | =1a | +A| b2 is the erctor equation In 2 dimensions we 

z as bs of the line. 
simply leave out 

e The parametric equations of the line are: the z components. 

  

Tr=a;+ )\bl 

y=az+ Aby where A €R is the parameter. 

  Z =a3 -+ )\bg 

  

In 2 dimensions we talk about the gradient of a line. 

e If a line in 2 dimensions has direction vector b = (bl ), what is its gradient? 
2 

e Does it make sense to talk about the gradient of a line in space? 

  

Example 1 R (TS 

A line in space passes through (1, —2, 3) in the direction 4i + 5j — 6k. 

Describe the line using: 

a a vector equation b parametric equations. 

a The vector equation is r=a+ Ab 

T 1 

yl=1-2]+AX 
z 3 

b The parametric equations are: = =1+4), y=-2+5), z2=3-6)\, Ae€R. 

  

  

NON-UNIQUENESS OF THE VECTOR EQUATION OF A LINE 

Consider the line passing through (5, 4) and (7, 3). When writing 
the equation of the line, we could use either point to give the 

position vector a. 

2 ), but we could Similarly, we could use the direction vector < 1 

  

-2 . 
also use ( 1 > or any non-zero scalar multiple of these vectors. 

We could thus write the equation of the line as 

5 2 7 -2 
r—<4>+)\<71>, AeR or r—<3>+u<1>, € R and so on.
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Notice how we use different parameters A and 1 when we write these equations. This is because the 

parameters are clearly not the same: when A =0, we have the point (5, 4) 

when g =0, we have the point (7, 3). 

In fact, the parameters are related by g =1— A. 

  

Find parametric equations for the line through A(2, —1,4) and B(—1, 0, 2). 
   
    

     
     

    
    

We require a direction vector for the line, either AB or BA. 

- -3 
— 
AB=|0-(-1) |=1] 1 

2-4 = 

Using point A, the equations are: 

c=2-3\ y=—-14+X 2=4-2)\ A€eR 

or using point B, the equations are: 

r=—-1-3u, y=p, 2=2-2u, pekR.   
EXERCISE 10A 

1 Describe each of the following lines using: 

i a vector equation il parametric equations. 

-1 
a a line with direction ( 9 ) which passes through (1, 4) 

o a line passing through (5, 2) which is perpendicular to (g) 

a line parallel to 3i + 7j which cuts the z-axis at —6 

a line perpendicular to 3i — j which cuts the y-axis at 2 

a line passing through (3, 0) and (7, 2) 

- 
0 

O 
A 

a line passing through (-2, 5) and (4, —6). 

2 A line passes through (4, —3) with direction vector ( _21 ) 

a Write parametric equations for the line using the parameter \. 

b Find the points on the line for which A =0, 1, 2, —1, and —3. 

5 3 

a Locate the point on the line corresponding to A = 1. 

b Explain why the direction of the line could also be described by ( _13 ) 

3 Line L has vector equation r = (1)+/\<71>, A€eR. 

¢ Use your answers to a and b to write an alternative vector equation for line L.



VECTOR APPLICATIONS  (Chapter 10) 245 
  

L Describe each of the following lines using: 

i a vector equation ii  parametric equations. 

2 

a aline parallel to [ 1 | which passes through (1, 3, —7) 
3 

b a line which passes through (0, 1, 2) with direction vector i+ j — 2k 

¢ a line parallel to the X-axis which passes through (-2, 2, 1) 

d aline parallel to 2i — j + 3k which passes through (0, 2, —1) 

e a line perpendicular to the X Y-plane which passes through (3, 2, —1). 

5 Find the vector equation of the line which passes through: 

a A(1,2,1) and B(—1,3,2) b C(0,1,3) and D(3, 1, —1) 

¢ E(1,2,5) and F(1, —1,5) d G(0,1,-1) and H(5, —1, 3). 

6 Find the direction vector of the line: 

4 -2 
a -1 14+AX|l 0 ], XeR b z=5-1t, =1+t 2=2-3t, teR 

1 3 

7 Find the coordinates of the point where the line with parametric equations x =1— X, y =3+ A, 

and z=3—2\, A€ R meets: 

a the YZ-plane 2 =0 b the XZ-plane y =0 ¢ the XY-plane z =0. 

8 The parametric equations of a line are * =x9 + A, y=yo+Am, z=2p+ An for A€ R. 

a Find the coordinates of the point on the line corresponding to A = 0. 

b Find the direction vector of the line. 

T -1 2 

9 A line has vector equation | y | = | 5 | +¢t| -1 |, teR. 
z 0 2 

a Show that A(3, 3, 4) lies on the line. 

b Find the coordinates of two points on the line which are 9 units from A. 

10 Find points on the line with parametric equations z =2— X, y =3+2), and z=1+)\, A eR 

which are 5v/3 units from the point (1, 0, —2). 

11 A line has parametric equations =14+ X\, y=2—- X\, 2=3+ A 

a Find the distance from P(1, 1, 2) to a general point X on the line. 

b Use quadratic theory to find the value of A which minimises the distance PX. 

¢ Show that when the distance PX is minimised, PX is perpendicular to the line. 

-3 -1 
12 Line L has equation r = 1 | +¢| 1 |. Line Ly passes through (2, 0, 3) and (-2, 1, 3). 

4 4 

a Find the equation of L. 

b The line L3 is perpendicular to both L; and Lo, and cuts the Z-axis at —2. Find the vector 

equation of L.
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I S THE ANGLE BETWEEN TWO LINES 
In Chapter 9 we saw that the angle between two vectors is 

measured in the range 0° < 6 < 180°, and found using the S o b 
2 

formula cosf = u 
[y |2 ] 

Since lines continue infinitely in both directions, we talk about b 
by T 

the acute angle between them. For an acute angle, cos6 > 0, 2 

so we use the formula v 

b, e b 
cosf = by 2| 

[y [z 

where by and by are the direction vectors of the given lines. 

ek ) Self Tutor 

Find the angle between the lines Ly: z=2-3t, y=—1+¢ and 

Lyt z=1+2s, y=—-4+3s, where s,t€R 
  

-3 
1 

L1 has direction vector by = ( ). Lo has direction vector by = (;) 

[by eby| _|—6+3] 
[bi|[b2|  I0VI3 

0= T74.7° 

the angle between L, and Lo is about 74.7°. 

Now cosf = ~ 0.2631 

  

PARALLEL AND PERPENDICULAR LINES 

Consider two lines r; = a; + Aby and ro = ag + pbos. 

e r; and ry are parallel if b; = kby for some scalar k. We write r; || ra. 

e 1y and ry are perpendicular if b; e bo = 0. We write r; L ro. 

  

   
  
  
  

  

   

Find the angle between the lines: 

2 -3 -1 6 

Li: = -1]4+Ax} 1 |, XeR and Lo: 1= 4 +ul -2 ), peRr 

4 —2 1 4 

  

   
    
    

    

-3 

L1 has direction vector b; = 1 ). L5 has direction vector by = | —2 

-2 

Since b; = —2bs, the lines are parallel. The angle between them is 0°.
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EXERCISE 10B 

1 Find the angle between the lines: 

  

  

-2 3 3 —4 
a Li: r1:<1)+t(_1>,t€R and Lo: :< 3> ,5(_2>, seR 

5 4 —4 -2 
b Li: ri= <O>+)\<_10>, AeR and Lo r2=< 1 ) -/L( 5 >, MER 

-2 -1 3 -3 

¢ L1 r= 1 +Al 2 |, AéR and Lo: 1o = +ul 1), peR 

0 5 1 

4 0 —1 

d Li: r= 1 +Al 2 |, AeR  and Lot ry= +ul 3 |, peR 

-1 -3 5 

2 Find the angle between the lines Li: z=—4+12t, y=3+5t, eR 

and Lo: x=3s, y=—6-—4s, SER. 

3 Show that the lines Li;: x=2+5p, y=19—-3p, 2=9+2p, peR 

and Lo: x=3+4r, y=7+10r, z=-3+5r, r € R are perpendicular.   

4 The line L; passes through (—6, 3) and is parallel to <_43 > 

The line L, has direction 5i + 4j and cuts the y-axis at 8. 

Find the angle between the lines. 

5 a Find the angle between the lines: 

8 3 15 3 

Li: r= 9 | +s| —16 |, seR and Lot ro=129 |+t 8 |, teR. 

10 7 5 -5 

b A third line L3 is perpendicular to L; and has direction vector —3j + ak. 

i Find the value of a. ii Find the angle between Ly and L. 

6 The line L, passes through (—1,5,2) and (0, 2, —2), and the line Ly is parallel to i — 3j + 4k. 

Find the angle between the lines. 

2 2 

7 The line Ly has equation ry = | =3 | +t| 3 |, t € R. The line L, meets L; on the X-axis 

1 -1 

and passes through (5, —3, 1). Find the angle between the lines.
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I T CONSTANT VELOCITY PROBLEMS 
An object moving with a constant velocity will travel in a straight line. To model the position using 

vectors: 

e the velocity vector of the motion gives the direction vector of the line      

    

    Make sure the units 

of distance, time, and 

velocity correspond. 

e time is the parameter 

o the initial position of the object gives a fixed point on the line. 

If an object has initial position vector a and b \ 

moves with constant velocity b, its position A R 

at time ¢ is given by 
a 

r=a+tb for t>0. T 

The speed of the object is |b]. o 

3'CT T PR ) Self Tutor 

  

(;j) = (;) + t( 3’4) is the vector equation of the path of an object. 

The time ¢ is in seconds, ¢ > 0. The distance units are metres. 

a Find the object’s initial position. 

Plot the path of the object for ¢t =0, 1, 2, 3. 

Find the velocity vector of the object. 

DEMO 

Find the object’s speed. 

0 
O
 an 
O
 

If the object continues in the same direction but increases its speed to 30 ms™1, state its new 

velocity vector. 

  

  

  

  

  

  

  

  

  

                                  

a At t=0, (I):(é) b 7 I y L (09) 

the object is at (1, 9). A 

5 ‘h_‘ 4,5) 

¢ The velocity vector is (3’4) L1 Bt e=la 

e 
d The speed is ’ (34) ‘ =4/3%2 + (—4)2 - 3 ‘ L3 > 

=5ms L y 5 403   

5 

° 

¢ Previously, the speed was 5 ms~! and the — 
3 Velocity is a vector. 

velocity vector was ( 4 ) . Speed is a scalar. @ 

the new velocity vector is Q( 3 ) e (_1284 .      
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3T TN 

A mermaid is initially at (15, 8, —1). She swims with 

  

velocity vector 3i — 5j — %k metres per second. 

Find: 

a the position of the mermaid after ¢ seconds 

b the speed of the mermaid 

¢ the time when the mermaid reaches depth 28 m. 

  

a r=a-+tb 

0 15 3 15+ 3t 
y|l=1| 8 |+t 5= 8-5¢t |, teR 
z -1 -2 -1-3¢ 

After t seconds the mermaid is at (15+3t, 8 —5t, —1 — 2¢). 

b The speed of the mermaid ¢ The mermaid reaches depth 28 m when 

= /32 + (=5)2 + (-2)2 2(t)=—-1-$t=-28 

cost=27 
= 4/54% 

4 . t =6 seconds 

~737ms™! 

  

  
EXERCISE 10C 

1 A particle at P(z(t), y(t)) moves such that =(t) =1+2¢t and y(t) =2—5¢t, t>0. 
The distances are in centimetres and ¢ is in seconds. 

a Find the initial position of P. b Plot the path of P for t =0, 1, 2, 3. 

¢ Find the velocity vector of P. d Find the speed of P. 

e A second particle is travelling in the opposite direction, but with speed 8 ecms~!. Find its 

velocity vector. 

2 Each of the following vector equations represents the path of a moving object. ¢ is measured in 

seconds, ¢ > 0. Distances are measured in metres. In each case, find: 

i the initial position i the velocity vector iii the speed of the object. 

T —4 12 

a y|l=1 3 |+t] 5 b =342t y=—t, z=4-2t 

z 0 6 

3 a Find the vector equation of a boat initially at (2, 3), which travels with velocity vector 

( :l5 ) The grid units are kilometres, and the time is in hours. 

b Locate the boat’s position after 90 minutes. 

¢ How long will it take for the boat to reach the point (5, —0.75)?
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A remote controlled toy car is initially at the point (—3, —2). 

It moves with constant velocity 2i + 4j. The distance units 

are centimetres, and the time is in seconds. 

a Write an expression for the position vector of the car at 

any time ¢ > 0. 

b Hence find the position vector of the car at time ¢ = 2.5. 

¢ Find when the car is i due north il due west 

of the observation point (0, 0). 

d Plot the car’s position at times ¢ =0, 0.5, 1, 1.5, 2, 2.5. 

  

Find the velocity vector of: 
4 

a a speed boat moving parallel to ( _3 ) with speed 150 kmh—?! 

b a jogger moving parallel to ( 125 ) with speed 7.8 kmh~! 

¢ a ferry moving parallel to 6i + 7j with speed 25 kmh~1! 

d a hot air balloon moving parallel to 4i + 7j + k with speed 33 kmh—! 

e a swooping eagle moving in the direction —2i + 5j — 14k with speed 90 kmh~1. 

Yacht A moves according to za(t) =4+, ya(t) =5—2¢, ¢ > 0. Yacht B moves according to 

zp(t) =14 2t, yg(t) = =8+, ¢t > 0. The distance units are kilometres, and the time units are 

hours. 

a Find the initial position of each yacht. b Find the velocity vector of each yacht. 

¢ Show that the speed of each yacht is constant, and state these speeds. 

d  Show, using vector algebra, that the paths of the yachts are at right angles to each other. 

A cable car leaves from (10, 3, 0). It moves in the 

direction 2i — 2j + k at 4.5 ms™'. 

a Find the velocity vector of the cable car. 

b Find the position of the cable car after 30 seconds. 

¢ The destination of the cable car has X-coordinate 

550. Find the length of the cable car ride. 

d At what angle to the horizontal does the cable car 

travel? 

  

A helicopter at A(6, 9, 3) moves with constant velocity. 10 minutes later it is at B(3, 10, 2.5). 

Distances are in kilometres. 

a Find AB. b Find the helicopter’s speed. 

¢ Determine the vector equation which represents the path of the helicopter. 

d The helicopter is travelling directly towards its helipad, which has Z-coordinate 0. Find the 

total time taken for the helicopter to land. 

e At what angle to the horizontal is the helicopter flying?
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ANCE FROM 
T TO A LINE 

  

  

A ship R sails through point A in the direction b and continues 

past a port P. 

The ship is closest to the port when [PR] is perpendicular 

to [AR]. In this situation, point R is called the foot of the 

perpendicular from P to the line. 

We find the foot of the perpendicular using PReb = 0, and 

hence find the distance PR. 

  

For problems in 3 dimensions, the shortest distance could also be calculated as the component of b 

| AP x b | 
[b] 

but it will not tell you either the foot of the perpendicular or the value of the parameter corresponding 

to this point. 

Example 4 .1;)) LT 

A line has vector equation (I) = ( ! ) + t( 3 ), t € R. Find the shortest distance from 

perpendicular to fi’, which is . This is very efficient if all you want to know is the distance, 

  

-1 

the point P(5, —1) to the line. 

Let N be the point on the line closest to P. 

N has coordinates (1 + 3¢, 2 —¢) for some ¢, and PN is (21:;3:5 (7751) ) _ (3;:;1) 

The distance between P and the line is minimised when PN o ( . ) =0. 

) (31&—4).(3)70 
o 3—t -1/ N(1+3t,2—t) 

I e 
oo 3(B8t—4)-(3-t)=0 ! 

>/ 3 
L 9t—12-3+t=0 (_1> 

10t = 15 i 

t=3%=3 *p(5,—1) 

|PN| = V12432 = 3@ units 

the shortest distance from the point P to the line is @ units.    
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EXERCISE 10D 

1 Find the shortest distance from: 

a P(3,2) to the line with parametric equations © =2+1¢, y=3+2t, t€R 

b Q(—1,1) to the line with parametric equations =z =¢, y=1—1¢, teR 

. T 2 1 
¢ R(-3, —1) to the line <y)7<3>+8<—1>’ seR 

- . T\ _ (2 3 
d S(5, —2) to the line <y>_<5>+t(77>’ teR. 

2 An ocean liner is at (6, —6), cruising at 10 kmh~" in the direction _43 ) 

A fishing boat is anchored at (0, 0). Distances are in kilometres. 

a Find, in terms of i and j, the initial position vector of the liner from the fishing boat. 

b Write an expression for the position vector of the liner at any time ¢ hours after it has sailed 

from (6, —6). 

When will the liner be due east of the fishing boat? 

Find the time and position of the liner when it is nearest to the fishing boat. Qo 
n 

3 Let i represent a displacement 1 km due east 

and j represent a displacement 1 km due north. 

The control tower of an airport is at (0, 0). Aircraft 

within 100 km of (0, 0) are visible on the radar screen 
at the control tower. 

At 12:00 noon an aircraft is 200 km east and 100 km 

north of the control tower. It is flying parallel to the 

vector b = —3i — j with speed 404/10 kmh~*. 

a Write down the velocity vector of the aircraft. 

  

b Write a vector equation for the path of the aircraft using ¢ to represent the time in hours that 

has elapsed since 12:00 noon. 

Find the position of the aircraft at 1:00 pm. 

Q
 

Show that the aircraft first becomes visible on the radar screen at 1:00 pm. 

e Find the time when the aircraft is closest to the control tower, and find the distance between 

the aircraft and the control tower at this time. 

f At what time will the aircraft disappear from the radar screen? 

4 Consider again the line and point in Example 7. Assume they all lie in the plane z = 0, so we 

T 1 3 

can now write the problem in 3 dimensions as theline | y | = | 2 | +¢| =1 |, t€R and 

z 0 0 
point P(5, —1, 0). 

a Find a point A on the line by letting ¢ = 0. 

b State the direction vector b of the line. - 

[APxb]| ¢ Calculate the shortest distance between the point and the line using ]



VECTOR APPLICATIONS  (Chapter 10) 253 

Example [ '1>)) Self Tutor 

Consider the point P(—1, 2, 3) and the line with parametric equations = = 1+2¢, y = —4+ 3¢, 

z2=3+4+1t teR. 

a Find the coordinates of the foot of the perpendicular from P to the line. 

  

b Find the shortest distance from the point to the line. 

    

2 

a The line has direction vector b = | 3 

1 

Let A(1+2t, —4+3t, 3+1t) be any point on the given line. 
b 

142 —(—1) 242t — 
PA=| —443t—2 | =| —6+3t A(L+2t, —4+3, 3+t) 

3+t—3 t 

If A is the closest point on the line to P, then PA L b. 
Y P(-1,2,3) 

. PAeb=0 

242t 2 

—6+3t e[ 3]=0 
t 1 

2(2+2t) +3(—6+3t) + 1(t) = 0 
A4 4t—1849t+t=0 

14t = 14 

=l 

Substituting ¢ = 1 into the parametric equations, the foot of the perpendicular is (3, —1, 4). 

2+2 4 
. -— 

b Using t=1, PA=| 6+3 | = -3 
1 1 

  o | PA | = /22 T (=3)2 + 12 = v/26 units 

So, the shortest distance from P to the line is /26 units.     
5 a Find the coordinates of the foot of the perpendicular from (3, 0, —1) to the line with parametric 

equations * =2+3t, y=—-1+2t, z=4+1t, teR. 

b Hence find the shortest distance from the line to the point. 

6 a Find the coordinates of the foot of the perpendicular from (1, 1, 3) to the line with vector 

T 1 2 

equation | y | =| -1 |+t 3], teR. 

z 2 1 

b Hence find the shortest distance from the point to the line. 

¢ Check your calculation of the shortest distance by considering A(1, —1, 2), P(1, 1, 3), 

2 

b= | 3 |, and finding | o] 
| AP x b |
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7 A diver swims from (12, 25, —20) back to his boat at 

(7, =15, 0), at a speed of 0.9 ms™1. 

a Find the velocity vector of the diver. 

b An octopus watches the diver from its home at 

(12, -8, —5). 

i At what time is the diver closest to the octopus? 

ii Find the shortest distance from the diver to the 

octopus. 

ST DISTANCE 
WO OBJECTS 

Consider two objects each moving in a straight line. Unless the objects 

are moving in the same direction and with the same speed, the distance 

between the objects will vary over time. 

      

— 

If each object moves with constant velocity, we can use quadratic theory \ 

to find the shortest distance between the objects, and the time when it 

oceurs. 

AN 

Cyclist A moves with vector equation (Z) = ( i25) S5 t( _65 ), and cyclist B moves with 

. ap 7 -3 
vector equation <y> = (1[)) +t< 5 ) 

The distance units are metres, and ¢ > 0 is the time in seconds. 

  

Find the shortest distance between the cyclists, and the time when it occurs. 

At time ¢, A is at (12 —5¢, —5+ 6t), and B is at (7 — 3t, 10 + 5¢). 
  

  

  The distance between A and B is D = /[(7 — 3t) — (12 — 5t)]2 + [(10 + 5¢t) — (=5 + 61)]2 

=/ (C5+26)2 + (15— 1)2 

= /25— 20t + 462 1+ 225 — 30t + 2 
= /52 — 50t + 250 m 

Now D is minimised when D? = 5t — 50t + 250 is 
minimised. 

Since D > 0, D is minimised 

when D? is minimised. 
—50 
  This occurs when t = — =5 
2x5 

When ¢t =5, D =./5(5)? —50(5) + 250 = /125 ~ 11.2 

The shortest distance between the cyclists is ~ 11.2 m, and 

this occurs after 5 seconds. 
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EXERCISE 10E 

1 A runner moves with vector equation r = ( _710) + t( _32 ) , t >0, and a walker moves with 

vector equation r = ( :;) + t( 31 ) , t > 0. The time units are seconds, and the distance units 

are metres. 

a Find the distance between the people after: 

i 3 seconds ii 10 seconds. 

b Write an expression for the distance D between the people after ¢ seconds. 

¢ Find the shortest distance between the people, and the time when it occurs. 

2 At a wildlife park, a tour bus enters the giraffe enclosure at (—50, 30), and moves with 

velocity vector 4i — 3j. At the same time, a giraffe in the enclosure moves with vector equation 

y ~15 1 

a Find the distance between the bus and the giraffe when the bus enters the enclosure. 

(:c) = ( 730) +t ( 2 > , t > 0. The time is in seconds, and the distance units are metres. 

b A tourist wants to photograph the giraffe when it is closest to the bus. 

i When should the tourist take the photograph? 

ii How far is the giraffe from the bus at this time? 

iii  Find the position of the giraffe at this time. 

3 At noon, truck A leaves from (68, —21) with speed 90 kmh~!. At the same time, truck B leaves 

from (110, —20) with speed 85 kmh~!. Both trucks travel in straight lines which pass through 

X(—40, 60). 

a Find the velocity vector of each truck. 

b At what time will each truck pass through X? 

¢ i At what time will the trucks be closest to one another? Round your answer to the nearest 

minute. 

ii  Find the distance between the trucks at this time. 

5 -1 

L& Object P moves according to r = | —1 | +¢[ —3 |, and object Q moves according to 

2 1 
—4 1 

r=| =3 | +t| —2 |. The distance units are metres, and ¢ > 0 is the time in seconds. 

4 2 

a Find the initial distance between the objects. 

b Find the shortest distance between the objects, and the time when this occurs. 

5 Alex and Yvonne are having a water balloon fight. From (4, 2, 0), Alex runs with velocity vector 

a 

—3 |. At the same time, Yvonne throws a water balloon from (8, —20, 2) with velocity vector 

0 

4i + bj — k. The water balloon travels at 9 ms™? in a direction perpendicular to Alex’s path. 

a Find a and b, giving reasons for your answers. 

b Find the time when the water balloon is closest to Alex. 

¢ Find the shortest distance between the water balloon and Alex. Interpret your answer.
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EANIT INTERSECTING LINES 
INTERSECTING LINES IN 2 DIMENSIONS 

There are three possible relationships between two lines in a plane: 

intersecting parallel coincident 

4><:“\»’\>M 

Vector equations of lines in 2 dimensions can be solved simultaneously to find the point where the lines 
meet. 

  

  

Example 10 

  

Line 1 has vector equation (z) = (_12) +s<g>, seR. 

Line 2 has vector equation (z) = (155> +t< _14), teR. 

Find the point where the two lines meet. 

. —2 3 15 —4 
The lines meet where ( 1 )+s(2> —(5)+t< 1 ) 

—2+3s=15—4t and 1+2s=5+1¢ 

3s+4t=17 ... (1) and 2s—t=4 .. (2) 

  

  

Solving (1) and (2) simultaneously using technology 
. _ _ an X+bn Y=Cn gives s =3, t=2. a b 

  

              

L 4z —2 3 
Using line 1, (y>_( 1)+3<2 _( 

Checking in line 2, (Z>=(155)+2(74>=( 

the lines meet at (7, 7). 

  

  

EXERCISE 10F.1 

1 Line 1 has vector equation (Z) = (_61) +r(732), relR 

Line 2 has vector equation (z) = (g) +s(}), seR. 

Find the point where the two lines meet.
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2 The isosceles triangle ABC is defined by three lines: 

(AB) is (Z):(Q)r(f) (BO) is (Z):(z)H(:;) and 

(AC) is (Z) = (g),,t(_ll), where r, s, t € R. 

a Use vector methods to find the coordinates of A, B, and C. 

  

b Find all side lengths of the triangle. Hence determine which two sides are equal in length. 

3 Quadrilateral ABCD is formed by these lines: 

own ()= () (1) o (3)- () +<(5) 
o (5)- () 1(2) oo () (1) (2. 
where r, s, t, u € R. 

a Use vector methods to find the coordinates of A, B, C, and D. 

b Find: 
— — — — — = 

i AC and DB ii |AC| and | DB | iii ACeDB 

¢ What do the answers to b tell you about quadrilateral ABCD? 

4 Try to find the point of intersection of the lines 

() )(Fhren e w ()-(3) (3 
Explain your answer. 

Boat A moves according to (x ) = ( -1 ) +t ( 2 ) , t >0 seconds. Boat B moves according 

  

  

Y -5 3 

T 15 -1 
to (y) = (716) +t( 9 ), t >0 seconds. 

a Find the point at which the paths of the boats intersect. 

b Will the boats actually collide at this point? Explain your answer. 

  

a At time ¢, boat A is at (—1+ 2¢, =5+ 3t) and boat B is at (15 — ¢, —16 + 2t). 

Their paths are not parallel, so they must intersect. 

Suppose boat A reaches the intersection point at time ¢4 T 
PLYSMLT2 APP 

and boat B reaches the intersection point at time ¢p. 

—1+2ty =15 —tg and —5+ 3ty = —16 + 213 z"* ;F-“ 
- -t 

s+t =16 .. (1) and 3ty —2tp=—11 ... (2) e i 

Solving (1) and (2) simultaneously using technology gives 

= 3, tg = 10. 

  

(MATNTMODE ICLERRILOAD JSOLVE]  
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v, (2) = (1) 4a(2) = (3) 
the paths intersect at (5, 4). 

. . a7 15 —1 5 
Checking with boat B, (y) = (—16) S 10( 9 ) = (4) v 

b The boats will not actually collide at this point, as boat A passes through the intersection point 

after ¢ =3 seconds, and boat B passes through this point after ¢{g = 10 seconds. 

  

5 Particle A’s position is given by <z> = (1113> + t(i’), t >0 seconds. 

Particle B’s position is given by (z) = ( 7713> + t( _42 ) , t >0 seconds. 

a Find the point at which the paths of the particles intersect. 

b Will the particles collide at this point? Explain your answer. 

1 6 Jove is riding a scooter from (—4, —1) with speed 2.5 ms™! in the direction 3i — 4j. Fiona is 

riding a skateboard with position <§> = ( 111 ) +t < :? > , t > 0. The time units are seconds, 

and the distance units are metres. 

a Who is moving faster? b Find the vector equation from Jove’s position after ¢ seconds. 

¢ Find the point at which Jove and Fiona’s paths intersect. 

d  Will Jove and Fiona collide at this point? Explain your answer. 

7 At 1:34 pm, submarine P fires a torpedo with velocity vector < 3’1 ) from the point (—5, 4). 

k minutes later submarine Q fires a torpedo with velocity vector > from the point (15, 7). 

(2)(2) 
—4 (7)+en(Z3) 

Q’s torpedo is successful in knocking out P’s torpedo. 

i At what time did Q fire its torpedo? ii At what time did the collision occur? 

iii  Where did the collision occur? 

Distances are measured in kilometres, and time is in minutes. 

Show that the position of P’s torpedo can be written as ( 

—4 

-3 

a = 

b What is the speed of P’s torpedo? 

  

x 

Y 

¢ Show that the position of Q’s torpedo can be written as (g) 

o Find the angle between the paths of the torpedoes. 

INTERSECTING LINES IN 3 DIMENSIONS 

When we attempt to find the intersection point of lines in 3 dimensions, we obtain a system of three 

equations in two unknowns, which must be solved simultaneously. 

If the system has no solutions, then the lines do not intersect. This 

may occur because the lines are parallel, or because the lines are =~ +—u____ 

skew, which means they do not lie in the same plane. /‘\> 
N\ 

skew lines
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Example 12 '1>)) Self Tutor 

  

] 1 -1 

Line 1 has equation y|l=10]+s[ 1 |, seR 

z 3 -2 

a3 1 2 

Line 2 has equation yl=-1]+¢t] -1], teR 

z 4 3 

Line 3 has parametric equations z = —1+4+2u, y=1—2u, z=1+4u, ueR. 

Find, if possible, the intersection point of: 

a line 1 and line 2 b line 2 and line 3. 

a Equating z, y, and z values in lines 1 and 2 gives 

1-s=1+2, s==Il=i, and 3—2s=4+3t 

—s—=2t=0 ..(l), s+t=-1 ..(@2), and -25s—-3t=1 ...(3) 

SOlVng (1), (2), and (3) NORMAL FLOAT AUTO REAL DEGREE MP [ [ NORHAL FLOAT AUTO REAL DEGREE HP n 
. 1 l . PLYSMLT2 APP PLYSMLT2 APP 

simultaneously gives SYSTEM MATRIX (3 X 3) VIR 
s=-2, t=1. 

Substituting ¢ = 1 into line 2, 

we find that lines 1 and 2 intersect 

at (1+2(1), —1—(1),4+3(1)) 

which is (3, =2, 7).   

  

b Equating z, y, and z values in lines 2 and 3 gives 

1+2t=—-1+2u, —1—t=1-2u, and 44+3t=1+4u 

2t—2u=-2 ..(l), —t+2u=2 .. ((2), and 3t—4du=-3 .. (3) 

Solving (1), (2), and (3) simultaneously gives no solution. NORFOL PLONT AUTO REL DEGREE P [} 

So, the lines do not intersect. T 

: : 
Since -1 is not a scalar multiple of | —2 |, we 

3 4 

conclude that the lines are skew. 

  

    
  

EXERCISE 10F.2 

1 Find, if possible, the intersection point of: 

T 1 2 x -2 3 

a Lq: y|l=12]|+tl -1], teR and Ls: y | = 3 |+s| -1}, seR 

z 3 1 z 1 2 

T —1 2 T -3 4 

b Li: |y|= 2 |4+A| -12 ), AeR and Ly |y | = 2 |+u|l 3 |, peR 

z 4 12 z -1 -1 

¢ Li: x=6t y=3+8t, z=—-1+2t, teR 

and Lo x=2+4+3s, y=4s, z=1+s, s€R 

d Li: 2=14) y=2—-), 2=3+2\, A\eR 

and Lot =243, y=3—-2u, 2=-5+u, pek
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-2 4 

2 A bird flies according to r; = 6 +t| 3 and a 

9 1 

31 -3 
bat flies accordingto ro = | —20 | +¢| 5 

5 1 

The time ¢ > 0 is in seconds, and the distance units are 

metres. 

a Find the speed of: i the bird i the bat. 

b Show that the paths of the bird and the bat intersect. 

¢ Will the bird and the bat collide at the intersection point? Explain your answer. 

-7 4 

3 A seal swims through the ocean according to r; = 4 +t| =5 ], t >0, while a shark 

—22 -1 

swims from (—35, —6, —10) at 14 ms~! in the direction 6i — 3j — 2k. The time is in seconds, 

and the distance units are metres. 

a Find the velocity vector of the shark. 

b Find the point at which the paths of the seal and the shark intersect. 

¢ Find the distance between the seal and the shark when the seal passes through the intersection 

point. 

4 A clay target shooter is positioned at (20, 6, 1). The target is released from (8, 16, 1) with 

velocity vector 14i + 9j + 8k. The shooter fires the bullet with speed 360 ms~*! in the direction 

4i + Tj + 4k 
a Find the velocity vector of the bullet. b Find the speed of the target. 

¢ Show that the paths of the target and the bullet intersect. 

d Given that the bullet hit the target: 

i Find how long after the target was released that the bullet was fired. 

il Find how far the bullet travelled before it hit the target. 

THEORY OF KNOWLEDGE 

In his 1827 book entitled The Barycentric Calculus, German mathematician August Mobius 

demonstrated the use of directed line segments in projective geometry. He discussed the addition 

and scalar multiplication of directed line segments, but he did not name them vectors. 

  

Gauss, Grassmann, Laplace, and Lagrange all contributed to build 

the field we know as vector analysis today. 

An important contribution was made in 1843 by Sir William 

Hamilton, who defined a quaternion as the quotient of two directed 

line segments. 

The American mathematician Josiah Willard Gibbs (1839 - 1903) 

began teaching a course on vector analysis at Yale University in 1879. 

He published Elements of Vector Analysis in two halves, and in 1901 

his work was summarised by his student Edwin Wilson in the book 

Vector Analysis. Sir William Hamilton 
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Oliver Heaviside (1850 - 1925) developed vector analysis separately from Gibbs, receiving a copy 

of Gibbs’ work later, in 1888. Heaviside wrote of Gibbs: 

“... the invention of quaternions must be regarded as a most remarkable feat of human ingenuity. 

Vector analysis, without quaternions, could have been found by any mathematician by carefully 

examining the mechanics of the Cartesian mathematics; but to find out quaternions required a 

genius.” 

1 Are geometry and algebra two separate domains of knowledge? 

2 Given that Gibbs and Heaviside developed vector analysis independently, who can claim 

to be the founder of this field? 

3 Does mathematics evolve? 

REVIEW SET 10A 

1 For the line that passes through (—6, 3) with direction ( :13 ) , write down the corresponding: 

a vector equation b parametric equations. 

2 (-3, m) lies on the line with vector equation (Z) = ( i82) + t( 747 ) , teR. 

Find m. 

3 Consider A(2, —1,3) and B(0, 1, —1). 

a Find the vector equation of the line through A and B. 

b Hence find the coordinates of C on (AB) which is 2 units from A. 

4 The line Ly passes through (5, 2) and is perpendicular to 2i — 7j. 

The line L, passes through (—1,4) and (3, —1). 

Find the angle between the lines. 

5 A moving particle has coordinates P(xz(t), y(t), z(t)) where xz(t) = —4+8t, y(t) = 3+ 6t, 

and z(¢) = 1—2¢. The distance units are metres, and ¢ > 0 is the time in seconds. Find the: 

a initial position of the particle b position of the particle after 4 seconds 

¢ particle’s velocity vector d speed of the particle. 

6 Line 1 has vector equation (z) e (:?) + A ( f’2), AeR. 

Line 2 has vector equation (z) = ( :12) + 1 ( _53 ), peR. 

Find the point where the two lines meet. 

  

7 Find the shortest distance from: 

. T 5 2 
a P(1,4) to the line (y>:(1>+t(1>’ teR 

b Q(—2, —5) to the line <z)=<f’4)+t(;’1>, teR.
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8 A yacht is sailing with constant speed 51/10 kmh~? 

in the direction —i — 3j. Initially it is at the point 

(—6, 10). A beacon is at (0, 0) at the centre of a 
tiny atoll. Distances are in kilometres. 

a Find, in terms of i and j, the: 

i initial position vector of the yacht 

ii velocity vector of the yacht 

iii position vector of the yacht after ¢ hours, ¢ > 0. 

  

b Find the time when the yacht is closest to the beacon. 

¢ If there is a reef of radius 8 km around the atoll, will the yacht hit the reef? 

9 Submarine X23 is at (2, 4). It fires a torpedo with velocity vector ( ! _3 ) at exactly 2:17 pm. 

Submarine Y18 is at (11, 3). It fires a torpedo with velocity vector <_al> at 2:19 pm to 

intercept the torpedo from X23. Distance units are kilometres, and time units are minutes. 

a Find x1(¢) and y;(¢) for the torpedo fired from submarine X23. 

b Find z3(¢) and y»(t) for the torpedo fired from submarine Y18. 

¢ At what time does the interception occur? 

d What was the direction and speed of the intercepting torpedo? 

e Find the acute angle between the paths of the torpedoes. 

10 Given A(—1,2,3), B(1,0, —1), and C(1, 3, 0), find: 

a the vector equation of (AB) 

b the coordinates of the foot of the perpendicular from C to (AB). 

T -2 2 

11 At time ¢ seconds, object Aisat | y | = | 14 | +¢| =5 | and 

z 0 1 

@ 9 -1 

object B is at y | =116 | +t{ 3 |, t=0. 

z 8 —1 

a Find the position of each object after 2 seconds. 

b Find the point at which the paths of the objects intersect. 

¢ Will the objects collide at this point? Explain your answer. 

12 On an ice hockey rink, Chelsea hits a puck from (1, 5) with velocity vector 3i + 6j. At the 

same time, Vivian hits a puck from (21, 10) at 10 ms~! in the direction —3i + 4j. The time 

is in seconds, and the distance units are metres. 

a Find the velocity vector of Vivian’s puck. 

b Find the distance between the pucks after 1 second. 

¢ Find the shortest distance between the pucks, and the position of Chelsea’s puck when this 

oceurs.
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REVIEW SET 10B 

1 Line L has equation r = (_33)+t(§>, teR. 

a Locate the point on the line corresponding to ¢ = 1. 

b Explain why the direction of the line could also be described by ( 140 ) 

¢ Use your answers to @ and b to write an alternative vector equation for line L. 

2 Write down 1| a vector equation i parametric equations for the line passing through: 

4 

a (2, -3,1) with direction 2 b (-1,6,3) and (5, —2, 0). 

-1 

3 Find the angle between line L, passing through (0, 3) and (5, —2), and line Lo passing 

through (-2, 4) and (-6, 7). 

4 Find the angle between the lines: 

Ly: z=1-4t, y=3t and Ly: x=2+05s, y=5—12s, where t, s € R. 

5 Consider A(3, —1,1) and B(0, 2, —2). 
— 

a Find | AB|. 
b Show that the line passing through A and B can be described by 

r=2j— 2k + A\(—i+j — k) where A eR. 

¢ Find the angle between (AB) and the line with equation r = ¢(i + j + k), ¢t € R. 

6 Find the velocity vector of an object moving in the direction 3i — j with speed 20 kmh—!. 

P —10 6 
7 The vector equation | y | = 5 |+t 14 

z 12 —0.4 7 

represents the path of a person zip-lining through a 

forest. ¢ is measured in seconds, ¢ > 0. Distances 

are measured in metres. Find the: 

  

a initial position b velocity vector 

¢ speed of the zip-liner 

d time taken to reach the end of the line at z =0 

e location of the endpoint of the line 

f position of the person when he is closest to his friend watching from (52, 144, 3). 

8 Triangle ABC is formed by three lines: 

o (1) () ) e (5) (1)) 
(AC) is (;) = <_01> +u(i’), where s, t, and u are scalars. 

a Use vector methods to find the coordinates of A, B, and C. 
. — — — 

b Find |AB|, |BC|, and | AC|. 

¢ Classify triangle ABC.
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Jet ski A leaves from (150, —30) and travels at 10 ms~*! in the direction —24i + 7j. At the 

same time, jet ski B leaves from (99, 133) and travels with velocity vector —3i — 9j. The 

time units are seconds and the distance units are metres. 

a Are the jet skis travelling at right angles to one another? Explain your answer. 

Find the velocity vector of jet ski A. 

Find the point at which the paths of the jet skis intersect. 

Find the distance between A and B when jet ski B passes through the intersection point. 

® 
O
 an 
O
 

At what time is jet ski B closest to jet ski A’s starting point? 

Object P moves according to (z) = ( ;2> +t< ;3), t>0. 

. . ] -1 -2 
Object Q moves according to (y) = ( 2 ) +t<71 ), t>0. 

The time units are seconds, and the distance units are centimetres. 

Find the shortest distance between the objects, and the time when it occurs. 

If possible, find the intersection point of: 

  

2 1 -8 4 
a Li: r=|-1])+¢t] 2 |, teR and L. r= 0 +s| 1 |, seR 

3 =l 7 = 

3 1 2 -1 

b Li: r= 5 +t| -2 ], teR and Ly: r=|1]|+s| 3 |, seR 

-1 3 4 1 

Answer the Opening Problem on page 242.
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OPENING PROBLEM 

The quadratic equation az? +bx +c=0, a# 0 is said to be real if a, b, c € R. 

We have seen previously that solutions to this equation can be found using the quadratic formula 

T = _b;:—\/Z where A = b? — 4ac is called the discriminant. 
a 

  

3 3 b 3 . 
The average of these solutions is = = = which corresponds to the axis of symmetry of the 

a 

corresponding quadratic function. 

«— o | 4 
e b X ‘ 

solution 1 T % solution 2 

Suppose a > 0 so the quadratic opens upwards, and that A > 0, so the quadratic equation has 

two real distinct solutions. 

Suppose we start to increase the value of ¢, so A starts to decrease. 

Things to think about: 

a While A is still positive but getting smaller, what happens to the solutions? 

b When A =0, the solution to the equation is = = —21 . Is it still useful to think of this as 
a 

two identical solutions? 

¢ Once A <0 we know that the equation has no real solutions. However, suppose the square 

root of a negative number has some other meaning. If so, then the quadratic formula still gives 

us two solutions. 

i Does the average of these solutions still correspond to the axis of symmetry of the 

corresponding quadratic function? 
e . g b . 
ii Do the sum and product of the solutions give us —— and <, respectively? 

a a 

d s it useful to take the square root of a negative number? 

20 [ REAL QUADRATICS WITH 4 < 0 
We have previously seen that: 

If az?+br+c=0, a#0 and a, b, c € R, then the solutions or roots are found using the formula 

. 71)::\/K 
o= o where A = b% —4ac is known as the discriminant. 

  

We also observed that if A < 0, the equation has no real solutions. There are no real numbers whose 

squares are negative, so we cannot place the square root of any negative number on the real number line. 

However, mathematicians define an imaginary number to allow us to consider such square roots. 

The imaginary number is defined as ¢ = y/—1 with the property that 

ixXi=+—1x+y/—1=-1. 

It is called “imaginary” because we cannot place it on the real number line.
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HISTORICAL NOTE 

Heron or Hero of Alexandria (10 - 70) was a mathematician and engineer in Roman Egypt. He is 

most commonly known for Heron’s formula for finding the area of a triangle, but he also developed 

an iterative process called Heron’s method or the Babylonian method for computing square roots. 

  

Heron is the first known person to consider whether it might make sense to take the square root of 

a negative number. In 50 AD, while finding the height of a pyramid using a known formula, he 

obtained the following result which was published in the book Stereometrica: 

h=y/(15)2 - 2(28;4)2 

= /225 — 2(12)2 
= /225 — 144 — 144 
= /81— 144 

Since this result had no use in the context of a real pyramid, Heron did not consider the concept 

further. 

  

Nearly 1500 years later, the square root of a negative number was 

considered again by Gerolamo Cardano (1501 - 1576). In his 

book Ars Magna published in 1545, Cardano gives the solutions 

to an equation as 5 + /—15. Rather than dismissing the result, 

he went on to find the product of the two solutions: 

(5+v/—=15) x (5 — v/—15) = 25 — (—15) = 40 

It was Rafael Bombelli who defined the imaginary number 

i =+/—1 in 1572. 

  

      

       AN\ 
Rafael Bombelli 

With ¢ =+/—1 defined, we can expand our rules for square roots to include negative numbers. 

Example 1 LR (R (TS 

Write in terms of i: 

a /81 

  

  

This allows us to obtain solutions for quadratic equations with A < 0.
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Solve the quadratic equations: 

2 a z°=-4 b r24+z2+2=0 
  

   
        

a Tt =—-4 b Using the quadratic formula, 

xr = ::\/—_4 _—1x m 

v =+vAy_I e 2(1) 
nESE D) —1++/=7   

  
  

EXERCISE 11A 

1 Write in terms of i: 

a V=9 b /=64 ¢ =121 d /-3 e Vv=h 

f /=17 g v—8 h —/=36 i —/—11 i —y/-% 

2 Solve for z: 

a 22=25 b 22=-25 ¢ 2?2=5 

d z22=-5 e 422 =9 f 422 =-9 

3 Solve for x using the quadratic formula: 

a 2210z +29=0 b 22 +6z+25=0 ¢ 22+ 14z +50=0 

d 22-3x+5=0 e ’+4=x f 322 +62+5=0 

g 222 +5=6x 

  

h 22 -2V3z+4=0 i 2x+l=1 
xr 

The solutions to quadratic equations with A < 0 have the form x = a + bi, where a and b are real. 

Any number of the form a+ bi where a, b€ R and i =+/—1, is called a complex number. 

Notice that: 

e All real numbers can be written as complex numbers by simply choosing b = 0. 

e In the special case a =0, we have a number of the form bi where b € R. We say this number is 

purely imaginary. 

REAL AND IMAGINARY PARTS 

If z=a+bi where a, b <R, then: 

written Re (z) 

written Jm (z). 

e q is the real part of z, 

e b is the imaginary part of z,
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For example: 

o If 2=2+3i, then Re(z) =2 and Im(z) = 3. 

o If 2=—/2i, then Re(z) =0 and Jm(z) = —/2. 

COMPLEX CONJUGATES 

Suppose z =a+ bi where a, beR. 

The complex conjugate of z is z* = a — bi. 

Re(z*) = Re(z) and Im (z*) = —Im (2) 

For example, if z =24 3¢ then z* =2 —3i. 

EXERCISE 11B 

1 Copy and complete: 

  

    

  

  
2 Which of the numbers in 1 are: 

a real b purely imaginary? 

3 Given the complex numbers z = —1+4i and w =6 — 5i, find: 

a Re(z) b Im(w) c z* 

d w* e Jm(z*) f Re(w*) 

4 Show that if z is purely imaginary, then z* is also purely imaginary. 

5 Show that (2*)* = z. 

(1] [ /OPERATIONS WITH COMPLEX NUMBERS 
Operations with complex numbers are identical to those with radicals, but with 2 = —1 rather than 

(vV2)2=2 or (v/3)?=3. 

For example: 

    

  

        

  

      

    

o addition: @+V3)+(A+2v3)=(2+4)+(1+2V3=6+3V3 
(244) + (@A+2)=C+4)+(1+2)i =6+3i 

o multiplication: (2 +v/3)(4+2v3) = 8+ 4v3 +4v3+2(v3)2 =8+ 8V3 +6 = 14+ 83 
(2+0)(A+20) =8+ 4i + 4i 22 =84 8 —2=6+8i            
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(a+bi)+ (c+di) = (a+c)+ (b+d)i addition 

(a+bi) — (c+di)=(a—c)+ (b—d)i subtraction 

(a+bi)(c+di) = ac+ adi + bci + bdi*  multiplication 

When we perform division with radicals, we use the radical conjugate of the denominator to achieve a 

rational denominator. 

1+42v3 _ (142VB\[(4+V3) _4+VB+8/8+6 _ 10+9V3 
4-3 4-3 443 16 —3 13 

In a similar way, when we perform division with complex numbers, we use the complex conjugate of the 

denominator to achieve a real denominator. 

For example,   

  1+ 24 1+24 441 4+ i+ 8i+ 22 2+9 
For example, = = 

4—1 441   4—iq 16 — 2 17 

      

atbi (a+bi> (cfdz') ac — adi + bei — bdi? 
= N G RO el S divisi 

ct+di c+di c—di 2t 2 ivision 

  

ECITEN 

  

  

  

    

  
  

  

  

If 2=3+2i and w=4—1i find: 

a z+w b z—w ¢ zw d 2 
w 

a z+w b z—w 

=(3+2i)+(4—1) =(8+2i)—(4—1) 

—T4q =342 —4+i CALCULATOR 
- 143 INSTRUCTIONS 

< Zw d 2= 34+ 2,1 
. . w —1 

= B42)(4=0) ) (342 (44 
=12—-3i+ 8 — 2 “\4—3 444 

=12+5i+2 _ 12436+ 8i + 23 
=14+45;¢ o 16 —i2 

104113 
7 

_ 10 4 11 
=17 Tt 

Casio fx-CG50 HP Prime 
[T 

(3+21) (4-1) 

(3+2i) +(4-i) tarol i)+ (4-i i 
E+Li (3+21)7(4-1)»Frac 

1 17 
O 
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EXERCISE 11C 

1 If 2=5-2¢ and w=2+1, find in simplest form:       Check your answers 

a z+w b 2z ¢ iw d z—w using technology. 

e 2z—3w f 2w g w? h 2? 

2 For z=1+4+14 and w= -2+ 3i, find in simplest form: 

a z+2w b 22 ¢ 23 d iz 

e w? f zw g 22w h izw 

3 Prove that the sum of a complex number and its conjugate is always real. 

4 a Simplify " for n=0,1,2,3,4,5,6,7, 8,9 and also for n= -1, —2, —3, —4, —5. 

;An+3 Hence simplify 4 where n is any integer. 

5 a Use complex number notation to find /—4 x v/—9. 

b We have previously seen that /a x v/b = v/ab for any a, b > 0. 

Is this rule also valid for negative a, b? Justify your answer. 

6 Suppose z=2—1i and w =1+ 3i. Write in the form a+bi where a, b€ R are given exactly: 

2 
  

            

a z b i < fl d =2 - 
w z 1z w—1 

7 Simplify: 

) i‘ bi(27i-) . 1._2_ d i‘_ i 
1—2¢ 3—2i 2—1 2414 T+ T —1 

8 If 2=2+44 and w= -1+ 24, find: 

a Jm(4z — 3w) b Re(zw) ¢ Jm(iz?) d fl?e(i) 
w 

  

Use technology to calculate: 

R 

1+(1+21)° 
11 2 
125" 1251 

(2+5i) %+ (1-1) (2+451)"/(1-1)PFrac o2 

440.5-399.5i fal_1994 i 125"125" 
O 
JUMP JDELETEDMATVCT] MATH 

881 799 | =22 
2 2     
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9 Use technology to find: 

1 

    
    

  

193 1 Y a (5+310) b Goa)? ¢ (4—1) 

i L on—2 (4 +50)4 
d PEmE e (64 27) f T 

10 Express z = \/532 -+ 1 inthe form a+bi where a, b € R are given exactly. 
-1 

11 Suppose w = i;ll where z=a+0bi for a,b€R, and z* is the complex conjugate of z. 
2 

a Write w in the form z + yi. 

b Hence determine the conditions under which w is purely imaginary. 

Two complex numbers are equal when their real parts are equal and their imaginary parts are equal. 

If a+bi=c+di, then a=c and b=d. 

Proof:    

  

      

   
This style of proof 

is called a proof by 

contradiction. 

Suppose b #d. Now if a+bi=c+di wherea,b, ¢, and d are real, 

then bi—di=c—a 

  

Lilb—d)=c—a 

. i=Z:Z {as b+ d} 

This is false as the RHS is real but the LHS is imaginary. 

Thus, the supposition is false. Hence b = d and furthermore a = c. 

IO T, 
Find real numbers x and y such that: 

  

  
  

  
    

a (z+yi)(2—i)=—i b (z+2i)(1—1i)=5+yi 

a (z+yi)(2—1i)=—i b (+20)(1—i) =5+yi 
. . =i S x—wi+2+2=5+vyi 
STt Y=5— o (@42 +Q—a)i=5+yi 

:( — )(2“i) Equating real and imaginary parts, 
PR 241   r+2=5and 2—zx=y 

= oo x=3 and y=-1   

  

1 Equating real and imaginary parts, = ¢ and y= —z. 

i
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EXERCISE 11D 

1 Find real numbers a and b such that: 

  

a at+bi=3—1i b atbi=i—+2 ¢ at+bi=0 

2 Find exact real numbers x and y such that: 

a 2z +3yi=—x—6i b 22 +ri=4-2i 

¢ (z+yi)(2—17) =8+ d 3+2i)(z+yi)=—i 

e 2z+yi)=z—yi f (z+2)(y—i)=—4-Ti 

g (z+1)(3—yi)=1+13 h (z+yi)(2+1i) =2z— (y+1)i         
3 The complex number z satisfies the equation 3z + 17 = iz 4+ 11. Write z in the form a + bi 

where a, b€ R and i =+/—1. 

4 Find the real values of m and n for which 3(m + ni) =n — 2mi — (1 — 2i). 

5 Suppose (a+bi)? = —16 —30i where a, b € R. Find the possible values of a and b. 

6 Given Zz=1+z‘+9(35—fm, find  in the form a + bi. 

HISTORICAL NOTE 

18th century mathematicians enjoyed playing with these new “imaginary” numbers, but they 

were regarded as little more than interesting curiosities until the work of Carl Friedrich Gauss 

(1777 - 1855), the German mathematician, astronomer, and physicist. 

For centuries mathematicians had attempted to find a method of trisecting an angle using a compass 

and straight edge. Gauss put an end to this when he used complex numbers to prove the impossibility 

of such a construction. By his systematic use of complex numbers, he was able to convince 

mathematicians of their usefulness. 

Early last century, the American engineer Charles Proteus Steinmetz used complex numbers to 

solve electrical problems, illustrating that complex numbers did have a practical application. 

Complex numbers are now used extensively in electronics, engineering, and physics. 

CH THE COMPLEX PLANE 
We have seen that a complex number can be written in Cartesian form as z = a+bi where a = Re (z) 

and b= Jm(z) are both real numbers. 

There is a one-to-one relationship between any complex number a + bi and the point (a, b) in the 

Cartesian plane. 

We can therefore plot any complex number on a plane as a unique ordered number pair. We refer to the 

plane as the complex plane or the Argand plane. 

On the complex plane, the z-axis is called the real axis and the y-axis is called the imaginary axis.
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e All real numbers with b= 0 lie on the real axis. 

e All purely imaginary numbers with a =0 lie on the 

imaginary axis. 

e The origin (0, 0) lies on both axes. It corresponds to 

z =0, a real number. 

e Complex numbers that are neither real nor purely 

imaginary (a and b are both not 0) lie in one of the 

four quadrants. 

Purely imaginary 

J numbers lie on the 

/ imaginary axis. 

R            

  
Real numbers lie 

on the real axis. 

We saw in Chapter 9 that any point P on the Cartesian plane can be represented by a vector. The position 
. 

vector for the point P is OP. In the same way, we can illustrate complex numbers using vectors on the 

Argand plane. We call this an Argand diagram. 

. = o 
On an Argand diagram, OP = ( 

  

For example: Ay 
  

) represents  + yi. 

— 2 ) 
OP = ( ) represents 2 + 37 

  

  

  

  

  

                      

  

  

The complex conjugate of z = a + bi is 

2 =a— bi. 

In the complex plane, z* is the reflection of z 

in the real axis. 

3 

4 . 
0Q = ( 1 ) represents 4 — i 

== 0 . 
R = ( 73) represents —3i 

=2 -3 . 
S = ( 1 ) represents —3 — 

  

  

[T -1 ) 

  

Illustrate the positions of the 

following complex numbers on an 

Argand diagram: 

2 =3, 2o =4+ 31, 

z3 = bi, 24 = —4 4 24, 

25 =—3—1, 2z5=2y 

  

  

  y 
  

22 
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We can apply the vector operations of addition, subtraction, and scalar multiplication to perform these 

operations with complex numbers. 

Example 7 o) Self Tutor 

  

Suppose z3 =4 +1i and z; = —1+ 2i. Find using both algebra and vectors: 

  

      

      

      

      

  

    

  

      

      

  

                                                                          
  

          

  
    

  

  

  

    

  

  

  

a 21+ 2 b 21— 22 ¢ 2z + 2 

a 21+ 22 b 21 — 229 c 221 + 25 

=(4+i)+(-1+2i = (4+14) —2(—1+2i) =2(4+1) + (~1 — 20) 
=4+i—-1+4+2 =44+i+2—-4 =8+2i—1—-2 

=3+3i =6—3¢ =17 

Ag Ay A7 

4 -2 1 

| o] 
221+ 297 R 

- > 

R 

Y v Y 

EXERCISE 11E 

1 On an Argand diagram, illustrate the complex numbers: 

Z1 =095, 29 1+2i, 23 6—2i, z4 6i, z5=2—1i, and zg=4i 

2 Tllustrate on an Argand diagram: 

a z=3+2 and 2*=3—-2i b z2=-2+5 and 2" =-2-5¢ 

3 Suppose z is a complex number. Explain, with illustration, how to find geometrically: 

a 3z b -2z ¢ z+3 d 3i—z 

_ . - z+2 z—4 
e 2—z2 f 2*+1 g 3 h 5 

& Suppose z =142 and w =3 — . Find using both algebra and vectors: 

a z4+w b z—w ¢ 2z—w d w-3z 

5 Suppose z; =4 —1i and 2z, =2+ 3i. Find using both algebra and vectors: 

a z+1 b 2 +2i C Zz+%21 d 21;4 

6 Suppose z3 = —2+3i and zz =1 — 2i. Find using both algebra and vectors: 

a z1+2z b 22 — 2 € 2" =22 d 321 + 22 

7 Suppose z = 2 —i. From the diagram we can see that AT . 

z+ z* =4, which is real. 

a Explain, with illustration, why z - z* is always real for ‘. 

any complex number z. R? > x 
b Explain, with illustration, why z — z* is always either 

purely imaginary or zero. What distinguishes these two 7'7777777                     

cases?
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8 Using an Argand diagram, explain why for all complex numbers z and w: 

a (z4w)* =z +w* b (z—w)*=2z*—w* 

Example 8 ) Self Tutor 
  

Let 2=2+3i and w=—-3—1. 2w = (24 31)(-3 —1) 
Find zw, and illustrate z, w, and —6—-2—9+3 

zw on the same Argand diagram. = —3—11; 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                          

  

  
9 Find 2w, and illustrate 2z, w, and zw on the same Argand diagram: 

a z2=2—14, w=1+2i b z=—-144, w=3—1 

¢ 2=3—-2i, w=3+2i d 2=2i, w=2+1 

[ MODULUS AND ARGUMENT 
Since complex numbers can be represented by vectors in the Argand plane, we can attribute to them both 

a magnitude and a direction. 

The magnitude of a complex number is called its modulus, and its direction is called its argument. 

MODULUS 

The modulus of the complex number z = a + bi is the length of the vector <a>, which is the 
b 

real number |z | = v/a? + b2. 

Notice that if z = a+ bi then |z| gives the distance of the point (a, b) from the origin. This is 

consistent with the previous definition of modulus that || is the distance of real number z from the 

origin O. 

  

  

  

  

    

For example, consider the complex number z = 3 + 2. A5 

The distance from O to P is its modulus, |z|. (3,2) 

|z] =+v32+422 {Pythagoras} z 2 
-— % 

3 
v                  
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PROPERTIES OF MODULUS 

  

    

o |z =|z| We will use 
. these results in 

o |z|" =2z the Exercise. 

o |znzm|=2]]2] 

o |2 lal provided 2z # 0 
29 |22‘ 

o |z12223....zn | = |21 || 22]| 23] | 20| and |27 =]|z|" for ne€Z*. 

ARGUMENT 

Suppose the complex number z = a + bi is 
J— 

represented by the vector OP. 

The argument of z, or simply argz, is the 

angle @ in the interval —7 < 6 < m which 

is measured anticlockwise between the positive 
. 

real axis and OP. 

  

We specify the domain restriction —7 < 6 < 7 to avoid confusion with the infinitely many possibilities 

for 6 which are 27 apart. This guarantees that z — argz =6 is a function. 

Notice that: Real numbers (other than zero) have argument 0 or 7. 

Purely imaginary numbers have argument 3 or —7. 

    
        

         

      
      

      

      

      

      

                                                    

Example 9 o) Self Tutor 

Find |z| and argz for z equal to: 

a 1+3 b —1+3 

a |z|=+12+32 b |z|=+/(-1)2+32 ¢ |z|=+/(-3)2+(-1)2 

=10 =+/10 =10 

J A7 A7 

3 30\ . 3 R 

1 R 1 R 

v v 

tan0=%=3 tan¢=%=3 tan¢=% 

argz ~ 1.25 c o=~ 1.25 S 9 =0.322 

But 0=m—¢ But 0=-7+¢ 

argz ~ 1.89 cooargz R —2.82   
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EXERCISE 11F 

1 Find |z]| for z equal to: 

  

      
    

    

  

    

        
  

  

  

  

  

  

                      

  

  

a 3—4i b 5+12i ¢ -8+ d 3 e —4 

2 Find |z| and argz for z equal to: 

a 2+1 b 2—3 ¢ —2+1 d —2—4¢ 

3 Find |w]| and argw for w equal to: 

a 3+2: b -3+2 ¢ 2-% d —2+3i 

L Suppose z=a —i where a is real, and argz = 7%7" Find the exact value of a. 

5 If 2z=2+414 and w= -1+ 34, find: 

a |z b |z*| c |z Use your answers to 
check the properties 

d 2z e |zw] Y of modulus. 

g | N i |Z2| 
w [w] 

iz k| 2®] 1 z)? 

6 Find |z]| given: 

a z=cosf +isinf b z=r(cosf+isinf), reR 

7 Given |z|=2, usetherules |zw|=]|z||w| and |Z :% to find: 
w w 

a |3z| b |—2z| ¢ [(2-1)z] 

2 
d iz e |1 f = 

z 3i 

8 On separate Argand planes, sketch the set of complex numbers z Ag 

such that: 

a |z|=2 b |z]<1 2 

¢ 3<z|<4 d 0<argz<nm 
— > 

e §<a1rgz<3277r fargz=-% -2 & 

v 

9 Ag Let 2=1+43i and w =3+ 2i. 

a Find z+w. 
  

Hence find |z +w| and arg(z + w). 
  

  

n 

b 

¢ Use the cosine rule to find 6. 

d Hence verify that arg(z +w) + 0 = arg 2.   

  

S\
 ] 
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2 10 On the Argand diagram alongside, |z | =3 and argz = <F. 

Find: 

a |w| b argw 

¢ |z4w| d arg(z+w) 

  

z+1i 
11 Suppose w = where z=a+bi, a,beR.   

z—1 

a Write w in the form X + Y7 where X and Y involve a and b. 

b If |2]=1, find Re(w). 

12 Find the complex number z such that |z| =210 and 5—2 __ + 9i. 
z z 

When we work in the Cartesian plane, we often need to consider = and y components separately. In the 

complex plane we have the advantage that both components are recorded in the one number. 

PLANE 
  

DISTANCES 

Suppose P; and Py are two points in the complex plane which correspond to the complex numbers z; 

and zo. 

— —  — P 
P2P1 = P20+OP1 3 Z1— 22 

=—22+21 P, 

=2Z1 — 22 Z2 

21— 2| =| PPy | = 
= distance between Py and Ps. 0 

—_— —_— . . . 

If z1 =0OP; and 25 = OP; then |z — 22| is the distance between the points Py and Ps. 

MIDPOINTS 

The parallelogram alongside is formed using complex 

numbers w and z. 

   
   

. — — 
The diagonals of the parallelogram are OR and PQ, and 

these diagonals bisect each other. OPRQ s a 
parallelogram 

— 
Now OR=w+=z2 

w -+ z   
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Ao 

P(2,3) and Q(6, 1) are two points on the Cartesian plane. Use complex numbers to find: 

a distance PQ b the midpoint of [PQ]. 

  

  

a If 2=2+43i and w=6+1 

then w—2z=6+i—2—3i 

=4-2 

o lw—z] = /22 +(=2)2 = V20 

-, PQ = /20 units 

b z;w _ 2+3z2+6+z — 412 

the midpoint of [PQ] is (4, 2). 

  

  

  

  

        

  

          
  

      
  

  

  

  

  

  

  

  

                  
  

  

TRANSFORMATIONS 

e L] ) Self Tutor 

Find the transformation which moves z to iz. 

If z=xz+1iy, then iz=i(z+y) Ay 

=ai+i’y P/(—y,z) 

=—y+xi P(z,y) 

If z=P(z,y) then iz=P'(-y, z) 

We notice that | z| = /22 + y? » R 

and |iz|=+/(-y)? + 22 v 

= /22 + 2 

. OP' =0P 

So, z moves to iz under an anticlockwise rotation of % about O.     
  

EXERCISE 11G 

1 Use complex numbers to find i distance AB i the midpoint of [AB] for: 

a A(3,6) and B(—1,2) b A(—4,7) and B(1, —3). 

2 2z and z» correspond to the points P and Q respectively. 

a Find the exact value of |27 — 22 |. 

b Find the exact perimeter and area of triangle OPQ. 

  

3 Find the transformation which moves: 

a ztoz* b zto—z ¢ zto—2z* d zto —iz.
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4 ABCDEF is a regular hexagon centred at O, and |z | = 2. 

a Find: 

iz — 2 il |23 — 2| 

il 20— 24| iv arg(z —21) 

v arg(z4 — z6) 

b Find |z4 —¢| and interpret your answer geometrically. 

  

N \IR G 

The triangle inequality states that for any complex numbers z; and 22, |21 + 22| < |21 |+ | 22| 

What to do: 

1 Verify that |2z + 20| < |21 |+ | 22| for: 

a 2z =3+4i, 20 =067 b 21=2—-3i, 220=4+T7i 

. — — 
2 OPQR is a parallelogram. OP represents z; and OR 

represents zo, where z; and 2z are complex numbers. 

a Find, in terms of z; and 2»: 
— — 

i 0Q il PR 

b Use triangle OPQ to explain why 

|21 + 22| < |21 | + | 22]- 
Discuss the case of equality. 

  

¢ Use triangle OPR to explain why |23 — 25| > | 22| — |21 |. 

Discuss the case of equality. 

ACTIVITY 2 

A locus is a curve or other figure formed by the set of 

points which satisfy a particular equation or inequality. 

  

For example: 

e Consider the equation |z —i|=2. 

The point representing z is 2 units from the point 

representing ¢, so z lies on a circle with centre (0, 1) 

and radius 2 units. 

  

o Consider the equation |z —2| = |z + 2i|. 

The point representing z is equidistant from A(2, 0) 

and B(0, —2), so z lies on the perpendicular 

bisector of [AB]. 
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What to do: 

1 a Graph all complex numbers which satisfy |z| = 1. 

b Write | z| =1 in Cartesian form by letting z = = + yi. What does this equation represent? 

2 Tllustrate the locus of points corresponding to: 

a |z|=3 b [2[>3 c |z]<3 

k 
d arg;z:%’r e %gargzg%” f argz:%, keZ 

3 Tllustrate the locus of points corresponding to: 

a |[z-4|=1 b |[z-3i|=4 € |z+i|=2 

d [z—(24+1%)]|=2 e |z—(3+2)|=5 f |z—(—2+4)|=3 

g |[z+1[<2 h |[z—(1-9)|>2 i 1<|z-3i|<2 

4 Tllustrate: 

a {z| |z+i|=2 and Re(z) >0} b {z| |[z24+2]<3 and Im(z) <0} 

5 Write the solution set of each graph: 

a J 
5 

R    
6 [Tllustrate the locus of points corresponding to: 

a |z+i|=|z—1| b |[z2—1|=|z-3| € |z+2i]=|z| 

d |[z-3|=|z+1i] e |z—3|<|z+5| f |z—4i|>|z+4] 

CINEET  PoLAR FoRM 
We have seen that the Cartesian form of a complex number is z = a + bi. However, we can also use 

a polar form which is based on the modulus and argument of z. 

Any point P which lies on a circle with centre O(0, 0) and 

radius r, has Cartesian coordinates (rcos6, rsinf). 

on the Argand plane, the complex number represented by 

OB is z=rcos +irsind 

=r(cosf + isind) 

where r =|z| and 6 = argz. 

  

We define  cis@ = cos@ +isin€ sothat z =|z|cisé.
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A complex number z has polar form z = |z|cis@ where |z | is the modulus of z, 

6 is the argument of z, and cisf = cosf + isin 6. 

Polar form is also called modulus-argument form. 

DISCUSSION 

How do the definitions of modulus and argument help to ensure that the polar form for any complex 

number is unique? Why might this be useful? 

We will soon see that polar form is extremely powerful for performing multiplication and division with 

complex numbers, and for quickly finding powers. 

The conjugate of z has the same length as z, and its argument 

is (—0). 

If z=|z]|cisf, then z* =|z|cis(—0). 

  

  

Write in polar form: 

  

     

  

a 2 

    

  

arg(l—i) = —% 

2i=2cis § ;. —3=3cisT l—izficis(—%)     
EXERCISE 11H.1 

1 Write in polar form: 

a 4 b 4i ¢ —6 d -3 

e 1+i f2-2 g —V3+i h 2v3+2i 

2 What complex number cannot be written in polar form? Explain your answer. 

3 Convert k4 ki to polar form. 

Hint: You must consider k>0, k=0, and k <0 separately.
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Convert /3cis 5% to Cartesian form. 
  

We expand cis 23X using a V/3cis 32 

unit circle diagram. - 5 . g 
= \/§(c0sT" + isin T") 

=3 —32@ +14 % %) 

__3 3 
=73 oty TZ 

    

4 Convert to Cartesian form without using a calculator: 

a 2cis% b 8cis§ ¢ 4dcisg d 3cis0 

e 2CiS(—%) f \/§cis%" g bcism h IOcis(—%”) 

5 a Write 2 in polar form. 

b 25 has twice the length of z;. Write 25 in: 

i polar form ii Cartesian form. 

  

6 State the value of: 

a cis3f b cis0 ¢ |cis@| forany 6. 

  

  

Use your calculator to convert: 

a bcis(1.9) to Cartesian form b 6 —5i to modulus-argument form. 
  

a 5cis(1.9) ~ —1.62+4.73i 
5/1.9*a+bi 

b 6 — 5i~ /61 cis(—0.695) YT +;17g%gggzgg? 
CALCULATOR 6-5irrs0 

INSTRUCTIONS D J612-0.6947382762 

T T ] (S   

    

7 Use your calculator to convert to Cartesian form: 

a 4cis(0.7) b /3cis(2.5187) ¢ VIlcis(—32) 

d 23cis(—4) e 3.51cis(3.02) f2.83649 cis(—2.68432)
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8 Use your calculator to convert to modulus-argument form: 

a 3—4i b —5-—12i ¢ VT+V2i 

d —14+230 e 2.72-0.5T7i f —11.6814+ 13.2697¢ 

9 Add the following using Cartesian form and convert your answer to polar form: 

a 3cis§ +cis(73T") b 2cis%’r+5cis(f%") 

e LR LR (R (TS 

      

   
     

    
Suppose z = cis¢ where ¢ is acute. Find the modulus and argument of z + 1. 

|z] =1, so z ends on the unit circle. 
. - 

z+1 is the vector OB shown. 

z+1 Now OABC is a rhombus. 

arg(z+1) = % {diagonals bisect the angles} 

Let M be the midpoint of OB. 

cos%zg 

OM:cos%z 

OB=2COS%2 

|z+1\:2cosfi‘22 

  

    
10 a If z=cis¢ where ¢ is acute, find the modulus and argument of z — 1. 

b Hence write z —1 and (z—1)* in polar form. 

11 a Find, in terms of z, the equation which describes the 

points on the circle illustrated. 

b The tangent to the circle from (0, —6) meets the circle 

at the point P. 
— 

Let w = OP. 

i Show that |w|=2v3. 

ii Find argw. 

iii Hence write w in the form a + bi. 

  

PROPERTIES OF cis 8 

  

Three useful properties of cis @ are: e cisf x cis¢ = cis(0 + ¢) 

cisf . 
. g cis(0 — ¢) 

o cis(f + k2m) =cisf forall k€ Z. 

We will prove these properties in Section I.
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Example 16 

Use the properti 

  
EXERCISE 11H.2 

fq T aiq 3T 5 a cis ¥ cis {5 b Sz 
10 

o T 

e T e 3T i (T 37 b LN T _ I a cisgcisgg =cis(s + 35 —> =cis(5 — 15 
C1S —+ 10 _ e BT — i 57 = cis 35 = c1s( —10) 

— cis & P L 3 cis 3 =cis(—%) 

es of cis to simplify: 

  

  

& 
_ T e 
=Ccos 3 +1sIin 5 

=0+i(1) 
=1   

1 Use the properties of cis to simplify the following. Convert your answer to Cartesian form where 

  

      

possible. 
. . cis 36 . 

a cisfcis26 b — ¢ (cisf)3 
cisf 

ta T At I e T aja T fq 2m to 87 d cis{gcis§ e 2cis{5cis g f 2cis<E x 4cis & 

o o cis & 4dcis 75 : T o lln 2 : 12 9 V3eis(—&) x 2cis L4 h —2 L 
cis < PAGERS 3 2 

fo 3T i T 
. \/5015— V32cis = . 4 i Kk — 5 I (V2cis %) 

cis 15 ficns(—?) 

107w Simplify cis =5 

  

) Self Tutor 

  

2 Use the property cis(6 

a cislim 

3 Suppose z = 2cisf. 

a State |z| and argz. 

b Write in polar form 
o* 

—z* 

  k2m) = cisf, k € Z to evaluate: 

b cis(—37m) 

            
   

—2cis @ is not in polar form 

since the modulus of a complex 

number cannot be negative. 
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€T TICR T «) Self Tutor 

Use the properties of cisf to find the transformation which moves 

z to iz. 

Let z=rcisf anduse i=1cis3. 

. iz =cis§ x rcisf 

= rcis(0+ %) 

2 has been rotated anticlockwise by 7 about O. 

  

L a Write —i in polar form. 

b Suppose z =rcisf is any complex number. Write —iz in polar form. 

¢ What transformation maps z to —iz? 

5 a Write —1 in polar form. 

b Suppose z =rcisf is any complex number. Write —z in polar form. 

¢ What transformation maps z to —z? 

6 Suppose z =rcisf is a complex number. Use a geometric interpretation of z* to help write z* in 

polar form. 

MULTIPLICATION OF COMPLEX NUMBERS 

Suppose z=|z|cisf and w=|w|cis¢ 

Then zw =|z|cisf X |w|cisd 

=|z||w|cis(6 + @) {property of cis} 
—— 

non-negative 

oo lzw| =z||w| and argzw =0+ ¢ = argz + argw. 

If a complex number 2z is multiplied by rcis@ then its modulus is multiplied by r 

and its argument is increased by 6. 

3 €1 TR 

Write z=1++/3i in polar form. 

Hence multiply z by 2cis 5. 

  

    

     
       

Tllustrate what has happened on an Argand diagram. 

Q 
a 

O 
o 

What transformations have taken place when multiplying z by 2cis &? 

If 2=1++/3i, then |z|= 

Now tan6’=31@=\/§ 

argz =% {Re(z), Im(z) > 0} 

z =2cis 

12+ (V3)2=2 

ol   
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b (1+3i) x 2cis T =2cis L x 2cis & < 
=4cis(§ I %) 

=4cis g 

=40+ 1i) 
=4 

  

d  When 2 was multiplied by 2cis %, it was dilated with scale factor 2, then rotated anticlockwise 

through %. 

  

EXERCISE 11H.3 

1 a Write z=2—2¢ in polar form. b Hence multiply z by % cis Z. 

W
l
 

¢ Tllustrate what has happened on an Argand diagram. 

d What transformations have taken place when multiplying z by %cis n 

2 a Write z=—+/3+1i in polar form. b Hence multiply z by %cis (7§) 

¢ Tllustrate what has happened on an Argand diagram. 

d  What transformations have taken place when multiplying z by 5 c1s(7§)? 

3 Suppose z=—1+4i and w=1—+/3i. 

a Write z and w in polar form. b Hence find zw in polar form. 

¢ Describe the transformation to z when it is multiplied by w. 

B LR LR R T 

77r I 
12 

  

and sin <% in simplest surd form. Use complex numbers to write cos 45 

  

N 
cos + isin 45 T2 

i 
12 

— cis(% + 45) 
=cisf xcisZ {cis( + ¢) = cisf x cis ¢} 

=cis % 

  S (COSZ + i sin %) X (COS + i sin 3) 

= (95 57) (3 + 54) 

= (= 2%) + 15 ) 

  

    

: . I _ (1=/3 V2 _ V/2—6 Equating real parts: CoS 153 = ( 273 ) X 5= 7 

Equating imaginary parts:  sin 12 = \45\/4%1 X 7; = \/EI\/E     
  

4 Use complex number methods to find, in simplest surd form: 

1lm a cos{; and sin {5 b cos4F and sin 4F 1ln 
12
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5 Use polar form to explain why: 

has modulus =1 and argument argz —argw provided w # 0 
z 

a = 

w [w] 
ZTL b has modulus |z|" and argument nargz forany neZ*. 

6 Suppose z=2cis% and w=75 cis(f%’r). Find the modulus and argument of: 

a z b w ¢ zw d 2 
w 

7 In the Argand diagram alongside, |z| =3 and |w|=2. 

a Write z and w in polar form. 

b Describe the transformation to z when it is multiplied 

by w. 

¢ Draw z, w, and zw on an Argand diagram. 

  

oLy o) Self Tutor 

Suppose z = \/2cis@ where 6 is obtuse. Find the modulus and argument of: 

  

  

a 2z b - c (1-9)= 
T 

8 2z = 2v/2cisf The range of arg is 
o 122] =2v2 and arg2z=46 —r<O< . 

b i=cis% 

z_ ficisé‘ 

i cis P 

S 20is(9—%) 

Z1=V2 and arg(i) =0-% {since @ is obtuse, —7 <0 — 5 <7} 
1     

1—i=+2cis(-%) 

(lfi)z:\/icis(f%) X V/2cisf 

=2<:is(—% +0) 

o (M —=id)z| =2 and arg((1—i)z)=6—%    
8 Suppose z = 3cisf where 0 is acute. Find the modulus and argument of: 

a —z b 22 c iz d (1+1i)z e 2 | 
i 1—1 
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9 ABC is an equilateral triangle. Suppose z; represents (7\, 

z9 represents (fi, and 23 represents (Yf 

a Explain what vectors represent zo —z; and 23— 2zo. 

29 — Z 29 — Z 

2 1’ and arg( 2 1). 
23 — 22 23 — 22 

    b Find 
  

  

  

_\3 
¢ Hence find the value of (Zz Zl) . 

23 — 22 

HISTORICAL NOTE 

One of the most remarkable results in mathematics is known as Euler’s beautiful equation ¢™ = —1 

named after Leonhard Euler. 

FORM 
  

  

It is called beautiful because it links together three great constants of mathematics: Euler’s 

constant e, the imaginary number 7, and the ratio of a circle’s circumference to its diameter, which 

is 7. 

Harvard lecturer Benjamin Pierce said of ™ = —1, 

“Gentlemen, that is surely true, it is absolutely paradoxical; we cannot understand it, and we 

don’t know what it means, but we have proved it, and therefore we know it must be the truth.” 

Euler’s beautiful equation is a special case of a more general result that Euler proved: 

Forany 0 € R, e = cosf + isiné. 

This identity allows us to write any complex number z = |z |cis@ in the exponential form or Euler 

form z=|z|e'. 

For example, consider z =1+ 1. 

|z|=+v2 and =1, 

1+i= flcis% = \/§ei§ 

So, V2cis T is the polar form of 1+ 

  

and \/§eiZ is the exponential form of 1+ 1. 

INVESTIGATION 

We cannot prove the Euler identity for ourselves until we study calculus. However, in  EXPONENTIAL 

this Investigation we put together our knowledge of exponentials and complex numbers 

to justify why it is reasonable. 
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Evaluate: ae'® b i~ 

  

b Now i=0+1¢ 
_ T s 
=cosy +1siny 

  

    
EXERCISE 111 

1 Use € =cosf+isind to write each of the following complex numbers in Cartesian form: 
s —iZ 

a em b 3 c e 

2 Write: 

a —1+41i in polar form and exponential form 

s b 3cis(—g) in Cartesian form and exponential form 

.27 

¢ 2" in Cartesian form and polar form. 

3 Use your calculator to convert to Cartesian form: 

  

a 6121' b 46—0.71' c 8.462’63i d 0'626—1021 

) 

& Use your calculator to convert to exponential form: Shamics 

a 5+2i b —9+4i ¢ —26-18 d 5—iV/19 INSTRUCTIONS 

5 Use cisf = e to prove that: 

a cisfcis¢ = cis(6 + ¢) b C_lse = cis(f — ¢) 
cis¢ 

¢ (cisf)™ = cisnb d cis(0 + 2km) =cish, ke Z 

6 Suppose z = cisf, find the argument of: 
2 

a 23 b z ¢ izt d —izb 

7 Given z =2¢ and w = 3¢*®, find the modulus and argument of: 

4 z 3 a Jw b zlw ¢ = d wdx./z 

8 Evaluate: 

a ¢ b e7? ¢ 3 d ¢ 

9 Prove that for any angle 6: 

T 0 _ —if 
a cosh=St b sinf=2 ° 

2 24
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2z 
10 Let w=2e°6 . 

a Draw w, w?, and w® on an Argand diagram. 

b Find the smallest integer k >3 such that w* is purely imaginary. 

e o 

11 Given Aeig +12Be % =¢'F, find the exact values of 4 and B. 

NN FREQUENCY AND PHASE 
The exponential form is particularly useful in applied mathematics because: 

e it connects the exponential and trigonometric functions 

e we can apply the usual exponent laws 

e we can consider just real parts or just imaginary parts whenever we wish. 

In this Section we consider the addition of trigonometric functions with the same frequency but different 

phase. 

For example, sin(3t— Z) and sin(3t+ Z) have the same period and therefore oscillate with the same 

frequency. However, they are not in the same phase because their maxima do not occur at the same time. 

ECIITEEN 
Write 10cos(2t + 1) + 7cos(2t 4+ 3) in the form Acos(2t + B) where A >0, —m < B < 7. 

  

10 cos(2t + 1) + 7 cos(2t + 3) = Re (10 cis(2t + 1) + 7cis(2t + 3)) 
— Re (10e@H+Di | 72437 

Now  10e(HH+1)7 4 7e(2t+3)i 
DI = e?"(10€ + 7¢*) -1.526924418 

. +9.4025499041i ~ e (—1.53 + 9.405) Ans»r/0 
) _ 9.525725321 

~ €21 (9.53¢17) £1.731785654 
  

] 
DA YA T >       

  

~ 9.53¢(2t+1.73)i 

So, 10cos(2t + 1) + 7cos(2t + 3) ~ Re (9.53¢ZH+179)1) 

~ 9.53 cos(2t + 1.73)     
  

EXERCISE 11J 

1 Write: 

a 4cos(3t+1)+3cos(3t +4) in the form Acos(3t+ B) where A>0, -1 <B<w 

b 7cos2t+ 5cos(2t + 3) in the form Acos(2t + B) where A >0, —7 < B< . 

2 a Show that 5sin(t + 1)+ 6sin(t + 5) = Jm (57 4 6e(t+5)7). 

b Hence write 5sin(t+1)+6sin(t+5) inthe form Asin(t+B) where A >0, —7 < B < 7. 

3 Write: 

a sindt + 8sin(4t + 3) in the form Asin(4t + B) 

b 10sin(2t + 3) + 6sin(2t — 1) in the form Asin(2t + B).
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4 a Write 3cosz + Scos(x — 2) in the form 

Acos(z + B). 

b Hence find the coordinates of the labelled 

points. 

y=3cosx+5cos(x —2) 

  

5 Write 6cosz + 8sinz in the form Acos(z + B). 

6 Two voltage sources are connected to a circuit. At time ¢ milliseconds, the voltage from source A 

is Va(t) = 10cos(30¢t) volts, and the voltage from source B is 15cos(30t + 5) volts. 

a Write, in the form V' (¢) = Acos(30t + B), an expression for the total voltage in the circuit 

at time ¢ milliseconds. 

b Hence find the highest voltage in the circuit. 

7 Gracie is swimming in a large lake. At time ¢ seconds, she 

is affected by waves with height H;(¢t) = 0.2sin2t m from 

the wake of a speed boat, and waves of height 

Hj(t) = 0.05sin(2t + 1) m from the wake of a kayak. 

a Write, in the form H(t) = Asin(2t+ B), an expression 

for the total height of the wave affecting Gracie at time 

t seconds. 

b At what times in the first 10 seconds is the wave not 

affecting Gracie at all? 

  

¢ 1 Find the first time at which the wave affecting Gracie has maximum height. 

ii At this time, what percentage of the wave is caused by the speed boat? 

REVIEW SET 11A 

1 Write in terms of i: 

a /—49 b /23 ¢ —/—3 

2 Solve for z using the quadratic formula: 

a 22—62+11=0 b 22 +3=2V2 ¢ 422 +3x+1=0 

3 Given 2=6—2i and w =3+ 7i, find: 

a z* b JIm(w*) ¢ Re(z—3w) 

4 If z=3+17 and w= —2— 1, find in simplest form: 

a 2z—3w b = < l* 
w w 

  5 Find exactly the real and imaginary parts of 3 ++/3. 
i++v3 

6 Find a complex number z such that 2z —1 = iz —i. Write your answer in the form z = a+bi 

where a, b € R. 

  2*3? =3+ 2i. 
2a + bi 

7 Find rationals a and b such that



294  COMPLEX NUMBERS (Chapter 11) 

8 On an Argand diagram, illustrate the complex numbers: 

a 3—-2¢ b —1+45¢ 

9 Suppose z=3+2i and w = —2+ . Find, using both algebra and vectors: 

a z+w b 2z—w [ d 3w* —z* 

10 Find |z| and argz for z equal to: 

  

a 5+2 b —5+2 € 5—2 d —2+50 

11 Given |z| =05, find: 

a |5z| b |4z ¢ |(3+1i)z| 

d|: e |2 r 
z z z           

12 Write in polar form: 

a 3+3i b -7 ¢ —6v3+6i 

13 Use your calculator to convert: 

a —4—T7i to polar form b 25cis§ to Cartesian form. 

14 OABC is a rectangle. 

2 = cis‘%’r and z3 = \/gcisq&. 

a Find ¢. 

b Find arg(z; — 22). 

¢ Write 23 in polar form. 

  

  15 If 2 —cis¢ and w= -, show that w = cis¢ also. 
1+ 2* 

16 a Write z=—1—1i in polar form. 

b Hence multiply z by 3cis . 

¢ [Illustrate what has happened on an Argand diagram. 

d What transformations have taken place when multiplying z by 3cis §? 

17 Let 2 =cosg +ising and zp =cosf +isin 7. 

3 
Express (Z—1> in the form z = a + bi. 

22 

18 If z2=4+¢ and w=2— 34, find: 

a 2w* —iz b |w—z*| < |z10‘ d arg(w— 2) 

19 Write 2 —24/3i in polar form. Hence find all values of n for which (2 — 2\/§z)n is purely 

imaginary. 

20 If z=4cisf, find the modulus and argument of: 

1 . 
a 2° b - ¢ iz* 

z 

21 [Illustrate the region defined by: 

a {z]| 2<|z|<5} b {z]| —Z<argz<3}
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22 P,P,P; is an isosceles triangle where PP3 = V/3PPs. Py 
. L. —_— —_— 

O is an origin such that OP; = z;, OPy = 29, and 
— 
OP;3 = 23. 

Suppose arg(ze — 21) = a. P, Py 

a Show that arg(z3 —z2) = a — 5. 

b Find the modulus and argument of 2]   
23_/52. 

.27 

23 Write in Cartesian form: a e’ b He '™ 
wa iz . iz — . . 

24 Given z=4e * and w=3e 3, write zw in polar form. 

25 Write sin3¢ +4sin(3t — ‘%") in the form Asin(3t+ B), where A >0 and —7 < B < 7. 

REVIEW SET 11B 

1 Solve for x: 

  

a 222=-18 b 22-5z+7=0 ¢ 222 +6z—-9=0 

2 Find the complex conjugate of: 

a —3-8i b 1+35 ¢ (2+1)(4—59) 

3 For 2=2+3; and w=—6+1, find: 

a z+3w b zw c ¥ d Z— 
z 7 

4 Use technology to find: 
Y 442 e - 

a (5—28&) b Goi? ¢ (2—30) d (1+4) 

5 2 and w are two complex numbers such that 2z +w =14 and z — 3w =7 — 10i. 

Find z+w in the form a + bi. 

6 Find real = and y such that: 

a z+iy= b 3—-2i)(z+i)=17T+yi 

¢ (z+iy)?=x—iy d 3z +2yi)(1—i)=By+1)i—=   
7 Suppose 22 =05 — 12i. Write z in the form a +bi where a, b € R. 

8 Let z=a+bi beacomplex number and k be a real constant. Prove that (kz)* = kz*. 

9 2z and w are non-real complex numbers with the property that both z +w and zw are real. 

Prove that z* = w. 

10 Suppose z =4 —i. Show, on a single Argand diagram: 

  

  

a z b * ¢ 2+ 3 d Z_;l 

11 Given |z|=4, find: 

a |3z b |2z c ’“‘ d |(3—i)z] 
z   

12 Let z2=1+4¢ and w=—-2—1. 

Find zw, and illustrate z, w, and zw on the same Argand diagram.
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13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 
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If 2=—-1+3i and w=3+1, find: 

a |z| b |w| ¢ |2)? d zz* 

z 
e |zw]| f 

w s || h |2     

On an Argand diagram, illustrate the set of points corresponding to: 

  a |z|>1 b Z<argz< ¢ argz=+% 

Write in polar form: 

a —5i b 2-2i\3 ¢ k—ki where k<0 

Convert to Cartesian form: 

a 4cis§ b \/icis%" c 8cis(7§) 

Simplify: 

a cisZcisZt b 2010 Cisi(s_%l%) ¢ cisZr 

dx Suppose z =rcis where 7> 0. Write in polar form: 

a 3z b —2 ¢ 2* d 2?2 e iz 

Suppose z = (1 + bi)? where b is real and positive. Find the exact value of b if argz = r 

If z=2y2cisa, write (1 —i)z in polar form. Hence find arg[(1 —1)2]. 

—_— —_— . . 

z1 = OA and 2z, = OB represent two sides of a right B 

angled isosceles triangle OAB. 
2 

. z 
a Determine the modulus and argument of —1,_,4 Py 22 

Z. D 
b Hence deduce that 2,2 + 2, = 0. 2 

O 

Points A and B represent the numbers z = 2 — 2 and w = —1 — /3i respectively in the 

complex plane. 

a Given the origin O, find AOB in terms of . 

b Calculate the argument of zw in terms of 7. 

¢ Find £ >0 given that the real powers of ki all lie on a circle centred at O. 
w 

Write: 

a —3— 3¢ in polar form and exponential form 

5w b 5cis(—3F) in Cartesian form and exponential form 

¢ 7e? in Cartesian form and polar form. 

In an unbalanced three-phase electrical circuit, the current at time ¢ ms is given by 

I(t) = 5sin 10t + 7sin (10t — %) + 8sin (10t — %) milliamperes. 

a Write I(¢) in the form A cos(10t + B). 

b Find the highest current flowing through the circuit, and the time at which it first occurs. 
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  OPENING PROBLEM 

Aakriti owns a stationery shop. She sells two brands of pen, in three colours. Her sales for one week 

are shown in the table below. 

Colour | Pentex | Rollerball 

Blue 32 24 

Black 25 16 

Red 183 9 

Pentex pens sell for $1.19 each, and Rollerball pens sell for 

$1.55 each. 

Things to think about: 

a How can we convert the table into a 3 X 2 quantities matrix Q? 

  

       

      

     
b How can we display the prices in a price matrix P? 

¢ How can we multiply the matrices Q and P? What does the matrix QP represent? 

d Can you find the total revenue for Aakriti in pen sales for the week? 

A matrix is a rectangular array of numbers arranged in rows and columns. 

The vectors we have just studied are a special class of matrix, 

having just a single column. They are often called column 

vectors or column matrices. 

The plural of matrix 

is matrices. 

In type, we generally use a bold capital letter such as A to 

represent a matrix. However, we can also use a bold lower 

case letter if we particularly want to indicate a column vector. 

CNEE . MATRIX STRUCTURE 
Matrices are used extensively to summarise the numerical information from a table. They are fundamental 

to all digital storage, and are hence one of the most used mathematical tools in existence. 

  

For example, we can write these two tables of information as matrices by extracting the numbers and 

placing them in brackets. 

Furniture inventory 

|| chairs | tables | beds | 
1 2 

Shopping list 

6 

9 2 3 

10 3 4 

Furniture inventory matrix F = 

   

=
N
 

Shopping list matrix S = 

Notice how the organisation of the data is maintained in matrix form.
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MATRIX ORDER 

The order of a matrix with m rows and n columns is m X n. By convention, the 
a;; are labelled 

down then across. 
A = (a;j) where i=1,2,3,...,m L ( ) 

1 

=123 ..,n 

and a;; is the element in the ith row, jth column. 

If the matrix A has order m x n, we can write 

   For example: 

2 0 1 

The element 3 is in row 1 and column 2, so ajo = 3. 

1 (3] —1j\<—row 1 

2 (0] 1 

! 

o A= ( 13 71) has 2 rows and 3 columns, so isa 2 x 3 matrix. 

      

      

  

column 2 
2 

e S= (15 has 4 rows and 1 column. Sisa 4 x 1 column matrix or column vector. 

1 

6 1 2 

e F=19 2 3 has 3 rows and 3 columns. F is a 3 x 3 square matrix. 

10 3 4 

e R= (3 1 2) has 1 row and 3 columns. Risa 1 x 3 row matrix. 

  

Lisa goes shopping at store A to buy 2 loaves of bread at $2.65 each, 3 litres of milk at $1.55 per 

litre, and one 500 g tub of butter at $2.35. 

a Represent the quantities purchased in a row matrix Q, and the costs in a column matrix A. 

   
    
       

    

  

b When Lisa goes to a different supermarket (store B), she finds that the prices for the same 

items are $2.25 for bread, $1.50 for milk, and $2.20 for butter. 

Write the costs for both stores in a single costs matrix C.     The quantities matrixis Q = (2 3 1) 

S 
bread milk butter 

2.65 \ <— bread 

The costs matrix is A = | 1.55 |<—milk 

2.35 | <— butter 

b We write the costs for each store in separate columns. 

2.65 2.25 \ «<— bread 

The new costs matrix is C = | 1.55 1.50 |<—milk 

2.35 2.20 / «<— butter 

t 
store A store B    
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EXERCISE 12A 

1 Write down the order of: 
1 2 3 

a (510 2) b(?) G‘;) d 204 
5 1 0 

3 -1 

2 Suppose A = 0 2 |. State the value of: 

-3 1 

a a2 b an € az d as 

3 A grocery list consists of 2 loaves of bread, 1 kg of butter, 6 eggs, and 1 carton of cream. Each loaf 

of bread costs $1.95, each kilogram of butter costs $2.35, each egg costs $0.45, and each carton of 

cream costs $2.95. 

a 

b 

< 

Construct a row matrix Q showing quantities. 

Construct a column matrix P showing prices. 

What is the significance of (2 x 1.95) + (1 x 2.35) + (6 x 0.45) + (1 x 2.95)? 

L A food processing factory produces cans of beans in three sizes: 200 g, 300 g, and 500 g. 

In February they produced respectively: 

a 

b 

5 Over a long weekend holiday, a baker produced the following 

food items:  On Friday he baked 40 dozen pies, 50 dozen pasties, 

55 dozen rolls, and 40 dozen buns. On Saturday he baked 

25 dozen pies, 65 dozen pasties, 30 dozen buns, and 44 dozen 

rolls. On Sunday he baked 40 dozen pasties, 40 dozen rolls, 

and 35 dozen of each of pies and buns. On Monday he baked 

40 dozen pasties, 50 dozen buns, and 35 dozen of each of pies 

and rolls. Represent this information as a matrix, labelling each 

row and column. 

IR MATEouAuTy 

. a b 
For example, if (c d) 

1000, 1500, and 1250 cans of each in week 1 

1500, 1000, and 1000 cans of each in week 2 

800, 2300, and 1300 cans of each in week 3 

1200 cans of each in week 4. 

Construct a matrix P to show February’s production levels. 

State the order of P. 

    

Two matrices are equal if they have the same order and the elements in 

corresponding positions are equal. 

A=B & aij:bij foralli,j. 

(w x) then a=w, b=z, c=y, and d=z. 
y oz



MATRICES (Chapter 12) 301 
  

EXERCISE 12B 
(1 2 (1 =2 (1 2 0 . . 

1 Suppose A7<3 1), Bf<3 1 >, and C7<3 1 0). Explain why: 

a A#B b A£C 

2 Find z and y if: 

G- LA () 
G0 G- 

I3 [T ADDITION AND SUBTRACTION 
MATRIX ADDITION Store 

A B C 

23 41 68\ dresses 

28 39 79 | skirts 

46 17 62 / blouses 

Thao has three stores: A, B, and C. Her stock levels for 

dresses, skirts, and blouses are given by the matrix: 

Some newly ordered stock has just arrived. 20 dresses, 30 skirts, and 50 blouses must be added to the 

stock levels of each store. 
20 20 20 

The new stock is summarised by the matrix: 30 30 30 

50 50 50 

23 41 68 20 20 20 43 61 88 

So, the new levels are: 28 39 79| +1]30 30 30| =158 69 109 

46 17 62 50 50 50 96 67 112 

To add two matrices, they must be of the same order, and we add 

corresponding elements. 

MATRIX SUBTRACTION 
29 51 19 15 12 6 

Suppose Thao’s stock levels were 31 28 32 and her sales matrix was 20 16 19 

40 17 29 19 8 14 

Thao will be left with her original stock levels less what she has sold. 

Clearly, we need to subtract corresponding elements: 

29 51 19 15 12 6 14 39 13 

31 28 32 ) —(20 16 19 ) =1{ 11 12 13 

40 17 29 19 8 14 21 9 15 

To subtract matrices, they must be of the same order, and we subtract 

corresponding elements.
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SUMMARY OF MATRIX ADDITION AND SUBTRACTION 

  

      o A £ B = (a;) % (by;) = (ai; £ bij) 
e We can only add or subtract matrices of the same order. 

e We add or subtract corresponding elements. 

e The result of addition or subtraction is another matrix of the same order. 

Example 2 ) Self Tutor 

12 3 2 1 6 31 ) 
IfAf(6 5 4>,B7(0 3 5), and C—(2 4>, find: 

a A+B b A+C 

a A+B=<(1), g Z)+((2) ; g) b A + C cannot be found as the 

matrices do not have the same 
142 241 3+6 order. 

6+0 5+3 4+5 ( 
(3:9) 

  

  

ECTITEN ) Self Tutor 
3 4 8 2 0 6 3 4 8 2 0 6 

If A={2 1 O0)and B=|3 0 4], A-B=12 1 0)—-3 0 4 
1 47 5 2 3 1 47 5 2 3 

find A — B. 3—2 4-0 8-6 

=12-3 1-0 0-4 
1-5 4-2 7-3 

1 4 2 
=|1-11 -4 

-4 2 4     

  

EXERCISE 12C 

3 4 6 -3 -3 7 . 
1 If A7(5 2), Bf(_2 1), and C,(_4 _2), find: 

a A+B b A+B+C ¢ B+C d C+B-A 

3 5 —11 17 -4 3 

2 IfP=1|10 2 6 and Q= -2 8 -8 |, find: 
-2 -1 7 3 -4 11 

a P+Q b P-Q cQ-P 

3 A restaurant served 85 men, 92 women, and 52 children on Friday night. On Saturday night they 

served 102 men, 137 women, and 49 children. 

a Express this information in fwo column matrices. 

b Use the matrices to find the totals of men, women, and children served over the two nights.
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L4 David bought she}res in five companies on Monfiay, and he Cost price | Selling price 

sold them on Friday. The details are shown in the table per share per share 

alongside. 

a Write down David’s column matrix for: 

i cost price il selling price. 

  

b What matrix operation is needed to find David’s profit 

or loss on each type of share? 

  

¢ Find David’s profit or loss matrix. 

5 In November, Lou sold 23 fridges, 17 stoves, and 31 microwave ovens. His partner Rose sold 

19 fridges, 29 stoves, and 24 microwave ovens. 

In December, Lou sold 18 fridges, 7 stoves, and 36 microwaves, and Rose sold 25 fridges, 13 stoves, 

and 19 microwaves. 

a Write their sales for November as a 3 x 2 matrix. 

b Write their sales for December as a 3 x 2 matrix. 

¢ Write their total sales for November and December as a 3 x 2 matrix. 

2 1 -1 2 
6 a IfA7<3 _1> and B7(2 3>, find A+ B and B + A. 

b Explain why A +B =B + A forall 2 x 2 matrices A and B. 

-1 0 3 4 4 -1 
7 a For A=<1 5),B:(_1 _2),and C=<_1 3), find (A+ B)+ C and 

A+ (B+C). 

b Prove that if A, B, and C are any 2 x 2 matrices, then (A + B) + C =A + (B + C). 

Hint: Let A = (‘cl Z) B= (ff Z) and C = (ZJ j) 

[0 T SCALAR MULTIPLICATION 
In the pantry there are 6 cans of tomatoes, 4 cans of beans, and 8 cans of fish. We represent this by the 

6 
column vector C = | 4 

12 

If we doubled the cans in the pantry, we would have 8 whichis C + C or 2C. 

16    

       

Notice that to get 2C from C we simply multiply all the matrix elements by 2. 

3x6 18 
Likewise, trebling the cans in the pantry gives 3C = [ 3 x4 | = | 12 |, 

3x8 24 

1x6 3 
We al it 

and halving them gives $C = | 4 x4 | = 2 € aways Wge 
1 % %8 4 5C and not 5
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If A = (a;;) has order m x n, and k is a scalar, then kA = (ka;;). We use capital letters 
. . for matrices and lower 

So, to find kA, we multiply each element in A by k. case letters for scalars. 

The result is another matrix of order m X n. 

  

  

) Self Tutor 

If A is <§ 3 ?), find: 

a 3A b A 

cums(3 2 ) o i3 ) 
7<3><1 3x2 3><5> ix1 Ix2 ix5 
“\3x2 3x0 3x1 (%x2 10 %xl) 

:(2 g 135) (% 1 2%) 
10 % 

  

  
EXERCISE 12D 

1 If B:(6 12), find: 24 6 

a 2B b B ¢ 5B d —1iB 

2 35 121 
2 IfA—(1 6 4) and B_<1 9 3), find: 

a A+B b A-B ¢ 2A+B d 3A-B 

3 A builder builds a block of 12 identical apartments. Each apartment is to contain 1 table, 4 chairs, 

2 beds, and 1 wardrobe. 

1 

4 . . . . 
Let A = 9 be the matrix representing the furniture in one apartment. 

1 

In terms of A, what is the matrix representing the furniture in a// apartments? Evaluate this matrix. 

4 On weekdays, a video store finds that its average daily rentals are 75 DVD movies, 27 Blu-ray 

movies, and 102 games. On weekends, the average daily rentals are 43 Blu-ray movies, 136 DVD 

movies, and 129 games. 

a Represent the data using fwo column matrices A and B .\ <—— DVD movies 

with the structure alongside. ... | =—— Blu-ray movies 

b Find 5A + 2B and explain what it represents. ... | =—— games
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5 Isabelle sells clothing made by four different companies A, B, C, 

and D. 

Her usual monthly order is: 

A B C D 

skirt 30 40 40 60 

dress 50 40 30 75 

evening | 40 40 50 50 
suit 10 20 20 15 

a Find Isabelle’s total annual order assuming her usual order 

is placed each month. 

  

b Find Isabelle’s order, to the nearest whole number, if she: 

i increases her usual order by 15% il decreases her usual order by 15%. 

ZERO MATRICES 

  

A zero matrix is a matrix in which all the elements are zero. 

For example, the 2 X 2 zero matrix is (8 g), and the 2 x 3 zero matrix is (g 8 8) 

If A is a matrix of any order and O is the corresponding zero matrix, then 

A+0=0+A=A 

For example: (i E’l)Jr(g g):(i 31) and (g 8)+(Z El):(i ,31) 

NEGATIVE MATRICES 

The negative matrix A, denoted —A, is actually —1A. 

—A is obtained from A by reversing the sign of each element of A. 

. 3 -1 —1x3 —-1x-1 -3 1 
Forexample,lfA—(2 4), then _A_<71><2 71><4)_<72 74) 

The addition of a matrix and its negative always produces a zero matrix. 

A+ (-A)=(-A)+A=0 

. 3 —1 -3 1\ (00 
For example: <2 4)+(_2 _4)—<0 0).
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MATRIX ALGEBRA 

We now compare our discoveries about matrices so far with ordinary algebra. 

In the following table we assume that A, B, and C are matrices of the same order. 

Ordinary algebra Matrix algebra 

If a and b are real numbers then | If A and B are matrices then A + B isa 

a-+b is also a real number. mamx of the same order. 

+b)+c=a+(b+c) +B) +C=A+ (B+ C) ({associative} 

fO—OJra—a FO=0+A=       7( a) = a)+a*0 

Example 5 ) Self Tutor 

Show that: 

a if X+ b if 3X = A then X 

  
  

  

EXERCISE 12E 

1 Simplify: 

a A+2A b 3B - 3B ¢ C-2C 

d -B+B e 2(A+ B) f —(A+B) 

—(2A - ©) h 3A - (B—A) i A+2B—(A-B) 

2 Find X in terms of A, B, and C if: 

a X+B=A b B+X=C ¢ 4B+ X =2C 

d 2X=A e 3X=B f A—-X=B 

g IX=cC h 2X+A)=B i A—4X=C 

3 Find X given that: 

(1 2 Iv (2 -1 o 
a M,(?) 6) and ;X =M b N7(3 5) and 4X =N 

1 0 1 4 
< A7<_1 2>,Bf<_1 1), and A — 2X = 3B.
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EANIT MATRIX MULTIPLICATION 
THE PRODUCT OF A ROW MATRIX AND A COLUMN MATRIX 

Suppose you go to a garden centre and buy: 

e 4 cordylines at €13.50 each 

e 3 camellias at €22.50 each 

e 2 conifers at €26.30 each. 

cordyline camellia conifer 

€13.50 €22.50 €26.30 

  

Suppose we write the quantities in the row matrix A = (4 3 2) 

13.50 

and the costs in the column matrix C = | 22.50 

26.30 

The total cost of the plants is given by 4 x €13.50 + 3 x €22.50 + 2 x €26.30 = €174.10. 

Notice how each member in the row matrix A is multiplied by the corresponding member in the column 

matrix C, and the results are added together. This is how we define the matrix product AC. 

More generally, for a 1 x 3 row matrix multiplied by a 3 x 1 column matrix, we could write: 

p 
(a b c) q | =ap+bg+cr 

7 

EXERCISE 12F.1 

1 Determine: 1 

5 > 0 a (3 71)<4) b (1 3 2)|1 < (6 -1 2 3) 
7 

4 

2 a Show that the sum of w, z, y, and z is given by (w z y z) 

o
 

e 
e 

b Represent the average of w, z, y, and z in a similar way. 

3 Lucy buys 4 shirts, 3 skirts, and 2 blouses costing $27, $35, and $39 each respectively. 

a Write down a quantities matrix Q and a price matrix P. 

b Show how to use P and Q to determine the total cost of Lucy’s clothes. 

4 In the interschool public speaking competition, a first place 

is awarded 10 points, second place 6 points, third place 

3 points, and fourth place 1 point. One school won 3 first 

places, 2 seconds, 4 thirds, and 2 fourths. 

a Write down this information in terms of a points 

matrix P and a numbers matrix N. 

b Show how to use P and N to find the total number of 

points awarded to the school.  
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MATRIX MULTIPLICATION 

Consider again Example 1 on page 299. 

Lisa needed 2 loaves of bread, 3 litres of milk, and 1 tub of butter. 

We represented this by the quantities matrix Q = (2 31 ) 

2.65 2.25 
The prices for each store were summarised in the costs matrix C = | 1.55 1.50 

2.35 2.20 

To find the total cost of the items in each store, Lisa needs to multiply the number of items by their 

respective cost. 

In Store A, a loaf of bread is $2.65, a litre of milk is $1.55, and a tub of butter is $2.35, so the total cost 

is 2 x $2.65 + 3 x $1.55 + 1 x $2.35 =$12.30. 

In Store B, a loaf of bread is $2.25, a litre of milk is $1.50, and a tub of butter is $2.20, so the total cost 

is 2 x $2.25 + 3 x $1.50 + 1 x $2.20 =$11.20.     
To do this using matrices, notice that: 

total cost in store A total cost in store B 

row Q x column 1 row Q X column 2 

2.65 2.25 / l 
QC=(2 3 1) x 155 1.50 | = (1230 11.20) 

2.35 220 

1 X 8 <— the same— 3 x 2 1x2 

1— resultant matrix —I 

Now suppose Lisa’s friend Olu needs 1 loaf of bread, 2 litres of milk, and 2 tubs of butter. 

o . . 2 3 1\-<—Lisa 
The quantities matrix for both Lisa and Olu would be ( 1 2 9 ) Olu 

o 
bread milk butter 

Lisa’s fotal cost at Store A is $12.30, and at store B is $11.20. 

Olu’s total cost at Store A'is 1 x $2.65 + 2 x $1.55 + 2 x $2.35 = $10.45, 

and at Store Bis 1 x $2.25 4+ 2 x $1.50 + 2 x $2.20 = $9.65.     

So, using matrices we require that 

row 1 x column 1 

l —row 1 x column 2 
v 

(2 3 1) " ?gg ?gg -~ (12.30 11.20) 
1 2 2 235 92.90 10.45 9;65 

L—row 2 x column 2   
row 2 x column 1 

2><.<—thcsamc—>.><2 2x2 

I— resultant matrix —I 

Having observed the usefulness of multiplying matrices in the contextual examples above, we now define 

matrix multiplication more formally.
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The product of an m X n matrix A with an n X p matrix B, is the m x p matrix AB in which the 

element in the rth row and cth column is the product of the rth row of A (as a row matrix) and the 

cth column of B (as a column matrix). 

n 

If C = AB then Cij = Z a"brj = ailblj N aizbgj ST ambnj 

=l 

for each pair ¢ and j with 1 <i<m and 1<j <p. 

The product AB exists only if the number of columns of A equals the number of rows of B. 

For example: 

A= (% ") and B= (P 7), then AB= (W T0r artbs) 
c d ros cp+dr cq+ds 

  

    

2x2 2x2 2% 2 

a b ¢ r ar + by +cz 
lsz(d . f) and Q = z , then PQ:(dz+ey+fz>‘ 

2x3 2x1 
Bx1 

To get the matrix C = AB we multiply rows by columns. The element c;; is the product of the ith 

row of A and the jth column of B. 

[T TN 
  

  

  

13 5 o 
For A= (1 3 5), B= ,and C= | 2 3|, find: 

2 1 3 1 a 

a AC b BC 

a Ais 1x3 andCis 3x2 . ACis 1x2 

v 

10 
AC=(1 3 5)[2 3 

14 

5 (1x143x2+5x1 1x04+3x3+5x4) 

= (12 29) 

b Bis 2x3 and Cis 3 x 2 .. BCis 2x2 
4 } To get the element in the 2nd row 

v and 1st column of BC, 

multiply the 2nd row of B by the 

BC 1st column of C. 

=
N
 

=
 

w
 

o
 

1 3 5 

2 1 3 

<1><1+3><2——5><1 1><0+3><3+5><4) 

  

  2x14+1x24+3x1 2x04+1x3+3x%x4 

(7 %) v   
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EXERCISE 12F.2 

1 Explain why AB cannot be found for A = (4 2 1 ) and B = < 

2 Suppose Ais 2xn and Bis m x 3. 

a Under what conditions can we find AB? 

b If AB can be found, what is its order? 

¢ Explain why BA cannot be found. 

3 ForA=(2 ! and B= (5 6), find: a AB b BA 3 4 

1 
4 For A=(2 0 3)and B= |4 |, findd a AB b BA 

2 

5 Find: 

L (3 (11 b (2 L\(L -3 
-1 0)\ 2 -1 0 -1)\2 -1 

2 31 10 -1\/2 
¢ (1 2 1)l0 10 d (-1 1 0 3 

10 2 0 -1 1 4 

6 Answer the Opening Problem on page 298. 

7 At a fair, tickets for the Ferris wheel are £12.50 per adult and £9.50 per child. On the first day 

of the fair, 2375 adults and 5156 children ride the wheel. On the second day, 2502 adults and 

3612 children ride the wheel. 

a Write the prices as a 2 x 1 matrix P, and the numbers as a 2 x 2 matrix N. 

b Find NP and interpret the resulting matrix. 

¢ Find the total income for the two days. 

8 You and your friend each go to your local hardware stores A and B to price items you need to 

purchase. You need to buy 1 hammer, 1 screwdriver, and 2 cans of white paint. Your friend needs 

1 hammer, 2 screwdrivers, and 3 cans of white paint. The prices of these goods are: 

Screwdriver | Can of paint 
  

$6 $38 

$4 $44 
  

  

Write the requirements matrix R as a 3 x 2 matrix. 

  

Write the prices matrix P as a 2 x 3 matrix. 

Find PR. 

Find: 

i your costs at store A i your friend’s costs at store B. 

O 
an 
O
 o
 

e Do any of the elements of PR tell you and your friend the cheapest way to buy all your items? 

Explain your answer.
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PROPERTIES OF MATRIX MULTIPLICATION 

INVESTIGATION 1 

In this Investigation, we find the properties of 2 x 2 matrix multiplication which are like those of 

ordinary number multiplication, and those which are not. 

What to do: 

For ordinary arithmetic 2 x 3 =3 x 2, and in algebra ab = ba. 

For matrices, does AB always equal BA? 

. (10 (-1 1 
Hint: Try A_<1 2) and B_<0 3). 

If A= (“ b) and O = (0 0), find AO and OA. 
c d 00 

Find AB for: 

10 0 0 4 =2 1 -3 
aA—(0 0) andB—(O 1) bA—<72 1)and B—<2 76> 

For all real numbers a, b, and ¢, we have the distributive law a(b+ ¢) = ab+ ac. 

a Use any three 2 x 2 matrices A, B, and C to verify that A(B + C) = AB + AC. 

b NowletA:(a b),B:(” q), and c=<“’ ”) 
c d ros y oz 

Prove that in general, A(B + C) = AB + AC. 

¢ Use the matrices you chose in a to verify that (AB)C = A(BC). 

d Prove that in general, (AB)C = A(BC). 

a If (a b) (w I) = (a b), show that w=2z=1 and z =y =0 is a solution 
c d Yy 2z c d 

for any values of a, b, ¢, and d. 

b For any real number a, we know that a x 1 =1 xa = a. 

Is there a matrix I such that Al = IA = A for all 2 x 2 matrices A? 

6 Suppose A2 = AA = A x A and that A3 = AAA. 

7 Show thatif I = ( 

2 3 
a Find A® if A7(3 2) b Find A° if Ixf(2 ) 

1 2 

¢ If A= |3 4| tryto find A% 
5 6 

     

d Under what conditions can we square a matrix? = (10 
“\o 1 

is called the 

identity matrix. 

10 

0 1 
   ) then I =1 and I® =L
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In the Investigation you should have found that: 

Ordinary algebra 

If @ and b are real numbers then so is ab. 

Matrix algebra 

If A and B are matrices that can be multiplied 

  

  

  

a0 =0a =0 forall a 

ab=0 < a=0 or b=0 
{null factor law} 

{closure} | then AB is also a matrix. {closure} 

ab=ba forall a, b {commutative} | In general AB # BA. {non-commutative} 

(ab)e = a(bc) for all a, b, ¢ {associative} | (AB)C = A(BC) {associative} 

If O is a zero matrix then 

AO = OA = O for all A. 

AB may be O without requiring 

A=0 or B=0O. 
  

a(b+c) = ab+ ac {distributive law} AB + C) = AB + AC {distributive law} 
  

axl=1xa=a {identity law} If I is an identity matrix then 

Al =IA = A forall A. {identity law} 
    a™ exists forall a >0 and n € R. 

Note that in general, A(kB) = k(AB) # kBA. 

  

  

A™ exists provided A is square and n € Z*. 

We can change the order in which we multiply by a 

scalar, but we cannot reverse the order in which we multiply matrices. 

) Self Tutor 

  

361,14 

a (A+21)? 

a (A +21)? 

= (A +2I)(A +21) 
= (A+2DA + (A + 21)21 

= A? 4 2IA + 2AI + 412 

A% 4+ 2A + 2A + 41 

AZ +4A + 41 

b (A—B)? 

=(A—B)(A-B) 
=(A—-B)A—-(A-B)B 

=A% —BA — AB +B? 

  

  

  

      

Suppose A and B are square matrices with the same order. Expand and simplify: 

b (A - B)? 

{A? = AA by definition} 
{A(B+C) = AB +AC} 
{(B+C)A =BA +CA} 
{AI=IA=A and I =1} 

b cannot be 

simplified further 

since, in general, 
  

AB # BA. 

  

{A% = AA by definition} 
{A(B—C)=AB — AC} 
{(B— C)A = BA — CA} 

  

Example 8 ) Self Tutor 

If A% =2A + 31, find A® and A? in the linear form kA + II where k and [ are scalars. 
    A% = A x A? A*=AxA® 

= A(2A +3I) = A(7A + 61) 

= 2A% 1 3AI = 7TA% 4 6AI 

=2(2A +3I) + 3A = 7(2A + 31) + 6A 
= TA + 61 = 20A + 211   
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EXERCISE 12F.3 

1 Given that all matrices are 2 x 2 and I is the identity matrix, expand and simplify: 

a AA+T) b (B+2DB ¢ A(A? —2A +1) 

d A(AZ + A —21) e (A+ B)(C+ D) f (A+B)? 

g (A+B)(A—-B) h (A+1)? i (31— B)?   
2 a If A2=2A — I, find A® and A* in the linear form kA + II where k and [ are scalars. 

b If B2 =2I — B, find B3, B, and B® in linear form. 

¢ If C?>=4C — 31, find C? and C® in linear form. 

3 a If A? =1, simplify: 

i A(A +21) i (A-1)2 i A(A + 31)2 
b If A% =1, simplify A%(A + I)2. 

If A?2 =0, simplify: 

i A(2A — 31) i AA +20)(A — 1) i AA + 1) 

4 aIfA=< 

b Consider a 2 x 2 matrix A such that A2 = A. Comment on the following argument: 

  

N
l
=
 

o
=
 

N
l
=
 

o
=
 

> , determine AZ. 

A?=A 

L A2-A=0 

. AA-1)=0 

S A=0 o A-1=0 

. A=0 or I 

¢ Find all 2 x 2 matrices A for which A? = A. Hint: Let A = (Z z> 

5 Give one example which shows that “if A2 = O then A = O” is a false statement. 

LR AR (138 

For A = ( - ) , find constants a and b such that A% = aA + DL 

  

3 4 

. 2 1 2 1 2\ 1 2 1 0 sime at=aart, (1 2)(3 B)=a(3 2w} 9) 
1+6 2+8 )\ _ [(a 2a 4 b 0 
3+12 6+16 ) \3a 4a 0 b 

7 10\ [(a+b 2a 
15 22 ) 3a  4a+b 

Thus a+b=7 and 2a=10 

a=5 and b=2 

Checking for consistency: 3a=3(5) =15 v 4da+b=4(5)+(2)=22 
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6 For each matrix A, find constants a and b such that A% = ¢A + bl 

() a3 ) 
1 2 

7 a Given A=<_1 _3 ), write A? in the linear form A% = pA + ql, p, g€ R. 

b Hence write A® in the linear form 7A + sI, r, s € R. 

¢ Write A? in linear form. 

[ MU THE INVERSE OF A MATRIX 
The real numbers 5 and % are called multiplicative inverses because when they are multiplied together, 

the result is the multiplicative identity 1: 5x + =1 x5=1 

. 2 5 3 =5 . 2 5 3 -5 10 
For the matrices (1 3> and (_1 9 ),wenotlcethat (1 3>(_1 9 )7<0 1)71 

3 -5 2 5 10 
and (—1 2)(1 3)*<0 1)*" 

2 5 3 =5 L 
We say that and are multiplicative inverses of each other. 

1 3 -1 2 

The multiplicative inverse of A, denoted A~!, satisfies AA™! = A~'A =L 

To find the multiplicative inverse of a matrix A, we need a matrix which, when multiplied by A, gives 

the identity matrix I. 

THE INVERSE OF A 2 x 2 MATRIX 

(a b o [w x 
Suppose A = (c d) and A7 = (y z) 

CAA-lo (@ b woT\ 
’ “\e d y z) 

aw+by axr+bz) (1 0 
cw+dy cx+dz)  \0 1 

aw+by=1 ... (1) q ar+bz=0 .. (3) 

cwtdy=0 .. ¢ Vewtrdi=1 .. (& 

  

    

    

    

    

  

Solving (1) and (2) simultaneously for w and y gives: w = d and y= < 
ad — be ad — be 

Solving (3) and (4) simultaneously for = and z gives: =z = b and z=—2. 
ad — be ad — be 

So, if A:(a b) where ad — be #0, then A1 = —2 (d ’b). 
c d ad—bc \ —¢ a 

  In this case A—'A — —2 (d 71))((1 b> 
ad—bc \ —C a c d
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so ATTA=AATl =1 

Just as the real number 0 does not have a multiplicative inverse, some matrices do not have a 

multiplicative inverse. This occurs when ad — bc = 0. 

For the matrix A = (a b): 
c d 

e The value ad — bc is called the determinant of matrix A, denoted detA or |A]. 

  

1 _ 
o If detA # 0, then A is invertible or non-singular, and A~! = ( d b ) 

e If detA = 0, then A is singular, and A~! does not exist. 

Example 10 

  

   

  

Find, if it exists, the inverse matrix of: 

() (4 2) 
() 5 

   

  

            
   

. detA=5(4)— 6(3) =2 . detB = 6(—2) — 3(—4) 

. —1_1 4 —6 =—-12+12 

S AT =2 (—3 5 - 
2 _3 . B7! does not exist. 

|3 =3 2 2     
EXERCISE 12G.1 

. 5 6 3 -6 . 5 6 
1 Find (2 3)(72 5 ), and hence find the inverse of 9 3)4 

2 Find (? _24) (31 g), and hence find the inverse of 

G (i E) (08 
L Find detB for B equal to: 

3 Find |A| for A equal to: 

: ) 
3 2 b (30 c (01 
7T 4 0 2 10
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2 3 
5 Suppose A,(4 7). 

a Find |A]. b Hence find the inverse matrix A™1. 

¢ Check that AA™1 =1 and A7!A =1 

6 Find, if it exists, the inverse matrix of: 

2 4 10 2 
c(hs) () < 

5 0 (3 b 1 
{12 6 —10 9\ 4 

(-1 -1 (4 10 3 
! (2 3) ! (2 5> k (21 

2 

Example 11 LR R TS 

4 k 
Suppose Af(2 _1). 

Find A~! and state the values of k for which A~! exists. 

D
O
 

o
 

o 
N
N
 

N~ 

N
—
—
—
 

- 
o 

T
N
 

/
N
 

| 
o 

= 
o
 

— 
o 

O
 
=
 

N 
R 

~
—
—
 

   

     
   

If |[A| =0, the 
matrix A is singular. 

  

1 

1 -1 —k\ | 2k+ 
A 7747%(—2 4 ) 2 

2k 4   
~1 exists provided that 2k +4 # 0 

k# -2 

  

7 For each matrix A, find A~! and state the values of k for which A~! exists. 

(B e () () 
oan(MEE (S an (A 2) 

PROPERTIES OF MATRIX DETERMINANTS 

In this Investigation we consider the relationships between: 

e detA and det(kA) where k is a scalar o detA, detB, and det (AB). 

What to do: 

DR | ) 
1 For Af(_1 _1), find: 

a detA b det(—A) ¢ det(2A) d det (3A) 

2 Repeat 1 with another 2 x 2 matrix A of your choosing. 

3 Predict the relationship between det A and det (kA) for any scalar k.
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4 Prove your result in 3 for any 2 x 2 matrix by using A = (a b ) 
c d 

12 =1 2\ s 
5 Suppose A:(3 4> and B:(O 1). Find: 

a detA b detB ¢ det (AB) 

6 Repeat 5 several times with different 2 x 2 matrices A and B of your choosing. 

7 Predict the relationship between det A, detB, and det (AB) for square matrices A and B. 

8 Prove your result in 7 for any 2 x 2 matrices A = ((Z Z) and B = (‘: Z) 

From the Investigation you should have found that: 

For any 2 x 2 matrices A and B: 

o det(kA) = k?detA forany k€R 

o det (AB) =detA x detB. 

THE INVERSE OF A 3 x 3 OR LARGER SQUARE MATRIX 

For the inverse of a matrix A to exist, it must satisfy AA=! = A™'A =T where A, A=, and I are 

square matrices of the same order, and I is the identity matrix with 1s along its leading diagonal and Os 

everywhere else. 

<— leading diagonal 

  

There is no simple rule for finding the inverse of a 3 x 3 or larger square 

matrix, so we instead use technology. 
GRAPHICS 

Like 2 x 2 matrices, the inverse of a larger square matrix A will only exist if CALCULATOR 
. . L INSTRUCTIONS 

det A # 0. However, we only consider 2 x 2 determinants in this course. 

EXERCISE 12G.2 

2 0 3 -1 9 15 2 0 3 

1 Find 1 5 2 -1 1 1 and hence the inverseof | 1 5 2 

1 -3 1 8§ —6 -10 1 -3 1 

2 Use technology to find the inverse of: 

3 2 3 1 3 2 13 43 -11 
a 1 -1 2 b -1 5 -1 < 16 9 27 

2 1 3 0 3 -2 -8 31 -13 

1 2 3 46 

1.61 4.32 6.18 ; ?) ? ; 2 3 450 
d 0.37 6.02 9.41 e 31 4 0 f 1201 4 

7.12 531 2.88 120 5 21015 

301 21 
Check your answers using matrix multiplication.
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[ [ SIMULTANEOUS LINEAR EQUATIONS 
20 +3y=4 
5o + 4y = 17 algebraically to get = =5, y= —2. We can solve { 

  

Notice that this system can be written as a matrix equation <§ i) (z) = < 147>. 

The solution = =15, y = —2 is easily checked as 

()-GO = () < 
In general, a system of linear equations can be written in the form Ax = b where A is the matrix of 

coefficients, x is the vector of unknowns, and b is a vector of constants. 

  

Provided the inverse matrix A~! exists, we can solve the matrix 
Premultiply means 

  

equation Ax = b for x by premultiplying each side by A=!. We multiply on the left. 

obtain: Postmultiply means 

A7 (Ax) = A"'b multiply on the right. 

S (AT'A)x=A"Tb {associativity} 

Ix=A"'b {inverse matrix definition} 

andso x=A"'b {identity law} 

So, if the matrix of coefficients A is invertible, then calculating 

x = A~ !'b gives a unique solution to the pair of linear equations. ><unique solution 

This indicates that the lines intersect at a single point. 

However, if the matrix of coefficients A is singular, we cannot calculate x = A~'b. This indicates 

either that the lines are parallel and there are no solutions, or that the lines are coincident and there are 

infinitely many solutions. 

//\ 
parallel coincident 

(no solution) (infinitely many solutions) 

I 
_(2 3 -1 a IfA_(5 4>, find A™% 

  

2x+3y=4 

5z +4y =17 

¢ Hence solve the simultaneous linear equations. 

b Write the system { in matrix form. 

  

a det A=2(4)—3(5) b In matrix form, the system is 

ey G100 
This has the form Ax = b where x is a vector of 

unknowns and b is a vector of constants.    
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¢ Premultiplying by A™!, A~!Ax=A"'b 

4 -3 4 . _A—lp 1 
. X=A"b=—2{ 2)(17> 

=5 and y=—-2. 

  

EXERCISE 12H 

1 Convert into matrix equations: 

3r—y=28 4o -3y =11 c 3a—b=6 

2 +3y =6 3z +2y=-5 2a+7b = —4 

2 Use matrix algebra to solve the system: 

s 20 —y=6 b Sr—4y =5 c r—-2y="7 

r+3y =14 2z + 3y = —13 br + 3y = -2 

d 3x+5y =4 . dor—Ty=8 f Ter+ 11y =18 

20—y =11 3z —5y=0 e -7y =-11 

2¢ —3y =28 

dr—y=11" 

i Write the equations in the form Ax = b, and find det A. 

ii Does the system have a unique solution? If so, find it. 

3 a Consider the system { 

20+ ky =8 

de—y=11" 

i Write the system in the form Ax = b, and find detA. 

ii For what value(s) of k does the system have a unique solution? Find the unique solution. 

iii  Find & when the system does not have a unique solution. How many solutions does the 

system have in this case? 

b Consider the system { 

Example 13 LR (R TS 

  

A car rental company owns 150 vehicles in total, including = of 

model X, y of model Y, and z of model Z. 

In yard A there are 46 vehicles including 20% of the model X fleet, 

40% of the model Y fleet, and 30% of the model Z fleet. 

In yard B there are 54 vehicles including 40% of the model X fleet, 

20% of the model Y fleet, and 50% of the model Z fleet. 

  

How many vehicles of each type does the rental company have? 

  

There are 150 vehicles in total, so z+y+2z=150 

Using yard A, 0.2z + 0.4y + 0.3z = 46 

Using yard B, 0.4z 4 0.2y 4 0.5z = 54    
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The system of three equations can be written in matrix form as 

  

1 1 1 T 150 o 

0.2 04 0.3 y | =1 46 

04 0.2 05 z 54 

=il 
3 1 1 1 150 

y | =102 04 03 46 

z 04 0.2 05 54 

45 

= || &5 {using technology} 

50 

The company has 45 of model X, 55 of model Y, and 50 of model Z.   
L Write as a matrix equation: 

T—y—z=2 204+y—2=3 at+b—c="7 

a r+y+3z2="T b y+22=6 < a—b+c=6 

9r —y —3z=—1 r—y+z2=13 2a+b—3c=-2 

2 1 -1 4 7 =3 

5 Let A= -1 2 1 and B=| -1 -2 1 

0 6 1 6 12 -5 

lculate AB. 
a Caleulate da+7Tb—3c— —8 
b Hence solve the system —a—2b+c=3 

6a + 12b — 5¢c = —15 

5 3 =7 3 2 3 

6 Let M=| -1 -3 3 and N= |1 -1 2 

-3 -1 5 2 1 3 

Calculate MN. 
@ Galeulate 3u + 20 + 3w = 18 
b Hence solve the system u—v+2w==06 

2u+v+ 3w =16   

7 Use matrix methods and technology to solve: 

  

      

    

3r+2y—z=14 r—y—2z=4 r+3y—2z2=15 

a r—y+2z=-8 b br+y+2z2=-6 < 20 +y+z2="7 

2c +3y — 2z =13 3z —4y—2z=17 r—y—2z=0 

T+y+z=06 r+4y+11z2=7 20—y +3z2=17 

d 2e+4y+2=5 e cx+6y+172=9 f {2z —-2y—5z2=4 

204+3y+2=6 r4+4y+82=4 3z +2y+22=10 

T+2y—2z=23 10z —y+42z=-9 1.3z 4+ 2.7y — 3.1z =8.2 

g r—y+32=-23 h Tx + 3y — bz =89 i 2.8¢ — 0.9y + 5.6z = 17.3 

Tr+y—4z =62 13z — 17y + 232z = —309 6.1z + 1.4y — 3.2z = —0.6 
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8 Westwood School bought two footballs, one baseball, and three basketballs for a total cost of $135. 

Sequoia School bought three footballs, two baseballs, and a basketball for $121.50. Lamar School 

bought five footballs and two basketballs for $156. 

a State clearly what the variables z, y, and z must represent if this situation is to be described 

2c +y+32=135 

by the set of equations: 3z + 2y + 2z = 121.50 . 

b + 2z = 156 

b East Park International School needs 4 footballs and 5 baseballs, and wishes to order as many 

basketballs as they can afford. If the total sports budget is $470, how many basketballs will 

they be able to purchase? 

  

  

9 Manager, clerks, and labourers are paid according to an industry standard. The salaries for three 

companies paying to the industry standard are summarised in the table: 

€903 000 

€749 000 

a If z, y, and z represent the salaries (in thousands of euros) for managers, clerks, and labourers 

respectively, show that the above information can be represented by a system of three equations. 

  

  

b Solve the system of equations in a. 

¢ Determine the total salary bill for Xudu which employs 3 managers, 8 clerks, and 37 labourers. 

10 A health food company uses cashews, macadamias, and Brazil nuts to make three different mixes. 

The table below shows the weight in hundreds of grams of each kind of nut required to make one 

kilogram of mix, and the production cost for each mix. 

Cashews 5 2 6 

Macadamias 3 4 1 

Brazil nuts 2 4 3 

$12.50 | $12.40 | $11.70 

  

  

a Find the cost per kilogram of each kind of nut. 

b Find the cost of producing a mix containing 400 grams of cashews, 200 grams of macadamias, 

and 400 grams of Brazil nuts. 

11 Grade 12 at Klondike High has 76 students in total across three classes. There are p students in 

class P, ¢ in class Q, and r in class R. 

e One third of P, one third of Q, and two fifths of R study Chemistry. 

e One half of P, two thirds of Q, and one fifth of R study Physics. 

e One quarter of P, one third of Q, and three fifths of R study Geography. 

e In total, 27 students study Chemistry, 35 study Physics, and 30 study Geography. 

Find the number of students in each class.
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12 An asteroid orbits the sun in an elliptical path. If the sun is 

at the origin of a Cartesian coordinate system, the equation 

of the path is: 

22 +avy+by’ +ex+dy+e=0 
The distances are measured in astronomical units, where 

1 astronomical unit = 1.50 x 10% km. 

An astronomer observes the asteroid at 5 positions: 

(—1.03, 2.164), (—0.56, —1.868), (0.38, —1.668), 

(1.17, 4.876), and (2.89, 1.019). 

Find the equation of the asteroid’s orbit. 

  

  ACTIVITY 

  

Cryptography is the study of encoding and decoding messages. Cryptography was first developed 

for the military to send secret messages. Today it is also used to maintain privacy when information 

is transmitted on public communication services such as the internet. 

To send a coded message, it must first be encrypted into code called ciphertext. When the recipient 

wishes to read the message, the ciphertext must be deciphered. 

A simple method for encrypting messages is to use matrix addition or multiplication. The messages 

are then deciphered using either matrix subtraction or an inverse matrix. 

Suppose the letters of the alphabet are assigned integer values, with Z assigned 0 as shown below: 

letter A | B H| I JIK|L|M 

8 o lw|nnli2]13 

Letter 

Value 

The word SEND can be written as the string of numbers 19 5 14 4 which we can write in 2 x 2 

. ( 19 5) 
matrix form . 

  

  

U|V 

20 | 21 

w 

23 

XY |z 

25| 0 
                            15|16 | 17 | 18 | 19 
  

14 4 

13 5 

19 5)_ (2 7)_(2 12 
14 4 13 5) - \271 9 

Before this matrix can be transmitted all of its numbers must be written in modulo 26, or mod 26. 

This means that any number not in the range 0 to 25 is adjusted to be in it by adding or subtracting 

multiples of 26. 

Now suppose we encrypt the message by adding the matrix ( N ) 

21 12 

1 9 

the string says ULAI, which has no apparent meaning. 

The message SEND MONEY PLEASE could be broken into groups of four letters, and each group 

is then encoded. 

SENDIMONEIYPLEIASEE < repeat the last letter to make group of 4. 

This is a dummy letter. 

The matrix to be sent is therefore ( ), and this is sent as the string 21 12 1 9. By itself,



  

2 7 15 22\ _ (15 22 

5 ’(13 5)*(27 10):<1 10)(m°d26) 
16 2 7 27 23\ _ (1 23 

5)”(13 5>*<25 10):(25 10)(m°d26) 

. L 1 19 2 7 3 26\_(3 0 
For ASEE the matrix required is (5 5>~(13 5)7(18 10):<18 10)(mod?6) 

So, the whole messageis 21 12 1 9 15 22 1 10 1 23 25 10 3 0 18 10 
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For MONE the matrix required is ( fi 15) B 

. L 25 
For YPLE the matrix required is 12 

  

. . 2 
The person decoding the message needs to know in advance to subtract (13 ;) from each 

matrix of numbers, in order to decipher the message. 

What to do: 

1 Perform the matrix subtractions to check that the original message is obtained. 

2 Use the code given to decode the message: 

21 12 1 9 22 15 18 25 20 22 2 21 21 1 2 25 10 12 

0 20 23 1 21 20 8 1 21 10 15 2 5 23 3 6 12 4 

3 Create your own matrix addition code. Encrypt a short message. Supply the decoding matrix 

to a friend so that he or she can decode it. 

4 A code is broken when someone discovers how the messages can be decoded. Breaking codes 

involving matrix addition is relatively easy, but breaking codes involving matrix multiplication 

is more difficult. 

Consider the encryption matrix ( ? g) . 

The word SEND is encoded as 

19 5 2 3 43 67\ _ (17 15 

(14 4)(1 2>*(32 50):(6 24>(m°d26)' 
What is the coded form of SEND MONEY PLEASE? 

b What matrix needs to be supplied to the receiver so that the message can be deciphered? 

Check your answer by decoding the message. 
a b 

¢ Create your own matrix multiplication code using a matrix ( ¢ d > where ad—bc = 1. 

d What are the problems in using a 2 X 2 matrix when ad — bc # 1? How can these 

problems be overcome? 

5 Research Hill ciphers and explain how they differ from the methods given previously. 

REVIEW SET 12A 

3 2 1 0 . 
1 If A—(0 _1> and B—<_2 4), find: 

a A+B b 3A < —2B d A-B 

e B-—2A f 3A — 2B g AB h BA 

i A? i A2 k ABA I (AB)!
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Find a, b, ¢, and d if: 

CP-(n ) o 
Write Y in terms of A, B, and C: 

a B-Y=A b 2Y+C=A 

d YB=C e C—AY =B 

Susan keeps 3 hens in a pen. She calls them Anya, 

Betsy, and Charise. Each week the hens lay eggs 

according to the matrix L. 

Write, in terms of L, a matrix to describe: 

a the eggs laid by the hens over a 4 week period 

b the eggs each hen loses each fortnight when 

Susan collects the eggs. 

-2 3 -7 9 
LetA7(4 _1),B7(9 _3), andcf( 

Evaluate, if possible: 

a 2A - 2B b AC ¢ CB 

  

Given that all matrices are 2 x 2 and I is the identity matrix, expand and simplify: 

a Al - A) b (A-B)B+A) ¢ (2A —1)? 

If A2 =5A + 2I, write A® and A* in the linear form 7A + sl. 

If A= (2 -1 ), find constants a and b such that A% = aA + bl 
3 2 

1 5 

-6 -3 

have a unique solution? 

Find, if possible, the inverse matrix of: 

(5 7) ° (3 3 
z+4y=2 

For what values of k does { ki + 3y = —6 
  

Solve using an inverse matrix: 

  

3z—y+22=3 3z —4dy =2 p [ dw-u=5 ) 2x+g z 5 
3 —z=— 

S5z +2y=—-1 2 +3y=9 9 
r—2y+3z=2 

When a rock is thrown from the top of a cliff, its distance above sea level after ¢ seconds is 

given by s(t) = at® + bt +c. After 1 second the rock is 63 m above sea level, after 2 seconds 

72 m, and after 7 seconds 27 m. 

a Find a, b, and c. 

b Find the height of the cliff. 

¢ Find the time taken for the rock to reach the water below.
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13 Hung, Quan, and Ariel bought tickets for three separate performances. The table below shows 

the number of tickets bought by each person, and the total cost of the tickets. 
  

Opera | Play | Concert | Total cost 

  

a Represent this information as a system of linear equations. 

b Find the cost per ticket for each of the performances. 

¢ How much would it cost Phuong to purchase 4 opera, 1 play, and 2 concert tickets? 

REVIEW SET 12B 

1 2 30 

1 For P=1[|1 0 and Q=11 4|, find: 

2 3 11 

a P+Q b Q-P ¢ 3P-Q 

2 A library owns several copies of a popular trilogy of 

novels, according to the matrix: 

paperback hard cover 
N Y 

4 2\ <«— book 1 

A=|5 2 |<«— book2 

6 3/ <«— book3 

a At present, the books on loan are described by 

2 0 

the matrix B = | 1 1 |. Write a matrix to 

3 2 

describe the books currently on the shelves. 

b The values of the books (in dollars) are described by the matrix C = < A ) 
15 16 20 

i Which book has value $16? 

ii Find the total value of the books currently on loan. 

  

Prove that for any square matrix A, AO = OA = O. 

4 Write X in terms of A and B if: 

a 2X=B-A b 3(A+X)=2B ¢ B-4X=A 

3 2 . 
5 Suppose A= | ~ , and A + 2X = —B. Find X. 

2 4 
6 IfAis (1 2 3) andBis | 0 1 |, find, if possible: 

3 2 

a 2B b B < AB d BA 

D
=
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If A and B are square matrices, under what conditions are the following true? 

  

a If AB=B then A =1 b (A +B)?2 =A%+ 2AB + B? 

3 2 
For A = (71 1), find: 

a detA b det(—2A) ¢ det (A?) 

Solve using an inverse matrix: 
2r+y+2=28 

= + 2y = 
a eHy=>5 b v 42y =3 < 4 — Ty + 32 =10 

r—2y=4 Sr+3y=4 
3r—2y—z=1 

If M= ( g Z) (k:31 ;2) has an inverse M—', what values can %k have? 

kz + 3y = —6 
(h+2) 9 have a unique solution? 

y= 
a For what values of k does the system { o 

7 
b State the solution in this case. 

The points (2, 2), (—2,4), and (1, 3) lie on a circle @2 + y? + az + by +c = 0. 

a Write down a system of linear equations for a, b, and c. 

b Find the equation of the circle. 

The table below summarises the last four purchases at the theatre box office. 

Customer Child | Total cost 

0 2 2 

1 4 0 

2 0 4 

0 3 2 

  

a Find the cost of each ticket type. 

b Find the total price paid by the next customer, who buys 2 adult and 4 child tickets.



  

Eigenvalues and 

eigenvectors 
Contents: Eigenvalues and eigenvectors 

Matrix diagonalisation 

Matrix powers 

Markov chains o
n
w
)
>
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OPENING PROBLEM 

In springtime in a particular seaside town, it has been observed that: 

e Each day, the weather is one of two states: sunny or rainy. 

e Tomorrow’s weather only depends on today’s weather. 

e If it is sunny today, the probability that it will be sunny tomorrow is 0.8 . 

e If it is rainy today, the probability that it will be rainy tomorrow is 0.4. 

Things to think about: 

0.8 0.6 
0.2 04 

t11 = 0.8 is the probability that it will be sunny tomorrow 

given that it is sunny today. 

What is the meaning of: 

i t32=04 il 15, =02 ili ¢, =0.6? 

1 

0 

indicates that it is sunny today. 
. . 0.8 

The state matrix for tomorrow is s; = Tsg = ( ) 

a The matrix T = ( ) is called a transition matrix. 

b The column matrix s; = ( ) is a state matrix which 

  

0.2 

i What does s; mean? ii What do you think sy = T?s, will represent? 

¢ Can you use the matrices T and sg to find the probability that it will be sunny: 

i in 4 day’s time ii in a fortnight’s time? 

d i Is there a column matrix s such that Ts = s? 

ii Assuming that such a matrix s exists, what might it mean for the weather in the town in 

the long term? 

The weather model described in the Opening Problem using state and transition matrices is an example 

of a Markov process. 

In this Chapter we study eigenvalues and eigenvectors, which are properties of square matrices. We will 

explore how these properties provide understanding to the behaviour of Markov processes over time. 

We will see further applications of eigenvalues and eigenvectors later in the course, including geometric 

transformations, and in understanding the behaviour of physical systems. 

Suppose A is a square matrix. 

  

If x is a non-zero vector and A is a constant such that Ax = Ax, then A is an eigenvalue of A and 

X is its corresponding eigenvector. 

FINDING EIGENVALUES 

If Ax=XAx then Ax—-Ax=0 

(MI-A)x=0 {since Ix = x}
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Now if det(A — A) # 0, there is a unique solution to the matrix equation, but it is the solution x = 0. 

For x to be a non-zero vector, we therefore require det(Al — A) = 0. We conclude that: 

The eigenvalues of A are the solutions to det(AI — A) = 0. 

The equation det(Al — A) =0 is a polynomial equation to be solved for A\. We therefore define: 

The characteristic polynomial of an n x n matrix A is p(\) = det(A\l — A). 

The eigenvalues of A are the solutions to p(\) = 0. 

In this course, we only consider the eigenvalues of 2 x 2 matrices. The characteristic polynomials for 

2 x 2 matrices are always quadratic, so there may be two real and distinct eigenvalues, a single repeated 

eigenvalue, or else eigenvalues which are complex conjugates. 

  

  

€T IO | LR AT 

For the matrix A = <£)4 :? ) , find: 

a the characteristic polynomial b the eigenvalues. 

a p(A\) =det(Al—A) b p(A) =0 

A3 oA HA-12=0 
T4 A+1 o (A=3)(A+4) =0 

=MA+1)-12 s A=3o0r 4 

— A2 N—12 .. the eigenvalues are 3 and —4.     
Example 2 o) Self Tutor     

  

          

    
  

Find the eigenvalues of: 

    

  

a If det(AI—A)=0 b If det(A\I-A)=0 

A+3 1 | A—2 —5| 
then ‘ 1 /\+1’70 then ‘ 1 A\ ‘70 

A+3)(A+1)—(-1)=0 S AA=2)—(=5)=0 

N +4AA+3+1=0 A2\ +5=0 
N 4arx+4=0 Lo 2222 406) 
S(A+2)2=0 T 2 

L A=-2 _2+/-T6 

the eigenvalue is —2. 2 
_2+4 

T2 
=Y   

the eigenvalues are 1+2¢ and 1 — 2i.    
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EXERCISE 13A.1 

1 For the matrix A = (i é), find: 

a the characteristic polynomial b the eigenvalues. 

2 Find the eigenvalues of: 

cas (L) eas(2) ca-(30) 
aa- (7)) ea-(3 ) ra-(57) 

3 a Use the definition of eigenvalues to explain why I = ((1] [1)) must only have the single 

eigenvalue 1. 

b Perform calculations to verify this result. 

1 —4 . 8 4 
4 (1) and (7) are eigenvectors of A = (7 5). 

a Use the definition of eigenvalues and eigenvectors to find the eigenvalues of A. 

b Hence write down the characteristic polynomial of A. 

. 1 -3 
5 Consider A = (_5 3 ) 

a Find A% and A~ 1. b Find the eigenvalues of A, A%, and A~ 

6 Use the definition of eigenvalues and eigenvectors to explain the connection between the 

eigenvalues of: 

a Aand —A b A and A? ¢ Aand A~ 

FINDING EIGENVECTORS 

Having found the eigenvalue(s) for the matrix A, we return to the matrix equation (AI — A)x =0 to 

find the corresponding eigenvectors x. 

If we find an eigenvector x which satisfies the equation, then any scalar multiple of x will also satisfy 

the equation. Therefore, there are infinitely many eigenvectors corresponding to a particular eigenvalue. 

  

Find the eigenvalues and corresponding eigenvectors for A = ( (1] _32 ) . 

  

-3 
If det(A\I—A) =0 then ‘:\1 )\+2’=U 

AA+2)—(-1)(-3)=0 

M +23-3=0 

L (A=1D)(A+3)=0 

A=1lor -3 

The eigenvalues are 1 and —3. 
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For A =1, consider (Al—A)x=0 with x= (a) For any given eigenvalue, the 
b system (A — A)x = 0 gives 

1 -3 a 0 equations which are scalar 

-1 3 )~ \o multiples of one another. 

a—3b=0 

Letting b=1¢, t#0, then a =3¢ 

X (i’)t, t#0 

Any vector of the form ( 

  

3 
1 )t, t # 0 1is an eigenvector corresponding to the eigenvalue 1. 

For A= -3, consider (AMl—A)x=0 with x= (a) 
b 

(5 3)E)-6) -1 -1 b 0 

o—a—b=0 

Letting b=1¢, t#0, then a = —t 

- (’f)t, t+40 

Any vector of the form ( -1 1 )t, t # 0 is an eigenvector corresponding to the eigenvalue —3.     
EXERCISE 13A.2 

1 Find the eigenvalues and corresponding eigenvectors of each matrix: 

2 -1 2 1 2 1 
aA:(2 5) l:Az(4 2) ¢:A:<4 _1> 

5 3 
-3 -1 

b Find the corresponding eigenvector x. 

¢ Verify that Ax = Ax. 

2 a Show that A = ( ) has a single eigenvalue A. 

3 Let A= (AOI f) where A, Ao 20 and A # Aa. 
2 

Show that the eigenvalues of A are A\; and A,, and find the corresponding eigenvectors. 

a 0 
L Let A= (O a)’ a#0. 

a Show that the only eigenvalue of A is a. 

b Show that any non-zero vector x = ( z) is an eigenvector of A. 

¢ Explain the result in b using the definition of eigenvalues and eigenvectors. 

5 a Find the eigenvalues and corresponding eigenvectors of A = ( :le ;1 ) 

b Hence find the eigenvalues and corresponding eigenvectors of A2



1 4 1 0 
LetAf(0 3) and B7(4 3). 

Show that A and B have the same eigenvalues. 

Find the corresponding eigenvectors for matrix A. 

Are the eigenvectors of A also eigenvectors of B? 

Show that the eigenvectors of <3 2 9 3) are mutually perpendicular. 

  

   

   
) Self Tutor 

2 5) which has eigenvalues 1+ 2i and 1 — 2i. Consider A = (_1 0 

Find the corresponding eigenvectors of A. 
   

  

For A =1+ 2i, consider 

  

142—-2 0-5 
0—(=1) 142 -0 

X = (’11’2’)t, t#£0 

—1-—-2: 
Any vector of the form 1 )t, t # 0 is an eigenvector corresponding to 

| 0 win x= (7). 

(b= 1 %%0) ()= (6) 
(P B)0-0 

a+(1—2i)b= 

the eigenvalue 1+ 2i. 

For A =1—2¢, consider (Al—A)x= 

Letting b=1¢, t #0, then a = —(1—2i)t = (—1+ 2i)t 

- (*11”’)75, t+40 

—1+2: 
Any vector of the form ( 1 )t, t # 0 is an eigenvector corresponding to 

the eigenvalue 1 — 2i.    
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0 -1 
8 Let A= ( 1 0 ) 

a Show that ( _IZ ) t, t#0 are eigenvectors of A. State the corresponding eigenvalue. 

b State the other eigenvalue of A. 

¢ Hence find the remaining eigenvectors of A. 

9 Find the eigenvalues and corresponding eigenvectors of: 

as(B ) (i) () 
HISTORICAL NOTE 

One of the first known applications of eigenvectors came from 

Leonhard Euler’s study of the rotational motion of rigid bodies. 

The Ttalian mathematician Joseph-Louis Lagrange recognised 

that the principal axes for the rotation correspond to the 

eigenvectors of the inertia matrix. 

In the 19th century, numerous mathematicians and physicists 

considered the properties of eigenvalues and eigenvectors in 

their studies. However, it was not until 1904 that the Prussian 

mathematician David Hilbert gave them the German description 

eigen, meaning “own”. 

  

David Hilbert 

[ MATRIX DIAGONALISATION 
A non-zero square matrix is said to be diagonal if the elements nof on its leading diagonal are zero. 

a 0 
So, a 2 x 2 diagonal matrix has the form ( 0 b ) where a, b € R and are not both zero. 

A square matrix A is diagonalisable if there exists a matrix P such that D = P~'AP is a 

diagonal matrix. We say that P diagonalises A. 

In this course we only consider the diagonalisation of 2 x 2 matrices. 

       
    

If Ais a 2x 2 matrix with distinct eigenvalues A1, Ag 

and corresponding eigenvectors X1, X2, then P = (xq|x2) 
P = (x1|x2) is the matrix 
with first column x; and 

second column x5. 
diagonalises A, and P~'AP = (Al 0 ) 

0 X 

If A only has a single eigenvalue, then either: 

e A =ual, a#0, in which case A is already diagonalised, or 

o the matrix P = (x|x) formed from its eigenvector is singular, 

and so A cannot be diagonalised.
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The matrix A = ((1) _32) has eigenvalues A\; = 1 and Ay = —3, with corresponding 

. 3 = . 
eigenvectors X; = 1 and Xxp = 1 respectively. 

Show that P; = (xq|x2) and Py = (x2|x;1) both diagonalise A. 

3 -1 -1 3 
Pl—(X1|X2)=(1 1) P2=(X2|X1)=(1 1) 

detP; =3 — (1) =4 detP,=-1-3=-4 

A - 1 -3 

Py 4(71 3 P =—3l o 

P, AP P, 'AP, 
_a1( 1 1 0 3 3 -1 11 -3 0 3 -1 3 

S - 1 -2 1 1 =71\ 1 -1 1 -9 1 1 

_i( 1 1 3 3 .1 - 3 3 

S - 1 -3 =TI\ 1 -1 -3 1 

_if4 0 _ a(12 0 
4\0 -12 T il 4 

_ 1 0 _ A0 (=3 0\ [A O 
0 -3 0 A - 1)-\L0 X\ 

EXERCISE 13B 

1 The matrix A = (32 ;1) has eigenvalues A; = 1 and Ay = 4, with corresponding 

. 1 -1 . 
eigenvectors X; = (1) and xp = ( 9 ) respectively. 

Show that P; = (xq|x2) and Py = (x2|x;) both diagonalise A. 

4 
-3 and X\ 6, with corresponding The matrix 

-1 
eigenvectors X; = ( 9 ) 

) has eigenvalues A\, 

and xo = ( 
4 
1 ) respectively. 

Show that P; = (xq|x2) and Py = (x2]x;) both diagonalise A. 

  

3€1 TN LR R (T8 

2 5 

1 0)° 

a Find the eigenvalues Ai, A2 (A1 > A2) and corresponding eigenvectors X, Xa. 

b Verify that P = (x; |x2) diagonalises A. 

Let A=( 

 



EIGENVALUES AND EIGENVECTORS  (Chapter 13) 335 
  

  

  

a If det(M—A)=0 then "\:12 ;5‘: 

A 20 -5=0 
_2+44+20 

- 2 

)\=1::\/6 

For Ay =1+v6, (M—A)x=0 with x:(Z) 

. VE-1 -5 a\ [0 
gives ( 1 o1+v6)le) =10 

—a+(1+v6)b=0 

Letting b=t, ¢t #0, then a= (1+6)t 

(§)-( e 
1+1\/(_5 

choosing t =1, x; = ( ) is an eigenvector 
We could choose any 

non-zero value for ¢. 

A\ 
o) 

(5 

(2 : 

corresponding to Ay =1+ V6. 

  

For \a=1-+6, (Al—A)x=0 with x= 

e (15 20)(0)- 
Letting b=1t, ¢t #0, then a= (1—/6)t 

a) _ (1-— \/E 

(5)= (13 )e ere 
. 1—v6)\ . . . 

choosing t =1, xo = 1 is an eigenvector corresponding to Ao = 1 — /6. 

b Let P=(xi|x)=( TV8 1-v6 T Gt G 
1 1 Mat P"'xMat AxMat P 

1+/6 0 ] 
P,lAP:<1+\/6 0 0 1-J6 

0 1 \/6> {using technology} |0 

P diagonalises A. JUMP JOELETEDMAINCT MATH 

  

  

3 For each matrix A: 

i Find the eigenvalues A1, A (A1 > A2) and the corresponding eigenvectors Xi, Xa. 

il Verify that P = (xq|xX2) diagonalises A. 

aa=(1 4) oa=(5 9)
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27 

a Find the eigenvalues Aj, A2 (A1 > A2) and their corresponding eigenvectors Xi, Xo. 

L Consider the matrix A = (8 3 ) 

0 A 0 ,\22 

AN MATRIXPOWERS 
We have already seen that we can calculate powers of a matrix A, provided that A is square. For larger 

powers, this is tedious to calculate by hand. 

A0 
b If P=(xq]|x2), verify that: i PTIAP= (/\1 0) i P1A2P=< ! > 

However, if matrix A with eigenvalues A;, A2 is diagonalisable by P, then 

P'AP = (Al 0 ) =D 
0 A 

PP!APP~! = PDP! {pre-multiplying by P and 

post-multiplying by P~1} 

. A=PpDP! {PP~! =1} 

. A" = (PDP"')(PDP ')(PDP!)...(PDP!) 

n times 

=PDP~'PDP~'PDP L. PDP! 

=PD D D ..Dpp! {P7IP =1} 

=PDp P! 

  

oL Y ) Self Tutor 

The matrix A = ((1) _32) has eigenvalues 1, —3 with corresponding eigenvectors < i’), 

( 711 ) . Use the diagonalisation of A to find AS. 

  

3 -1 

1 1 
The matrix P = ( 0 —3 ) diagonalises A with P~'AP = (1 0 ) 
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1" 

Now A" =P 0 P! 
)n 

Il 
=
 

/
N
7
 
N
 

R 
W
 

71 1 1 Check: NORMAL FLOAT AUTO REAL DEGREE MP n 

=11 1 ) o ) 

L(3+3 337 Hoz. 547 
“i1-3 149 

  

(183 —546 
“\ 182 547 

EXERCISE 13C 

1 The matrix A = ( 

    
2 -2 
-1 3 

Use the diagonalisation of A to find A®. 

) has eigenvalues 1, 4 with corresponding eigenvectors (?) s ( 711 > . 

5 2 

a Find the eigenvalues of A and their corresponding eigenvectors. 

2 Consider the matrix A = (3 4)‘ 

b State a matrix P which will diagonalise A. 

¢ Write A” in the form PD"P~!. d Hence find the matrix P~'A?P. 

30 A= (;1 1) find the matrix A% exactly. 

4 If C= ((1) ?), find the matrix C201% exactly. 

DISCUSSION 

We have just seen that if a matrix A is diagonalisable, with eigenvalues A, Ao, then its powers can 

n 

)\ n 

be written in the form A" = P 
0 A 

0 
)P’1 for n € Z*t. 

We can readily extend this to fractional powers. 

1 AS 0 
For example, we can define the “square root” of A as A = AZ = P 

1 Would all matrices necessarily have a “square root”? 

2 1 

2 Use the above definition to verify that (AE) =A. 

1 

3 B = A? is a solution to the matrix equation B? = A. Ts it the only solution?
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IR MARKov cHAWs 
In the real-world models we have considered in the course so far, we have based our model on whatever 

data was available and used it to generate a function or other exact representation of the system. We 

know that our model is not exact, but we have made no attempt to include the random variation in the 

system within the model. 

A stochastic model includes the random variation in a system by using probability to predict the 

outcomes of future events. 

A Markov chain is a stochastic model which describes how a sequence of random events evolves over 

time. 

e Time is measured in discrete steps. 

e Each time step, the possible outcomes of each event are the states that the system could be in. 

e The probability distribution for the possible states of the system at the next time step depends only 

on the state at the current time step. This is known as the memoryless or Markov property. 

For example, the Opening Problem describes a Markov chain. 

e Time is measured in days. 

e Each day, the weather can take two possible states: “sunny” or “rainy”. 

e Tomorrow’s weather depends only on today’s weather. 

TRANSITION DIAGRAMS 

We can illustrate how the weather changes or transitions from one day to the next using a transition 

diagram: 

probability it will be rainy tomorrow 

given it was sunny today 

l 
0.2 

0.8 ‘@ 0.4 

probability it will be sunny tomorrow 0.6 probability it will be rainy tomorrow 

given it was sunny today T given it was rainy today 

probability it will be sunny tomorrow 

given it was rainy today 

Notice that: 

e Each state is represented by a circle. 

e Arrows show movement between states. 

e Each arrow is labelled with the corresponding transition probability.
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  HISTORICAL NOTE 

The word “stochastic” comes from the Greek word stokhastikés which 

means “acting based on guesswork”. 

  

Stochastic processes were the main research focus of the Russian 

mathematician Andrey Markov (1856 - 1922), after whom Markov 

chains were named. 

Today, Markov chains have many applications in genetics, economics, 

and telecommunications. 

  

Andrey Markov 

MATRIX REPRESENTATION 

One method for studying Markov chains is to use matrices. 

STATE MATRICES 

The state matrix s,, shows the state of the system at time n. 

The state matrix may represent either: 

o the probability or proportion of the population that are in each state, or 

o the actual number from the population that are in the given state. 

The initial state matrix is sg. 

For example, in the Opening Problem we suppose today represents time step n = 0. If it is sunny 

today then the initial state matrix sy = ( (1) ) : fi i: i:;r;yt(t)(:iijfyvri/tl}tlhp?f)(l)al;fi)llilgyo%. 

TRANSITION MATRICES 

The transition matrix T organises the transition probabilities. The states in the rows and 
. . lumns of T are listed i 

In a transition matrix T = (;;): cotumns of 7 are ustedin 
the same order as in s,, . 

e The columns represent the current state. 

e The rows represent the next state. 

e t;; is the probability of moving to state ¢ from state j. 

t;; = P(next state is 7| current state is j) 

  

e The sum of each column is 1. 

The transition matrix for the Markov chain in the Opening Today ) 

Problem is shown alongside. sunny rainy 

(0.8 0.6 sunny 
T = (0.2 0.4> rainy Tomorrow
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USING MATRICES TO CALCULATE FUTURE PROBABILITIES 

When we studied conditional probability, we used tree diagrams 
. Today Tomorrow 

to help us perform calculations. 
0.8 , sunny (D 

For example: sunny < 
! rainy (2 P(sunny tomorrow) = 1 x 0.8 +0 x 0.6 {paths D and @} 0.2 

=038 0 0.6 _, sunny ® 

and P(rainy tomorrow) =1 x 0.2+ 0 x 0.4 {paths @ and @} rainy < 
—0.2 0.4 rainy @ 

  

. 08 06 1% 0.8+0x 0.6 0.8 
Notice that Tso = (0.2 0.4) (0) = (1 x 0.2+ 0 x 0‘4) = (0‘2)   So, the probabilities of each state after 1 day are given by s; = Ts. 

After 2 days, so = Ts; 
Check these 

= ( 08 06 ) ( 0.8 ) calculations with the 

help of a tree diagram! 
0.2 04 

(0.6 
“ o2 

So, given that it is sunny today, in 2 days from now there is a 76% 

chance that it will be sunny and a 24% chance that it will be rainy. 

0.2 

  

In general, s, = T"sg 

  

In the formula s,, = T™sy, what assumption do we make about T? 

Discuss whether this assumption is necessarily realistic. 

EXERCISE 13D.1 

1 Bioblatt is a new paper supplier. The transition diagram below shows the percentages of customers 

who choose each week between Bioblatt and its competitors. 

    
20% 

80% ’
 

90% 

10% 

Construct a transition matrix T with elements in decimal form. 

b In the matrix T, state the meaning of the element: 

i 02 it 09 

¢ [Initially Bioblatt has no share of the market, so the initial market share column matrix is 

so = ((1]) Calculate Tsg and interpret your answer. 

d Find Bioblatt’s market share after: 

i two weeks ii four weeks.
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2 A country town of 1000 residents has two main grocery stores named Arrows and Bells. 

Of those who shop at Arrows one week, 90% shop at Arrows again the next week, and 10% shop 

at Bells the next week. 

Of those who shop at Bells one week, 70% shop at Bells again the next week, and 30% shop at 

Arrows the next week. 

a Display this information using: 

i a transition diagram ii a transition matrix T. 

b In the current week, 600 people shopped at Arrows, and 400 people shopped at Bells. State 

the initial state matrix sg. 

¢ Find the expected number of people who will shop at Arrows: 

i 1 week later il 3 weeks later. 

3 Ata local high school, 30% of students who bring their lunch from home on one day will buy their 

lunch at the canteen the next day. 50% of students who buy their lunch at the canteen on one day 

will bring their lunch from home the next. 

a Display this information using: 

i a transition diagram ii a transition matrix T. 

b On Monday, 400 students from the school were surveyed. 243 brought their lunch from home, 

while the remainder bought their lunch at the canteen. Construct an initial state matrix sy for 

this situation. 

¢ How many students do you expect to buy their lunch at the canteen on: 

i Tuesday ii  Friday? 

4 Two brands of sheep’s milk cheese are available. Brand bought this week 
The current transition patterns for sales of the 

cheeses are shown alongside. 
Brand bought 

a State the meaning of the value 0.4 in the next week 

table. 

b Construct a transition matrix T. 

  

¢ Suppose the market shares for the first week are given 

by the state matrix s, = (82 ) 

i Find Ts; and explain what it represents. 

ii  Find Baaah’s market share in the third week. 

iii  Find Sheez’s market share for the sixth week. 

  

5 100 smokers are attempting to quit. They meet for a barbecue on the first Saturday of each month 

to discuss their progress and encourage each other. In January, 62 members of the group were still 

smoking, while the rest of the group had gone all of the previous month without smoking. 

Statistics indicate that in such situations, some of the smokers will give up in the next month, while 

some of those who had gone without smoking will return to the habit. The proportions are described 

below. 
This month 

month ["Not Smoking 

  

   

    

   
 



342  EIGENVALUES AND EIGENVECTORS (Chapter 13) 

a Write a matrix s to describe the state of the membership at the end of January. 

0.8 0.1 
b Suppose T = (0.2 0.9 ) 

i Evaluate Tsg. 

ii  Estimate how many members will not have smoked between the January and February 

meetings. 

ili Evaluate T?sg, and interpret the result. 

¢ How many members do you expect to be smoking in January the following year? 

Example [ l1>)) Self Tutor 

Scientists are attempting to reverse the effect of salt damage on land adjacent to the Hudson River. 

Data was collected and examined from a property near the river over several years. This allowed 

the scientists to construct the following table which compares the proportions of very good, usable, 

and very poor land between one year and the next. 

Situation this year 

Very good Very poor (Ve o | Ul | Ve por | 
oo [ 0e | o | 

on | 

            

       

Situation 

    

Draw a transition diagram for this situation. 

b Write down the transition matrix T. 

¢ In the matrix T, state the meaning of the value: 

i 091 il 0.03 ili 0.28 

d Find the matrix T2, and explain the meaning of the value in: 

i row 1, column 2 il row 3, column 3. 

0 
e The initial land quality matrix is | 0.1 |. Explain what this means. 

0.9 

f Find the land quality after: 

i one year il two years ili four years. 

  

0.91 0.30 0.02 
b T=|006 065 028 

0.03 0.05 0.70 
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¢ i The value 0.91 means that 91% of the land which is very good this year will be very 

good next year. 

ii The value 0.03 means that 3% of the land which is very good this year will be very poor 

next year. 

iii The value 0.28 means that 28% of the land which is very poor this year will be usable 
next year. 

091 030 0.02)\° 0.8467 0.469 0.1162 
d T2= {006 065 028 | = | 0102 04545 0.3792 

0.03 0.05 0.70 0.0513 0.0765 0.5046 

i Inrow 1, column 2 we have 0.469. This means that 46.9% of land which is usable now 

will be very good in two years’ time. 

il Inrow 3, column 3 we have 0.5046. This means that 50.46% of land which is very poor 

now will be very poor in two years’ time. 

0 \<«— very good 

e sg=| 0.1 |=—usable so means that there is no very good land, 10% is usable, 

0.9 /<— very poor and 90% is very poor this year. 

0.91 0.30 0.02 0 0.048 

f i sg=Tsp=| 0.06 0.65 0.28 0.1 | = 0317 

0.03 0.05 0.70 0.9 0.635 

After one year, 4.8% is very good, 31.7% is usable, and 63.5% is very poor. 

0.151 

il sy =T2%sg~ | 0.387 After two years, 15.1% is very good, 38.7% is usable, and 
0.462 46.2% is very poor. 

0.363 

ili sy = Ty~ | 0.366 After four years, 36.3% is very good, 36.6% is usable, and 
0.270 27.0% is very poor. 

  

6 A farmer is starting a soil restoration programme. For the 

soil type and conditions of his land, the transition matrix 

from one year to the next is: 

VG U VP 

VG /0.8 0.2 0.0 VG = Very good 

T= U | 01 07 03 U = Usable 
VP \ 0.1 0.1 0.7 VP = Very poor 

  

Draw a transition diagram for this situation. 

b State the meaning of the number in: 

i row 3, column 1 il row 1, column 3. 

¢ Find T2, and state the meaning of the number in: 

i row 3, column 2 il row 2, column 3. 

d The present land is all very poor. Write down the initial land quality matrix. 

e Describe the land quality after 3 years.
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7 A hockey team’s fitness coach has observed the following trends over a long period: 

Condition this week 

Fully fit | Getting treatment | Cannot play 

0.88 0.75 0.08 

    

   
   

  

  

   

   

Fully fit     
  

Condition 

next 0.06 0.17 0.42 
week Cannot play 0.06 | 0.08 
  

a Draw a transition diagram for this situation. 

b Write down the transition matrix T for the condition of the team’s players. 

¢ State the meaning of the number in: 

i row 1, column 1 ii row 2, column 3. 

d Find T?, and state the meaning of the number in row 1, column 2. 

e The club has 30 fully fit players, 6 getting treatment, and 2 who cannot play due to injury. 

How many players would the coach expect in each category: 

  

i next week il in two weeks’ time? 

ACTIVITY 1 

Markov chains are not always directly observable. A Markov chain will sometimes HIDDEN 
. MARKOV CHAINS 

generate a sequence of events that we can see, but we know nothing about the 

underlying chain itself. In this case we call it a hidden Markov chain. 

In this online Activity we study a hidden Markov chain based on the Opening Problem. 

STEADY STATES 

  INVESTIGATION 

Click on the icon to access a simulation of the weather in the town in the Opening  STEADY sTATES 
Problem. 

What to do: 

1 Run the simulation for: 

a a month b 100 days ¢ 1000 days. 

2 Describe how the proportion of sunny days changes during the simulation. 

3 Run the simulation again with different initial state matrices sp. Comment on your results. 

& Use the formula s, = T"sy to find: 

a sy b sio € S1000 

Comment on your results. 

5 Repeat 4 using different initial state matrices sgp. What do you notice?
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From the Investigation, you should have found that the proportions of sunny and rainy days converge 
3 1 to 0.75 =4 and 0.25= 3 respectively, regardless of the initial state matrix so. 

When there is very little or no change in the values of the state matrices from 

one time step to the next, we say the system has reached a steady state. 

FINDING THE STEADY STATE OF A MARKOV CHAIN 

In a steady state, s,11 =S, 

Tsn =Sy 

Ts=s {letting s =s,} 

We can therefore define: 

The steady state matrix s of a Markov chain is an eigenvector 

of the transition matrix T with eigenvalue 1. 

From Section A, we know there are infinitely many eigenvectors corresponding to a particular eigenvalue. 

The eigenvector we need is the one whose elements have the correct sum. 

If the state matrix is a matrix of probabilities, its elements sum to 1. Otherwise, the elements sum to the 

total population being considered. 

For example, for the weather scenario in the Opening Problem, T = (gg 82 ) 

If s= (Z) is the steady state matrix then Ts=s 

0.8 0.6 a\ f(a 

0.2 04 b) \b 

0.8a+06b\ (a 

02a+04b ) \ b 

Using either row, 0.2a+0.4b =10 

0.2a = 0.6b 

a=3b 

  

In this case, s is a matrix of probabilities, so a+b=1 

3b+b=1 

Hence s = ( 

1 

SUMMARY 

-1 —3 =z and a=7 

B
l
 

el
w 

) which agrees with our observations in the Investigation. 

We can find the steady state of a Markov chain with transition matrix T using either: 

Method 1: Calculate s,, = T"sy for large values of n. 

Method 2:  Find s such that Ts =s. 

Note that in general, the steady state does not depend on sg. So, if using Method 1 and s is not given, 

choose any sy # 0.



346  EIGENVALUES AND EIGENVECTORS (Chapter 13) 

EXERCISE 13D.2 

1 Jada has noticed that some people at her work keep leaving the fridge door partly open. She estimates 

that the door is currently left open 10% of the time, and she suspects the problem is getting worse. 

Jada has noticed that the state in which a person 

leaves the fridge depends on the state in which 

they found it, as described in the table alongside: 

State when 
0.1 0.3 0.05 

Suppose sp = <0.9) and T = (0.7 0.95 ) they leave 

State when they arrive 

    
      

a Explain the significance of sy and T. 

b Find algebraically, the steady state of the system, s. 

¢ Hence predict the proportion of time the fridge will be left open in the long term. Is Jada’s 

concern that the problem is getting worse justified? 

d Use T'%, to check your answer to b. 

2 Two bus services, Clydes and Roos, operate between Now 

two cities. The transition matrix alongside shows the C R 

preferences of passengers who use these services on a 0.84 021\ C  Next 

monthly basis. This month Clydes carried 425 passengers T= (0,16 0.79) R month 
and Roos carried 716 passengers. 

a Write down the initial state matrix sg. 

b Predict the monthly number of passengers for each bus service in the long term by considering 

T"s, for large n. 

List two assumptions you made in b. Do you think these assumptions are reasonable? 

o 
n 

Use b to estimate the proportion of passengers that use each bus service in the long term. 

e Find the steady state proportions for the system algebraically. 

3 Suppose T = (8; 82) is a transition matrix for a discrete dynamical system. The state matrix 

of the system gives the proportions of the population with a particular characteristic. 

a Use the characteristic polynomial of T to find its eigenvalues. 

b Find the corresponding eigenvectors of T. 

¢ Hence find the steady state matrix s of the system. 

L A netball squad has 40 players. 30 are currently fully fit, 5 are 

getting treatment, and 5 are unavailable due to injury. The weekly 

transition matrix for the fitness status of the players is: 

0.86 0.68 0.00 \ <— fully fit 
T= {012 024 0.32 |<— getting treatment 

0.02 0.08 0.68 / <— injured 

  

      

a How many players would be expected in each group: 

i next week i after two weeks 

il in the long term? 

  

b If the squad fields three teams of 9 each week, discuss the implications of your answer to a fii. 

¢ Under these transition conditions, how many members would the squad require to ensure they 

would have a fit team for each of the three games? Explain your answer.
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5 Each year there is considerable bird migration between This year 

the islands Paua, Manu, and Chalk. Over time, a 

researcher has observed the trends shown in the table. 

a Find the transition matrix T which shows the 

migration pattern of the birds from one year to 

the next. 

b Find T?, and explain what the numbers in its 

third column represent. 

¢ In 2019, 26% of the birds lived on Paua, 39% lived on Manu, and 35% lived on Chalk. 

Estimate the populations on each island in: 

i 2020 i 2022. 

d Find the steady state proportions of birds living on each island. 

  

e Once the steady state proportions have been reached, do the birds stop migrating between the 

islands? If not, what percentage of birds move between islands each year? 

6 A legal firm has four city offices A, B, C, and D. A courier delivers original documents between the 

offices. After each delivery he waits for a new delivery from that location. The probabilities for the 

0 04 02 01\~—A 
05 0 05 03 |=—B 

03 01 0 06 |—C" 

02 05 03 0 /~—D 

courier’s movement are summarised in the transition matrix T = 

a If the courier is now at B, what is the chance that his: 

i first delivery goes to C 

ii second delivery goes to A 

i third delivery goes to D? 

b If the courier is now at B, where is he most likely to be: 

i after 2 deliveries i after 3 deliveries? 

¢ In the long run, which office does the courier visit the 

most? 

  

1-p ¢ 7 Consider a Markov chain with transition matrix T = ( » 1—¢q ) and a state matrix which 

represents proportions of the population. 

a Show that the eigenvalues of T are 1 and 1 —p —gq. 

q 

pTq 

P 

r+aq 

¢ Interpret the physical significance of the steady state proportions. 

b Show that the steady state matrix for this system is 
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  ACTIVITY 2 

In the transition matrices we have studied so far, the elements have all been probabilities. In the case 

of populations, they describe how the members of the population change from one state to another. 

Each member always takes a state, so the sum of the elements in each column is 1. 

By contrast, if we wish to study the age distribution of a population, we need to include births and 

deaths. This means that new members are added to the population, while existing members are 

removed. The elements of the transition matrix are not necessarily probabilities, but are rates. 

The transition matrix for a model of this form is called a Leslie matrix, named after its inventor, the 

Scottish and later Australian mathematician, Patrick Leslie (1815 - 1881). 

A Leslie matrix has the structure 

fi o fs fn We can leave off 

the last column if 
s1 0 0 0 

L= 0 s 0 0 it is all zeros. 

  

UEERY) s, WU 

where f; is the average number of female offspring born to each 

female in the ith age group 

s; 1s the proportion of female offspring from the ith age 

group which survive to the next. ’ 

The difference between a Leslie population model and a Markov chain is that f; + s; is not 

necessarily 1. 

What to do: 

1 Each year, a female adult penguin lays an average of 4 eggs, each of which has a 50% chance 

of containing a female chick. Each year, 80% of the female chicks die, and each female adult 

has a 60% chance of surviving to the next year. 

0 2 
a The Leslie matrix for this system is L = ( 02 06 ). Explain what each element of L 

represents. 

b Construct a transition diagram for the system. 

¢ Suppose that initially there are 250 female chicks and 300 adult female penguins in the 

250 
colony, so sp = 300 /- 

i Calculate Lsy and Lsq, and interpret their meaning. 

il By calculating L°sg and L%, predict what will happen to the population over time. 

d A particularly harsh winter means that in one year only a small number of chicks survive. 

20 
250 ) Is the population likely to recover? Explain The population is reduced to syp = ( 

your answer. 

e Let s = (Z) be a matrix of the proportions of chicks and adults in the steady state 

female population. Find s algebraically and interpret its meaning.
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2 Research into a rare butterfly has revealed that after 

24 hours, caterpillars will turn into butterflies, and 

after 48 hours, the butterflies are ready to mate. Any 

female butterflies that survive this long will give birth 

and die after 72 hours. 

% of the female caterpillars die before pupating into 

a butterfly, and % of the adult female butterflies die 

before mating. 

On average, the female butterflies that survive to mate 

produce 12 female caterpillar offspring. 

At a particular time there are 120 female caterpillars, 15 adolescent female butterflies, and 

8 adult female butterflies in a colony. 

  

0 0 12 

a The Leslie matrix for this systemis L= [ § 0 0 

01 0 3 
Explain what each element of L represents. 

b Construct a transition diagram for the system. 

¢ According to the model, how many females will there be in each category after: 

i 24 hours ii 48 hours iil 72 hours? 

d Predict what will happen to the butterfly population in the future using s, = L"sy for 

large values of n. 

REVIEW SET 13A 

1 For the matrix A = (:le 2), find: 

a the characteristic polynomial b the eigenvalues. 

=7\ . . 3 =7 
2 x= ( 3 ) is an eigenvector of A = (73 71>. 

a Find Ax, and hence state the eigenvalue corresponding to x. 

b Find the remaining eigenvalue. 

3 Consider the matrix A = (Z 2) 

a Find the eigenvalues A;, A2 (A\; > A2) and corresponding eigenvectors X, Xo of A. 

b Verify that Ax; = A\;x; and Axy = AoXo. 

4 Find the eigenvalue(s) and corresponding eigenvector(s) of: 

(Y a3 3) 
2 4 

5 LetAz(5 3>. 

a Find the eigenvalues A;, A2 (A; > A2) and the corresponding eigenvectors Xi, Xs. 

b Verify that P = (x;|x2) will diagonalise A.
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The matrix A = :? i% has eigenvalues —7, —4 with corresponding eigenvectors 

( _12 ) > ( _15 ) . Use the diagonalisation of A to find AS. 

If C= (38 ;3), find the matrix C'° exactly. 

Each night, the 500 passengers on a cruise ship can eat at restaurant A or restaurant B. 

70% of passengers who eat at A one night will eat at A again the next night. 80% of passengers 

who eat at B one night will eat at B again the next night. 

a Display this information using: 

i a transition diagram ii a transition matrix. 

b On Sunday, 250 passengers ate at each restaurant. How many passengers will eat at: 

i restaurant A on Monday ii restaurant B on Tuesday? 

A university student is researching the connection between adults who smoke and the smoking 

habits of their children. Her results are presented in the table below. 

This generation 

    

Smoker | Non-smoker [ Smoker | 
5% 

  

    
     
     

Construct a transition matrix T from the table. 

Next 

generation 

b In the matrix T, state the meaning of the value in row 2, column 1. 

¢ For the generation in which data was first collected, 60% of adults smoked, so 

Sp = (82 ) Calculate T?s( and interpret your answer. 

d Find algebraically the steady state of the system s. Hence predict the proportion of adult 

smokers in the long term. 

Bill is a taxi driver. He collects customers from taxi rank A, B, This time 
or C. After driving a customer to their destination, he returns 

to a taxi rank to collect his next customer. 

The table alongside shows the probabilities with which he 

returns to each taxi rank. 

  

a Display this information using: 

i a transition diagram ii a transition matrix T. 

b Interpret the element in row 1, column 3 of T. 

¢ Bill started his shift at taxi rank B. He is now returning to a taxi rank to collect his third 

customer. Which taxi rank is he most likely to return to? 

d In the long run, which taxi rank does Bill use most often?
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REVIEW SET 13B 

1 Find the eigenvalue(s) of: 

ean(t2) oas (5 8) ea-(5 ) 
4 -1 
k2 

  2 The matrix B = ( ) has eigenvalues 3 + V/8. Find the value of k. 

4 3 

a Find the eigenvalues and corresponding eigenvectors of A. 

3 Consider the matrix A = (2 2 ) 

b Without performing any calculations, find the eigenvalues and corresponding eigenvectors 

of 3A. 

3 -5 4 Let A= (2 73) 

a Show that (3 ;r ! ) t, t# 0 are eigenvectors of A. State the corresponding eigenvalue. 

b State the other eigenvalue of A. 

¢ Hence find the remaining eigenvectors of A. 

5 Find the eigenvalue(s) and corresponding eigenvector(s) of: 

2 -9 5 -2 
a A=(4 _1(]) I:>A=(1 _1) < 

6 Consider the matrix B = ( 755 2) 

»> Il 
/
~
 4 2 

=1 2 

a Find the eigenvalues and corresponding eigenvectors of B. 

b Write down a matrix P that diagonalises B, and find P~*BP. 

¢ Hence calculate: i B? ii BS. 

8 9 

a Find matrices P and D such that A = PDP~!. 

b Hence find the exact value of A'°. 

7 Consider the matrix A = (7 & ) 

8 Chris and Suzie are candidates seeking to be elected mayor This week 

at the next council elections. Telephone polls of people 

living in their electorate have revealed the trends in voting 

atterns shown in the table. 
P " 

    

      

    

Next 

week 
a Display this information using: 

i a transition diagram ii a transition matrix T. 

b Calculate T? and T3. 

¢ Explain what column 2 of T? means.
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d The polls currently suggest that Chris is winning with 60% of the vote. Who do you expect 

will win if the election is held in: 

i 2 weeks ii 4 weeks? 

9 Doctors classify people as underweight, healthy weight, or overweight. The following table 

shows the connection between the weight classifications of people and their children. 

This generation 

Ondervign| o5 | o5 | om 

State the transition matrix T, and calculate T?. 

          

Next 

generation 

  

        

  

b What percentage of underweight people of the current 

generation are expected to have: 

i healthy weight children ii overweight grandchildren? 

¢ Currently the weight status of people is 15% underweight, 56% healthy, and 
29% overweight. Find how these proportions are expected to change: 

i in the next generation ii in two generations. 

d Find the steady state for this model, and interpret your answer. 

e Do you think the underlying assumptions of a Markov chain are appropriate in this case? 

Explain your answer. 

10 In a weekly art class, 120 students can choose between painting and pottery. Each week, 40% 

of the painting students move to pottery, and 20% of the pottery students move to painting. 

Initially, 60 students chose painting and 60 students chose pottery. 

a Write down the initial state matrix sy and the transition matrix T. 

Find Ts, and interpret your answer. 

Find the eigenvalues and corresponding eigenvectors of T. 

Write an expression for the number of painting students after n weeks, n € N. 

® 
O 

A 
O 

Hence find the number of painting students each week in the long term.



  

Affine 

transformations 

Contents: Translations 
Rotations about the origin 

Reflections 

Stretches 
Enlargements 

Composite transformations 
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M
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OPENING PROBLEM 

Fractals are geometric constructions that are self-similar. 

This means that any part of a fractal “looks like” the overall 

fractal. 

For example, the figure alongside shows a fractal called 

Sierpinski’s triangle. 

Most fractals can be generated by repeating a simple set of 

rules. 

  

Things to think about: 

a What transformation is needed to map AOBD onto 

  

AOAE? 

b What transformation is needed to map AOAE onto: 

i AECD ii AABC? 

¢ Can you describe the transformations in b using 

vectors? 

d What sequence of transformations is needed to map 

AOBD onto: 

i AECD ii AABC? 

e Can we describe the transformations in a and d using 

matrices? 

f How can we repeat the transformations in e to produce Sierpinski’s triangle? 

When we studied transformations of functions, we saw how algebraic changes to the function resulted 

in particular transformations. In general, we were interested in the transformation of the whole curve, 

rather than the movement of a particular point on the curve. 

In this Chapter we consider how an object point (x, y), specified by the vector x = (Z), is moved 

/ 

to an image point (2/, '), specified by the vector x’ = (Z, ), using matrices. 

A linear transformation is a geometric transformation which can be described by the 

matrix equation x’ = Ax where A = ((Z Z) 

Linear transformations include stretches, rotations, reflections, and any combination or 

composition of these. 

An affine transformation is a geometric transformation which can be described by the 

matrix equation X’ = Ax + b where A = (‘; Z) and b = (;) 

In addition to the linear transformations, affine transformations include translations.
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CNE TRANSLATIONS 
We have seen previously that when an object is translated, every point on the object moves the same 

distance in the same direction. This movement is described by a translation vector, which in the 

Cartesian plane gives = and y components of the translation. 

  

Suppose the point (z, y) is translated through b = (;) to the image point (z/, y'). 

/ 

2/ =x+e and y =y+ f, so the image is given by (z,) = (z>+<;) 

EXERCISE 14A 

1 Find the image point when the point (3, 2) is translated through: 

1 —4 2 -3 h 

() ) () <5 <) 
2 Find the image of each point under the translation ( _32 ): 

a (0,0) b (4,1) c (2, -2) d (-3, —4) e (z,y) 

3 Find the object point whose image is (—1, 3) under the translation: 

1 0 -1 —2 h ) () ) () () 
4 Find the object point which produces each image under the translation ( 4 ) : 

! 

a (0,0) b (3,-2) c (7,4) d (-1, -5) e (z,y) 

5 Find the translation vector which maps: 

a (2,3) onto (4,7) b (1,-2) onto (—2,0) 

¢ (—=3,1) onto (1, —4) d (5, —2) onto (0,1) 

e (z,y) onto (z—1,y+3) f (z,y) onto (2, —3). 

€1 6 The point (z, y) is translated through by = (f 
1 

by = (2) 

a Describe the image point using vector addition. 

) and the result is translated through 

b Describe the overall translation using a single translation vector. 

7 If the translation of (z, y) through b = (;) is written in the form x’ = Ax + b, find the 

matrix A and state its determinant.
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[0 [ ROTATIONS ABOUT THE ORIGIN 
INVESTIGATION 1   

Under an anticlockwise rotation about O(0, 0) through %, 

the point (z, y) has image (—y, x). 

' =—y and ¥y =z 

. i 0 -1 v 
In matrix form, (y')_(l 0 )(y) 

with transformation matrix A = ((1) Bl ) . 

  

  

Transformation A |A| 
What to do: 

Copy and complete the table alongside, 

then summarise your observations. 
Clockwise rotation 

about O through 7. 
  

Rotation about O 

through 7. 
  

Rotation about O 

through 0. 

  

Now consider an anticlockwise rotation about O through an arbitrary angle 6. 

Let (z, y) be a point which makes an angle ¢ with the 

positive x-axis. 

the image point (z’, y') makes the angle ¢+ 6 with 

the positive z-axis. 

The situation can be compared with the complex number 

x + 4y, written in polar form as rcis¢, which is rotated 

in the complex plane to the image 

2’ + iy = rcis(§ + ¢) 

Now 7 cis(d + ¢) = rel®+9) 

= reet® 

=r(cosf + isinf)(cos ¢ + isin @) 

= r(cosfcos ¢+ icosfsinp 

+ isinf cos ¢ — sin @ sin ¢) 

  

     In Chapter 11 we saw that 

multiplication by e’ 
produces an anticlockwise 

rotation through 6 about the 

origin in the complex plane. 

  

     = cos 0(r cos ¢) — sin O(r sin ¢) 

+ i [sin@(r cos ¢) + cos O (rsin ¢)] 

= (cos @)z — (sinf)y 

+ i[(sinf)x + (cosf)y] 
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Equating real and imaginary parts, 2’ = (cosf)z — (sinf)y and y’ = (sinf)z + (cosf)y. 

o — [ cos 0 —sinf < 
~ \sinf cos6 

cosf —sinf 
Notice that Gnf  cosd 

  
‘:cos20+sin20:1. 

For a rotation anticlockwise about O(0, 0) through 6, the transformation matrix 

A= <C059 _Sme) with |A|=1. 
sinf  cosf 

S R LR R 

  

Find the transformation matrix A for a clockwise rotation about O through %" 

  

A clockwise rotation through %" is equivalent to an 

2m anticlockwise rotation through —=f. 

1 gng—_¥3 3, Sinf =—% ] 
o = >
 Il | Q o w
 

3 Il | 

  

  

  

  

  

1B 
o 2 2 

_V3 1 
2 2 

— 4 - 3z - Yy 

Find the nature of the transformation with equations 
) 4z +3y 

5 

o
l
 

> Il 
/
N
 

al
bs

 
o
l
 

e
 

> where |A|= (%)2 + (%)2 S 

a —b 
Since A has the form ( 

b a 
) and |A|=1, A is a rotation matrix. 

If the angle of rotation is 6, cosf = % and sinf = %, m 

so0 0 is in quadrant 1. cos & 

i3 . 0.927295218 

6 = cos (g) 

~ 0.927¢ 

  

JUMP JDELETEPMATVCT] MATH 

the transformation is an anticlockwise rotation about O(0, 0) through 0.927¢.    
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EXERCISE 14B 

1 Find the transformation matrix A for a rotation about O: 

a anticlockwise through % b anticlockwise through % 

¢ clockwise through 7 d clockwise through %” 

e anticlockwise through 3%. 

2 Find the nature of the transformation with equations: 

s —Hr+12y x/:_\}i(w+y) x =—0 

Y =fi(y—z) yf =2 z — Sy 
13 

cosf —sinf 
3 We have seen that A = . 

sinf  cosé 

rotation about O through angle 6. 

) is the transformation matrix for an anticlockwise 

a Write down the transformation matrix for an anticlockwise rotation about O through angle —6. 

b Find A% 

¢ Discuss the significance of your results. 

  

Find the image of (5, 1) under an anticlockwise rotation about O through —3T. 

— _3m P i == For 6 = —=F, cosf = 7 and sinf = 7 

A cosf —sinf\ 7% % 
“\sinf cosf )| _L _ 1L 

V2 

e-s(D)-(C 

the image is (72\/_, 73\/§)A   
4 Find the image of: 

2r a (5, —1) under an anticlockwise rotation about O through —2 

b (=3, 1) under an anticlockwise rotation about O through 3% 

¢ (2, 3) under an anticlockwise rotation about O through 

d (-1, —4) under an anticlockwise rotation about O through 737". 
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S REFLECTIONS 
INVESTIGATION 2 

  

  

If the point (z, y) is reflected in the x-axis, the image point 

is (z, —y). 

2/ =z and y = —y. 

  

What to do: 

Copy and complete the table alongside, Transformation 

then summarise your observations. 
  

Reflection in the 

T-axis. 

Reflection in the 

y-axis. 

Reflection in the 

line y = x. 
  

Reflection in the 

line y = —x.   

  

Now consider a reflection in the line y = (tana)z, so the mirror line passes through the origin and 

makes an angle « with the z-axis. 

Let (x, y) be a point which makes an angle ¢ with the 
positive x-axis. 

the image point (2’, y’) makes the angle 

a+ (a—¢) =2a— ¢ with the positive z-axis. 

Comparing with the complex number x +iy = rcis¢, the 

reflected point in the complex plane is 

2 + iy = rcis(2a — ¢). 

Now 7 cis(2a — ¢) = rel?e=9) 
— pei20p—id 

= 7(cos 2 + isin 2av) (cos(—¢) + i sin(—¢)) 

= r(cos2a cos ¢ — i cos 2asin ¢ + i sin 2cc cos ¢ + sin 2a sin @) 

= cos 2a(r cos @) + sin 2a(r sin @) + i [sin 2a(r cos ¢p) — cos 2a(rsin ¢)] 

= cos 2ax + sin 2ay + i(sin 2ax — cos 20y) 
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Equating real and imaginary parts, 2’ = cos2ax + sin2ay and y' = sin2az — cos 2ay. 

, cos2a  sin2a 
X' = X 

sin2a  —cos 2« 

cos2a  sin2a 
. = —cos? 20 —sin? 2a = —1 

sin2a  —cos2a 
Notice that 

    

For a reflection in the mirror line y = (tana)xz, the transformation matrix is 

A= (c0s2a sin 2a 

sin 2av 7c0s2a) it A== 

  

    
Find the transformation matrix A for a reflection in the line y = 3x. 

  

m=tano =3 
cos (2tanT 3) 

sin (2tan? 3) 
a=tan"'3 

  

cos2a = —2 and sin2x = 2 5 5 
0 

. 4 3 
A= cos2a  sin2a Y 

=\ sin2a —cos2a )=\ 3 4 JUMP JDELETEHAVCT MATH 
5 5 

  

  

13 R LR R T 

where \A|:7( 

b 
Since A has the form (a 

b —a 
> and |A|= -1, 

A is a reflection matrix where cos2a = —% and 

4 sin2a = —z. 

tan2a = %, 7r<2oz<37’r 
1 = 4 ). = 

tana—7) =3, 0<2r—a <% e [Etanl [§]+5 

2a—7r=tan_1(%) O i 

a= %tanfl( 
JUMP JDELETEMATVCT] MATH 

tana = -2 

the transformation is a reflection in the line  
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EXERCISE 14C 

1 Find the transformation matrix A for: 

  

  

a a reflection in the y-axis b a reflection in the line y = —z 

¢ areflection in the line y = bz d a reflection in the line y = v/3z. 

2 Find the nature of the transformation with equations: 

8y — 15z J 1 8y 
T = 75(1' + y) b = 17 

a 
S (o 8 + 15 Y =5y /_ 8z +15y 

V2 Y 7 

. ;- s s _ 
3 The transformation x’ = (t 2 t)x maps (\/_, \/5) onto (0, 2) for some s, ¢ € R. 

Discuss whether this transformation could be: 

a a rotation about O b areflection in the line y = (tana)z. 

4 Let A be the transformation matrix for a reflection in the line y = (tana)x. Show that A=! = A, 

and explain the significance of this result. 

5 Find the image of each point under a reflection in the line y = —2a: 

a (-4,2) b (3, -1) ¢ (=2,4) 

HORIZONTAL STRETCHES 

In a horizontal stretch with scale factor k, the point (z, y) y 

is moved to th'e image (', y’) whichis k times the distance (@.9) (@ y) 

from the y-axis. g e 

This means that 2’ = kx and ¢ =y 

© N [k 0\[=z 

y) \0 1)\y) 

For a horizontal stretch with scale factor £, the transformation matrix A = (k v ) . 

  

VERTICAL STRETCHES 

In a vertical stretch with scale factor k, the point (x, y) is 

moved to the image (2, y’) which is k times the distance 
from the y-axis. 

This means that 2/ =2 and o' = ky 

z’ (1 0 T 
S0 v ) =0 & ) ) 

. . . 1 
For a vertical stretch with scale factor k, the transformation matrix A = ( 0 2) 
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EXERCISE 14D 

1 Describe the transformation x’ = Ax for which A is: 

SO I O ) B CA Y B 
2 Consider a horizontal stretch with scale factor % 

S
 

=
 

Bl
= 

O 
N
—
 

a Write down the transformation matrix A. 

b Hence find the image of (3, 4) under the transformation. 

¢ Find A~! and describe the transformation x’ = A~ 'x. 

3 Consider a vertical stretch with scale factor % 

a  Write down the transformation matrix A. 

b Hence find the image of (—1, 2) under the transformation. 

¢ Find A~! and describe the transformation x’ = A~ !'x. 

I I e ssctun 
In an enlargement with scale factor k, the point (x, y) is 

moved directly towards or away from the origin. The image 

is k times the distance from the origin that the object was. 

This means that 2’ = kz and 3 = ky 

= (1)@ 2)6) 

For an enlargement with scale factor £, the transformation matrix is A = ( 0 ) . 

  

EXERCISE 14E 

1 Describe the transformation x’ = Ax for which A is: - - - 
If the image is closer to the origin 

< 3 0) b ( i 0 > than the object, we can call the 

0 3 0 % transformation a reduction. 

  

2 Consider an enlargement with scale factor % 

a Write down the transformation matrix A. 

b Hence find the image of (3, 6) under the transformation. 

¢ Find A~ and describe the transformation x’ = A~ !x. 

3 a Find the image point X’ when x = (‘;) is stretched horizontally with scale factor k. 

b Find the image point x”” when x’ is stretched vertically with scale factor k. 

¢ Explain your answer by considering the product (é 2) (I(; (1]>
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I3 [ COMPOSITE TRANSFORMATIONS 
When we apply one transformation after another, the result is a composite transformation. 

For example, the enlargements we considered in the previous Section are composite transformations. 

The enlargement with scale factor k is the composition of a horizontal stretch with scale factor k£ and a 

vertical stretch with scale factor k. 

If we perform a linear transformation with transformation matrix A, the result is Ax. 

If we perform a second linear transformation with transformation matrix B on the result, we obtain the 

image B(Ax) = BAx. 

So, the composition of these linear transformations is itself a linear transformation, and has the 

transformation matrix BA. 

Example 6 LR R (MY 

Find the single linear transformation equivalent to an anticlockwise rotation about O through 7, 

followed by a reflection in the line y = 2. 

  

An anticlockwise rotation of 7 about O has the transformation matrix A = ( v 

For the reflection in the line y = 2z, tana =2 
| cos (2tanT 2) 

cos 2 = cos(2tan” 1 2) = —2 
5 sin (2tan?t 2) 

and sin2o =sin(2tan'2) = 2 5 

JUMP JDELETEPMATVCY MATH 
the reflection has transformation matrix B = ( 

0 -1 2 

10 - 
Now BA = 

a b 
BA has the form ( 

b —a 
) with |BA|=|B||A|=(-1)(1) =1 

the composition of these transformations is a reflection. 

If the reflection is in the line y = tan¢x then 

cos2¢ =2 and sin2¢ = 2 

and 0 <2¢p <7 

tan™'(2) 

tan ¢ = tan(% tan (%)) = % 

the composite transformation is a reflection in the line y = zz.  
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The affine transformation X’ = Ax + b is the composition of the linear transformation with 

transformation matrix A, followed by a translation through b. 

EXERCISE 14F 

1 Let A be the transformation matrix for a reflection in the line y =, and B be the transformation 

matrix for an anticlockwise rotation about O through %. 

a Find the transformation matrices A and B. 

b Determine the nature of the composite transformation: 

i x' = ABx il x' = BAx 

¢ Use matrices to explain why the order is generally important in the composition of two linear 

transformations. 

2 Find the single linear transformation equivalent to: 

a areflection in the z-axis followed by an anticlockwise rotation of 3 about O 

b an anticlockwise rotation through %’“ about O followed by a reflection in the line y = —z 

¢ a reflection in the line 3 = v/3x followed by a reflection in the y-axis 

a reflection in the line y = x followed by a reflection in the line y = 3z. 

3 Find the single transformation equivalent to the following composite transformations. In each case, 

discuss whether the composite transformation would be different if the order of transformations was 

reversed. 

a A horizontal stretch with scale factor & followed by a vertical stretch with scale factor &. 

b A rotation about O through 6 followed by a rotation about O through ¢. 

¢ A reflection in the line y = (tana)x followed by a reflection in the line y = (tan 3)z. 

L& Write down the matrix equation for each affine transformation: 

a A reflection in the line y = %x followed by a translation through ( _31 > 

b An anticlockwise rotation through & about O followed by a translation through ( ;1 ) 

¢ A horizontal stretch with scale factor % followed by a translation through ((5)> 

5 Show that a reflection in a line through O, followed by a rotation about O, is equivalent to a reflection 

in another line through O. 

6 a Write down the matrix equation for a translation through ( E’2 ) Jollowed by an enlargement 

with scale factor 2. 

b Show that this composite transformation is an affine transformation. 

¢ Show that the composition of a translation through ¢ followed by a linear transformation with 

transformation matrix A, is an affine transformation of the form x’ = Ax + b. 

7 What transformation is needed before a clockwise rotation through 7 about O, in order to give a 

reflection in the line y = $a?



AFFINE TRANSFORMATIONS  (Chapter 14) 365 
  

INVESTIGATION 3 

We have seen that linear transformations are a subset of affine transformations. They have a number 

of useful properties which are not shared by affine transformations in general. 

What to do: 

1 There is a unique point which is invariant under any linear transformation. Identify this point 

and explain why it is always invariant. 

1 k 
2 The linear transformation x’ = < 01 >x is called a shear 

parallel to the x-axis. 

  

a The square OABC with vertices O(0, 0), A(1, 0), B(1, 1), and C(0, 1) is called the 

unit square. 

Perform a shear parallel to the z-axis with & = 

Illustrate your answer. 

% on each vertex of the unit square. 

b Show that the transformation matrix has eigenvalue 1 with corresponding eigenvectors 

1 (1) ven 
¢ What is special about object points x which are themselves eigenvectors of the 

transformation matrix? Explain your answer using the definitions of eigenvalues and 

eigenvectors. 

3 A shear parallel to the y-axis has the transformation matrix (i ?) . 

a Perform a shear parallel to the y-axis and with k = % on each vertex of the unit square. 

b Show that the transformation matrix has eigenvalue 1 with corresponding eigenvectors 

0 
t<1>, teR. 

¢ What is special about object points x which are themselves eigenvectors of the 

transformation matrix? Compare your answer to 2 €. 

4 a For each of the following linear transformations, find the eigenvalues and corresponding 

eigenvectors of the transformation matrix: 

ix’:54x iix':12x 
3 1 2 1 

b Apply each transformation in a to its eigenvectors. Comment on your observations. 

5 Suppose the linear transformation x’ = Ax moves the point P to its image point P’. 

Explain why P’ lies on the line (OP) if and only if OP is an eigenvector of A.
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6 Consider an anticlockwise rotation about the origin through angle 6. 

Suppose an object point is located by a position vector which is an eigenvector v of the transition 

cosf —sinf 

sinf  cosf )° 
matrix A = ( 

a For what values of # will the image point be located by a scalar multiple of v? 

b Show that the eigenvalues of A are e, 

¢ Explain the result in a by considering values of ¢ for which the eigenvalues of A are real. 

Show that there is a repeated eigenvalue which is either 1 or —1. 

d For either of the possible repeated eigenvalues in €, use the rotation to explain how every 

non-zero vector in the plane is a corresponding eigenvector. Prove your result algebraically 

in each case. 

ACTIVITY 1 

In this Activity, we will consider what happens when we repeatedly apply an affine transformation 

to a point and its successive images. 

What to do: 
0.6 0.8 5 I 1 Suppose the transformation x" = <70.8 0.6 )x is repeatedly applied to the point P(1, 0) 

and its successive images. 

a Explain why the transformation is a rotation, and find the angle of rotation. 

b Draw a diagram to illustrate how, under the transformation: 

i P is mapped onto its image P’ 

il P’ is mapped onto its image P 

ili P is mapped onto its image P’ 

¢ Predict what will happen if we continue applying the transformation to successive image 

points. 

d Click on the icon to obtain a spreadsheet that applies the transformation SPREADSHEET 

and plots the image points. 

Use the spreadsheet to check your prediction. 

e Experiment with different initial object points. Do you observe the same 

behaviour? 

1 _\3 
2 Let Ay = 2 2 and Ay = i . 

V3 1 0 09 
D D 

Calculate AjAs. 

b Describe the composite transformation x’ = A;Asx. 

¢ Predict what will happen if we continue applying the transformation in b to the point 

P(1, 0) and its successive images. 

d Use the spreadsheet to check your prediction. 

e i Predict what would happen if A, was replaced by Ay = ( 1(')1 101 ) 

ii Recalculate A;A, and use the spreadsheet to check your prediction.
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3 Repeat 2 but with A; = ( _0(')68 82 ) Compare and contrast your observations. 

. . , (06 08 0.5 
4 Consider the transformation x’ = (—0.8 L)X + 05 ) 

a Use your spreadsheet with k& = 0.6 to observe what happens when we repeatedly apply 

this transformation. Can you explain this behaviour? 

b Vary the value of k slightly and discuss your results. For example, try k& = 0.55 and 

k=0.65. 

5 Experiment with repeating different types of transformations (or composites thereof). You may 

want to consider stretches and shears, both with and without translations. 

FIEETT amea 
INVESTIGATION 4 

When the affine transformation X’ = Ax + b is performed on an object, the size or shape of the 

object may be altered. 

area of image 
In this Investigation we will explore the relationship between the ratio - 

area of object 
and | det A|. 

We will do this by considering transformations of the unit square OABC with vertices O(0, 0), 

A(1,0), B(1, 1), and C(0, 1). 

What to do: 

1 The basic transformations we have studied are written in the form x’ = Ax + b as: 
  

Translation through ( ; ) 

Rotation about O through 6 

Reflection in y = (tana)z 

  

Horizontal stretch with scale factor & A= ( 

Vertical stretch with scale factor & A= ( 

Enlargement with scale factor & A= ( 

a For each transformation, decide whether it will change the size of an object. If it will, find 

  
the ratio e > 1M38° of imfage . 

area of object 

b Find det A for each transformation matrix. Comment on your answers.
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2 For each transformation matrix A below: 

i Apply the transformation X' = Ax to the unit square OABC. 

ii [llustrate OABC and its image O’A’B'C’. 

iiil Calculate detA. 
area of O'A’B/C’ 

area of OABC 

ca=(30) eas(l) ea-(33) ea-(d L) 
3 Summarise your observations. 

iv Calculate 

From the Investigation, you should have found that: 

For the transformation x’ = Ax + b, area of image = | det A | x area of object. 

EXERCISE 14G 
. . f i 

1 For each transformation, find the ratio oea o Tage . 
area of object 

cx= (3 Der(3) av=(4 %) (7)) 
2 For each transformation: 

i Write down the transformation equation in the form x’ = Ax + b. 

R . fi il Find the ratio o> 1M38° 
area of object 

. 4 . 
a a translation through ( _2> b a rotation about O through % 

¢ a reflection in the z-axis d a horizontal stretch with scale factor 2 

e a vertical stretch with scale factor % f an enlargement with scale factor %. 

3 A shear parallel to the z-axis with shear factor k has equation X’ = Ax where A = (é ]1{> 

Determine whether this transformation will change the area of an object. 

  

4 AY An affine transformation maps rectangle ABCD onto square 

A'B'C'D’. 

a Identify the transformation. 

  

        A B A B’ 
  4 

  

b Write down the transformation equation in the form 

x' = Ax + b. 
! ! 

. A’B/C'D’ 
- F > ¢ Verify that Farzr 2 

v ? 4 ' area ABCD 

  

        =] detAl.                  
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5 A(-1,0), B(2, —2), C(5, 1), and D(2, 7) are the vertices of quadrilateral ABCD. 

A vertical stretch with scale factor 1% is applied to ABCD. 

Illustrate the object and image. 

Find the area of ABCD. 

Write down the transformation equation in the form x’ = Ax + b. 

Q 
a 

O 
o 

Hence find the area of the image. 

6 The circle % +y* =9 is transformed by a vertical stretch with scale factor 2. 

a Illustrate the object and image. b Find the area of the image. 

  . . . . b 
7 The circle x2 +y? = a? is transformed by a horizontal stretch with scale factor —, b > 0. 

a 

a Illustrate the object and image. b Prove that the image has area mab. 

8 P(1,1), Q(4,1), and R(2, 2) are vertices of a triangle. The triangle is transformed by 

2 =5 3 ’_ 

a Find the image points P/, Q’, and R’. 

b Tllustrate the object and image on the same set of axes. 

¢ Find the area of P'Q'R’. 

9 a Find the transformation matrix for a vertical stretch with scale factor k. 

b Find the single transformation matrix for a vertical stretch with scale factor 2, followed by a 

reflection in the line y = —2x. 

¢ What effect does the composition of transformations in b have on area? 

  

10 The parallelogram OABC is vertically stretched with scale 

factor %, reflected in the line y = —x, then enlarged with 
  

  

scale factor 3. 
  

a Find the single transformation matrix for this sequence 

of transformations. le 

b Find the image coordinates O/, A/, B/, and C’. 

¢ Find the area of the image. 

  

  

  

  

  

          

  

              

11 A sequence of linear transformations is to be performed on an object. Does the order in which the 

transformations are performed affect the area of the image? Explain your answer. 

Under a linear transformation, will the shape of an object be preserved in its image? 

For example, will a line always remain a line, a circle always remain a circle, and so on?
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ACTIVITY 2 

The labelling of the unit square OABC is anticlockwise. When 

OABC is transformed to O’ A’B/C’, if the labelling of O’A’B/C’ is C(0,1) 
also anticlockwise, we say that sense has been preserved by the 

transformation. Otherwise, we say that sense has been reversed. 

  

A(L0) = 
What to do: 

1 For each matrix A below: 

i Illustrate OABC and its image O’A’B’C’ under the transformation x’ = Ax. 

ii Find detA. iil Determine whether sense has been preserved or reversed. 

sa-(51) ea-(p8) ea-(37) aa-(3%0) 
2 Deduce the connection between det A and sense for a linear transformation x’ = Ax. 

3 Discuss the effect of the following transformations on sense: 

a a rotation b a reflection 

¢ an enlargement d a horizontal or vertical stretch 

e a rotation followed by a reflection f an even number of reflections 

g an odd number of reflections 

ACTIVITY 3 

In The Fractal Geometry of Nature (1982), Benoit B. Mandelbrot (1924 - 2010) argued that many 

natural structures and processes are modelled by the geometry of fractals rather than the objects of 

classical geometry. 

“Clouds are not spheres, mountains are not cones, coastlines are not circles, and bark is not 

smooth, nor does lightning travel in a straight line.” 

Inspired by the work of Mandelbrot, John Hutchinson sought to formalise the study of fractals 

through iterated function systems (IFS) in 1981. The name “iterated function systems”, and their 

subsequent popularity was largely due to Michael Barnsley, author of Fractals Everywhere (1988). 

Some fractals, including the Sierpinski triangle in the Opening Problem, may be generated by an 

iterated function system of affine transformations. 

PART 1: SIERPINSKI'S TRIANGLE 

The diagram alongside shows the first iteration Sierpifiski 

triangle. It is generated from the triangle OBD using the 

affine IFS {f1, fo, f3} where: 

e f; is the transformation mapping AOBD to AOAE 

e f5 is the transformation mapping AOBD to AECD 

e f3 is the transformation mapping AOBD to AABC.   E(2,0) D(4,0)
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What to do: 

1 Describe in words, the transformation: 

a AOBD to AOAE b AOAE to AECD ¢ AOAE to AABC. 

2 Hence, or otherwise, use an affine matrix equation to define the transformation: 

a fi b f N E 

3 The second iteration Sierpifiski triangle is shown 

alongside. 

a Describe the transformation(s) mapping the first 

iteration to: 

i the blue region 

ii the green region 

i the red region. 

b Compare these transformations with {f1, f2, f3}. 

What do you notice? 

  

& Click on the icon to see higher iterations of Sierpinski’s triangle. BIERFINSRIS 

5 a Show that the area of AOBD is 41/3 units?. 

b Explain why the areas of the iterations of the Sierpinski triangle form 

a geometric sequence with common ratio %. 

¢ The complete Sierpinski triangle is the object when n — oco. Explain 

why the complete Sierpinski triangle has no area. 

PART 2: VON KOCH'’S CURVE 

The von Koch curve begins with the line segment [OD] 

shown. Its first iteration, shown in blue, is generated 

by the affine IFS {fi, fo, f3, fa} where: F(-1,v3) 

e fi is the transformation mapping [OD] to [OA] ’ 

e f5 is the transformation mapping [OD] to [AB] 

e f3 is the transformation mapping [OD] to [CB]    
. . A(2,0) C(4,0) D(6,0 

e fy is the transformation mapping [OD] to [CD]. 20) C(40) D@0 

What to do: 

1 Describe in words, the transformation: 

a [OD] to [OA] b [OA] to [OE] ¢ [OE] to [AB] 

d [OA] to [OF] e [OF] to [CB] f [OA] to [CD]. 

2 Hence, or otherwise, use an affine matrix equation to define the transformation: 

a fi b f < f3 d fi 

3 The second iteration of the von Koch curve is 

shown alongside. 

a Describe the transformation(s) mapping the 

first iteration to: 

i the blue curve ii the red curve 

ili the green curve iv the black curve. 
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b Compare these transformations with {f1, fa, f3, fa}. What do you notice? 

4 Click on the icon to see higher iterations of the von Koch curve. JONKOCH 

n 
5 a Explain why the length of the nth iteration is given by 6(%) 

b The complete von Koch curve is the object as n — co. Discuss the 

length of the complete von Koch curve. 

PART 3: BARNSLEY FERN 

In the IFS for the Sierpinski triangle and von Koch curve, every transformation is applied at each 

iteration. However, fractals may also be generated from an IFS in a different way. 

The Barnsley fern is a fractal generated by an affine IFS {f1, fo, f3, fa} where each affine 

transformation is assigned a probability, p1, p2, p3, and p4, respectively. 

The first iteration consists of the origin (0, 0), and the image of (0, 0) under one of the maps 

f1, fa, f3, or fi, chosen at random. So, the first iteration consists of 2 points. 

The second iteration consists of the first iteration, and the image of the first iteration ~ BARNSLEY FERN 

under one of the maps fi, f2, fs, or fi, again chosen at random. So, the second 

iteration consists of 4 points. 

Click on the icon to see higher iterations of this process. The complete Barnsley 

fern is the object as n — oo. 

REVIEW SET 14A 

1 Find the image when the point (—4, 1) is translated through: 

 (3) () () «(5) 
2 Find the object point which produces each image under the translation 72) : 

a (1,5) b (0,-1) ¢ (—6,-3) 

3 Find the transformation matrix A for: 

  

a an anticlockwise rotation about O through 4?" 

b a reflection in the line y = —3z 

¢ a vertical stretch with scale factor %. 

4 Find the nature of the linear transformation with equations: 

  

—3. 4 12z — 5 . ®5+ Y . 113 Y 

a b 
;) 4z +3y ) Sx 412y 

s Y="13 

5 Find the image of (3, —4) under an anticlockwise rotation about O through %’“. 

) 
6 Describe the transformation x’ = Ax for which A is: 

(63) * (5 1) “( (=
 

B
l
 
O
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7 Consider a horizontal stretch with scale factor % 

a Write down the transformation matrix A. 

b Hence find the image of (6, —4) under the transformation. 

¢ Find A~! and describe the transformation x’ = A~ 'x. 

8 Find the image of (—2, 4) under: 

a a reflection in the line y = 7%x b an enlargement with scale factor %. 

9 Find the single linear transformation equivalent to: 

a an anticlockwise rotation through % followed by a reflection in the line y =z 

b a reflection in the line y = —/3z followed by a reflection in the z-axis. 

10 a Find the matrix equation for a vertical stretch with scale factor 4, followed by a reflection 

in the line y = —z. 

b Find the image of (—3, 5) under this composite transformation. 

11 For each transformation: 

i Write down the transformation matrix. ii Find the ratio w . 
area of object 

a a horizontal stretch with scale factor 5 b a reflection in the y-axis 

¢ a reduction with scale factor %. 

12 A(—1, —2), B(3, —2), and C(1, 0) are the vertices of a triangle. The triangle is transformed 

(3 -1 —4 
byx_(2 74)X+<76 . 

a Find the image points A’, B/, and C’. 

b Illustrate the object and image on the same set of axes. 

¢ Find the area of A'B'C’. 

REVIEW SET 14B 

1 Find the image of each point under the translation ( ES ): 

a (2,6) b (-1,1) ¢ (=7,-2) 

2 Find the translation vector which maps: 

a (1,3) onto (4,5) b (—2,-1) onto (4,-2) ¢ (8 —1) onto (—1, —4). 

3 Find the transformation matrix A for: 

a a clockwise rotation about O through % b a horizontal stretch with scale factor % 

¢ a reflection in the line y = 7§z. 

4 Find the nature of the linear transformation(s) with transformation matrix: 

4 P 2 __3 
3 0 b V5 V5 V13 V13 

A lo 4 1 2 ‘s = 
3 Vs VB Vi3 V13
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Find the image of (—1, 5) under a reflection in the line y = —3x. 

Consider a vertical stretch with scale factor % 

a Write down the transformation matrix A. 

b Hence find the image of (—4, —2) under the transformation. 

¢ Find A~! and describe the transformation x’ = A~ !x. 

a The point A(3, 1) is reflected in the line y = 2z. 

i Find the coordinates of the image point B. 

ii Show that OA = OB. 

b Show that if any point P is reflected in the line y = (tana)z to P/, then OP = OP’. 

Find the single transformation equivalent to: 

a a reflection in the line y = \%x, then an anticlockwise rotation about O through —% 

b a reflection in the z-axis, then a reflection in the y-axis. 

Write down the matrix equation for the affine transformation: 

a an enlargement with scale factor 3 followed by a translation through ( ;l ) 

2 
b a translation through (77 ) followed by a horizontal stretch with scale factor 6. 

Let A be the transformation matrix for an anticlockwise rotation about O through 2%, and B be 

the transformation matrix for an enlargement with scale factor % 

a Find the transformation matrices A and B. 

b Determine the nature of the composite transformation x’ = ABx. 

¢ Find the image of (—4, 5) under this transformation. 

d Does AB = BA? Interpret this result in the context of the transformations. 

A circle with area 97 ¢m? is transformed by a vertical stretch with scale factor % 

  

  

  

a Describe the shape of the image. b Find the area of the image. 

The quadrilateral PQRS is rotated anticlockwise about Ay 

O through %", then horizontally stretched with scale 

factor 4. 

a Find the exact image coordinates of P/, Q’, R,     

=
 

    and S'. - 

b Find the area of P’Q'R’S’.     

    

                       



  

Graph theory 

Contents: Graphs 

Properties of graphs 

Routes on graphs 

Adjacency matrices 
Transition matrices for graphs 

Trees 

Minimum spanning trees 

Eulerian graphs 

The Chinese Postman Problem 
Hamiltonian graphs 

The Travelling Salesman Problem A
"
 
I
O
M
M
O
U
O
N
T
D
 

 



376  GRAPH THEORY (Chapter 15) 

OPENING PROBLEM 

Evan and Heidi are visiting Paris. This map shows their hotel, the landmarks they would like to 

visit, and the roads connecting them. 

Evan and Heidi’s hotel Sacré Ceeur 

  

   

    

   
   

     

Arc de Triomphe 

Opéra Garnier 

Louvre Museum 

Eiffel Tower Hoétel des Invalides 
Orsay Museum Notre-Dame de Paris 

Things to think about: 

a Evan would like to visit each landmark exactly once, finishing 

back at their hotel. Can you find a route suitable for Evan? 

b Heidi is more interested in the sights and scenery between the 

landmarks. She wishes to walk along each road on the map 

exactly once, finishing back at their hotel. 

Is there a route suitable for Heidi? Explain your answer. 

Can you find a suitable route for Heidi which starts at 

their hotel but finishes at the Eiffel Tower? 

  

Graphs are used to show how things are connected. They can be used to help solve problems in train 

scheduling, traffic flow, bed usage in hospitals, and project management. 

The theory of graphs was developed centuries ago, but the application of the theoretical ideas is relatively 

recent. Real progress was made during and after the Second World War as mathematicians, industrial 

technicians, and members of the armed services worked together to improve military operations. 

Businesses and governments use graphs to find optimum solutions to practical problems. These may be 

the solutions which cost the least, take the least time, or require the smallest amount of material. 

RAPHS 

  

A graph or network is a structure which shows the physical connections 

or relationships between things of interest. 

The things of interest are represented by dots or points, and A C 
the connections or relationships are represented by lines. airport 

For example, this graph shows the road connections between 

several towns and the airport which serves them. 

We can see that towns A and C are directly connected by road, E 

but towns C and F are not.
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The lines on a graph do not always represent physical connections. They can also represent relationships 

between objects or people, such as teams who play one another in a sporting tournament, or who is 

directly related to whom in a family. 

TERMINOLOGY 

e The points on a graph are known as vertices (singular vertex). 

/VEI’TCX 

e We can move from one vertex to another along lines called edges. B 

Edges are named according to the vertices at either end. For A 

example, the blue edge is named BC. ~— edge 

An edge from a vertex to itself is called a loop. 

C (Do 
UNDIRECTED GRAPHS 

If we are allowed to move in either direction along the edges of a graph, the graph is undirected. 

In an undirected graph: 

e Adjacent vertices are vertices which are connected by an A 

edge. 

For example, A and B are adjacent vertices, but D and F 

are not. 

e Adjacent edges are edges which share a common vertex. 

For example, AB and BE are adjacent edges, but AB and F 

CD are not. 

e The degree of a vertex is the number of edges connected 

to it. 

For example, A has degree 2 and E has degree 3. A loop D 

contributes 2 to the degree of a vertex, so C has degree 4. 

DIRECTED GRAPHS 

B 

A directed graph contains arrows indicating the direction we can 

move along the edges. A B 

In a directed graph: 

e The in degree of a vertex is the number of edges coming in to E 

the vertex. 

e The out degree of a vertex is the number of edges going out 

from the vertex. D 

For example, vertex E has in degree 2 and out degree 3.
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EXERCISE 15A 

1 a State the number of vertices and 

edges in this graph. 
If two edges cross 

but no vertex 
b Name the vertices adjacent to: exists, we use a 

i A ii D X< . 

¢ Name the edges adjacent to: 

i CE ii DF 

d State the degree of each vertex. 

  

2 Q For the directed graph alongside: 

p a Copy and complete: 

  

b Describe how you could get from S to R. 

3 A computer network consists of seven computers 

connected to a server. The server is also connected to 

a modem and two printers. 2 

Draw a graph to illustrate this network, using: 

a a vertex for each individual component 

b a vertex for each group of common components. 

  

L A network of roads connects the towns P, Q, R, S, and T. 

e Pis connected to Q, S, and T. e Q is connected to P, R, and S. 

e R is connected to Q. e Sisconnectedto P, Q, R, and T. 

e T is connected to P and S. 

a How can you tell from the given information that the graph is directed? 

b Draw a graph to display this information. 

5 A meeting consists of two people (A and B) who can only speak English, three people (C, D, and E) 

who can only speak Chinese, and an interpreter (I) who can speak both languages. 

a Draw a graph to illustrate the people who can communicate directly. 

b How many people can communicate directly with: 

i B ii E i 1?7
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6 | The layout of a restaurant is shown alongside. 

Function | Kitchen  Storeroom| Bathroom a Drgw a graph to describe the layout._ Use 

a single vertex to represent the exterior of 
Room 

the restaurant. 

— b How many rooms are connected to: 

Dining Area i the kitchen 

Foyer i the dining area? 

7 The weights of members of a judo club are shown alongside. Weight (kg) 

Members are only allowed to compete against each other if the 32 

difference between their weights is less than 10 kg. 75 

a Draw a graph showing which members can compete against each 94 

other. 68 
b Find the degree of the vertex corresponding to Warren. Interpret 71 

your answer. 57 

¢ Copy your graph in a. Make the copy a directed graph 63 

by indicating which member is heavier in each contest. For 86 

example, D - M indicates that Declan is heavier than Matt. 66 

d Find the in degree and out degree of the vertex corresponding to 70 
Keelan. Interpret your answers. 

8 a For the graph alongside, find the: B 

i number of edges A 

ii sum of the degree of the vertices. 

b Establish a general formula between the number of 

edges e on an undirected graph, and the sum of the D 

degrees of the vertices d. Explain your formula. F 

¢ An undirected graph has 7 vertices, with degrees 1, 

2,2,3,4,5,and 5. How many edges does the graph E 

have? 

d Explain why an undirected graph must have an even number of vertices of odd degree. 

9 Inan undirected graph, is the degree of a vertex necessarily equal to the number of adjacent vertices? 

Explain your answer. 

10 a Find the in degree and out degree for each P Q 

vertex of this directed graph. 

b Find the: 

i sum of the in degrees of the vertices v 70 R 

ii sum of the out degrees of the vertices. 

Explain your answers. 

U S 

11 Suppose a directed graph has 5 vertices. Each vertex has the same in degree &, but the out degrees 

of the vertices are all distinct. 

a Find the smallest possible value for k. b Draw an example of such a graph.
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The following terms are used to describe graphs: 

RAPHS   

e A graph is called simple if it contains no loops, and if there is a maximum of one edge joining any 

pair of distinct vertices. 

B K Q 

C R 

A I P 

E D N M T S 
simple graph not a simple graph as there is a loop not a simple graph as there are two 

at L edges joining P and Q 

e A subgraph is a graph that is made from a subset of the vertices and edges of another graph. 

B B 

For example, a subgraph of A@ . . /\C 

D 

e An undirected graph is connected if it is 

possible to travel from every vertex to every 

other vertex by following edges. 

Otherwise, the graph is disconnected. 

a connected graph a disconnected graph 

e A directed graph is strongly connected if it is A B A B 

possible to travel from every vertex to every 

other vertex by following edges in the correct 

direction. 

D C D C 

a strongly not strongly connected as we 

connected graph cannot travel from A to B 

e A complete graph is a simple undirected graph in which every vertex 

is connected by an edge to every other vertex. 

The notation k,, is used to describe the complete graph with n vertices. 

For example, the complete graph with 4 vertices k4 is shown alongside. 

o A weighted graph has numbers assigned to its edges. These numbers 

may represent the cost, time, or distance required to travel along that 

edge. 

The lengths of the edges are not drawn in proportion to their weight. 

> 

< 

  



GRAPH THEORY  (Chapter 15) 381 

A weighted adjacency table is used to summarise the weights on 

a graph. 

The symbol — indicates that the two vertices are not adjacent. 

For a weighted undirected graph, the weighted adjacency table is 

symmetric about the leading diagonal. 

    

EXERCISE 15B 

1 For each of the following, determine whether the graph is: 

i simple ii connected iii complete. 

b 

  

The time in minutes to run various tracks in an orienteering 

course are shown alongside. 

a How long does it take to run from: 

i TtoS ii PtoR viaQ? 

b Draw a weighted adjacency table for this graph. 

  

3 This table shows the cost, in pounds, of travelling directly 

between railway stations. 

a Represent these direct trips on a weighted graph. 

b Find the degree of vertex B, and interpret your answer. 

¢ Determine whether the graph is: 

i connected ii  complete. 

  

d Find the cheapest way to travel from A to D. 

& Suppose graph A is a subgraph of graph B. 

Discuss whether the following statements are true or false: 

a If Ais connected then B must be connected. b If B is complete then A must be simple.
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5 Determine whether each directed graph is strongly connected: 

a B b Q € A B 

P R 

A C F C 

D T S E D 

6 Consider the weighted directed graph alongside. 

a Is the graph strongly connected? 

b Construct a weighted adjacency table for the graph. 

7 Construct the graph with the weighted adjacency table: 

  

8 This directed graph shows ski runs down a B 

mountain. A G 

a Explain why the graph is not strongly E 

connected. 

b Find the minimum number of chairlifts which b 

must be added to the graph so that it is strongly I 

connected. Explain your answer. 

9 B D a Explain why this graph is disconnected. 

A c I b Draw a subgraph of this graph which is connected. 

E 

F 

10 a State the minimum number of edges that a simple connected graph with n vertices can have. 

b How many edges does a complete graph with n vertices have? 

¢ Hence show that a simple connected graph with n vertices and e edges satisfies the inequality 

2n—2<2e<n?—n. 

ACTIVITY 1 

The PageRank algorithm is one of the methods used by the search engine Google to  THE PAGERANK 

determine a web page’s relevance or importance. 

  

In this Activity we will see how the PageRank algorithm makes use of weighted 

directed graphs.
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[N ROUTES ON GRAPHS 
We will now consider various ways of moving from vertex to vertex along the edges of a graph. 

A walk is a sequence of vertices such that each successive pair of vertices is adjacent. 

A trail is a walk in which no edge is repeated. 

A path is a walk in which no edge or vertex is repeated. 

A circuit is a trail which starts and finishes at the same vertex. 

A cycle is a circuit in which no vertex is repeated (except the finish coinciding with 

the start). 

In the graph alongside: B 

e A — C—E is not a walk, as there is no edge between 

Cand E. A 

e D—C—B—C isa walk, but it is not a trail as edge BC 

is repeated. 

e E—~B—A—C—B is a trail as no edges are repeated, 

but it is not a path as vertex B is repeated. E 

e A—C—D and C—B—E— A are both paths. 

e E—~B—A—C—B—D—E is a circuit, but it is not 

a cycle as vertex B is repeated. 

e A—B—C—A isacycle. 

“Traversed” means 

“travelled along”. 

  

The length of a route is the number of edges traversed. 

For example, E—~B — A — C — B is a trail of length 4. 

EXERCISE 15C 

1 Consider the graph alongside. B 

a Is B—E—C—B awalk? 

b Is A—E—B—C—E atrail? 

¢ Is D—E—C—B—E apath? A C 

d Is E—~C—B—E a circuit? 

e Is C—B—A—E acycle? > b 

Give reasons for your answers. 

2 Consider the graph alongside. Find, if possible: D 

a a path of length 2 from A to D 

a path of length 3 from A to D 

a path of length 4 from A to D 

a trail which is not a path, of length 5 from B to D 

a cycle of length 5 

a cycle of length 7 

a circuit which is not a cycle, of length 7 

a circuit of length 10. A T 
W 

- 
® 

O 
A 

O
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3 Explain whether each statement is true or false: 

a Every path is a trail. b Every trail is a path. 

¢ Every cycle is a circuit. d No circuit is a path. 

4 Consider the weighted graph alongside. Q 
5 6 

a Find all paths which start at P and end at T. P R 

b Find the total weight of each path in a. 46 

¢ Find the trail of lowest total weight which starts at Q S T 

and ends at U. 4 5 
u v 3 

5 Consider the graph alongside. Find, if possible: E 

a a trail which includes every edge of the graph ZC/‘ 

b a circuit which includes every edge of the graph. B D 

THEORY OF KNOWLEDGE 

The map alongside is the original map of 

London’s underground train network, used 

from 1908 to 1933. 

In 1933, it was redesigned by the 

draughtsman Henry Beck (1902 - 1974), 

who said: 

  

LN 

  

“If you're going underground, why do you 

need to bother about geography? Its not so 

important. Connections are the thing.” ™ 

Beck’s 1933 graphical representation can 

be found at: 

  

www.Itmuseum.co.uk/collections/collections-online/maps/item/1993-100 

1 What advantages and disadvantages does Beck’s graph have compared with the original 

map? 

2 Discuss Beck’s analysis. Do you agree with him? 

Describe the graphs corresponding to the underground maps for: 

a Sydney b Glasgow ¢ Namma. 

4 Compare the London Tube map with the underground maps for the Moscow Metro and 

the Copenhagen Metro. What design features of each graph are most effective in helping 

travellers to navigate the system? 

Does GPS navigation software remove the need for people to learn how to read a map? 

6 Is the convenience provided by technology always beneficial to us as people? 

[1] “The London Underground Map: Imagining Modern Time and Space”, Design Issues 19, 

no. 1 (2003): pp 25 - 35.
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CINUIINT ADIACENCY MATRICES 
An adjacency matrix is a matrix which shows how the nodes of a network are connected. 

  

A B In the graph alongside, the vertices A, B, C, D, and E represent 

road intersections, and the edges represent roads which are 

c  either one-way or two-way. 

E D 

The table below shows the number of 1-step routes between the vertices: 

Finishing vertex 

There is one 1-step route from B to D, 

so we write a 1 here. 

| There are no 1-step routes from C to 

E, so we write a 0 here. 

  

  
01001 
101 11 

The adjacency matrix for the graph is therefore A= | 0 0 0 1 0 

00O0O0O 
01010 

Since we do not usually write the labels for the vertices on the adjacency matrix, it is important to 

remember what the rows and columns refer to. To make this easier, we put them in alphabetical order. 

Example 1 «) Self Tutor 

Find the adjacency matrix for each graph: 

a B b P 

A 
T Q 

© 

D S R 

a There are 4 vertices, so the adjacency b There are 5 vertices, so the adjacency 

  

matrix has order 4 x 4. The vertices are matrix has order 5 x 5. The vertices are 

in order A, B, C, D. in order P, Q, R, S, T. 

The adjacency matrix is The adjacency matrix is 

01 00 000 11 

A 1011 00010 

10 1 0 2 A=]01 0 0 O 

01 20 1 01 00 

01 010    
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EXERCISE 15D.1 

1 Construct an adjacency matrix for each graph: 

a B b A < B d B C 
A C C 

D 

A A 

B E 

C P F D D E G 

2 Explain why the adjacency matrix for an undirected graph is always symmetric about the leading 

diagonal. 

3 Construct an adjacency matrix for each directed graph: 

a Q b B c B 

ey s R F / & E 2 

4 A volleyball team of six players is about to start a new Beth 

season. The graph alongside shows which players have Alex Charlie 

played together before. 

a Construct an adjacency matrix for the graph. 

b What feature of the adjacency matrix indicates  Francis Denita 

that the graph is undirected? 
Ewen 

5 Q a Construct an adjacency matrix for the graph 

P alongside. 

b Find the sum of the 2nd row of the adjacency matrix, 

and interpret your answer. 

¢ Find the sum of the 3rd column of the adjacency 
T S matrix, and interpret your answer. 

6 Construct a graph for each adjacency matrix: 

a A B C D b A B C < A B C D E 

A /0 1 1 1 A0 1 1 A/0 1 2 1 1 

B|1 0 10 B|l1 0 0 Bf1 0 101 

cl1 101 c\0 1 0 C|1 00 20 

D\1 0 1 0 DO O 1 0 0 
E\1 00 10 

7 The adjacency matrix for a network of streets is shown alongside. ABCDTETF 

a Identify the one-way street in the network. A/0 1 1001 

b Draw the graph of the network. B|1101000 
clf1 10101 

DO O 1 0 1 0 
El0O 0 1 1 0 1 

F\1 01010
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8 P QRST Consider the adjacency matrix alongside. 

Ps/0 2101 a Is there a direct route from Q to S? Explain your answer. 

g ? (1) [1) 8 (1J b Use the matrix to identify a 2-step route from Q to S. 

sloooo1 ¢ Draw the graph for the matrix. 

T\1 1010 

MULTI-STEP ROUTES 

An adjacency matrix gives a clear picture of the direct 1-step connections between vertices. 

We now consider longer, multi-step routes. 

INVESTIGATION 

On page 385 we saw the graph alongside, which has A B 

adjacency matrix 

01 001 C 

1 01 11 

A=]10 0 0 1 0 E 5 

00 00O 

01 010 

What to do: 

1 Consider a table for the 2-step routes between Finishing vertex 

vertices. 

There are two 2-step routes from A to D 

{A—B—D and A—E—D}, so 
we write a 2 here. Starting 

a Find the 2-step route(s) from E to A. Hence find vertex 

the value of the shaded entry. 

b Complete the rest of the table. 

  

  
2 Find the matrix A? by hand or using technology. AATRIXY 

Comment on your answer. 

3 Predict the meaning of A® and A*. Check your prediction CSRAPHICS 
by finding appropriate routes on the graph. INSTRUCTIONS 

From the Investigation you should have discovered that: 

If a graph has 1-step adjacency matrix A, then: 

e A? is the adjacency matrix for the 2-step routes 

o A’ is the adjacency matrix for the 3-step routes 

e A" is the adjacency matrix for the n-step routes.
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To understand why the powers of A give the multi-step adjacency matrices, consider the 2-step matrix: 

A B CDE A B C E A B CDE 

A/0 1 0 0 1 A/0 1 0 1 A/1 1 1 21 

B|l1 0111 Bf1 0 1 1 B0 2 0 2 1 

A2=C|0 001 0| xcC|O0OO0O Of= CJ0 0 0 0O 
D{0O 0 0 0 O D{o 0 0 0 DO 0 0 0 O 
E\NO 1 0 1 0 E\NO 1 0 0 E\N1 0 1 1 1 

The element in row 2 column 4 of A% shows there are two 2-step routes from B to D. 

This value comes from the multiplication row 2 x column 4 as follows: 

1x0=1route fromBtoA x 0 routes from A to D 

0 x 1 =0 routes from Bto B x 1 route from B to D 

1x1=1route fromBtoC x 1route fromC toD 

1x0=1route fromBtoD x 0 routes from D to D 

1x1=1route fromBtoE X 1route fromE toD. 

Adding these terms gives the two 2-step routes from B to D. The routes are B — C — D and 

B—E—D. 

  

The matrix A? tells us the number of 2-step walks between vertices. 

What does A? tell us about the number of paths between vertices? 

LIMITATIONS OF ADJACENCY MATRICES 

Adjacency matrices are very good at telling us how many routes exist, but they do not tell us whether 

the routes are sensible or efficient. 

For example, the graph of plane flights alongside has B 

A B CD 

A/0 1 1 0 A 

adjacency matrix A = g é 8 8 } D 

D\0O 1 0 0 

ABCD ¢ 
A/0 3 10 

Since A% = g ? 8 8 ? , there are three 3-step routes from AtoB: A—B—~A—B 

D\0 2 1 0 A—~B—D—B 
A—C—D—B 

    
    

Suppose a salesman wants to travel to different places on 

his way to B, and has enough time for two stopovers. The 

most sensible route for him to use is A —C —D — B, 

since otherwise he is back-tracking to a place he has already 

been. 

The salesman wants a 

route which is a path.
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EXERCISE 15D.2 

1 Consider the graph alongside. A 

a Find the adjacency matrix A. 
B 

b Calculate A% 

¢ Hence find the number of 2-step routes from E to B. 

d List the routes in c. 

E D 

2 A Consider the graph alongside. 

B a Find the adjacency matrix A. 

b Hence find A2 

¢ For your matrix A%: 

i State the significance of the value in row 4 column 4. 

ii Explain why the value in row 1, column 2 is different 

from the value in row 2, column 1. 

D c d Calculate A® using technology, and explain its meaning. 

3 The graph alongside shows the friendships between students 
Bianca 

in a class. Assume that friendships are mutual, so if Adam is Adam 

friends with Bianca, then Bianca is friends with Adam. \ 
. . . Cedric 

a Find the adjacency matrix A. _— ~__ 

b Find A? and A®. What information is conveyed by these Damien —————— Emma 
matrices? 

¢ A teacher notices that Adam is friends with both Bianca and Cedric, but Bianca and Cedric do 

not like each other. How do we observe this in the adjacency matrices? 

L Consider the graph alongside. A 

a Find the adjacency matrix A for the graph. 

b Use technology to find A®. B 

¢ State the number of 3-step routes from E to C, and list 

these routes. 

d State the number of 3-step routes from F to B, and of 

these routes, list those which are paths. D C 

5 The graph alongside shows a gossip network between five P Q 

friends: Peter, Quentin, Robert, Sam, and Terry. 

a Find the adjacency matrix A for the graph. 

b Use technology to calculate: 

i A2 i A3 i A4 

¢ If Sam starts a rumour, through how many people must 

it pass before it gets back to him? Explain how this 

answer can be found from the adjacency matrices you 

have calculated.
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6 The graph alongside shows the mini-train lines between four P Q 

locations at a theme park. 

a Find the adjacency matrix A for the graph. 

b Find A? and A®. Explain what information is conveyed 
by these matrices. R 

¢ Find the least number of train rides which you will need S 

to travel from: 

i StoR iil RtoS ili S to R and back to S. 

7 The graph alongside shows the flights that Cheapair Copenhagen 

offers in western Europe. Edinburgh 

       

   
a Find the adjacency matrix A. 

b Use technology to calculate: 

i A? il A? 

¢ Arabella lives in Amsterdam. She has a ticket 

which allows her to make four flights. How 

many combinations of three different places 

could she visit before returning home? 

Amsterdam 
Dublin 

Frankfurt 

d Describe the limitations of using adjacency 

matrices when answering ¢. 

ECIITTE ) Self Tutor 
Consider the graph alongside. 

Barcelona 

  

  

Q 
a Find the adjacency matrix A. 

b Find A + A2 R 

¢ Explain the significance of A + AZ. P 

d For this graph, how many steps do you need, to be able to 

travel from any vertex to any other vertex? Explain your T S 

answer. 

a P QRST b Using technology, 

P/0 0 0 0 1 11011 

Q1 0 0 1 0 1 1 111 

A=R|0 1 0 0 0 A+A2=]|11 0 1 0 
S{0O 1 1 0 0 12110 
T\1 1 0 10 2 21 2 1 

¢ A+ A? tells us the total number of routes of at most 2 steps between each pair of vertices. 

d The zeros in the matrix A + A2 show cases where it is not possible to travel between vertices 

in 2 steps or less. 
2 21 2 2 

3 31 31 

Using technology, A + A2+ A*=|1 2 1 1 1 
2 3 2 2 1 

4 5 2 4 2 

There are no zeros in the matrix A + A? + A®, so we can travel between any two vertices 

in 3 steps or less.    
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8 This graph shows the streets connecting locations K, L, M, N, L M 

and O. 

a Find the adjacency matrix A. 

b Calculate A + A2 

  

N 
¢ What do the zeros in A + A? tell us about the street K 

system? 

d If the street connecting O and N is blocked by an accident, 

how does this affect the connectivity of the system? 0 

9 In a board game, a counter can be moved horizontally or 

vertically to an adjacent square on the board shown. 

a Construct an adjacency matrix A for the game. 

b Calculate A + A2, and hence show that it is not 

F possible to move between any two squares in at most 

two moves. 

¢ Calculate A + A2 + A3, and hence show that it is possible to move between any two squares 

in at most three moves. 

d  Suppose the rules of the game change so the counter may now be moved diagonally as well. 

Use matrices to show that it is now possible to move between any two squares in at most two 

moves. 

10 A bus service is used to connect a group of nearby towns. B 

The graph alongside shows the services which currently A 

operate. 

a Find the adjacency matrix A for the graph. c 

b The bus company aims to ensure that people can 

travel between any two towns in at most 2 trips. 

Use the matrix A + A2 to show that this has been E 
achieved. D 

¢ Due to increasing costs, the bus company needs to cancel one of its services. 

i Show that if the service from C to D is cancelled, the company will fail to achieve its aim. 

ii Find a service which should be cancelled instead. 

11 The graph alongside shows how electrical signals are transmitted A B 

between stations A, B, C, D, and E. 

a Find the adjacency matrix A for the graph. 

b Calculate A + A2 + A% and explain its meaning. C 

¢ In practice, the strength and clarity of signals decreases the 

more times they bounce off other stations. 

Calculate A + 1A% + A3, and suggest what it might E D 
represent. 

d  What is the effect on the system if: MATRIX 
POWERS 

i BE is blocked by a new high-rise building 

i D is no longer able to send signals to B? 

e Using the matrix A + %AQ + %AE‘, which scenario in d would create the more 

serious problems?



392  GRAPH THEORY (Chapter 15) 

12 The floor plan of a museum can be described by the 

adjacency matrix alongside. The letters A to F represent 

particular areas of the museum. 

a Is A symmetric about the leading diagonal? What does 

this tell you? 

b Draw a graph to represent the museum. 

¢ Which letter do you think represents the museum’s: 

i entrance il shop il exit? 
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d From the entrance, one must pass through two other rooms to get to the dinosaur room. 

i Calculate A + A% and A3 

i Explain how a comparison between A + A2 and A® reveals possible positions of the 

dinosaur room. 

iii  Where do you think the dinosaur room is? Explain your answer. 

13 TRANSTION MATRICES FOR GRaPH 
The graph alongside shows intercity bus routes between cities 

A, B, C, and D. 

However, this graph does not tell us which cities are most 

frequently visited by the buses. 

Instead, we could use a directed weighted graph to show the 

movement of buses between cities. 

The weights of the edges indicate probabilities. 

For example, from city A, 60% of the buses travel to city B, 

and 40% travel to city D. 

We can construct a transition matrix from this graph. 

Like the adjacency matrices, the rows are the starting 

vertices and the columns are the finishing vertices. 

T= 

B 

  

Finishing vertex 

A B C D 

0 06 0 04\ A 

03 0 02 05| B Starting 

0 03 0 07 ])C vertex 

D 03 04 03 0 

The transition matrices for Markov chains had the “from” and “to ” around the other way. So, the 

rows and columns are essentially switched. We could say the transition matrices are fransposed. 

The transition matrices we see here are more conventional, but in this book we have aimed to be 

consistent with the course. 

1 Which orientation of “from” and “to” is more intuitive? 

2 What do we now need to do to our state matrix in order to calculate future states?
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The powers of the transition matrix allow us to study the movement of the buses in the future. For 

0.138 0.372 0.122 0.368 
0.21 0.239 0.166 0.385 
0.129 0.321 0.101 0.449 

0.24 0.308 0.213 0.239 

example, in T? = , the shaded element tells us that a bus currently 

in B has probability 0.385 of being in D in three stops’ time. 

The initial state matrix sy must now be written as a row matrix rather than a column matrix, and we must 

premultiply T" by s to find s,,. 

For example, if a bus is initially at B, then sy = (0 10 0) and 

0 06 0 04 

03 0 02 05 
0 03 0 07 

03 04 03 0 

=(03 0 02 05) 

si=sT=(0 1 0 0) 

So, one stop from now, a bus currently at B has probability 0.3 of being at A, probability 0.2 of being 

at C, and probability 0.5 of being at D. 

EXERCISE 15E 

1 This graph shows the probabilities with which trains move Q 

between the stations P, Q, and R. 

a Copy and complete the graph. 

b Construct a transition matrix T for the graph. 0.7, 04 

¢ Interpret the value in row 1, column 3 of T. ! 

d A train is currently at P, so the initial state matrix is 

So = 1 O O . L e 1 

0= ( ) P 04 R 
Find soT? and interpret you answer. 

2 This graph shows the jogging tracks connecting two 

rest stations A and B, and the probabilities with 

which Maria jogs along them. 

a Copy and complete the graph. 

  

b Construct a transition matrix T for the graph. 

¢ Maria starts at station A. Find the probability that, after jogging along 4 tracks, Maria is once 

again at station A. 

3 This directed graph shows the trails on a ropes course B 

between the platforms A, B, C, and D. 

At each platform, Prisha chooses her next trail at random. 

a Using fractions, write the probabilities on each edge 

of the graph. A 

b Construct the transition matrix for the graph. 

¢ Prisha starts the ropes course at A. After Prisha has 

travelled along 3 trails, what is the probability that 

she will be on platform D? Find the routes that Prisha 

could have taken for this to occur. D
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4 This undirected graph shows the tunnels a mouse can travel 

through between junctions W, X, Y, and Z. At each junction, 

the mouse chooses his next tunnel at random. 

a Construct a transition matrix T. 

b The mouse is initially at junction X, so sg = ( 0100 ) 

i Which junction is he most likely to be at after running 

through 2 tunnels? Explain this result. 

il By considering soT™ for large values of n, show that 

in the long term, the mouse will visit each junction 

equally often. 

  

TREES 

Some examples of trees are shown below: 

  

A tree is a connected, simple graph with no cycles. 

Every connected simple graph 

?{ % % has a subgraph which is a tree. 

A spanning tree of a graph is a tree which contains all the vertices of the graph. 

  

For example, a spanning tree of the graph alongside is 

highlighted in red. 

EXERCISE 15F 

1 State whether each graph is a tree: 

a 
b ; < % 

’ 5 

2 For the graph alongside, determine whether the shaded 

subgraph is: 

a atree b a spanning tree. 

Explain your answers.
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3 a Draw a spanning tree for each graph: 

i ii fii 

b Use the graphs in a to copy and complete this table: 

Number of vertices | Number of edges in spanning tree 

  

  

¢ Copy and complete: 

If a graph has n vertices, its spanning tree has ...... edges. 

Explain this result. 

4 Draw as many spanning trees as you can for the graph 

alongside. Find the total weight of each spanning tree. 

PRINTABLE 
DIAGRAM 

  

5 Does every graph have a spanning tree? Explain your answer. 

This graph represents the walking trails between 

landmarks in a national park. The weights are the 

lengths of the trails in kilometres. 

  

The park’s planning group wants to pave sections of 

the trails to enable wheelchair access. The paved 

trails must connect all of the landmarks in the park 

in a way that minimises the paving required. 

  

We must therefore find the spanning tree which has the minimum weight. This is known as the minimum 

spanning tree. 

We will consider two algorithms for finding minimum spanning trees: 

o Kruskal’s algorithm e Prim’s algorithm
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KRUSKAL'S ALGORITHM 

In Kruskal’s algorithm, we choose edges one at a time, taking the edge of least weight at every stage 

while ensuring that no cycles are formed. For a graph with n vertices, the minimum spanning tree is 

obtained after n — 1 successful choices of edge. 

Step 1:  Start with the shortest (or least weight) edge. If there are several, choose one at random. 

Step 2: Choose the shortest edge remaining that does not complete a cycle. If there is more than 

one possible choice, pick one at random. 

Step 3:  Repeat Step 2 until n — 1 edges have been chosen. 

IR 
Use Kruskal’s algorithm to find 

the minimum spanning tree of the 

graph given. 

  

  

  

There are 7 vertices, so we require 6 edges. Edge FG has the least weight. 

FG 2 No FG 
    

DE 3 No FG, DE 

AC & No FG, DE, AC 

EG 4 No FG, DE, AC, EG 

EE 5 Yes - reject | FG, DE, AC, EG 

CE 5 No FG, DE, AC, EG, CE 

CD 5 Yes - reject | FG, DE, AC, EG, CE 

AB 6 No FG, DE, AC, EG, CE, AB 
  

We have 6 edges, so we stop the algorithm. 

The minimum spanning tree has total weight 2 +3 +3+4+ 5+ 6 = 23, and is shown below. 

In this case the minimum 

spanning tree is not unique. 

‘We could have chosen CD 

instead of CE. 
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EXERCISE 15G.1 

PRINTABLE 1 For each graph: B ae 

Use Kruskal’s algorithm to find the minimum spanning tree. 

State the total weight of the minimum spanning tree. 

b 

  

  

2 When Venice is flooded, the 

authorities set up a network of 

raised platforms for pedestrians 

to walk on. If they connect the 

tourist attractions shown with 

the minimum length of platform 

possible, which walkways do 

they raise platforms over? 

Distances are given in metres. 

Gr
an
d 

Ca
na
l 

  

Piazza San Marco   
  

3 An irrigation system is being 
. . garden tap eucalyptus 
installed to connect each tree in om om 

a garden with the tap. 

  

a Find the minimum length of 
. aperbark 

pipe needed. p 

b Is there a unique network 

of pipes that will give this 6m 
length? wattle grevillea lillypilly 

  

  

¢ Water pressure drops the further you are from the tap. Which network should be chosen to 

maximise the water pressure? 

A new university is being constructed. 

The new faculty buildings are shown alongside, 

including the distances in metres between buildings. 

a Draw a graph which ensures all buildings are 

connected to the university computer network, 

but which minimises the amount of cable used. 

b What is this length of cable? 

  
5 Consider the national park trails problem on page 395. 

a Find the trails which should be paved. b State the total length of paving needed.
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6 a Draw the graph for this weighted adjacency 

table. 

b Find a minimum spanning tree for the graph. 

  

  

PRIM’S ALGORITHM 

In Prim’s algorithm, we choose edges one at a time, at each stage connecting an additional vertex to 

the tree until all the vertices are connected. 

Step I Start with any vertex. 

Step 2:  Join this vertex to the nearest vertex. If two or more vertices are an equal distance away, 

choose one at random. 

Step 3: Join the vertex which is nearest to either of those already connected. 

Step 4:  Continue joining connected vertices to the nearest unconnected vertex until all vertices are 

connected. 

BT 
Find the minimum spanning tree for F A 
thi h. 

B 5 

6 

C 18 14 

  

G 

Step I:  Select any vertex at random, say vertex E. 

Step 2: The vertex nearest E is D, so we include the edge DE. 

Step 3:  Of the other edges from D and E, the edge DF is shortest, so we include this edge. 

Step 4. We continue joining connected vertices to the nearest unconnected vertex until all 

vertices are connected. The following connections are made: FG (weight 5), 

DC (weight 14), CB (weight 6), and CA (weight 12). 

The minimum spanning tree is shown A F 

alongside. Its weight is ) 

11+9+5+14+6+12 =57 ! 
B 5 

6 

c 18 14 G     
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Alternatively, we can apply Prim’s algorithm to a weighted adjacency table using the following steps. 

Alongside we see the procedure applied to the weighted adjacency table for the graph in Example 4. 

Step 10 Select any vertex at random, say vertex E. 

Step 2: Delete the row of the chosen vertex. 

Step 3: Number the column of the chosen vertex. 

Step 4:  Circle the lowest undeleted entry in any 

of the numbered columns. If there is 
more than one possible choice, pick one at 

random. 

The row of the circled entry gives us the 

new chosen vertex. 

Step 5 Repeat Steps 2 to 4 until all rows are 

deleted. 

The circled entries give the edges of the 

minimum spanning tree. 

  

      
The minimum spanning tree has total weight 

124+6+144+114+9+5=57. 

EXERCISE 15G.2 

. PRINTABLE 1 For each graph: DIAGRAMS 

i Use Prim’s algorithm to find the minimum spanning tree. 

ii State the total weight of the minimum spanning tree. 

  

a 50 A b 

B 
60 

40 C 

2 Q 29 R Broadband cabling is to be installed to six locations. 

38 The distances between each of these locations are 

P 18 given in metres alongside. 

a Use Prim’s algorithm to connect the locations 

34 S using the least amount of cable. 

b State the length of cable needed in this case.
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3 The diagram shows the distances, in kilometres, between B 8 A 

towns in an alpine area. After heavy snowfalls the road 10 h 11 

authorities wish to reconnect towns as quickly as possible 

by clearing the minimum length of road. W C 

a Find the roads that should be cleared and the E b} 14 

minimum total length. F 

b The road from D to E is very steep, and the authorities realise that just clearing it of snow will 

not make it safe in icy conditions. Which roads should be cleared in this case? 

  

  

4 - The scale diagram alongside shows a plan of a park. The 

positions of proposed drinking fountains (F) and taps (T) 

5 are indicated with letters. 

X a Find the minimum length of pipe needed to provide 

water at each of the drinking fountains and taps from 

the meter at M. Draw a plan to help the workers 

install them. 

o b The council is placing an ornamental fountain at 

F point X. Find the minimum length of pipe needed 

to supply the water to all of the outlets. 

T ¢ What assumptions have you made in your answers? 
o 

Scale: 1 cm = 100 m 

5 Five towns are to be connected to a new M 
hydroelectic power station at L. The diagram 14 16 
alongside shows the cost in millions of dollars L N 

for connections between them. 

a Find the minimum cost of connection. 

b Just before the project begins, it is 

found that the connection costs for LM 25 

and OP were poorly estimated. Extra 2 

transformers and cabling needed will 

double the estimated cost. Find the most 

cost effective solution now. 

6 This weighted adjacency table represents a graph. 

a How do we know the graph is complete? 

b Apply Prim’s algorithm to the table to construct a minimum 

spanning tree for the graph. 

7 A fibre optic network is to be created between five suburbs. 

The table alongside shows the costs, in thousands of dollars, of 

connecting the suburbs. 

a Apply Prim’s algorithm to the table to find the edges in 

the minimum spanning tree for the network. 

b Find the minimum cost of creating the connections.   D] o] 
CIE
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CINT CULERIAN GRAPHS 
  

  

ACTIVITY y 

Leonhard Euler was one of the founders of graph theory. 

One of his most famous contributions to mathematics 

concerned the town of Kaliningrad, or Konigsberg as it was 

then known. The town was situated on the river Pregel Tiver 

in what was then Prussia, and had seven bridges linking 

two islands and the north and south banks of the river. A 

simplified map is shown alongside. 

What to do: 

1 Can a tour be made of the town which returns to the original point and which crosses each 

bridge exactly once? 

2 Euler determined that such a tour would be possible if either one bridge was removed, or one 

was added. 

a Which bridge would you remove? b Where would you add a bridge? 

It is often necessary to traverse every edge of a graph. 

For example, a person delivering pamphlets to the houses in their 

neighbourhood must traverse every street. To minimise the time the job 

takes, it is preferable to traverse each street only once. 

An Eulerian circuit is a circuit which traverses every edge exactly once. 

An Eulerian trail is a trail which traverses every edge exactly once, but 

does not start and end at the same vertex. 

For example: 

e AB—C—B—E—C—D— ¢ A>B—C—A—E—D—C isan 

E — A is an Eulerian circuit. Eulerian trail. 

E 
D A B 

A E 

C 
C 

B D 

A graph is Eulerian if it contains an Eulerian circuit. 

A graph is semi-Eulerian if it contains an Eulerian trail but not an Eulerian circuit. 

TESTING FOR EULERIAN GRAPHS 

For a large graph, it can be time-consuming to identify Eulerian circuits and trails. We can instead 

classify a graph using the degree of its vertices. 

If a connected graph contains any vertices of odd degree, it is not Eulerian.
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Proof: For a graph to contain an Eulerian circuit, each vertex must be entered by an edge and left 

by another edge which is not a loop. 

Therefore, if there is a vertex of odd degree, then at least one edge from the vertex is 

unused, and the graph is not Eulerian. 

The converse of this statement is also true. We can therefore state that: 

e A connected graph is Eulerian if there are no vertices of odd degree. 

e A connected graph is semi-Eulerian if there are exactly two vertices of odd degree. 

The Eulerian trail starts at one of these vertices and ends at the other. 

BTN 
a Show that this graph is semi-Eulerian. A @ 

  

b Find an Eulerian trail. 

¢ Add an edge so that the resulting graph is Eulerian. 

Find an Eulerian circuit in this case. 

a Exactly two vertices (A and D) have odd degree. 

the graph is semi-Eulerian. 

b The Eulerian trail must start and end at the vertices of odd degree. 

One such trailis A—B—C—D—B—E —D. 

¢ We add an edge connecting A to D, so all vertices A @ 

now have even degree and the graph is Eulerian. B 

An Eulerian circuitis A—B—C—D—B — 
E—D—A.     

EXERCISE 15H 

1 Classify the following graphs as Eulerian, semi-Eulerian, or neither. If the graph is Eulerian, find 

an Eulerian circuit. If the graph is semi-Eulerian, find an Eulerian trail. 

C 
A B 

D C 

f A   
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2 Give an example of a graph with 7 vertices which is: 

a Eulerian b semi-Eulerian ¢ neither. 

3 a Show that the graph alongside is neither Eulerian nor A B C 

semi-Eulerian. 

b Show that the subgraph formed by removing the edge 

CE is semi-Eulerian. Find an Eulerian trail in this 

case. 

¢ Show that the subgraph formed by removing the edges 

CE and AB is Eulerian. Find an Eulerian circuit in 

    
     

this case. H F b 

4 The map of a zoo is shown alongside. The 

edges represent tracks that visitors can walk 

C along. 

a Is it possible for visitors to perform a tour 

of the zoo which starts at E, traverses 

H every track exactly once, and returns to E? 

Explain your answer. 

b Name a track that could be built to make 

such a tour possible. Describe the tour in 

E Entrance/Exit this case. 

5 Suppose you have a job as a road cleaner. The roads A 100 B 100 C 80 D 

to be cleaned are shown alongside. The numbers 
L. . . 50 60 
indicate the distances in metres. 

F 
a Show that you can start at A, clean every street 

exactly once, and return to A. 100 100 

b Explain why you can determine the length of I L 

such a route without actually specifying what 50 50 

the order of the vertices will be. 

¢ Hence find the length of the route. M P 

Q 100 R 

6 A simplified map of a small town is shown 

alongside. 

a Does the graph contain an Eulerian 

circuit? 

b Would either the addition or removal of 

one bridge create an Eulerian circuit? 

7 a How many continuous pen strokes are needed to draw the diagram 

alongside, if no line segment is repeated? 

b How is this problem related to Eulerian and semi-Eulerian graphs?
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8 A complete bipartite graph contains two disjoint A B C D 

sets of vertices. Each vertex in one set is adjacent 

to every vertex in the other set, but not adjacent to 

any vertex in the same vertex set. ~\ \ 
S S NS N 

The complete bipartite graph alongside is denoted \ S 

ks, 3 since there are 4 vertices in one set and 

3 vertices in the other. b 9 R 

a Is the graph k4 3 Eulerian, semi-Eulerian, or 

neither? 

b For what values of m and n is the graph k,, ,, Eulerian? State the length of the Eulerian 

circuit in this case. 

¢ For what values of m and n is the graph &, ,, semi-Eulerian? 

I 0 THE CHINGSE POSTMAN PROBLEM 
The Chinese Postman Problem was posed by the Chinese mathematician Kwan Mei-Ko: 

A postman has to leave from a depot, travel along a set number of roads to deliver the mail, then 

return to the depot. How should he do this so he travels the minimum distance? 

In effect, the postman has to travel along every edge of a 

weighted graph, and return to the starting vertex. 

If all the vertices of the graph have even degree, the graph is 

Eulerian and any Eulerian circuit is a solution to the Chinese 

Postman Problem. 

If a graph is not Eulerian, some of the edges must be walked 

twice to solve the Chinese Postman Problem. The task is to 

minimise the total weight of the edges we walk twice. 

  

For semi-Eulerian graphs, there are exactly two vertices with odd degree. We need to walk twice along 

the edges forming the shortest path between the odd vertices. For small graphs, we can do this efficiently 

by inspection. 

Example 6 l1>)) Self Tutor 

Solve the Chinese Postman Problem 

for this weighted graph. 

  

  

The vertices A and D have odd degree, so the graph is semi-Eulerian. 

We need to walk twice between these vertices. The most efficient way to achieve this is to traverse 

the edge AD twice. 

A route that traverses every edge at least once will have weight equal to the sum of the weights 

of all the edges, plus the weight of edge AD. The total weight is 11 +2 = 13. 

An example solutionis A—B—C—D—A—E—D—A.     
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If there are more than two vertices of odd degree, we must consider each possible pairing of the odd 

vertices. 

  

Solve the Chinese Postman Problem D 6 C 

for the weighted graph: v 

7 9 

A As B 

  

The graph is neither Eulerian nor semi-Eulerian, since vertices A, B, C, and D are all odd. 

There are three possible pairings of these vertices: AB and CD, AC and BD, AD and BC. 

For each case we find the shortest path between the vertices: 
  

Pairing | Shortest path | Weight | Total weight 

  

The combination of pairs with the lowest overall weight is AB and CD. The most efficient route 

traverses routes A —B and C—E —D twice each. 

An example solution is 

A—E—-B—A—B—-C—E—D—C—E—D—A with total weight 57.       
EXERCISE 151 

1 This graph shows the roads joining towns L, M, N, and 

O. The distances are shown in kilometres. 

The district council depot is in town L. The council wishes 

to inspect all the roads linking the towns, returning to L 

in the shortest possible distance. 

a Explain why this graph is Eulerian. 

b Find the minimum distance to be travelled during the 

inspection, and a possible route. 

2 A snowplough must clear snow by driving along all of the 

roads shown, starting and finishing at its garage A. All 

distances shown are in kilometres. 

a Is the graph Eulerian, semi-Eulerian, or neither? 

b Show that the shortest distance the snowplough must 

travel is 24 km.  
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3 0 A worker needs to inspect all of the tunnels in 

this sewerage network. He will enter and leave 

through the manhole at O. Find the shortest 

distance that he can walk, and state a possible 

route for this shortest distance.     
Distances are 

F 300 given in metres. 

4 A carnival procession wishes to march down each of the A 3.5 B 

roads shown, and return to its starting point E. All lengths 

are shown in kilometres. 

a List the three different ways in which the four vertices 
. 5.5 5 

of odd degree can be paired. 

b Find the shortest distance that the procession has to 

march. 
D 3 C 

The graph opposite shows the roads in Postman 

Peter’s mailing route. He starts and finishes his 

round at A. 

Find the shortest distance Peter needs to walk, and 

state a possible route with this shortest distance. 

  

The railway lines connecting a city’s tourist attractions are shown 

alongside. Kerry is a tourist to the city, and would like to visit 

each of the attractions. She is not interested in traversing every 

edge of the graph, but rather wishes to visit every vertex. 

  GRAPHS 

e A Hamiltonian cycle is a cycle which visits each vertex 

(except the starting and ending vertex) exactly once. 

e A Hamiltonian path is a path which visits each vertex 

exactly once, but does not start and end at the same vertex. 

A cycle starts and ends 

at the same vertex.
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For example: 

¢ A B—C—D—E—F—A isa e B-D—F—+A—G—E—C isa 
Hamiltonian cycle. Hamiltonian path. 

B B c 

C 

A ‘» 
A 

F 

D G E 

e A graph is Hamiltonian if it contains a Hamiltonian cycle. 

e A graph is semi-Hamiltonian if it contains a Hamiltonian path, but not a Hamiltonian cycle. 

HISTORICAL NOTE 

Hamiltonian graphs are named after the Irish mathematician « 

William Rowan Hamilton (1805 - 1865). 

Hamilton invented a game called The Icosian Game. The object 

of the game is to find a way around the edges of a dodecahedron 

so that each vertex is visited exactly once. 

Hamilton sold the game to a London toy company for £25. 

However, the game did not prove to be popular, primarily because 

it was too easy. 

In contrast to Eulerian graphs, there is no easy way to test whether a graph is Hamiltonian, 

semi-Hamiltonian, or neither. We instead try to find Hamiltonian cycles and paths by inspection. 

  

    

| 3°€T K] LR R (T 

For the graph alongside: B @ 

a Find a Hamiltonian cycle which starts and 

ends at A. F 

b Find a Hamiltonian path which starts at E A 

and ends at B. 

G 
  

a A-B—C—D—E—F—G—A 

b E-D—-C—F—+G—A—B 
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EXERCISE 15J 

1 Consider the graph alongside. B 

a Find a Hamiltonian cycle starting and finishing at A. A C 

b Find a Hamiltonian path which starts at E and finishes 

at: 

i H i B. H 
¢ Is the graph Hamiltonian? Explain your answer. D 

G F 

2 Decide whether each graph is Hamiltonian, semi-Hamiltonian, or neither: 

| | % | 

| l fl | l;l] | % 

3 a For the given graph, list a// Hamiltonian paths which B 2 

I 7 
D 

7 

start at A. 

b Which of the Hamiltonian paths in a has the lowest total 

The campsites at a national park are shown alongside. 

The numbers indicate distances between them in 

weight? Al 

kilometres. 

A park ranger is currently at campsite A, and must 

inspect each of the other campsites. 

¢ Is the graph Hamiltonian, semi-Hamiltonian, or neither? 

Explain your answer.    
F 

a One possible path is 

A—B—C—D—E—F—G. 

Find the total length of this path. 

b Find an alternative Hamiltonian path the ranger 

can take, which ends at: 

i F ii D. 

In each case, state the length of the path. 
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5 The roads linking a group of rural towns are 

shown alongside. The numbers indicate distances in 

kilometres. 

A milk supplier is based in town P. He must visit each 

of the other towns, before returning to P. 

P, 50 Q     
a If the supplier visits town Q first, find the 

Hamiltonian cycle the supplier can traverse. 

Calculate the total distance of this cycle. 

b Suppose the road between S and R is inaccessible 

due to flood. 

i Is it still possible for the supplier to complete a Hamiltonian cycle? 

ii Find a Hamiltonian path the supplier can take. 

6 Find, if possible, a Hamiltonian cycle in each graph: 

a i b < i 

7 Give an example of a graph which is: 

a both Hamiltonian and Eulerian b Hamiltonian but not Eulerian 

¢ Eulerian but not Hamiltonian d semi-Hamiltonian and semi-Eulerian. 

8 a Explain why the complete graph k,, contains a Hamiltonian cycle for all n > 3. 

b Explain why ks does not contain a Hamiltonian cycle. 

173 000 THE TRAVELLING SALESMAN PROBLEM 
The Travelling Salesman Problem (TSP) is described by: 

A travelling salesman leaves his home town, visits all of the 

towns in the district, then returns home. How should he do 

this so that the distance he travels is minimised? 

The salesman has to travel along the edges of a graph, starting 

and finishing at the same vertex, and visiting every other vertex in 

between.  
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THE CLASSICAL TRAVELLING SALESMAN PROBLEM 

We will first consider complete graphs which have the Euclidean property that the direct route between 

any two vertices is the shortest route between them. 

For graphs of this type, we solve the classical Travelling Salesman Problem: 

    
      

   
For a given weighted complete graph, find a 

Hamiltonian cycle of least weight. 
In the classical TSP, 

we are only allowed to 

visit a vertex once! 

For example, suppose the salesman lives in town A. He wants to visit 

each of the towns exactly once, before returning to A. The distances 

are given in kilometres. 

  

The Hamiltonian cycles that start and finish at A are: 

        

        

A—B—C—D—A: A—D—C—B—A: 

30+ 38421+ 12 =101 12 +21 + 38 + 30 = 101 

A—B—D—C—A: A—C—D—B—A: 

30+ 23+ 21+ 33 =107 33+ 21+ 23+ 30 =107 

A—C—B—D—A: A—D—B—C—A: 

33438 +23 + 12 = 106 12 +23 4+ 38 433 = 106         
Notice that the three cycles on the right are simply the reverse of those on the left, so we did not need 

to show these calculations. 

The salesman should take the route A — B — C — D — A or its reverse. These routes have the 

minimum length of 101 km. 

This method of solving the TSP can be used for small graphs, but it becomes impractical as the size 

increases. However, there are algorithms we can apply to determine the upper and lower bounds for m, 

the weight of the minimium weight Hamiltonian cycle. 

FINDING AN UPPER BOUND 

For a complete graph with at least 3 vertices, we can visit any unvisited vertex whenever we like, and 

once all the vertices have been visited, we can return to the starting vertex immediately. 

We are therefore guaranteed that a Hamiltonian cycle exists for all complete graphs k,,, n > 3. 

For this special case, a Hamiltonian cycle can be found using the nearest neighbour algorithm: 

Step 1:  Choose a starting vertex. 

Step 2:  Follow the edge of least weight to an unvisited vertex. If there is more than one such edge, 

choose one at random. 

Step 3: Repeat Step 2 until all vertices have been visited. 

Step 4:  Return to the starting vertex by adding the corresponding edge. 

The sequence of visited vertices is a Hamiltonian cycle. 

This algorithm delivers a Hamiltonian cycle of low, but not necessarily minimum, weight. The weight 

of the resulting Hamiltonian cycle therefore provides an upper bound for m.
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|3 €T 10X 

Consider the weighted complete graph alongside. 

      

    

  

   
    

  

Use the nearest neighbour algorithm starting at A to find a 

Hamiltonian cycle for the graph. Hence find an upper bound 

for the TSP. 

From A, the nearest vertex is C, so we add edge AC 

The nearest unvisited vertex to C is E, so we add edge CE. 

Continuing this process, we choose ED, then DB. 

All vertices have now been visited, so we add BA to complete 

the Hamiltonian cycle A—C—E —D—B—A.     So, the upper bound for the TSP is 5+ 7+4+ 6+ 10 = 32.   
FINDING A LOWER BOUND 

Let G be a weighted complete graph on the n vertices Vi, Vo, ..., V,,. 

The vertices are labelled so that V; — Vy — ... —V,, —V; is the Hamiltonian cycle with minimum 

weight m, and is therefore the solution to the TSP for G. 

m = weight of V;Vy + weight of V,V,, + weight of path Vo — V35— ... —V,. 

Now consider the graph H which is G with vertex V; removed and all edges connected to V; removed. 

H is the complete graph on the n — 1 vertices Vo, V3, ..., V. 

The path Vo — V3 —.... —V,, is a spanning tree of H, but not necessarily a minimum spanning tree. 

weight of path Vo — V3 — ... —V,, > weight of a minimum spanning tree of 1 

m > weight of V1V, + weight of V1 V,, 4 weight of a minimum spanning tree of H 

This observation is the basis for the deleted vertex algorithm, which gives a lower bound for the TSP. 

Step I: Delete a vertex, together with all edges connected to it, from the original graph. 

Step 2:  Find the minimum spanning tree for the remaining graph. 

Step 3 Add to the length of the minimum spanning tree, the lengths of the two shortest deleted 

edges. 

The resulting value is a lower bound for m, the minimum weight for the solution to the TSP.
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Ao 

The graph alongside is copied from Example 9. A 10 B 

Apply the deleted vertex algorithm by deleting vertex A. Hence 7 

obtain a lower bound for the TSP. 
B 

8 

4 

D 9 © 

We use Kruskal’s algorithm to find a minimum spanning tree 

for the graph with vertex A and all edges connected to it 

deleted. 

The minimum spanning tree has weight 17. 

  

  

The two shortest deleted edges have weights 5 and 7. 

So, the lower bound for the TSP is 17+ 5+ 7 = 29.     

  

1 
/ 

From Examples 9 and 10, the solution to the TSP for this graph 10 B 

9 

satisfies 29 < m < 32. 7 

In fact, the Hamiltonian cycle of minimum weight is E 

A—C—B—D—E—A, with weight 30. s 

C 

EXERCISE 15K.1 

1 Consider the weighted complete graph alongside. P 55 Q 

a Use the nearest neighbour algorithm starting at P to find 

a Hamiltonian cycle for the graph. Hence find an upper 39 43 

bound for the TSP. 

b Apply the deleted vertex algorithm by deleting vertex P. 
86 Hence find a lower bound for the TSP. S R 

¢ The minimum weight Hamiltonian cycle for this graph has weight 216. 

A 

D 

i Verify that this is consistent with the bounds you have obtained. 

ii  Find the Hamiltonian cycle of minimum weight which starts and finishes at P. 

2 a Apply the nearest neighbour algorithm starting at A 7 B 

vertex C. Hence find an upper bound for the TSP. 7 

b Apply the deleted vertex algorithm by deleting vertex C. 

Hence find a lower bound for the TSP. 12 C 

¢ Solve the TSP for this graph. 

E 10 D
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3 Consider the graph alongside. B 

a Find an upper bound for the TSP using the nearest A 

neighbour algorithm beginning at: C 

i vertex A ii vertex B i vertex C 

iv vertex D v vertex E. 16     Which is the best bound found? 

b Find a lower bound for the TSP using the deleted vertex 

algorithm and deleting: 

i vertex A ii vertex B i vertex C iv vertex D v vertex E. 

Which is the best bound found? 

¢ Solve the TSP for this graph. 

E 11 

4 Consider the TSP for the given graph. b 8 c 

a Apply the deleted vertex algorithm with A, B, v 

C, D, and E in turn to find a lower bound. 

b Apply the nearest neighbour algorithm 

beginning with vertex A to find an upper 9 9 

bound and a Hamiltonian cycle. 

¢ Suppose the network represents five towns. 

i At which town would you choose to base A 3 B 

yourself to minimise your travel between 

towns? Explain your answer. 

ii Apply the nearest neighbour algorithm beginning with your chosen vertex to find an upper 

bound and a Hamiltonian cycle. 

5 A hygiene inspector lives in Town A and has to visit 

hawkers centres in towns B, C, D, E, and F. The distances 

between towns are shown ’alo’ng;idic in kiiometres. Use ---n 
the nearest neighbour algorithm to recommend a route for B-- 

the inspctor GEE S 
| 

  

6 The table below shows the distances, in kilometres, between towns in France. Twice per year, a 

company representative must visit each town in turn, and then return home. 

Bordeaux 

870 Calais 

641 543 Dijon 

550 751 192 Lyons 

649 1067 507 316  Marseille 

457 421 297 445 761 Orléans 

247 625 515 431 733 212 Poitiers 

519 803 244 59 309 392 421  St-Etienne 

244 996 726 535 405 582 435 582 Toulouse
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a Use the nearest neighbour algorithm to find a Hamiltonian cycle visiting each town, and 

beginning and ending at: 

i Toulouse i Calais. 

b Which town, Toulouse or Calais, would be the preferred home town for the company 

representative to minimise travel? Explain your answer. 

THE PRACTICAL TSP 

So far we have only considered complete graphs in which the direct route between two vertices is the 

shortest. In this case it is always possible to find a Hamiltonian cycle, and it is never advantageous to 

visit a vertex more than once. 

However, in practice these conditions may not be realistic. 

For example, consider this graph which shows the roads between 

towns, and the time it takes in minutes to travel along each road. 

Notice that: 

e The graph is not complete, nor is it Hamiltonian. It is impossible 

to visit every town and return to the starting point without visiting 

some towns more than once. 

e It is faster to travel from C to D via E than to travel directly from 

C to D. This may be because the road connecting C and D is 

very windy, or of poor quality. In this case it may be preferable 

to take the fastest route through E, even if this means visiting E 

more than once. 

We therefore consider the practical TSP: 
In the practical TSP, 

For a given weighted graph, find the route of least weight which vertices may be visited 
starts and finishes at the same vertex, and visits each vertex at least more than once. 

once. 

In the graph above, the solution to the practical TSP is the route 

A—B—C—E—D—E—C—A, which takes 220 minutes. 

Notice that C and E are visited twice. 

We can convert a practical TSP into a classical TSP. To do this, 

we turn the graph into a complete Euclidean graph by adding 

or replacing edges to show the least weight between vertices. 

For example, the fastest route between A and E is 

45+ 25 =70 minutes, and the fastest route between C and D 

is 25+ 30 = 55 minutes. 

Solving the classical TSP for the transformed graph is 

equivalent to solving the practical TSP for the original graph.  
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Consider the graph alongside. 

a Complete the graph with edges showing the shortest 

distance between vertices. 

b Use the nearest neighbour algorithm starting at vertex A to 

find an upper bound for the TSP. 

¢ Use the deleted vertex algorithm with vertex A deleted to 

find a lower bound for the TSP. 

  

a The shortest distance from B to E is 7+ 8 = 15 units. 

The shortest distance from B to D is 7 + 13 = 20 units. 

The shortest distance from C to Eis 11 4+ 8 = 19 units. 

The shortest distance from C to D is 11 + 13 = 24 units. 

  

  

b Starting from vertex A, the nearest neighbour algorithm on the transformed graph gives the 

Hamiltonian cycle A—B—C—E—D —A. 

So, an upper bound for the TSP is 7+ 10+ 19+ 9 + 13 = 58. 

¢ Deleting vertex A and the edges connected to it, we apply 

Kruskal’s algorithm to find a minimum spanning tree. The 

minimum spanning tree has weight 34. 

The two shortest deleted edges have weights 7 and 8. 

So, a lower bound for the TSP is 34+ 7+ 8 = 49.   
  

EXERCISE 15K.2 

1 Consider the graph alongside. 

a Complete the graph with edges showing the shortest distance 

between vertices. 

b Use the nearest neighbour algorithm starting at vertex P to 

find an upper bound for the TSP. 

¢ Use the deleted vertex algorithm with vertex P deleted to 

find a lower bound for the TSP. 

d  Solve the practical TSP for the original graph by inspection. 

Verify that your solution is consistent with the bounds you 

calculated.  
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2 This graph shows the railway lines connecting towns A, B, C, 

D, and E. The weights are the cost in pounds of travelling along 

each line. 

a Complete the graph with edges showing the cheapest route 

between towns. 

b A salesman lives in town B. He must visit every other town 

before returning to B. 

i Use the nearest neighbour algorithm starting at B to 

find an upper bound for the TSP. 

il Use the deleted vertex algorithm with D deleted to find a lower bound for the TSP. 

il State the total cost of the cheapest route for the salesman, and find a route he should take. 

Apart from B, which town(s) must he visit more than once? 

  

3 This table shows the distances, in kilometres, of 

roads between cities. The symbol — indicates 

there is no direct road between the cities. 

a How many cities are directly connected to A? 
  

b Draw a graph to show the information in the 

table. 

¢ Construct a table which shows the least 

distances between the cities. 

  

  

  

  

d Trudi is a sales representative who lives in D. She must visit each of the other cities before 

returning to D. 

i Use the nearest neighbour algorithm starting at D to find an upper bound for the TSP. 

il Use the deleted vertex algorithm with D deleted to find a lower bound for the TSP. 

iii  Find a route for Trudi which improves on the upper bound obtained in i. Which city must 

Trudi visit twice in this route? 

  REVIEW SET 15A 

1 Determine whether each directed graph is strongly connected: 

a A B 

: 
D C 2 ; 

2 This graph shows the times, in minutes, to travel 

directly between towns. 

a s the graph: 

i simple ii connected 

iii complete? 

b Construct a weighted adjacency table to represent 

this graph. 

¢ Find the quickest route to travel from P to S. 
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3 Consider the graph alongside. B 

als B—~A—F—E—B—C atrail? 

b Is D—E—B—A—F apath? 

¢ Is FE—~C—B—E—F a circuit? 

d Is B—~E—F—A—B acycle? 
. F 

Give reasons for your answers. b 

A P Q a Find the adjacency matrix A for this graph. 

Calculate A2 

¢ Hence determine the number of 2-step routes from 

R T to Q. 

d List the routes in €. 

S 

5 A new conveyer belt system is set up in a busy warehouse. —_—————— A B 

Its graph is shown alongside. 

a Find the adjacency matrix A for this graph. 

b i Calculate A + A% + A3, 
i Is it possible to move items between any two areas E e c 

of the warehouse in at most three steps? Explain \\ / 

your anSwer. D 

¢ The belt between areas C and B is shut down due to an electrical fault. 

i Adjust the adjacency matrix A, and recalculate A + A2 + A3 

ii Comment on the effect of this breakdown. 

6 Use Prim’s algorithm to find the minimum spanning tree for each graph: 

a 

  

7 Fastrail plans to link seven 

nearby towns to the local airport. 

The numbers on the graph show 

distances in kilometres. Show airport 

the most efficient way to connect 

the towns with the airport. 

 



418  GRAPH THEORY (Chapter 15) 

8 In a children’s board game, players move between squares based on the roll of a six-sided die. 

The players start at square A, and their aim is to reach square E. 

3 or more 
lor2 Gz< 

lor2 

   

      
   

2 or more 
  

          
      

  

  [ 

1 2,3,40rb 
  

  

Construct a transition matrix for this graph. 

b Find the probability that after 3 moves, a player: 

i is still at square A ii has reached square E. 

Describe the possible routes in each case. 

9 a Explain why the graph alongside is semi-Eulerian. B 

b Find an Eulerian trail. 

¢ What additional edge could be added to the graph 

to make it Eulerian? C E 

A D 

10 Solve the Chinese Postman Problem for the graph shown. A 

Assume the postman starts and finishes at O. 11 10 
O B 

11 Jim is planning his “Trick-or-Treating” 

route this Halloween. This graph shows 

Jim’s neighbourhood and the time needed 

to travel down each street, in minutes. 

From his house at A, Jim would like to 

traverse each street in his neighbourhood 

before returning home. 

Can Jim do this in less than 2 hours? If so, 

suggest a route he should take. 

  

12 O, 8 A Consider the graph alongside. 

a Use the nearest neighbour algorithm starting at O to 

6 find a Hamiltonian cycle for the graph. Hence find 

10 an upper bound for the TSP. 

D b Apply the deleted vertex algorithm with O deleted 

B to find a lower bound for the TSP. 

11 1
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13 The ferry system operating between a group of holiday 

islands is shown alongside. The numbers show the 

travel times in minutes. 

John is currently on island A. He wants to visit each 

island once, before returning to A. 

a What term is used to describe such a route? 

b Given that John first travels to island F, find the 

route that he can take. 

¢ Find the total travel time for this route. 

  

14 This graph shows the roads between towns, and the length B 

of each road in kilometres. A 150 

A delivery driver lives in town D, and must visit every other 

town before returning to D. 1o 

a Complete the graph with edges showing the least 

distance between each pair of towns. 200 250 

b Use the nearest neighbour algorithm starting at D to find 

an upper bound for the TSP. 80, 

¢ The delivery van can travel 600 km on one tank of fuel. 

By applying the deleted vertex algorithm with vertex A E 
. . . 100 

deleted, show that the driver must refuel during the trip. ¢ 

REVIEW SET 15B 

1 The graph alongside shows the compatible blood types for 

kidney transplants. 

  

a Lily has type A blood. 

i What blood types can she donate a kidney to? 

ii What blood types can she receive a kidney from? 

b Find the out degree of vertex B. Interpret your answer. 

¢ What blood type is described as: 

  

i the “universal donor” 

ii the “universal recipient”? 

2 B For the given graph, find: 

a atrail from E to G that is not a path 

C b a cycle of length 6. 

G D 

3 Find the fewest number of vertices required to construct a simple connected graph with at least 

500 edges.
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4 A German bus company provides the routes shown on 

the map. 

a How many different routes are offered? 

b Find the adjacency matrix A. 

¢ Use matrix methods to determine: 

i how many journeys between two cities 

cannot be made using at most one stopover 

ii the maximum number of trips needed to travel 

between any two cities. 

  

d The bus company is considering a service upgrade. They can either make the route between 

Frankfurt and Koln “two-way”, or create a Koln to Berlin link. Investigate the effects that 

these proposed changes would have on your answers to €, and advise which would be the 

better decision. 

5 A, B, C, and D are towns connected by canals. Some 

canals are only wide enough for boats to travel in one 

direction, while other canals are wide enough for boats 

to travel in both directions. The following matrix 

shows the number of ways of travelling from one town 

to another by canal. 

  

A B C D 

A/0 2 0 1 
B|i1 0 0 O 

A_C0100 
D\O 1 1 0 

a s it possible to travel from town C to town D without going through another town? Explain 

your answer. 

b Calculate A + A2 

Comment on inefficiencies in the canal network. 

d i Inhow many ways is it possible to travel from town B and return to town B in exactly 

4 trips? 

ii Is it possible to do this and visit the other 3 towns exactly once? 

Find a minimum spanning tree for the graph shown 

using Kruskal’s algorithm. 
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7 This graph shows the probabilities with which a museum 

security guard moves between exhibits A, B, C, and D. 

a Is the graph strongly connected? 

b Copy and complete the graph. 

¢ Construct a transition matrix for the graph. 

d Given that the security guard is currently at B, find 

the probability that she will return to B after visiting 

exactly two other exhibits. 

  

8 A telecommunications company wishes to lay cables to connect the six towns shown. The 

numbers indicate costs for each possible connection, in thousands of dollars. 

120 

  

Suggest how the towns should be connected, to minimise the total cost. 

9 An airline is setting up a network of flights between 

towns A, B, C, D, and E. The numbers shown in the 

table are flight distances in kilometres. .- 

im’s algor Bo10] — [230]410]360] a Apply Prim’s algorithm to the table to find the 

edges in the minimum spanning tree for this flight - 

network. Find the total length of the minimum E- 

b Discuss whether a minimum spanning tree is the most appropriate flight network. What 

other factors should be considered? 

  

10 Consider the graph alongside. B 

a Explain why the graph is Eulerian. A C 

b Find an Eulerian circuit which starts and ends at B. 

11 Solve the Chinese Postman Problem for this 

weighted graph, starting and finishing at A. 
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12 The landmarks at a theme park are 

shown alongside. The numbers 

on the edges indicate distances in 

metres. 

Yuto is currently at the entrance at 

A. He wants to walk along each 

path, and return to A. Find the 

shortest route Yuto can take, and 

state its length. 

  

13 Answer the Opening Problem on page 376. 

14 From the depot D, a postal van is to collect mail from E 

mailboxes E, F, G, and H, then return to the depot. This 7 

graph shows the time in minutes between mailboxes. 11 

a Use the nearest neighbour algorithm to find a 

Hamiltonian cycle starting at: 

i H ii D. 13 

Hence find the best upper bound for the TSP. 

b Find a lower bound for the TSP by applying the 
H 6 G 

deleted vertex algorithm with vertex H deleted. 

¢ Suggest a route for the postal van, and determine how long the route will take. 

15 The graph below shows the direct flights between cities, and the cost in dollars of each flight. 

Next to the graph is a table of lowest costs between the cities. 

F 

190 | 150 

T - 150 | 100 530 | 300 | 280 

  

  

(D] | Iss0] o] [250] 
(E] | Jsoo] o o] 
[Fl4s0] [2s0]250]100] 0 | 

  

a Copy and complete the table. 

b Benita works for a bank, and lives in D. She must visit branches in every other city, then 

return to D. 

i By inspecting the graph, which city must she visit twice? 

ii Use the nearest neighbour algorithm starting at D to find an upper bound for the TSP. 

ili Use the deleted vertex algorithm with A deleted to find a lower bound for the TSP. 

iv By inspection, find the cheapest route Benita can take, and state its cost. Which cities 

does Benita visit twice? 

v A new flight is introduced between C and D, which costs $400. By adjusting the table 

of lowest costs and applying the nearest neighbour algorithm starting at D, show that 

there is now a cheaper route for Benita.



  

Voronoi diagrams 

Contents: 

  

Voronoi diagrams 

Constructing Voronoi diagrams 

Adding a site to a Voronoi diagram 

Nearest neighbour interpolation 

The Largest Empty Circle problem



424 VORONOI DIAGRAMS (Chapter 16) 

OPENING PROBLEM 

This map shows the locations of the four fire stations in a city. y (km) B 
  

  

When a fire starts in the city, it is important that the nearest fire 

station is alerted. Al 

Things to think about: 

a Which fire station is closest to: 

  

  

  

  

  

  

                          
i (6,3) il (4,6)? o c 

b The Station Master at fire station D wants to know the region 

of the city that is closest to his station. What does this region 5 (km’) 
look like? 

¢ How could we improve the map to make it easier to determine the closest fire station to any 

given location? 

d A new fire station is to be built within the city grid. To maximise the efficiency of the fire 

stations, the new station should be built as far as possible from existing stations. Where should 

the new station be built? 

To solve problems like the Opening Problem we can draw a Voronoi diagram. Voronoi diagrams have 

wide-ranging applications in science, engineering, city planning, health, and meteorology. 

  HISTORICAL NOTE 

Georgy Feodosevich Voronoy (1868 - 1908) was a mathematician 

from Pyriatyn (formerly the Russian Empire, now Ukraine). He 

studied at Saint Petersburg University, and is credited with inventing 

Voronoi diagrams. 

    

Georgy Voronoy 

Consider the map of fire stations in the Opening Problem. For each 

station, there is a region which contains all the points that are closer 

to that station than to any other station. The Voronoi diagram 

alongside illustrates these regions. Notice that each region contains 

one fire station. This is the closest fire station to every point in the 

region. For example, (4, 6) lies in the region containing station 

B, so station B is the closest station to (4, 6). 
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In a Voronoi diagram: 

e Important locations are called sites. These are the 

fire stations in the example on the previous page. 

Each site is surrounded by a region or cell which 

contains the points which are closer to that site than 

to any other site. The cells are labelled according 

to the site which they contain. For example, the 

cell which contains site A is called cell A. 

The lines which separate the cells are called edges. 

Each point on an edge is equally closest to the two 

sites whose cells are adjacent to that edge. For 

example, any point which lies on the blue edge is 

equally closest to sites B and C. 

The points at which the edges meet are called 

vertices. Each vertex is equally closest to the sites 

whose cells meet at that vertex. For example, the 

red vertex is equally closest to sites C, D, and E. 

Example 1 

Consider this Voronoi diagram for the sites A, B, C, 

and D. 

a How many cells does the diagram contain? 

b How many vertices does the diagram contain? 

¢ Identify the site(s) closest to: 

i (2,-3) il (1,5) 

edge? 

a The diagram contains 4 cells, one for each site. 

b The diagram contains 3 vertices. 

¢ i (2, —3) liesin cell B, so it is closest to site B. 

ii (1, 5) lies in cell A, so it is closest to site A. 

iii (-1, —2) 

d  What can we say about points which lie on the green 

cell A 

s/ 
°B 

°E points equally 

closest to 
Band C 

°D 

vertex equally closest 

to C, D, and E 

R TR 
  

  

  

  

at
 

  

  

  

  

  

=Y
 

  

  

  

  

  

  

  

                                      

  

iili (=1, —2) lies on the edge adjacent to cells C and D, so it is equally closest to sites C 

and D. 

d The green edge is adjacent to cells A and B, so points which lie on this edge are equally 

closest to sites A and B. 
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EXERCISE 16A 

1 Consider this Voronoi diagram for the sites A, B, and C. Ay 
  

  

a State the number of: 

i cells i edges il vertices. 

b The point P has coordinates (—1, 2). 

i Which site is closest to P? Explain your answer. 

ii Verify your answer by calculating the distance between P 34 

and each site. 

  

  

  

  

  

  

  

                        

¢ The point Q has coordinates (—1, 0) and lies on an edge of the Voronoi diagram. 

i Identify the site(s) closest to Q. Explain your answer. 

il Verify your answer by calculating the distance between Q and each site.   
2 This Voronoi diagram has been constructed for the sites 

A, B, C, and D. 

What can you say about: 

a the points which lie in the green cell 

b the points which lie on the blue edge 

¢ the red vertex? 

  

3 Consider this Voronoi diagram for the sites A, B, C, and D. 
  

  a Identify the site which is closest to: 

i (2,3) il (-1, —4) 

iii (6, 0) iv (-4, -3) 

b Verify that: 

i (=3,0) is equidistant from A and D 

it (—3,2) is also equidistant from A and D. 

  

    
  

  

  

  

  

  

  

¢ Explain why (—3, 0) lies on an edge of the Voronoi 

diagram, but (—3, 2) does not. 

d Find the area of cell D. 

  

      

  

                                

4 In the Voronoi diagram alongside, suppose point P4 lies in cell A, 

and Pg lies in cell B. °B 

Discuss whether the following statements are necessarily true: °A 

a P, is closer to A than to any other site. 

Py is closer to B than to C. b 

¢ A is closer to P, than to Pg. 
o 

d B is closer to Pg than to C. C 

5 Let X be a site on a Voronoi diagram, and P be a point within the interior of cell X. Suppose a 

circle is drawn with centre P, passing through X. Explain why this circle cannot contain any other 

sites.
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6 This Voronoi diagram shows the post offices in a small ) B N 

city. Parcels which cannot be delivered to a location are 4 1 T 

held at the nearest post office for collection. A 
  

a Determine the holding post office for a parcel sent to: 

i (0,0) it (4,1) 

il (—2,0) v (3,-2) 

b A company leases two buildings in the city. One 

building is 2.5 km north of the other. One building is ° 

equally closest to post offices D and E, and the other 4 ° 

is equally closest to A and E. 

Determine the locations of the buildings. 

  

  

  

  

  

  

  

                      
  

7 This Voronoi diagram shows the public schools in a city. 

The city is divided into catchment zones, so that students 

are sent to their nearest public school. 

  

  

  

  

a Identify the nearest public school for a student who     
  

  

  

lives at: 

i (=3,-2) it (6,2) 

iii (-2, 4) iv (5,1) 
  

  

b Bailey’s family lives at (—1, 4). 
          

  

                    i Which school’s catchment zone does Bailey live 

in? 

ii Suppose Bailey’s family moves to a new home 1 km east of their old home. Show that 

this will move Bailey into a new catchment zone. 

il Verify by direct calculation that Bailey’s new school is now closer to Bailey than his old 

school. 

  

¢ Lizzy’s house is equally closest to schools A, C, and D. 

i Where does Lizzy live? 

ii How far does Lizzy live from each of these schools? 

8 Let V be a vertex of a Voronoi diagram, and X be the site in a cell adjacent to that vertex. Suppose 

a circle is drawn with centre V, passing through X. Explain why this circle must pass through at 

least two other sites. 

RESEARCH ATURE 

Consider a set of sites. Suppose we create circles centred at each site, which expand until they meet 

another circle. The regions formed by this process are the cells of the Voronoi diagram for the sites. 

oK 
  

ANIMATION 

2    



428  VORONOI DIAGRAMS (Chapter 16) 

For this reason, we often observe Voronoi diagrams in the world around us. For example, when soap 

bubbles form, each cell expands until it meets another membrane. 

Voronoi diagrams can also be found in the veins of leaves, and the markings of giraffes. 

  

Research other occurrences of Voronoi diagrams in nature. For each occurrence, try to explain why 

this pattern may have arisen. 

In Chapter 1 of the Core Topics HL book, we saw that: 

  

o The perpendicular bisector of a line segment [AB] is 

the line perpendicular to [AB] which passes through its  Ae.. 

midpoint. 

perpendicular 
bisector of [AB] 

e All points on the perpendicular bisector are equidistant 

from A and B. 

e The perpendicular bisector divides the plane into two 

regions. On one side of the line are points that are closer 

to A than to B, and on the other side are points that are 

closer to B than to A. 

  

This means that perpendicular bisectors are extremely useful for constructing Voronoi diagrams. 

For a plane with two sites A and B, the Voronoi diagram simply Ae 

consists of the perpendicular bisector of [AB], which we will 

call PB(A, B). 

PB(A,B) °B 

For a plane with three sites A, B, and C, we draw 

the perpendicular bisectors of [AB], [AC], and [BC]. 

Provided A, B, and C are not collinear, these lines will 

meet at a single point equidistant from A, B, and C. This 

point is a vertex of the Voronoi diagram. 

However, notice that only a section of each 

perpendicular bisector is included as a Voronoi edge. 

For example, the points on the dotted blue section of ~ PB(A.B) 
PB(A, B) are not part of the Voronoi edge. This 

is because, although they are equidistant from sites A 

and B, their closest site is site C. 
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Construct a Voronoi diagram for the sites: 

  

    

  

  

  

  

  

  

  

  

    
                        

    

  

a A(=1,-2) and B(5, 0) b A(=5,2), B(3, —4), and C(—3, —2) 

a The midpoint of [AB] is (*1; 8 *2;0) A 

or (2, -1). ° 

g N UESES?) 2 1 
=Z== E The gradient of [AB] is L — \ - 

So, PB(A, B) has gradient —3 and passes through A° 

@, -1). A 
v AB(A,B) 

b The midpoint of [AB] is (_5 =8 2 +2_4) or (—1,-1). 

The gradient of [AB] is ———2— =8 __3 
3—-5 8 4 

So, PB(A, B) has gradient 4 and passes through (—1, —1). 

    The midpoint of [AC] is (‘5;“ =3 2 +2‘2) or (4, 0). 

The gradient of [AC] is et I Y )   

8- 2 
So, PB(A, C) has gradient £ and passes through (—4, 0). 

    

  

The midpoint of [BC] is (“2‘3, ‘4; ‘2) or (0, -3). 

The gradient of [BC] is e R 
3-3 -6 3 

So, PB(B, C) has gradient 3 and passes through (0, —3). 

To draw the Voronoi diagram we plot the three sites on 

a set of axes. We can draw the perpendicular bisectors 

as dashed lines, then make solid only the parts which 

form the Voronoi edges. 

  

  

  

  

  

  

  

  

  

  

                                      If you have trouble determining which part of the perpendicular bisector to include as an edge, remember 

that all the edges surrounding a cell are perpendicular bisectors involving the corresponding site. For 

example, in part b of the Example above, cell C is formed by PB(A, C) and PB(B, C).
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EXERCISE 16B 

1 Construct a Voronoi diagram for the sites: 

a A(2,6) and B(6, 4) 

2 a Construct a Voronoi diagram for the sites A(—2, 5) and B(4, 3). 

b Find the equation of the Voronoi edge. 

¢ Verify that the point (—2, —5): 

i lies on the Voronoi edge 

d Use your Voronoi diagram to identify the site closest to: 

i (0,0 i (3,6) 

3 Copy this Voronoi diagram, and label 

each of the remaining edges. 

PRINTABLE 
DIAGRAMS 

L Construct a Voronoi diagram for the sites: 

a A(4,7), B(8 3), and C(0, —5) 

5 a Construct a Voronoi diagram for the sites shown. 

b Find the equation of each edge of your Voronoi 

diagram. 

¢ Find the coordinates of the vertex of your Voronoi 

diagram. Verify that this point is equidistant from A, 

  

  

  

  

  

  

  

  

  

  

      

b A(-3, —4) and B(L 6). 

il is equidistant from A and B. 

i (—4, —5) 

  

b A(—1,4), B(5 2), and C(=5, —4). 
  

A(— 9) 
B(10.13)° 

  

  

    

  

          
B, and C. 

d Use your Voronoi diagram to identify the site closest 

to: 

i (—2,8) it (5,5) i (2, -3) 

6 Ay (km) This map shows the locations of the Pablo’s Pizza stores 

L] in a city,. When customers ring Pablo’s Pizza, they are 

A(5.3), automatically transferred to their nearest store. 

a Construct a Voronoi diagram for these sites. 

- D IS b Which store is closest to a customer who rings from: 

i (3,1) il (-2,2) iii (=5, —-1)? 

B4 —2) ¢ Amanda is equidistant from all three stores. 

i Where does Amanda live? 

2(54,-6) ii How far is Amanda from each store? 
v                            
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This Voronoi diagram is missing an edge. AY 
. . Lo 2| (C 

Complete the diagram, and find the equation of the missing 3 e 

edge. B 
  

  

  / w ° 

o 

51
4 

  

      
  

  

  

  

  

  

  
  

  

  

  

    

                          

  

      
  

  

  

  

  

  

  

  

  

  

  

  

A _ 

Sites B(—2, 1) and C(2, 3) are currently in the same cell, so Ay 
the missing edge must be the perpendicular bisector of [BC]. 

The midpoint of [BC] is (*2; e %) 

or (0, 2). 

The gradient of [BC] is S 
2——2 4 2 

So, PB(B, C) has gradient —2. 

its equation is 2z 4y = 2(0) + 2 

or 2r+y=2 

7 a Explain why this Voronoi diagram must have an edge \ Ay 5 

missing. 

b Copy and complete the diagram, and find the equation A° \ 3 

of the missing edge. 

T8 kfi( % 

p° 3 
\ 

v                             

8 These Voronoi diagrams are missing an edge. Complete each diagram, and find the equation of each 

missing edge. Give your equations in the form ax + by +d = 0. 

a Ay b 
    

    

    

    

    

    

    

    

    

;D
lA
 

S 
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9 a How many edges are missing from this Voronoi 
  

diagram? 
  

  b Complete the diagram, and find the equation of each 
  

missing edge. 
  

¢ Identify the site which is closest to: 
  

  

  

i (—4,1) ii (2,3) 

d Identify the closest sites to: 

i (4,-1) il (=2,1)   
      

  

  

  

10 This map shows the camping sites in a national park. km) B 
  

a Find the equation of the blue edge.   

  

b Complete the diagram, and find the equation of the 
  

missing edge. ~ 
  

  

  

  

  

          ki ¢ Julie is hiking at (1, 3). < 7/\ Gy 
i Which camp site is she nearest to? . 

il How far is she from this camp site? D 3 

d Simon is equally closest to camp sites C and D. If he c 

hiked 1 km north, his closest camp site would be A. v                       

Mark Simon’s possible positions on your diagram. 

  

Find the coordinates of the missing site X in this Voronoi diagram. 

AR (118 

  

  

  

  

  

  

  

  

  

        
  

The missing site X must lie in the shaded cell, as this cell currently 

has no site. 

Now PB(A, X) is horizontal, and PB(D, X) has gradient 3. 

[AX] is vertical and [DX] has gradient —3. 

If we draw lines (AX) and (DX) through A and D respectively, their 

intersection must be point X. We observe that X has coordinates 

(=3, 1).   
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11 a Explaip \fvhy the Voronoi diagram alongside must have a YA 1Al 

site missing. 3 

b Explain why the missing site must lie on the z-axis. 

¢ Find the coordinates of the missing site. -3 B ¢ > 

/P 
v                         

12 Find the coordinates of the missing site X in each Voronoi diagram: 
    

    

    

    

    

    

    

    

    

    

    

                                                          

  

  

  

  

  

  

  

  

  

  

  

      

a A Y b Ay 
° 

3 B D, 3 oA 
— 

- T, > 
— —3 T T 

‘¢ 

13 This Voronoi diagram shows the vet clinics in a particular y/(km)A 

district. °A 

a Copy the diagram, and shade the cell with the missing 3 = 
vet clinic. 

b By considering distances from (0, —1), explain why e . 

the missing vet clinic is not at (—2, 1). -3 o @ (km) 
. . . .. B 

¢ Find the coordinates of the missing vet clinic D. 

d Find the vet clinic which is closest to: c’ 71\ 

i (—1,4) it (1, -5) v                           
e Larissa lives equally closest to vet clinics A and D. Find the shortest possible distance that 

Larissa’s house could be from these vet clinics. 

E_RAM 
This Voronoi diagram shows the hospitals A, B, and C in a city. 

  

  

  

A new hospital is being built at site D marked in red. When it is 

completed, the Voronoi diagram must be updated to include a cell 

corresponding to site D. 

  

  

  

  

The new site currently lies in cell B, so some areas which were 

previously closest to Hospital B will now be closest to Hospital D. 
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To establish the border between the new cell B and cell D, we 

draw the perpendicular bisector of [BD]. This line meets the edge 

PB(A, B) at point V. 

  

  

  

  

  

  

  

  

  

  

V is equidistant from A, B, and D, so is a vertex of the new Voronoi 

diagram. We therefore need to add PB(A, D) to the diagram, 

starting at V as shown. This line does not meet any other existing 

edges, so no more new vertices are created. This tells us that the 

construction of cell D is complete. 

  

  

  

  

  

  

  

      

  

                          

  

Finally, we remove the part of the existing edge PB(A, B) 2 

which now lies within cell D. Notice that the cells for Hospital A 

and Hospital B were affected by the introduction of Hospital D. 

Hospital C is relatively further away from Hospital D, so cell C 

was not affected. 

  

  

  

  

  

  

|y
 

  

  

                            

  

  

In general, to add the cell for a new site X to an existing Voronoi diagram with sites Py, Po, P3, ...., Py, 

we follow these steps: 

Step 1:  Identify the site P; whose cell contains the new site X. Construct PB(P;, X) within this 

cell. At any point where this line meets an existing edge, create a new vertex. 

Step 2: For each site P; whose cell is adjacent to a new vertex, construct PB(P;, X) within that 

cell through the vertex. Continue to create new vertices as in Step 1. Repeat this process 

until no more new vertices are created. At this time cell X is complete. 

Step 3:  Remove any segments of edges from the original Voronoi diagram which now lie within 

cell X. 

Example 5 LR R (T8 
  

Redraw this Voronoi diagram with an additional site at 

E(-1,1). 
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Step I: 

Step 2: 

Step 3: 

E lies in the original cell D, so we construct 

PB(D, E) within this cell. 

  

  

  

  We create new vertices at (—b, 2) and (—1, —2). 

    
   

In this case PB(D E) 
creates two new vertices. 

Cell A is adjacent to the vertex (—5, 2), so 

we construct PB(A, E) from (-5, 2) through 

cell A. 

This creates a new vertex at (—1, 4). 

Cell B is adjacent to the vertex (—1, 4), so we 

construct PB(B, E) from (—1,4) through cell B. 

This creates a new vertex at (1, 2). 

Cell C is adjacent to the vertex (1, 2), so we 

construct PB(C, E) from (1, 2) through cell C. 

This connects us back to the new vertex (—1, —2). 

We remove the segments of edges from the 

original Voronoi diagram which now lie within 

cell E. 

  

  

  

  

              

A [ 
° 

3 

- > 
De™ Z 

/FE v 
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EXERCISE 16C 
  

  

  

  

  

  

  

1 Site D is to be added to the Voronoi diagram shown. Ay 

a In which existing cell does site D lie? 3 
. .. o 

b Which ) of t_he existing cells do Py 

you think will be affected by the 

introduction of site D? Explain your D 3 °5 4 

answer. c? 
  

¢ Redraw the Voronoi diagram with 

site D added.   

  

2 Site D is to be added to the Voronoi diagram shown. 
  

a Explain why you would expect this addition to affect 

all of the existing cells. 

  

  

b Redraw the Voronoi diagram with site D added. 

¢ Find the area of cell D. 

  

  

  

  

  

                  

3 Redraw the following Voronoi diagrams with the site E added: 

a b 
    

    

    

    

    

    

    

    

                              

  

                      

  

      

4 For each set of sites, construct a Voronoi diagram for A, B, and C, then add D: 

a A(-3,1), B(1,3), C(1, —1), D(0, —2) 

b A(-3,3), B(=3, -3), C(1,1), D(3, ~1) 

    
  

  

  

  

  

  

  

  

  

  

                          

5 This map shows the automatic teller machines (ATMs) in a \Ay (km) | 

suburb. B 

a Identify the ATM which is closest to: Ao 3 \ 

i (=2,-1) ii (5,2) 

b A new ATM is installed at E(1, —1). T3 ) 

i Redraw the Voronoi diagram to include the new ™ 

ATM. N 
il Are there any residents whose nearest ATM has D 

changed from D to E as a result of the new ATM? 7 v       

Explain your answer. 

iii Morris is equally closest to ATMs B, C, and E. Determine Morris’ location.
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6 This Voronoi diagram shows the location of polling booths in 

a particular electorate. 
  

  

  a Which polling booth is closest to: 

i (-3,2) it (1, —4)? 

b The polling booth at B was heavily congested at the 

previous election, so a new polling booth will be set 

up at (0, 2) for the next election. 

  

  

  

  

  

  

  i Redraw the Voronoi diagram to include the new 

polling booth. 

ii - Which cell will be unaffected by the addition of the 

new polling booth? 

iii Find the area of the cell that is now closest to the new polling booth. 

(21 [ NEAREST NEIGHBOUR INTERPOLATION 
Suppose Ted is interested in the rainfall in his city. He has 

set up rain gauges at several locations to measure the rainfall. 

He wants to use these measurements to estimate the rainfall in 

other parts of the city. 

                            

  

  

  

On a 2-dimensional grid, the process of using values of a 

variable at known points to estimate the variable’s value at 

other points is called interpolation. 

  

Nearest neighbour interpolation is a simple method of . . S 
. . . . Nearest neighbour interpolation is 
interpolation. To estimate the value of a variable at any ] i sy i, el 

point, we use the variable’s value at the nearest known image processing and 3D rendering. 

data point. 

  

By constructing a Voronoi diagram with the known data 

points as sites, we can quickly identify the nearest known 

data point to any given point. 

If the given point lies on an edge or at a vertex, we take A 

the average of the closest known data points. 

Example 6 «) Self Tutor 
  

Ted measured the rainfall in his city at three locations A, B, 

and C, marked on the map. The results are shown below. 

Rainfall (mm) 

  

  

  

  

  

  

  

  

A 12 

B 7 

© 15 

Use nearest neighbour interpolation to estimate the rainfall at: 

a (—4,1) b (3,-2) c (1,-1) 
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a (—4,1) is closest to C, so we estimate 15 mm of rainfall at (—4, 1). 

b (3, —2) is closest to B, so we estimate 7 mm of rainfall at (3, —2). 

¢ (1, —1) is the vertex equidistant from A, B, and C, so we estimate 

of rainfall at (1, —1). 

  

EXERCISE 16D 

1 Weather stations measure the temperature in a city at the three 

locations A, B, and C shown. Their measurements at 3 pm 

are shown below: 

Temperature (°C 

A 28.4 

  

B 25.6 

© 27.3 

Use nearest neighbour interpolation to estimate the 3 pm 

temperature at: 

a (1,0) b (-3, -1) ¢ (5 -2) 

2 John measured the elevation at four locations in a park. 

a Construct a Voronoi diagram for these locations. 

b Estimate the elevation at: 

i (0,1) il (—4,2) i (3, —4) 

3 On a snowy day, the snowfall was measured in four locations 

Location | Snowfall (inches) 

7 

across a city. 

5.5 

12.2 

9.3 

  

a Estimate the snowfall received at: 

i (-1, -4) i (2,1) ili (1, —4) 

b A further report indicated that 10.6 inches of snow fell 

at E(—1, —6). 

i Redraw the Voronoi diagram with location E added. 

ii Does this change any of your estimates in a? 

12+ 7+15 
~ 11.3 mm 

  

  

  

  

  w 

  

  

  

  

  w 

  

  

                                Elevation (m) 

  

  

  

  

  

  

  

  

  

  

  

  

  

    

\ 4y (km) 
B 

3 

— 

ol > 

-3 2 (km) 

D -3 

C.                                 

  

What are the advantages and disadvantages of nearest neighbour interpolation? Can you think of a 

more accurate way to perform the interpolation?
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I3 000 THE LARGESY EMPTY CIRCLE PROBLEM 
Given a set of sites in a plane, the convex hull of the sites 

is the smallest convex polygon which contains all of the 

sites. 

  

convex 
hull 

The Largest Empty Circle problem is the problem of 

finding the largest circle, centred within the convex hull, . 

whose interior does not contain any sites. $ 

This problem can be formulated as finding the optimal 

position for a toxic waste dump, so as to maximise its 

distance from the nearest town. For this reason, this 

problem is also known as the toxic waste dump problem. 

We can solve this problem by drawing the Voronoi diagram for the sites. 

In the problems we will consider in this Section, all of the vertices of the Voronoi diagram lie within the 

convex hull. In this case, the optimal position for the circle’s centre will occur at one of these vertices. 

The vertex with the greatest distance from its nearest site is the optimal position for the circle’s centre. 

BT 
  

  

  

  

  

  

  

  

  

  

The Voronoi diagram for the sites A(-2, 1), B(—1, 4), B, 4Y 

C(2, 3), and D(2, —3) is shown alongside. ™~ \3( £ 

Find the largest empty circle for these sites. Ao 

-~ 3 > 

3%                     

  

The Voronoi diagram has vertices V1(0, 2) and V(1, 0). 

V; is equidistant from A, B, and C. 

ViA = /(-2 -0)2 + (1 —2)? 

— VDT (17 
= /5 units 

  

  

  

  

  

Vj is equidistant from A, C, and D. 

  VoA =+/(—2—1)2+ (1—0)2 

= /(=3P +12 
= /10 units 

  

                      
  

    
So, the largest empty circle has centre Vy(1, 0) and radius +/10 units.      
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EXERCISE 16E 

1 Find the centre and radius of the largest empty circle for these sets of sites: 
    

    

    

    

    

    

    

    

    

    

                

  

                                              

a b Ay B 
° 

QB A. 3 

£ 

M T T8 % > 
T 

.C 3 

D’ v 

2 This Voronoi diagram shows the locations of five towns y (km) A(40,50) 
in a rural area. ° 

A rubbish dump is to be established somewhere in the 

region, so that it is as far as possible from the nearest B(48,26) 
town. 

a Where should the rubbish dump be established?        

  

How far is the dump from the nearest town? (8,2) b 

¢ Which towns are closest to the dump? D(-1 6,.— 14) 

d A proposed location for the dump is (25, 15). C.(24,—22) 

Show by direct calculation that the location you 

found in a is preferable. 

3 Explain why it is impossible for the centre of the largest empty circle to lie inside a cell of the 

Voronoi diagram. 

L Consider this Voronoi diagram for the towns A, B, 

C, and D. 

a Find the equation of: 

i PB(A,D) it PB(C, D) 

b Hence find the coordinates of V. 

y (km) 

° B(7,32) 

¢ Find the optimal position for a toxic waste 

dump so that it is as far as possible from the 

nearest town. 

5 Consider the sites A(—5, —10), B(11, 18), and C(5, —12). 

a Construct the Voronoi diagram for these sites, and find the equation of each edge. 

b Find the coordinates of the vertex of the diagram. 

¢ Hence find the centre and radius of the largest empty circle.
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6 Consider the sites A(—2,7), B(4,7), C(6,3), and D(—2, —5). 

a Construct a Voronoi diagram for these sites. 

b Use your diagram to find the coordinates of the vertices. 

¢ Find the centre and radius of the largest empty circle. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                          

7 Al / 4 y/(km) This Voronoi diagram shows the police stations in a city. 

/ $B a Which station is closest to: 

Vi(-3,2) 3 i (3,4) i (=3, -3)? 

3 b Find the coordinates of the vertex Vs. 
- I / 14 k) c A new police statior} is to be built. Tp ma).(imise the 
ek C efficiency of the stations, the new station will be built 

1TV, as far as possible from the existing stations. 

< i Where should the new station be built? 

/R ii Show that this new station will now be the 
closest station to (—3, —3). 

o 

D v N         

  

8 Brigette would like to open a burger store. She has drawn 

a Voronoi diagram showing the existing burger stores in 

her area so she can locate her own store as far from the 

existing stores as possible. 

  

  

  

  

  

a Find the optimal position for Brigette’s store, and 

state how far this location is from her nearest 

competitor. 

  

  

    b Just before Brigette purchases the site, a new burger 

store opens at (4, 2). 
  

  

  

i Redraw the Voronoi diagram with the new store 

added. 

ii  Find the new optimal position for Brigette’s store. 

  

  

                            

9 Answer the Opening Problem on page 424. 

HISTORICAL NOTE 

In 1854 in the Soho district of London, there was a serious 

cholera outbreak which killed 616 people. At the time, the cause 

of cholera was not fully understood. It was thought under the 

miasma theory that diseases such as cholera or the Black Death 

were caused by some kind of “bad air”. The germ theory was not 

proposed until 1861 by Louis Pasteur. 

In this outbreak, the English physician John Snow looked at the 

pattern of illness, and decided that the disease was spread by 

something in the water. At that time, water was drawn directly 

from the Thames River which was highly contaminated. Snow 

identified the source of the outbreak as the public water pump on 

Broad Street, and he persuaded the authorities to disable the pump “ 

by removing its handle. . 
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The map above shows the locations of the cholera cases. The dark rectangles show where people 

died of cholera, the red dots show public water pumps, and the large red cross is the Broad Street 

pump. The Voronoi cells show the closest pump by straight line distance. 

At the time of Snow’s investigation, he did not have Voronoi diagrams to use. Voronoy had not 

yet been born! However, the overlaid Voronoi diagram clearly illustrates how the cholera cases 

were clustered around the Broad Street pump. This is what Snow recognised. He wrote “it will be 

observed that the deaths either very much diminished, or ceased altogether, at every point where it 

becomes decidedly nearer to send to another pump than to the one in Broad Street.”!) 

However, not all the cases occurred in the cell around the Broad Street pump. Many cases also 

occurred in the cell to the left. These people were much closer to the pump in Marlborough Street. 

However, when Snow investigated where people actually drank from, he found that “the water of the 

pump in Marlborough Street, at the end of Carnaby Street, was so impure that many people avoided 

using it. And I found that the persons who died near this pump in September, had water from the 

Broad Street pump.” 

It was later discovered that the nappy of a baby who had contracted cholera from another source, 

had contaminated the water supply near the Broad Street pump. 

[1] J. Snow. On the Mode of Communication of Cholera p. 47. John Churchill, London, 2nd 

edition, 1855.
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REVIEW SET 16A 

1 Copy this Voronoi diagram, and indicate the parts of 

the diagram that are: 

a 

b 

< 

closest to site B 

equally closest to C and D 

equally closest to A, C, and E. 

  

  

  

  

  

  

  

  

  

  

  

  

  

                                  

2 N This Voronoi diagram shows the airports in a country. 

C, f_ If an aeroplane’s passenger falls seriously ill during a 

flight, the aeroplane must land at the nearest airport. 

a Identify the nearest airport to an aeroplane 

located at: 

i (300, 400) ii (=100, 0) 
400 - | & m>) b An aeroplane is currently at (100, 200). 

D i Which airports is the aeroplane closest to? 

ii How far is the acroplane from these airports? 

—400 Give your answer to the nearest kilometre. 

iiil How far east must the aeroplane travel 

v before it is closest to Airport C? 

3 a Construct a Voronoi diagram for the sites A(—3, 2) and B(5, 6). 

b Find the equation of the edge. 

¢ Verify that the point (3, 0): 

i lies on the edge ii is equidistant from A and B. 

d Use your Voronoi diagram to identify the site closest to: 

4 This swimming pool has exits at A, B, and C. 

a 

b 

i (-17) i (2, -5) 
  

  

Draw a Voronoi diagram for A, B, and C. 
  

  Is there any point in the pool which is 

equidistant from all three exits? Explain 

your answer. 

  

  

  

Jenny is swimming at (35, 10). 

i Which exit is Jenny closest to? 

ii How far is Jenny from this exit? 

  

  

                                
Find the proportion of the pool that is closest to exit: 

i A ii B i C.
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5 AA a Explain why this Voronoi diagram must have an edge 

missing. 

b Copy.and complete' th'e diagram, and.find the e 

T B equation of the missing edge. Write your 
—o—p———F0> . . 

-3 T equation in the form az + by +d = 0. 

T 
v 

6 Consider the Voronoi diagram alongside. 

a Find the equation of the blue edge. Aq 

b Identify the site which is closest to: 

i (2,-1) ii (-5, —2) 

¢ Redraw the Voronoi diagram with a new site = 

added at E(—3, —6). ~ z| 
d Does the addition of site E affect your answers 1 

to b? 4 
C 

7 The wind speed is measured at three locations on an island. Al Ayl 

Wind speed (kmh~1) 3 

A 14 

B 11 

© 19 

Use nearest neighbour interpolation to estimate the wind 

speed at: 

a (0,0) b (—1,3) ¢ (-4, -2) 

8 Ay a Copy and complete this Voronoi diagram. 
o o 

A B b Find the coordinates of the vertices of the 
Voronoi diagram. 

3 ¢ Find the centre and radius of the largest empty 

circle for these sites. 
oC 

- > 

E —3 T 

o 

. D 
—9J 
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9 Consider this Voronoi diagram for the towns A, B, C, 

and D. 

a Find the equation of: 

i PB(B, C) ii PB(C,D) 

b Hence find the coordinates of V. 

¢ An observatory is to be built somewhere in the 

region, so that it is as far as possible from the 

town lights. 

i Where should the observatory be built? 

ii How far from the observatory will the 

nearest town be? 

iii Which towns are closest to the observatory? 

  

REVIEW SET 16B 

1 Consider this Voronoi diagram for the sites A, B, C, B 4y 

D, and E. A 

a Identify the site(s) closest to: 

i (1,0) it (-4, -2) -3 

ili (3, —5) iv (-3,2) ° 

b Are there any points that are equally closest to ™ 

sites B and D? Explain your answer. 

  

  

  

  

  

  

  

  

  

  

    
                          ¢ Which point is equally closest to sites B, C, D’ 

and E? 
  

2 Let P be a point on an edge of a Voronoi diagram, and X be the site in a cell adjacent to that 

edge. Suppose a circle is drawn with centre P, passing through X. Explain why this circle must 

pass through one other site. 

3 Construct a Voronoi diagram for the sites: 

a A(4,7) and B(2, —1) b A(-5,0), B(1,6), and C(7, 4). 
  

4 This Voronoi diagram shows the taxi ranks in a city. 
  

  a Explain why the diagram must have a site missing. 
  

b Find the coordinates of the missing site E. 

¢ Elizabeth is at (—3, 2), and needs to catch a taxi. 

i Which taxi rank is she closest to? 

ii Assuming she can walk at 5 kmh~!, how long 

will she take to walk to this taxi rank? What 
assumption are you making in your answer? 

d Albertis at (-2, —2). 

i Which taxi ranks is Albert closest to? 

ii  What other factors might Albert consider when deciding which taxi rank to use? 
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5 a Construct the Voronoi diagram for the sites shown. AY e 

b Use your Voronoi diagram to identify the site(s) B 3 

closest to: + 

I (1,2) B NEEEEED NN 
ii (-1, -5) = 

ili (-3, -1) A? . 

v 

6 This Voronoi diagram shows the locations of rubbish bins 

in a park. 

a Boris is at (20, 20). How far is he from the closest 

bin? 
  

  b Suppose a new bin is placed at E(50, 40). 
  

i Redraw the Voronoi diagram to include the new 

bin. 

ii Which cells have been affected by the 

introduction of the new bin? 

iiil On your Voronoi diagram, shade the area of the 

park which was closest to Bin C, but is now 

closest to Bin E. 

7 A diver measured the depth of a lake at four locations. Depth (m) 

a Construct a Voronoi diagram for these locations. 

  

  

  

  

                          
  

b Use nearest neighbour interpolation to estimate the 

depth of the lake at: 

  

  

  

  

  

  

  

  

  

  

  

      
i (-1,3) ii (4,0) 

8 This Voronoi diagram shows the parking lots in a city. B 

a Identify the nearest parking lot to: 

i (—100, 200) ii (0, —400) o 

b A new parking lot is to be built in the city. Tt will _ 

be built as far as possible from the existing parking - (m) 

lots. 300 
i Find the optimal position for the new parking ° 

lot F. ¢ 

ii How far is this parking lot from the closest D’                           
  

existing parking lots? 

ili Redraw the Voronoi diagram with the new parking lot added. 

iv Find the area of the region that is closest to the new parking lot. 

¢ Joseph works at (200, 200). 

i Show that Joseph is closest to the new parking lot. 

ii How much closer is Joseph to a parking lot, now that the new parking lot has been 

added?



  

Introduction to 

differential calculus 

Contents: A Rates of change 

B Instantaneous rates of change 

C Limits 

D The gradient of a tangent 

E The derivative function 
F Differentiation from first principles 
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  OPENING PROBLEM 

Suppose we add water to a container at a constant rate. The depth of the water increases over time. 

Things to think about: 

a Think about the graph of the volume of water added against time. 

i Can you explain why this graph is a straight line passing through the origin? 

ii What does the gradient of the straight line tell us? 

b Think about the graph of the depth of water against time. 

i Can you explain why this graph is a straight line for a cylindrical container? 

water 

  

¢ By examining the shape of each container, can you predict the depth-time graph when water is 

added at a constant rate? 

LAL®e 
Use the water filling demonstration to check your answers. DEMO 

  

d Consider the depth-time graph alongside. 4 depth (cm) 

i How can we measure the average rate at which 

the depth increases from ¢t =5 to ¢t = 10 L 

seconds? 

  

  

            
ii How can we measure the instantaneous rate at S 

which the depth is increasing at the instant when 

t =8 seconds? 4 

time (s ; Q  
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If the relationship between two variables is a straight line, the gradient distance 

of the line tells us the rate at which one variable changes with respect 

to the other. 

For example, in a travel graph showing distance against time, the 

gradient of a straight line segment tells us the speed of the object. ) 
time 

In the real world, rates such as speed are constantly changing. Their travel graphs are curves rather than 

straight lines. In order to calculate the instantaneous speed of an object, we need a branch of mathematics 

called differential calculus. 

Differential calculus deals with rates of change. It has widespread applications in science, engineering, 

and finance. 

PNMIINNT RATES OF cHaNGE 
A rate is a comparison between two quantities with different units. 

We often judge performances by rates. For example: 

e Sir Donald Bradman’s average batting rate at Test cricket level was 99.94 runs per innings. 

e Michael Jordan’s average basketball scoring rate was 30.1 points per game. 

e Rangi’s average typing rate is 63 words per minute with an error rate of 2.3 errors per page. 

CONSTANT RATES OF CHANGE 

Suppose water from a hose is used to fill a Time (minutes) | 0 | 1 [ 2| 3] 4]5 
swimming pool. The volume of water in the 

pool is recorded at 1 minute intervals in the table 

  

Volume (litres) | 0 | 15 [ 30 [ 45 [ 60 | 75 
. A A~ 

alongside. +15 +15 +15 +15 +15 

      
  

Notice that the volume of water increases by the same amount volume (litres) 

each time interval. The rate of change in volume is constant, 

so the graph of volume against time is a straight line. 

  

  

  

The gradient of the line gives the rate of change: 
  

  15—-0 
  rate of flow = 

  

  

= 15 litres per minute                           

  

EXERCISE 17A.1 

1 The table alongside shows the Time (seconds) 0 30 60 90 120 150 

distance travelled by a jogger at 170 e e ST 00 [ 180 | 270 | 360 | 450 
30-second intervals. 

          
a Is the jogger travelling at a constant speed? Explain your answer. 

b Draw the graph of distance against time. 

¢ Find the speed of the jogger in metres per second.



450  INTRODUCTION TO DIFFERENTIAL CALCULUS (Chapter 17) 

  

  

  

  

  

  

  

                            
  

      

      

      

      

      

      

                        

2 This graph shows the height of a seedling during its first A height (cm) 
10 weeks. 80 

a Is the height changing at a constant rate? Explain 60 

your answer. 

b Find the rate of change in height. 40 

20 

i 
o ime (}weks») 

0 2 4 6 8 10 

3 Find the rate of change for each function. Do not include units in your answer. 

a Ay b AD c As 

5 2 5 

- > - > - = i 
-2 x -2 t 2 7T 

-2 2 2 

v v v                                                     

4 Find the rate of change for the function f(z) = 2z — 3. 

[S
IE
 

AVERAGE RATES OF CHANGE 

In most real-world situations, rates of change are not constant. They vary over time. 

  

For example, this graph shows the temperature of a glass of A temperature (°C) 
  water which is left in the sun. The graph is not a straight 40 
  line, which means the rate of change in temperature is not 

constant. The temperature increases quickly at first, and 30   

  then more slowly as time goes by. 

  

  

                              

In such cases, we can find an average rate of change over 20 

a particular time interval. 
10 

For example, from time ¢ = 0 to ¢ = 2 minutes, the 

temperature increases from 5°C to 20°C. So, the average 0 time (min tesfi 

-5 0 2 4 6 8 10 
rate of change is   = 7.5°C per minute. 

In the context of functions, we say that: 

The average rate of change in f(z) from 

f(b) — f(a) 
b—a 

This is the gradient of the chord [AB]. 

r=a to =0 is 

  

  

]
Y
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EXERCISE 17A.2 
  

  

  

  

  

  

  

                      
  

1 Aileen is driving from Amsterdam to Zurich. This graph 4 distance (km) 
shows the distance travelled against time. 800 

a Did Aileen travel at constant speed? Explain your 600 

answer. 

b Find Aileen’s average speed for: 400 

i the first 5 hours i the final 5 hours. 

200 

0 time ho rs») 

0 2 4 6 8 10 

2 Chris went hiking in the mountains. His elevation elevation (metres) 
400   above sea level is shown on this graph. 

Find Chris’ average rate of change in elevation 

from: 

  

  

  

a t=1hour to t=2.5 hours 

b ¢t =23.5hours to ¢t =6 hours. 

  

  

  

                          

  

% 2 3 4 5 6 
time (hours) 

      
3 For each function, find the average rate of change in f(z) from A to B: 

: 1Y y=s) ° I 
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4 Consider the graph of f(z) = z°. 

a Find the average rate of change in f(z) from: 
  

i z=1t =2 

i z=1to z=1.5 

ii =1 to z=1.1 

v z=1 to x=1.01 

v z=1 to z=1.001 

  

  

  b Comment on your answers in a. 

  

  

                
Suppose the speedometer in a car indicates that you are 

travelling at 60 km per hour. This is not an average speed, 

but an instantaneous speed. Tt is the speed at which you are 

travelling at that particular instant. 

    

INVESTIGATION 1 

A ball bearing is dropped from the top of a tall building. The 

distance D it has fallen after ¢ seconds is recorded, and the 

following graph of distance against time is obtained. 

  

Consider a fixed point F on the curve when ¢ = 2 seconds. 

We now choose another point M on the curve, and draw the 

line segment or chord [FM] between the two points. To start 

with, let M be the point when ¢ = 4 seconds. 

  

A D (metres) 

  

  

  

  

  

  

  

  

  

                

  

  

80 The average speed of the ball bearing over the time 

interval 2 <t <4 

60 __ distance travelled 

e time taken 

e (80— 20)m 
20 4-2)s 

=% ms™! 
. (sec9nds>) _ i 

0 2 4 6 -   
In this Investigation we will try to measure the instantaneous speed of the ball bearing when 

t = 2 seconds.
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What to do: 

1 Click on the icon to start the demonstration. DEMO 

The gradient of the chord [FM] is shown. This is the average speed of the ball 

bearing in the interval from F to M. For M at ¢ = 4 seconds, you should see 

that the average speed is 30 ms~1. 

2 Click on M and drag it slowly towards F. Copy and complete 

the table alongside, where M corresponds to the given value 

of t. 

gradient of [FM] 

30 

3 Observe what happens as M reaches F. Explain why this is so. 

4 What do you suspect is the instantaneous speed of the ball 

bearing when ¢ = 2 seconds? Explain your answer. 

5 Move M to the origin, and then slide it towards F from the left. 

Copy and complete the table, where M again corresponds to the 

given value of ¢. 

gradient of [FM] 

6 Do your results agree with those in 4?   

  

If A and B are two points on a function, the gradient of the 

chord [AB] is the average rate of change between these points. 

From the Investigation, if we let B get closer and closer to A, 

then the average rate of change from A to B will approach the 

instantaneous rate of change at A.     tangent 
However, as B gets closer to A, the chord [AB] approaches the line which touches the DEMO 

curve at A. This line is called the tangent to the curve at A. 

In particular, as B approaches A, the gradient of [AB] approaches the gradient of the 

tangent at A. 

The instantaneous rate of change in f(x) at 

any point A on the curve is the gradient of the 

tangent at A.
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Example 1 LR AT 
  

Use the tangents drawn to find 
  

the instantaneous rate of change in 
  

y=f(z) at: 
  

a A b B 
  

  

  

  

                                

a The tangent at A has gradient 1. 

the instantaneous rate of change 

at Ais 1. 

  

b The tangent at B has gradient —2. 

the instantaneous rate of change 

at Bis —2. 
  

EXERCISE 17B 

1 This graph shows the distance travelled by a swimmer 

in a pool. 

Use the tangents drawn to find the swimmer’s 

instantaneous speed after: 

a 30 seconds b 90 seconds. 

2 Water is leaking from a tank. The volume of water 

left in the tank over time is shown on the graph 

alongside. 

a How much water was in the tank originally? 

b How much water was in the tank after 1 hour? 

¢ How quickly was the tank losing water 

initially? 

d How quickly was the tank losing water after 

1 hour? 

e Describe what happens to the rate at which the 

  

distanice (metres) 
  100 
  

80   

  

60   

  

40   

  

20   

        
00 20 40 

    

  

        
  

4volume (thousands of itres) 
  

  

  

  

  

  

                

  

    
    

water is leaking. 0 2 

3 a Draw an accurate graph of y = 22 on a fine grid. 

b Draw, as accurately as possible, the tangent to y = 2% at z = —1. 

¢ Hence find the instantaneous rate of change in y = x> when z = —1. 

3 
> 

4 

time (hours) 
  

PRINTABLE 
GRAPH 
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CEET uw 
Drawing a tangent on a graph and measuring its gradient can be time-consuming and inaccurate. We 

therefore seek a more efficient and accurate method for finding the gradient of a tangent. 

  

We cannot find the gradient of the tangent at point A 

by direct calculation, because we only know one point 

on the tangent. However, if B is another point on the 

function y = f(x), the gradient of the chord [AB] is 

fla+h) - f(a) 
h 

To calculate the gradient of the tangent at A, we let the 

point B get closer and closer to A. This means that the 
horizontal step h becomes infinitely small. 

To understand what happens when this occurs, we use a 

mathematical principle called limits. 

  

The following definition of a limit is informal but adequate for the purposes of this course: 

If f(x) is as close as we like to some real number A for all z sufficiently close to (but not equal to) a, 

then we say that f(z) has a limit of A as z approaches a, and we write lim f(z) = A. 
T—a 

In this case, f(x) is said to converge to A as z approaches a. 

Notice that the limit is defined for z close to but not equal to a. Whether the function f is defined or 

not at x = a is not important to the definition of the limit of f as x approaches a. What is important 

is the behaviour of the function as x gets very close to a. 

5z + 2 

x 
as = — 0.   For example, suppose we wish to find the limit of f(z) = 

It is tempting for us to simply substitute = = 0 into f(x). However, in doing this, not only do we get 

the meaningless value of £, but also we ignore the basic limit definition. 

2 
Instead, observe that if f(z) = bata” 26+ 

x x 

    

54z if x#0 

is undefined if x = 0. 
then f(z)= { 

The graph of y = f(z) is therefore the straight line y = z+5 Y 

with the point (0, 5) missing, called a point of discontinuity 

of the function. 
  

However, even though this point is missing, the /imit of f(x) ' T point 

as = approaches 0 does exist. In particular, as = — 0 from 

either direction, f(z) — 5. 

  

5z + 2 
  

  

We write lim =5 which reads: z 
z—0 x 

2 
“the limit as x approaches 0, of et , 18 5”. 

x 

In practice we do not need to graph functions each time to determine limits, and most can be found 

algebraically.
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Example 2 o) Self Tutor 

Evaluate: 
2 o 5 z° + 3z 

a lim z? b lim 
T—2 z—0 T 

  

a z? can be made as close as we like to 4 by making z sufficiently close to 2. 

lim 22 = 4. 
z—2 

. z2 + 3z 
lim 
xz—0 x 

— lim 22+ _lim Et3@=3) 
z—0 @ z—3 (EES 

= lirr%) (z+3) {since z#0} = lim3 (r+3) {since = # 3} 

=3 {as z—0, 2+3— 3} =6 {as ©—3, z+3— 6} 

  

  

EXERCISE 17C.1 

1 The graph of f(z) = 2% 4 2z is shown alongside. 
  

  

  

  

  

  

  

                              

      

a Discuss the behaviour of f(z) as =z — 1. 

b Hence find lim (2% + 2z). 
T— 

¢ Find: 

i lim (22 +22) i lim (2% + 2z2) 
T——2 z——1 

v 

2 Evaluate: 

a lim (z+4) b lim (5—2x) ¢ lim 3z —1) 
7—3 z——1 T—4 

d lim (52% — 3z +2) e lim h2%(1—h) f lim (22 +5) 
T—2 h—0 z—0 

3 Evaluate: 

a lim 5 b lim 7 ¢ lim ¢, ca constant 
—0 h—2 —0 

4 Evaluate: 
2 _ 2 _ 

a lim £ b lim 215" ¢ lim 221 
z—1 x h—2 h z—0 x+1 

5 Explain why lin%] Z =1, even though % is meaningless. 
z—0 T 

6 a Copy and complete the tables of values 

alongside. 
24 

b Hence predict the value of lim z 
z—2 . —2 

2y 
¢ Prove your result by evaluating 111112 z 5 

Tx—2 T — 

  

  

directly.    1.999 99 2.00001
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7 Evaluate: 
2 2 2 . -3 . 5 . 2x° — 

a lim Z z b lim &5 ¢ lim 22— % 
z—0 z—0 T —0 @ 

. 2h%+6h . 3h%—4h . h3—8h 
d lim 22 H6R e lim —— f lim 

h—0 h h—0 h h—0 

2 2 _o 2 _ 
g lim &=2 h lim &2 i lim =26 

z—1 x—1 z—2 T —2 z—3 r—3 

1 Do limits always exist? 

2 Consider the graph of f(z) = é 

a What happens to the graph as « — 0 from the: i left ii right? 

b Does f(z)= L have a limitas z — 0? 
x 

THEORY OF KNOWLEDGE 

The Greek philosopher Zeno of Elea lived in what is now southern Italy, in the 5th century BC. He 

is most famous for his paradoxes, which were recorded in Aristotle’s work Physics. 

The arrow paradox 

“If everything when it occupies an equal space is at rest, and if that which is in locomotion is 

always occupying such a space at any moment, the flying arrow is therefore motionless.” 

This argument says that if we choose any particular instant in time, the arrow is motionless. Therefore, 

how does the arrow actually move? 

The dichotomy paradox 

“That which is in locomotion must arrive at the half-way stage before it arrives at the goal.” 

If an object is to move a fixed distance then it must travel half that distance. Before it can travel a 

half the distance, it must travel a half #hat distance. With this process continuing indefinitely, motion 

is impossible. 

Achilles and the tortoise 

“In a race, the quickest runner can never overtake the slowest, since the pursuer must first reach 

the point from which the pursued started, and so the slower must always hold a lead.” 

According to this principle, the athlete Achilles will never be able to catch the slow tortoise! 

1 A paradox is a logical argument that leads to a contradiction or a situation which defies 

logic or reason. Can a paradox be the truth? 

Are Zeno’s paradoxes really paradoxes? 

3 Are the three paradoxes essentially the same? 

We know from experience that things do move, and that Achilles would catch the tortoise. 

Does that mean that logic has failed? 

5 What do Zeno’s paradoxes have to do with limits?
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LIMITS AT INFINITY 

We can use the idea of limits to discuss the behaviour of functions for extreme values of x. 

< We write  — oo to mean “z tends to plus infinity” and x — —oo to mean “zx tends to minus 

infinity”. 
. 1 1 

Notice that as = — oo, the value of — gets very small. In fact, we can make — as close to 0 as we 
x T 

like by making x large enough. This means that lim L—0 even though L hever actually reaches 0. 
r—00 T x 

1 
We observe this on the graph of y = = as the function tends y As x gets infinitely 

x 

    

   

large and positive, towards its asymptote y = 0. 
1 approaches 0. 

A function has a limit as x — oo or as x — —oo if the function is either a constant, or if it 

approaches a constant value. In the latter case, we observe this as a horizontal asymptote. 

  

    
s 

a Discuss the behaviour of f(z) = g 
T 

equations. 

  near its asymptotes, and hence deduce their 

b If they exist, state the values of lim f(z) and lim f(x). 
T——00 

  

a As z—-17, f(z)—> - 

As z— -1t f(z) > 0 

As £ — —oo, f(z)—-1" 

  

As z —o00, f(z)— -1t 

The vertical asymptote is = = —1. 

The horizontal asymptote is y = —1. 

b zgmoof(z) =—1 and z11Hr%of(av) ==, 

  

[ «) Self Tutor 

Find, if possible: a lim 3—e™®) b lim (3—e®). 
£—00 

  

a As x — —o00, 3—e ¥ — —o0. 

Since 3 — e~ * does not approach a finite 

value, lim (3—e~%) does not exist. 

b As x —o00, 3—e % —3" 

lim (3—¢7%)=3 
£—00 
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EXERCISE 17C.2 

1 For each of the following functions: 

i Discuss the behaviour near its asymptotes, and hence deduce their equations. 

il If they exist, state the values of lim f(z) and lim f(z). 
r—0o0 

      

Tr— —00 

1 3z —2 1-2z T 2 fa)=1 b f(a) = 2 f@) =12 d )= 
2 a Sketch the graph of y =e* —6. 

b Hence discuss the value and geometric interpretation of: 

i lim (e” —6) il lim (e® —6) 
r— —00 r—00 

3 Find, if possible: 

a lim (2e7*—3) b lim (2¢e7* —3) ¢ lim (30+277) 
T— —00 T—00 T— —00 

d lim (30+277) e lim ((0.4)* +10) f lim ((0.4)* +10) 
r— 00 Tr— —00 r—00 

4 a Copy and complete this table of values: 

  

b Hence predict the value of lim xze™™. 
T—00 

¢ Graph y=ze™* using technology. Does your graph support your prediction in b? 

INVESTIGATION 2   

The sequence 0.3, 0.33, 0.333, .... can be defined by the general term xz,, = 0.333....3 where 

there are n 3s after the decimal point, n € Z*. 

What to do: 

1 Copy and complete the table alongside: 

2 Consider x199 which contains 100 3s. In the number 

(1—3z100), how many Os are there between the decimal 

point and the 1? 

3 In the limit as n tends to infinity, z, contains an 

increasingly large number of 3s. In the number 

(1—3z,), how many Os are there between the decimal 
point and the 1? 

  

4 Using your answer to 3, state lim (1 — 3x,,). 
n—oo 

5 Hence state lim z,,, which is the exact value of 0.3. 
n—oo
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[0 I THE GRADIENT OF A TANGENT 
We have seen that for two points A(a, f(a)) and B(a+ h, f(a+ h)) on a function, the gradient of 

the chord [AB] is M . 

Letting B get infinitely close to A is equivalent to taking the limit as h — 0. 

The gradient of the tangent to the curve y = f(z) 

at the point where = =a is 

o St )~ (@) 
h—0 h 

  

Example 5 o) Self Tutor 

Find the gradient of the tangent to f(z) = 2% at the point (2, 4). 

  

Let F be the point (2, 4). Suppose M has z-coordinate 2+ h and also lies on the graph, so 

Mis (2+h, (2+ h)?). 

The gradient of the tangent at F 

- lim {CHR - 1) 

7}111)110(4+h) {as h # 0} 

=4 

  

  

You can use technology to find the gradient of the tangent to GRAPHING 
. . . PACKAGE 

a function at a given point, and hence check your answers. ) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 17D 

1 F(3,9) lies on the graph of f(z) =22 M also lies on the graph, and has x-coordinate 3 + h. 

a State the y-coordinate of M. 

b Show that the gradient of the line segment [FM] is 6 + h.
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¢ Hence find the gradient of [FM] if M has coordinates: 

i (4,16) il (3.5, 12.25) i (3.1, 9.61) iv (3.01, 9.0601) 

d Use limits to find the gradient of the tangent to f(z) = 2% at the point (3, 9). 

2 a Find the gradient of the tangent to f(z) = 2% at the point where: 

i z=1 i z=4 

b Use a and other results from 

this Section to complete the table 

alongside for f(x) = z2. 

x-coordinate | Gradient of tangent to f(z) = z* 

1 
  

2 

3 

4 

  

¢ Predict the gradient of the tangent to f(z) = z? at the point where = = a. 

3 Find the gradient of the tangent to: 

a f(z) =22 atthe point (1, 2) b f(z) =2+ atthe point (2, 6) 

¢ f(z)=2z—2® when z=1 d f(z) =223z when z=0. 

4 a Use (1+h)*=(1+h)*(1+h) toexpand (1+ h)® completely. 
3 b F(1,1) lies on the graph of y = z°. M also lies on the graph, and has z-coordinate 1+ h. 

3h + 3h2 4 h3 
—_— 

i Find the gradient of the tangent to f(z) = z* at the point (1, 1). 

i Show that the gradient of the chord [FM] is given by 

11 -h 
5 a Show that = . 

z+h = z(z+h) 
    

b Find the gradient of the tangent to y = L at the point where: 
x 

i z=1 i z=3 

HISTORICAL NOTE 

The word “calculus” is a Latin word referring to the small 

pebbles the ancient Romans used for counting. 

The first known description of calculus is found on the 

Egyptian Moscow papyrus from about 1850 BC. Here, 

it was used to calculate areas and volumes.     Ancient Greek mathematicians such as Democritus and 

    

  

Eudoxus developed these ideas further by dividin; , ‘”‘ B 
g i 'p i 8 Y i & % i.L\(..J HJL" 1"'11 objects into an infinite number of sections. This led to 5 mmmn-umrnm- 

the study of infinitesimals, and allowed Archimedes of gz :“u?‘f: e 51.,;; 

Syracuse to find the tangent to a curve other than a circle. 

The methods of Archimedes were the foundation for 

modern calculus developed almost 2000 years later by 

mathematicians such as Johann Bernoulli and Isaac 

Barrow. 

  

Egyptian Moscow papyrus
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A THE DERIVATIVE FUNCTION 
For a non-linear function y = f(z), the gradient of the tangent 

changes as we move along the curve. 

We can therefore write a gradient function which gives the 

gradient of the tangent for any given value of x. 

  

The gradient function of y = f(z) is called its derivative function and is labelled f/(z). 

For example, in question 2 of the previous Exercise, you should 

have observed that for f(x) = 2, the gradient of the tangent . f(w) is read . 

is always double the z-coordinate. eff dashed of z”. 

So, for f(z) = 2% we write f'(z) = 2z. 

Since f/(3) = 6, the gradient of the tangent to f(z) = 22 

at the point where x =3, is 6. 

  

Example 6 LR (R (ML) 

For the given graph, find f(4). The graph shows the tangent to the curve 

y = f(z) at the point where z = 4. 

The tangent passes through (2, 0) and (6, 4). 

. f'(4) = gradient of the tangent 
40 
T6-2 
=1 

  

If we are given y written as a function of z, we often write the derivative function as d_y This is called 
I 

“the derivative of y with respect to z”, and is read “dee y by dee z”. 

we have _ 2. 
dx 

For example, for y = z2 

EXERCISE 17E 

1 Using the graph below, find: 2 Use the graph below to find f’(2). 

a f(0) b f'(0) 
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3 For the graph of y = f(z) alongside, decide whether the 

following are positive or negative: 

a f@3) b (1) 
¢ f(=4) d f(-2) 

  

  

  

  

  

  

  

  

  

                        v 
  

For the graph of y = f(z) alongside, the derivative 

function is f/(z) = 2z + 1. 

a Find and interpret: i f(-2) it f(0) 

b Copy the graph, and include the information in a. 

  

INVESTIGATION 3 

The software, accessible using the icon alongside, can be used to find the gradient JCRDIENTA 

of the tangent to a function f(z) at any point. By sliding the point along the graph, 

we observe the changing gradient of the tangent and hence generate the gradient 

function f'(z). 

What to do: 

1 Consider the functions f(z) =0, f(z) =2, and f(z)=4. 

a For each of these functions, what is the gradient? 

  

b Is the gradient constant for all values of 2? 

2 Consider the function f(z)=mz + c. 

a State the gradient of the function. 

b Is the gradient constant for all values of 2? 

¢ Use the software to graph the following functions and observe the gradient function f(z). 

Hence verify your answer to b. 

i flz)=2-1 i f(z)=3z+2 ili f(z)=-2z+1 

3 a Observe the function f(z) = x? using the software. What #ype of function is the gradient 

function f’(z)? 

b Observe the following quadratic functions using the software: 

i fz)=22+z-2 i f(z)=22%2-3 

i f(z)=-22+2z-1 iv f(z)=-322-37z+6 

¢ What gype of function are each of the gradient functions f/(z) in b? 

4 a Observe the function f(z) =e” using the software. 

b What is the gradient function f’(z)?
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I3 [BIFFERENTIATION FROM FIRST PRINCIPLES 
To find the derivative function f’(x) for a function f(z), we use limit theory to find the gradient of the 

tangent to the curve at a general point (z, f(z)). 

Let A(z, f(z)) and B(z + h, f(z +h)) be 
two points on the curve. 

      

A R e 2 
The chord [AB] has gradient = fath) = f) A ; 

whhoe Fla+h) - f() 
_ f@+h) — f@) 

h iR : 

If we let B approach A, then the gradient of [AB] 

approaches the gradient of the tangent at A. z+h 

So, the gradient of the tangent at the general point (z, f(z)) is }hnb w . 

Since there is at most one value of the gradient for each value of x, the formula is actually a function. 

The derivative function or simply derivative of y = f(x) is defined as 

f'(x) or %:A%w 

The domain of f/(x) is the set of values for which this limit exists. 

When we evaluate this limit to find a derivative function, we say we are differentiating from first 

principles. 

  

Example 7 LR R ML 

Use first principles to find the gradient function f/(z) of f(z) = 

In this Example we prove f’(CI?) - f(z+h) — f(z) 

  

  

h—0 the result observed in 

[CE Exercise 17D. 
= lim 

h—0 

L 2 _ ~ lim 22+ 2ha + h2 — 22 
h—0 h 

— lim H(2x + h) 
h—0 }f @ 

) 

=lim 2z +h) {as h#0} 
h—0 

SN 
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EXERCISE 17F 

1 For each function f(z), find f/(x) from first principles: 

a f(r)=1 b f(z)==z ¢ flz)=2zx-1 d f(z)=3-=z 

2 Find Z—y from first principles: 
i 

a y=z22+2 b y=3-2° ¢ y=22+=z d y=-22+5x-3 

3 Let f(z)=3z%-1 

a Find f/(x) from first principles. 

b Hence find f’(2) and interpret your answer. 

  

4 The graph of f(z) = —a?+ 3z is shown alongside. 
  

a Use the graph to estimate the gradient of the tangent to 

the curve at the point where: 

i z=0 il z=2 

b Find f'(z) from first principles. 

¢ Find f/(0) and f’(2), and hence check your estimates 
in a. 

  

  

  

8|
y 

  

  

                  

  

    

5 Suppose f(z)=3z%—z—2. 

a Find f/(z) from first principles. 

b Hence find: 

i the gradient of the tangent to y = f(z) at the point where = = —2 

i the point at which the tangent to the curve has gradient 4. 

The graph of f(x) = —1a? + x is shown alongside. 

a Find f'(x). 

b Hence show that the illustrated tangents are 

perpendicular.       
flz)=-32%+z 

   

7 Consider the function y = z°. 

a Use 'the software or your graphics calculator to find the CRAre 

gradient of the tangent when =z = —3, -2, —1,0, 1, 2, 3. 

Record your results in a table: 
GRAPHICS 

  

  

  

  

3 2[-1[o]1]2]3 INSTRUCTIONS 

d_y 
dx 

b Show that (z + h)® = 2% + 32%h + 3zh? + h3. 

¢ Hence find dy from first principles. Check your answer using the results you found in a. 
dz
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. . 1 
8 Consider the function y = —. 

x 

a Use technology to complete the following table of derivatives: 

  

  

  

b Use the result from question 5 a in Exercise 17D to find Z—y 
L 

Check your answer using the results you found in a. 

9 a Use the previous results to copy and complete the table: 

b Copy and complete: 

If f(z)=2z" then f'(z)=..... 

1 Does a function always have a derivative function? 

2 Are the domains of a function and its derivative always the same? 

REVIEW SET 17A   

from first principles. 

    

   

  

1 Find the average rate of change in f(z) from A to B. 
  

  

  

  

  

  

  

  

                    

  

2 Chantelle is riding in a ski-lift. Her height above 
  

  

  

  

                      

the base of the mountain is shown on the graph 500 

alongside. 400 

a Is the ski-lift increasing in height at a constant 300 

rate? Explain your answer. - 

b Find the rate at which the ski-lift is increasing 

in height. 100 
0 

0   100 200 300
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3 Evaluate: 
2 _ 2 _ 

a lim (6z—7) b lim 2" ¢ lim & 16 
z—1 h—0 h z—4 xT—4 

4 a Sketch the graph of y = ks Z - 

b Discuss the behaviour of the graph near its asymptotes, and hence deduce their equations. 

¢ State the values of lim 2 and lim 2 . 
z——00 T —4 z—o0 T —4 

    

5 Consider f(z) =222 

f(z+h) a Show that - F® _ 4z 1 21 provided h 0. 

b Hence evaluate w 

the table. 

for each value of h in FfB+h)—f(3) 

¢ Evaluate lim 
h—0 

interpretation of your result. 

. Give a geometric fB+h) —f3) 
h 

  

6 Use the graph alongside to find f/(3). 

  

7 Find, from first principles, the derivative of: 

a f(z)=22+2z b y=4-—32° 

8 a Given y=2z>—1, find Z—y from first principles. 
X 

b Hence state the gradient of the tangent to y = 222 — 1 at the point where z = 4. 

¢ For what value of z is the gradient of the tangent to y = 222 — 1 equal to —12? 

  REVIEW SET 17B 

  

Use the tangent drawn to find the instantaneous rate 

of change in f(z) at « = 2. 
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2 This graph shows the temperature in Berlin from A temperature (°C) 

6 am to 6 pm on a particular day. 23 

Find the average rate of change in temperature 2 

from: 

a 7 am to noon 15 

b ¢ . 3 pm to 5 pm - 

% fime| 

3 Evaluate the limits: 

  

                          
6am 9am 12pm 3pm  6pm 

  

3 _ 2 _ 2 _ 
a lim a1 b lim 22 =32 ¢ lim & —32+2 

h—0 z—1 x—1 z—2 2—x 

&4 a Sketch the graph of y =e*2 — 3. 

b Hence find, if possible: 

i lim (e*72-3) i lim (e*2-3). 
Tr— —00 r—00 

5 Ay Decide whether the following are positive or negative: 

  

  

(z    a f(-1) b f(0)   

  

< f(2) d f'(3) 
  

  

  

    

  

                 v       

6 a Draw an accurate 

Draw, as accuratel, 

  graph of f(z)=12%—2.   y as possible, the tangent to f(z) =22 —2 at z = 2. 

¢ Hence find the instantaneous rate of change in f(z) =22 —2 when x = 2. 

7 a Given y=22+5z—2, find dy from first principles. 
dz 

b Hence find the point on the graph at which the tangent has gradient —3. 

8 Ina BASE jumping competition from the Petronas 

Towers in Kuala Lumpur, the altitude of a 

professional jumper in the first 3 seconds is 

given by f(t) = 452 — 4.8t> metres, where 

0 <t <3 seconds. 

a Find the height of the jumper after: 

i 1 second 

b Find f/(t) from first principles. 

¢ Find the speed of 

i 1 second 

ii 2 seconds. 

  

the jumper after: 

ii 2 seconds.



  

Rules of 

differentiation 

Contents: 

  

m
o
u
n
w
h
 

= 

Simple rules of differentiation 

The chain rule 

The product rule 

The quotient rule 

Derivatives of exponential 
functions 

Derivatives of logarithmic 
functions 

Derivatives of trigonometric 
functions 

Second derivatives
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OPENING PROBLEM 

Consider the curve y = z2. 

In the previous Chapter we found that the gradient function 

of this curve is & - 2. 
dz 

  

Things to think about: 

a At which point on the graph of y = 22 is the tangent to the curve horizontal? How do we 
. . . d 

observe this from the derivative function d—y‘! 
T 

b Consider the transformation of y = 2 onto y = 2% + 3. 

i What transformation has taken place? 

ii For a given value of x, has the gradient of the tangent to the function changed? 

ili What is the gradient function of y = x2 + 3? EMO 

¢ Consider the transformation of y = 22 onto y = (v — 2)% 

i What transformation has taken place? 

ii How does the gradient function of y = (z —2)? relate to the gradient 

function of y = x2? 

iii Can you write down the gradient function of y = (z —2)2? 

2 d Consider the transformation of y = x> onto y = 2z2. 

i What transformation has taken place? 

ii How does the gradient function of y = 222 relate to the gradient function of y = x2? 

If necessary, use the software to help you. 

In this Chapter we will discover rules which make it easier to find derivative functions. 

75 [0 SIMPLE RULES OF DIFFERENTIATION 
Differentiation is the process of finding a derivative or gradient function. 

Given a function f(z), we obtain f’(z) by differentiating with respect to the variable z. 

There are a number of rules associated with differentiation. These rules can be used to differentiate more 

complicated functions without having to use first principles. 

For example, in the previous Chapter you should have found that if f(z) = 2" then f'(z)=naz""!. 

INVESTIGATION 1 

In this Investigation we look for other rules which can help us to differentiate functions without 

needing first principles.
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What to do: 

1 a Differentiate using first principles: 

i y=3z? ii y=>522 iy = 222 

b Copy and complete: “If f(z) = cz™ where c is a constant, then f/(z) = ...... > 

¢ Check your answer by using the software to consider the derivatives of: DERIVATIVES 

i y=4z* i yzfz jii y:% 
x x 

2 a Use first principles to find f/(z) for: 

i f(z)=22+3z i f(z)=2®— 222 

b Copy and complete: “If f(z) = u(z) + v(z), then f'(z)=...." 

We can summarise the most simple rules of differentiation as follows: 

f(x) /() 
¢ (a constant) 0 

      

  

Name of rule     

  

     

    
    

  

  

differentiating a constant 

      

  

    

  

    

Ta ng" 1 differentiating =™ 

cu(x) cu'(z) constant times a function 

u(z) +v(z) | v (z)+ ' (z) addition rule   
  

The last two rules can be proved using the first principles definition of f/(z). 

  

  

o If f(z)=cu(z), o If f(z)=u(z)+v(z), 

then f'(z) = cu/(x). then f/(z) =u'(z) + /' (z) 

Proof: Proof: 

f'(=) f'(=) 
_ i L&D 1@ i L@~ 1@ 

h—0 h h—0 h 

— lim cu(z + h) — cu(zx) — lim (u(z + h) +v(z+ h) — [u(z) + v(z)]) 

h—0 h h—0 h 

— lim ¢ [u(z +h)— u(z):| — lim (u(z +h) —u(z) +v(z+h) — v(z)) 

h—0 h h—0 h 

— ¢ lim u(z + h) —u(x) — lim u(z + h) —u(x) L lim v(z + h) —v(z) 

h—0 h h—0 h h—0 h 

=cu/(x) =/(z) + o' (2) 

Using the rules we have now developed, we can differentiate sums of powers of z. 

For example, if f(z) =3z + 22 — 52° + 72 +6 then 

f/(z) = 3(42®) + 2(32?) — 5(2z) + 7(1) +0 

=122% 4+ 62° — 10z + 7



  

  

Find f/(z) for f(z) equal to: 

523 + 622 — 3z + 2 

) Self Tutor 

7gcfé+i 
T 1‘3 

  

  f(z) = 52% + 622 — 3z +2 

o f'(x) = 5(32%) 4 6(2x) — 3(1) 

=152% + 122 -3 

f@)=Tz-24+2 
x 1}3 

=Tz — 4z + 3273 

fl(z) =7(1) — 4(-1272) + 3(=3z™%) 

=7+4z72 -9z~ 

4 _gii_e 
T x 4 

  

Example ] .1;)) Self Tutor 

Find the gradient function for: 

  

      
  

    

_ 2 N 3 f(z)—3\/§+z glz) ==z 7 

— 2 —P_ L §(@) = 3y5 + ola) =a? - % 
1 1 

=322 + 227! =% 4z 2 

& _8 
fl(x) =33z 2)+ 2(—1z72) g (z) =2z — 4(—%1’ 2) 

1 3 

=327 - 2272 =2c+2z 2 

3 2 _ L i 

“as =@ =2t s 

EXERCISE 18A 

Find f’(z) given that f(z) is: 

2° 28 ! 6z 

223 Ta? 3a° 528 

5z —2 22 -3 2+ 22 +3z -5 

222 + 72— 1 322 — Tz +8 4 — 222 1a* — 62 

2% — 422 + 62 22 + 1 —1 7—x— 423 ta® — Ta? -2 

Differentiate with respect to z: 

1 L L 4 
x2 x5 3z x3 

_ 3 2_ 6 2.9 o 2z + = T - = + I 

102 23 +4 2z -5 
ootz SrE T w z 2
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3 Find the gradient function for f(z) where f(x) is: 

  

      

  

a x b ¥z ¢ 2z— .z d zyz 

L L 2_ 3 Ve -4 e 7 f e g 2z 7 h - 

z+5 . 7—a? 3 ? —x+2 
7 i 7 k 21_12\/5 1 — 

4 Find dy for: 
dz 

a y=mx? b y=252%— 142213 < y=3m2—m—82 

d y=(z+1)(z—-2) e y=(2z+1)(3z—-2) fy=06-12)? 

g (2z—1)2 h y=z(z+1)(2z—5) i y=(w_3)2 7z 
5 Find: 

  

  

  

6 Find the gradient of the tangent to: 

  

a y=2% at =2 b y=21%—5z+2 atthe point (3, 14) 

8 : 8 ¢ y=— atthe point (9, %) d y=222-32+7 at 2 =-1 

e y=3y/z atthe point (1,3) f y:2x7§ at the point (2, ) 
x 

z2 —4 . 3 23 —dx — 8 
g9 y=——— at the point (4, Z) h y=—0— at r=-1 

x 

7 The tangentto f(x) =3 +ax+5 at the point where x = 1, has gradient 10. Find a. 

8 The tangent to f(z) = —3z% + ax + b at the point (-3, 8) has gradient 9. Find @ and b. 

9 The tangent to f(z) =222 +a+ 5 at the point (1, 11) has gradient —2. Find a and b. 
x 

10 Find a and b given f(z) =az+ 2, f(3)=5, and f'(1) = 5. 
xr
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If y=322—4z, find Z—y and interpret its meaning. 
X 

  

    
          
      

    
    

As y= j—y=61—4. 
i 

dy . 5 0 o0 8 
d_y is the gradient function or derivative of y = 322 —4z from which 

T 

the gradient of the tangent at any point on the curve can be found. It 

is also the instantaneous rate of change of y with respect to x. 

1M If y=4z— E, find dy and interpret its meaning. 
xT dx 

12 Consider the function f(z) =z — % 
x 

a State the domain of f(x). b Find the derivative function f/(z). 

¢ State the domain of f/(z). d Find f/(1) and interpret your answer. 

13 The position of a car moving along a straight road is given by S = 2t> + 4t metres where t is 

the time in seconds. 

. d . . . 
a Find d—f and interpret its meaning. 

b Find the value of % when ¢ =3, and interpret your answer. 

14 The cost of producing z toasters each week is given by C = 1785+ 3z + 0.002z% pounds. Find 

the value of fl when 2 = 1000, and interpret its meaning. 

DI TG CHAIN RULS 
In Chapter 15 of the Core Topics HL book, we saw that the composite of two functions g and f is 

(go f)(@) or g(f(z)). 
We can often write complicated functions as the composite of two or more simpler functions. 

For example y = (22 + 3z)* could be rewritten as y = u* where u = 2? + 3z, oras y = g(f(x)) 

where g(z) =2? and f(x) =22+ 3. 

  

    

  

Find: 

3 g(f(@) if g(z) =z and f(z) =2 —13z There are several 

b g(z) and f(x) suchthat g(f(z)) = — possible answers for b. 

  

  

a g(f(z))=9g(2—-3z) b Ifwelet f(z) =z —2* then 

=VEEER (@) = 1 

g g(x):i and f(z) =z — 2? 
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EXERCISE 18B.1 

1 Find g(f(z)) if: 

  

a g(z)=2? and f(z)=22+7 b g(z)=2r+7 and f(z)=2? 

¢ g(z)=+x and f(z)=3—4z d g(z)=3—4z and f(z)=\Z 

e g(e)=2 and f(z)=a®+3 tg(@)=a>+3 and f(x) =2 

2 Find g(x) and f(x) such that g(f(x)) is: 

a (3z+10)3 b (7-2z) c 23)14 

d Vo7 _3z e fi f fi 

DERIVATIVES OF COMPOSITE FUNCTIONS 

The reason we are interested in writing complicated functions as composite functions is to make finding 

derivatives easier. 

INVESTIGATION 2 

In this Investigation we want to learn how to differentiate composite functions. 

Based on the rule “if y = 2" then j_y =nz""1”, we might suspect that if y = (22 + 1)? then 
i 

% =2(2z + 1)'. But is this so? 
Xr 

What to do: 

1 Expand y = (2z + 1)%, and hence find Z—y How does this compare with 2(2z + 1)? 
i 

  2 Expand y = (37 + 1)%, and hence find Z—y How does this compare with 2(3z + 1)%? 
X 

3 Expand y = (ax+1)> where a is a constant, and hence find Z—y How does this compare 
T 

with 2(az + 1)1? 

& Suppose y = u?. 

a Find %, 
U 

b Now suppose u=az+1, so y= (az+ 1) 

i Find 2 i Write % from a in terms of x. 
dx du 

dy _ du n . 
iiil Hence find o R o iv Compare your answer to the result in 3. 

U X 

¢ If y=wu? where u is a function of , what do you suspect % will be equal to? 
I 

5 Expand y = (22 + 3z)? and hence find dy 
dx 

Does your answer agree with the rule you suggested in 4 ¢? 

6 Consider y = (2 + 1)3. 

a Expand the brackets and hence find @. 
dx
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b Ifwelet u=2x+1, then y=u’. 

i Find d—u ii Find @, and write it in terms of x. 
dz du 

T dy du B . 
iii Hence find K iv. Compare your answer to the result in a. 

U T 

7 Copy and complete: “If y is a function of u, and w is a function of z, then Z—y e ” 
X 

THE CHAIN RULE 

d dy d 
If y=g(u) where u = f(x) then Y v 

dz  du dz 

This rule is extremely important and allows us to differentiate complicated functions much faster. 

For example, for any function f(z): 

Iy =@ then 2 = nif@)]"1 x 1'(2). 

  

  

  

Example 6 ) Self Tutor 

Find % if: a y=(z%-2z)* b y= \/i_% 

a y = (2% — 22)* b Y= 4 
V1-—2zx 

y=u' where u=z>—2 1 
y=4u 2 where u=1-2z 

dy dy du . 
Now —=—— chain rule 

de  du dzx { } Now j—y = Z—y % {chain rule} 

= 4?2z — 2) o 
— 1., 2 

= 4(2* — 22)*(2z — 2) =4 x(-gu *)x(=2) 
3 

o 3 

The brackets around = =4(1-27) 2 
2z — 2 are essential. - 

"\       

EXERCISE 18B.2 

1 Write in the form au™, clearly stating what w is: 

    

;2 b a2 -3z « 2 
(22 —1) 92— 22 

4 10 
d V322 e f 

(3—=x)3 22 -3 

2 Differentiate y = (22 + 3)? by: 

a using the chain rule with u = 2z + 3 

b expanding y = (22 + 3)? then differentiating term-by-term.



RULES OF DIFFERENTIATION (Chapter 18) 477 
  

dy 

  

  

  

Find the derivative function = for: 
X 

a y=(4z —5)? b y:512 ¢ y=+3z—2? d y=(1-32)* 
— 4T 

3 
e y=6(5—1r)° f y= 22322 g y=L h y=2<z2—z) 

(5 — 4)2 T 

Find the gradient of the tangent to: 

a y=v1-a2 at z=3 b y=(3z+2)% at z=-1 GRAPHING 
PACKAGE 

< y:; at x=1 d y=6x+y1 -2z at z=0 
(22 —1)* 

e y=—21 at x =4 f *(erl)a at z=1 
y= T+ 2T o y= T o 

Check your answers using technology. 

The gradient function of f(z) = (2x —b)® is f'(z) = 242% — 24z + 6. 

Find the constants a and b. 

Suppose y = \/13__“ where a, b € R. At the point (3, 1), Z—z = 7§. Find a and b. 

3 
Suppose f(z) = 3<az - 2) . Given that f(2) =3 and f'(3) =30, find a and b. 

T 

GANINT THE PRODUCT RULE 
We have seen the addition rule which allows us to differentiate term-by-term: 

If f(z)=u(z)+v(z) then f'(z)=u'(z)+ 7 (z). 

If we now consider the case f(z) = u(z)v(z), we might wonder if f'(z) = u'(z)v' (). 

In other words, does the derivative of a product of two functions equal the product of their derivatives? 

INVESTIGATION 3 

Suppose u(z) and v(z) are two functions of z, and that f(z) = u(z)v(z) is the product of these 

functions. In this Investigation we attempt to find a rule for determining f’(z). 

What to do: 

1 Suppose u(z) =z and v(z) ==z, so f(z) =22 

a Find f/(z) by direct differentiation. b Find «/(z) and v/(z). 

¢ Does f/'(z) =u'(z)v'(z)? 
3 

2 Suppose u(r) =z and v(z)=+/7, so f(z) =z =22. 

a Find f/(z) by direct differentiation. b Find «/(z) and v/(z). 

¢ Does f'(z)=u/(z)v'(z)?
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3 Copy and complete the following table, finding f’(z) by direct differentiation. 

R     

T T vz 

(z+1) z z+1 

(z—1)(2—2?% r—1]2—2? 
  

THE PRODUCT RULE 

If f(xz) =wu(x)v(z) then f'(x) = u'(x)v(x)+ u(z) v (x). 

Alternatively, if y = uwv where u and v are functions of x, then 

dy du dv 

dz 2 e 

|_Example 7| ) Self Tutor 
If y=a%(2?—2z)%, find —=. 

Il g < e g S Il 

  

  

        
   

y = 2%(2® — 2x)* is the product of 

u=2> and wv=(2%—2z)* 

' =2z and o =4(2® —22)%(2z —2) {chain rule} 

Now 4y =u'v+uv {product rule} 
dx 

= 22(2® — 22)* + 2% x 4(2% — 22)3(22 — 2) @ 

2z(x% — 2z)* + 42%(2? — 22)3 (22 — 2) > 

TR, 
Find % given y = /z(2z + 1)3. 

Xr 

Used together, the product rule and 

chain rule are extremely powerful. 

    

  

  

[
 

y=+/z(2z+ 1) is the product of u == 

! 

  

W =iz and v =3(2z+1)>x2  {chain rule} 

6(2x +1)? 

Now Z_y =vv+uw’  {product rule} 
XL 

=1z 22z +1)° + 22 x 6(2z + 1)° 

=1277(25+ 1) + 627 (2z +1)°        
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EXERCISE 18C 

1 Use the product rule to differentiate: 

a f(x)=a(z—1) b f(z)=2z(x+1) ¢ f(z) =2 +1 

d flz)=(z+3)(z—1) e fl@)=ava® -1 f f(@)=a(z+1)? 

2 Find Z—Z using the product rule: 

a y=2*2r—-1) b y=A4dz(2z+1)3 c y=2/3—-z 

d y=x(r—3)? e y=>52%(3z% - 1)? fy=z(x—2%3 

3 Find the gradient of the tangent to: 

a y=2'(1-22)% at z=-1 b y=yz(z*-z+1)? at z=4 

¢ y=zy1—-2x at x=—4 d y=23/56—-22 at z=1 

4 Consider y = \/_(3 — )2 

dy _ (3—=)(3 —5z) 
a Show that dw = NG . 

b Find the z-coordinates of all points on y = 1/z(3 — z)? where the tangent is horizontal. 

¢ State the domain of fl Discuss how it differs from the domain of the original function. 
dx 

5 Suppose y = —2z%(z +4). For what values of = does j_y =10? 
T 

6 Suppose y = (z+ 3)(x —2)%. For what values of = does j_y —7? 
T 

7 Find the value of z for which the tangent to f(z) = azy/1 -z, a # 0 has gradient: 

a0 b a. 

8 Find the values of a such that f(z) = 2222 +a and f/(-2) = 73—;. 

EXMM e avonewr 
Expressions like S , and ———— 

p 2@—5 1—3z (z—12)4 
    are quotients because they represent the division of 

one expression by another. 

Quotient functions have the form Q(z) = e 

Notice that u(z) = Q(z) v(z) 

s (z) = Q' () v(z) + Q(x) v/ () {product rule} 

v/ (z) — Q) /() = Q'(2) v(x) 

L Q@)v(a) =v(@) - 25V @) 
' = M @ )o(a) = L 

¥ (z) v(z) — u(z)v'(z) 
[v(z)]? 

when this exists. Q'(z) =



THE QUOTIENT RULE 

  

  

  

  

  
  

  

  

u(x v (z) v(z) — u(z) v'(z it Q@) = 22 ten qr(y = Y BV — @ (2) 
v(x) [v(z)] 

u 
Alternatively, if y = — where u and v are functions of z, then 

v 
du dv 

dy vv—uv =l % 

de v? - v2 

e ) LR R TS 

Use the quotient rule to find dy given y = 1; 32 . 
z +1 

Y= 1;_:’71” is a quotient with u=1+3z and v=2?+1 
T 

RS and v =2z 

dy  uwv—w' N 
Now — {quotient rule} 

_ 32?2 +1)— (1+32)2 
- (22 +1)2 

_ 322 +3—2z— 622 
- (22 +1)2 

_ 3—2z— 322 
T (@2 41)2 

13€T PR [ O R (TTT8 

L oody _ V= Find o, gven y = oz 

VB . o 
y= =202 is a quotient with 

1 

u=z? and v =(1-2z)? 
1 

w' =322 and v =2(1-22)" x(-2)  {chain rule} 

= —4(1 - 2z) 

Now — = o {quotient rule} 
T U 

1 1 
1e72(1-22)2 — 22 x (—4(1 - 22)) 

- (1—2x)% 

_1 1 
3o 2(1—22)% + 422 (1 - 22) 

(1—2z)4   
If you only need the gradient of 

a tangent at a given point, you 

will not need to simplify % . 

In such cases, substitute the 

value for z into the derivative 

function immediately. 
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£   o]l vE () 
(1 —2z)43 

1—2x+ 8z 

2/z(1 — 22)3 

S 

6z + 1 

2v/z(1 — 2z)3 

  

EXERCISE 18D 

    

  

    

    

  

1 Use the quotient rule to find Z—y if: 
X 

143z _ 22 

V=32 ° Yot 
2 -3 

d y=2 e y=— 
Y 1—-2x Y 3z — 2 

2 Find 

a i(erl) b i( 3z ) 

dr \3—=x dr \z2 — 1 

¢ d 3 d d 4z 

de \ 2z —1 dz \ V/x -5 

. d( \/5) g 4f__ 2 
dz \ 3 — z2 dx /22 + 3 

3 Find the gradient of the tangent to: 

  

  

  

  

  

  

  

d 

dx 
“the derivative of (....) 

with respect to z”. 

  

  

  

  

a V=1 at = b Y= at x=-—1 

vz ? ¢ y= at x =4 d y=——— at 2 =-2 
Y 2z +1 Y /22 + 5 

4 Suppose f(z) = \/szl Find f’(z) using the quotient rule. 

.. x—1 1 . .. 
Check your answer by writing f(z) = 7T + 7T and then differentiating. 

2.z dy z+1 
5 alIfy= , show that == = — T~ | 

Y= 1 showtat 4 Vz(l —x)? 

b For what values of z is Z—y: i zero ii  undefined? 
T 

6 a If y= 276 show thay W 2212 
Y=t de ~ (2c+1)2 

b For what values of z is Z—y: i zero il undefined? 
T 

7 a If _z?-8e+1 showthatfl_m 
V=" de ~ (z+2)?2 

dy ., b For what values of z is 
dx 

i zero il undefined?
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I3 BERNATS Of EXeONEMTAL FokcioN 
We have seen previously that the simplest exponential 

functions have the form f(z) = b* where b is any 

positive constant, b # 1. 

The graphs of all members of the exponential family 

fl@) =" 
e pass through the point (0, 1) 

e are asymptotic to the x-axis at one end 

e lie above the z-axis for all . 

  

  INVESTIGATION 4 

The purpose of this Investigation is to observe the nature of the derivatives of f(z) = b* for various 

values of b. 

What to do: 

1 Use the software provided to help fill in the table for 

y =2" 

CALCULUS 
DEMO 

2 Repeat 1 for the following functions: 

a y=3" b y=5" 

  

3 Use your observations from 1 and 2 to write a statement about the derivative of the general 

exponential y =b* for b >0, b# 1. 

From the Investigation you should have found that: 

If f(z)=20b" then f'(z)= f'(0) x b*. 

z+h _ px 

Proof: If f() =" then f'(z)= lim % {definition of the derivative} 

x (ph 

= lim 2@ =1 
h—0 h 

  

h _ 
=b" x (lim b 5 1) {as b” is independent of h}
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f(z) 

      

But f/(O) — ’llm f(O + h) — f(O) 

0 h f@)=b" 
  

o @) =8 x £(0) gradient = //(0) 

Given this result, if we can find a value of b such that f’(0) =1, then we will have found a function 

which is its own derivative 

  INVESTIGATION 5 

Click on the icon to graph f(z) =b* and its derivative function y = f/(x). DEMO 

Experiment with different values of b until the graphs of f(z) =b* and y = f'(z) 

appear the same. 

Estimate the corresponding value of b to 3 decimal places. 

You should have discovered that f(z) = f/(z) = b® when b=~ 2.718. 

b1 
To find b more accurately, we return to the requirement that f(0) = lim b =1 

h—0 
  

h 1 
b —1 - 

Now if =1 then b= (1+h)",   

so taking the limit on both sides gives b= )L]leo (1+h)7. 

. 1 . 
Letting h = —, we notice that h — 0 as n — oo. 

n 

1 n 

b= lim (1+2) if this limit exists 
n—00 n 

We have in fact already seen this limit previously in an 
L. . L Check this for yourself by evaluating 

Investigation on continuously compounding interest. n 
(1 S %) for very large values of n. 

  

We found that as 7 — oo, (1 ; l) 2718281828459 ... 
n 

and this irrational number is the natural exponential e. 

We therefore conclude: If f(z)=¢e® then f'(z)=¢e". 

THE DERIVATIVE OF e/ 

Suppose y = e/®) = ¢ where u = f(x). 

dy dy d_u 
Now T e {chain rule} 

T U axr B 
=e" d_ e er 

X 

  

= f@ % f(2) f@ | f@ x f(z)



  

2e® + e 3 

  
EXERCISE 18E 

Find the gradient function for f(z) equal to: 

elr e’ +3 

_=z 
2e 2 1—2e 7 

1 

e’ e 

2 
e2z+1 ed 

Find the derivative of: 

ze® 2le® 

e(E 
Z2e3z 

VT 

Find the gradient function for y equal to: 

z2e® 

&I 

If y=2¢" +e 3 then L =2¢ 4 e~%(-3) 
dx 

=2¢% — 3¢ 

_ .2 dy N If y=ax%¢"" then e 2ze™ " + ze”*(—1) {product rule} 
X 

=2ze ¥ —xe " 

2z 2 _ L2z 

If y=5— then dy _ 2@z (M) {quotient rule} 
) dx 

e2®(2x — 1) 

2 

{addition rule} 

  

  

e 2 eg 

465 _3e— ehe® 
2 

10(1 + e%*) 20(1 — e~ %) 

el—22° e—0.02z 

ev T 

= = 

20205 e +2 
e T 41 

  

Find the gradient function for y equal to: 

(@ =n)* 

y=(e"-1)° 
=u® where u=¢e"—1 

;l_y - Z_y % {chain rule} 
XL U ar 

= 3u? du 
dx 

=3(e" - 1) x ¢e® 

= 3e%(e® —1)2   
y=(2""+1) 

1 

=u 2> where u=2e"%+1 

Z—y = dy du {chain rule} 
X U ar 

—3 du 
—_1 2 27 

2 dx 

O AR (118 

3 

=—2(2e7"+1) % x 2 "(-1) 

=e “(2e7"+1) i
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3 Find the gradient function for y equal to: 

a (2+4e%)4 b Ver -1 ¢ (e"+e™ ™) 

4 Find the gradient of the tangent to: 

  

  

a y=(e"+2)* at =0 b y=5— = at r= 
— € 

¢ y=+e*+10 at x =1In3 d y=2;f at = 
€ 

5 The graph of f(z) =+/6 —¢® is shown alongside. 

a State the domain of the function. 

b The point P has y-coordinate 2. Find exactly: 

i the coordinates of P 

i the gradient of the tangent at P. 

  

6 Given f(z)=¢€" +z and f'(0)= -8, find k. 

7 a By substituting ™2 for 2in y =27, find 3—y 
T 

b Show that if y=b* where b>0, b# 1, then Z—y — b x Inb. 
L 

< Findd—yfor: i y=5" il y=8x10" 
dz 

8 The tangent to f(x) = z%e~ at point P is horizontal. Find the possible coordinates of P. 

9 Suppose S(z)=3(c* —e ) and C(z) =1(e" +e77). 

  

a Show that [C(x)]® —[S(z)]* = 1. b Show that % [S(2)] = C(x). 

¢ Find % [C(2)] in terms of S(z). 

d If T(z)= g((z)), find % [T'(x)] in terms of C(x). 

I3 [ BERIVATIVES OF LOGARITHMIC FUNCTIONS 
INVESTIGATION 6 

What to do: 

  

1 Click on the icon to see the graph of y = Inz. Observe the gradient function CALCULUS 
. . . DEMO 

being drawn as the point moves from left to right along the graph. 

2 Predict a formula for the gradient function of y = In . 

3 Find the gradient of the tangent to y =1Inz for = = 0.25, 0.5, 1, 2, 3, 4, and 5. 

Do your results confirm your prediction in 2?



486  RULES OF DIFFERENTIATION (Chapter 18) 

From the Investigation you should have observed: PROOF 

d, 1 
If y=1Inz then —y:—, z > 0. 

dr =z 

THE DERIVATIVE OF In f(x) 

Suppose y = In f(x) 

e e o) 
dy  dy du 

de  du dz 
Now 

  

  

  

   
  

    

Find the gradient function of: 

a y=In(1-3z) b y=zlnz 
  

   {product rule} 

  

The laws of logarithms can help us to differentiate some logarithmic functions more easily. 

For a>0, b>0, n€R: In(ab) =Ina+1Inb 

a 
ln(E) =Ina—Inbd 

In(a”) =nlna 

EXERCISE 18F 

1 Find the gradient function of: 

a y=In(Tz) b y=In(2z+1) ¢ y=In(z —2?) d y=3-2Inz 

e y=x’lnz f y=1;—j g y=¢"lnz h y=(lnz)? 

i y=+vhz j y=e *Inzx Ik y=zn(2z) I y=—-4In(1—2x) 

m y:% n y=xln(z?+1) o y:IZ—: 

2 Given f(z)=In(kz) where k#0, find f'(z). 

Use the laws of logarithms to explain why this derivative does not depend on the value of k. 

3 Find 2 for: 
dx 

a y=xlnb b y=In(z?) ¢ y=In(z*+2) d y=In(10 — 5z) 

= In(4z) g y:]n(l) h y= L 
x x Inz 
  e y=[m@e+1)) fy
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Differentiate with respect to z: 

  

2 
— - = —I a y=In(ze™™) b yfln[(z+2)(z73):| 

a y = In(ze™®) 

=lnz+lne™  {ln(eb) =Ina+Inb} A derivative function 
SR {lne* =a} will only be valid on 

dy 1 at most the domain of 

e = 1 the original function. 

22 

o y*m[(fiz)(xa)} 

  

=Inz? — In[(z + 2)(z — 3)] {ln(%) =Ina—Inb} 

=2Inz — [In(z + 2) + In(z — 3)] 

=2Inz —In(z +2) —In(z - 3) 

dy 2 1 1 
  
    
  

  

    

a y=Iny1-2z b y:ln(2 1+3) ¢ y=1In(e*/x) 
T 

x+3 22 
d y=In(zv2—12) e y:hl(x—l) f y:1n<37$> 

5 Differentiate with respect to x: 

a f(z) =In((3z —4)?) b f(z) =In(z(z?+1)) < f(x):ln(z2+§z)   

Find the gradient of the tangent to y = zInx at the point where x = e. 

Suppose f(z) = aln(br?) where f(e) =3 and f/(1) =6. Find the constants a and b. 

Suppose f(z) = azIn(bz) where f(1)=12 and f/(1) =16. Find the constants a and b. 

9
 

®
 

N
 

o
 

Find the point(s) at which the tangent to y = In(15 — x?) has gradient 1. 

3 OSRIATIVES OFTRIGONOMETIC UKCTONS 
We have seen that the sine and cosine 

curves naturally arise from circular 

motion. 

Yy=cosx y=sinx 
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  INVESTIGATION 7 

What to do: 

DERIVATIVES 1 Click on the icon to observe the graph of y = sinz. A tangent with z-step bl 

of length 1 unit moves across the curve, and its y-step is translated onto the 

gradient graph. Predict the derivative of the function y = sinz. 

2 Repeat the process in 1 for the graph of y = cosxz. Hence predict the 

derivative of the function y = cosz. 

Suppose P and Q are points on the unit circle 

corresponding to angles 6 and 6 + Af respectively from 

the positive z-axis. 

  

Explain why PR = sin(6 + Af) — sin6. b 

b If P and Q are close together then Af is very small. 

Explain why as Q approaches P: 

i the arc PQ resembles line segment [PQ] 

ii the length of the line segment PQ ~ A6 

ii QPO approaches a right angle a 

iv QPR ~ 4. D N 
sin(f + A0) —sin 6 

¢ Use right angled triangle trigonometry in AQRP to show that cosf ~ G 

Hence explain why in the limit as Af — 0, cosf = d%(sin 0). 

From the Investigation you should have deduced that: 

For z in radians: If f(z)=sinz then f/(x)=cosz. 

If f(z) =cosz then f'(z)= —sinz. 

THE DERIVATIVE OF tanz 
sinx DERIVATIVES 

DEMO   Consider y =tanz = 
Ccos T 

Welet uw=sinz and v =cosz 

du dv . 
o = cosw and o = sinw 

d "y — ! . 
d—y = % {quotient rule} 

T v 

cosx cos — sinz(—sinx) 
2 

Function | Derivative 
[cos z] 

cos? + sin? z == T - cosx 
cos? x 

1 . . 
=— {since sin®z + cos’z = 1} 

cos?x 

sin z 

tanz 
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THE DERIVATIVES OF sin[f(z)], cos[f(x)], AND tan[f(z)] 

Suppose  y = sin[f(z)] 

y=sinu where u= f(z). 

But % _ddu {chain rule} 
dx du dx 

dy —= =cosu x f'(x) 

= cos|f(z)] x f'(x) 

We can perform the same procedure for cos[f(z)] and 

tan[f(x)], giving the following results: cos[f ()] f'(x) 

—sin[f(z)] f'(z) 
1 

—5—— % f'(z) 
cos?[f ()] 

  

  

Differentiate with respect to z: 

  

  

  

  

  

  

a zsinz b 4tan?3z 

a y=zxsinz b y = 4tan? 3z 

/. (1)sinz + (z) cos z = 4u® where u = tan3x 

dz dy  dy du hai 1 
{product rule} Io  dudw {chain rule} 

=sinz + rcosz 

dx dx 

= 8tan3x X 2 
cos® 3x 

_ 24sin3x 

"~ cos3 3z 

EXERCISE 18G 

1 Find 2 for: 
dx 

a y=sin2z b y=sinz +cosz ¢ y=cos3xr —sinx 

d y=sin(z+1) e y=cos(3—2x) f y=tanbz 

g y=sing —3cosz h y=4sinz — cos2x i y:%c056x75sin4x 

2 Differentiate with respect to x: 

a 22 +cosx b tanz — 3sinx ¢ e"cosx 

d e Tsinz e In(sinz) f e*tanz 

g 3tanmr h cos3 i 3tan2zx 

i zcosz Kk 322 I ztanzx 
xT 

m s VE n 2% o Lsztsini   

tanz 3
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3 Differentiate with respect to x: 

  

a sin(z?) b cosyz ¢ Jcosz d sin(e”) 

e sin’z f cos®x g 5cos® 2 h coszsin2z 

. . - 2 
i cos(cosz) j cos®dx k —; - I %tan®2z 

sin T 

4 Find the gradient of the tangent to: 

a f(z) =sin®z at the point where z = ¢ 

b f(z) =tan(2z — Z) at the point where z = 

o
l
 

¢ f(z) =coszsinz at the point where = = Z. 

IS 

5 Consider the function f(z) = 2cos?z + 2sin®z + 1. 

a Find f'(z). b Explain your answer to a. 

cos + isinf 
6 a Show that 2 is a constant by showing that its derivative is zero. 

€ 

b Find the value of this constant by substituting 6 = 0. 

Hence establish Euler’s formula: e? = cosf + isin 6. 

DI SEcOND DERIATIVES 
Given a function f(z), the derivative f’(z) is known as the first derivative. 

The second derivative of f(x) is the derivative of f’(z), or the derivative of the first derivative. 

d? L 
We use f”(z), y", or d—g to represent the second derivative. 

T 

1" (x) reads “f double dashed x”. 

2 
v _d <d—y) reads “dee two y by dee x squared”. 
dz? dr \dz 

f"(z) is the rate of change 
of f/(z) with respect to z. 

  

Example 16 ) Self Tutor 

b f(z)=zcosz+ 1 
T 

f(z) =zcosx+a! 

f'(z) = (1) cosz + (z)(—sina) — x> 

= cosx — wsine — 72 

f"(x) = —sinz — (1)sinz — (z) cosz + 2273 

. 2 
= —2sinx —xcosx + — z3  
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EXERCISE 18H 

1 Find f”(z) given that: 

  

  

  

  

  

  

a f(z)=3z2—6z+2 b f(z):%— ¢ flz)=22%-322—2z+5 
T 

_2-3g i oe w42 d ) =2 e f@)=(1-2) ¢ fa)= 22 

2 Find @ iven that: 
dz? & ’ 

a3 2 5 93 a y=x—=x b y==z = c y=2 7 

d y:4iz e y=(z%-32)? f y=22—2z+ ! 
T 1—=z 

g y=e¥ 42z h yzlfe_z i :37133 

x re 

3 Given f(z)=2>—2z+5, find: 

a f(2) b f'(2) < f7(2) 

4 Find the value(s) of = such that f”(z) =0, given: 

a f(r) =2z 622 +5x+1 b f(z) =2* — 102° + 362 — 72z + 108 

5 Consider the function f(r) = 2z% — . 

Copy and complete the table alongside by indicating whether f(z), 

f'(z), and f’(x) are positive (+), negative (—), or zero (0) at the 

given values of . 

6 Given f(z)=2a2— %, find: 

a f(1) b f'(1) 

7 Given f(z)=3e” — 2z, find: 

a f(ny b (1) 

o diy . 8 Find —oz given that: 

a y=3tanzx b y=uzsinz 

20— 
d y:cos# e y=e Tsing 

T 

9 Suppose y = Aef* where A and k are constants. Show that: 

d2y dy 
@ ° & — k2 
dx Y 

10 Suppose f(z)=2sin®z — 3sinz. 

a Show that f’(z) = —3coszcos2x. b Find f"(z). 

  

y =sin? 3z 

y = tan(z?)
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11 Given f(z)=3%sin3z, find f"(2F). 

2 
12 Find ZTg given: 

a y=—Inz b y=xlhz ¢ y=(nz)? 

2 
13 If y=2¢% 4 5¢4%, show that 2% — 7% 4 19y 0. 

dx: dx 

2 

14 If y=sin(2z +3), show that Z—g+4y=o. 
XL 

2y 
dz? 

REVIEW SET 18A 

1 Find f/(z) given that f(z) is: 

15 If y=2sinz + 3cosz, show that +y=0. 

a b5a2° b 2652 c 7x27% 

d 30— 2 e 2z t 47— L 
x2 VT 

2 Find dy for: 
dz 

137:1: 

a y=3z2—g* b y= ¢ y=x>r—2   

x 

\/z2+1' 

b At what point on the curve y = f(x) does the tangent have gradient 1? 

3 a Find f/'(z) given f(z)= 

  

& Find % if: 
dx 

a y=e't2 b yzln(zt‘%) ¢ y=a%e> 
& 

5 Find the gradient of the tangent to: 

a f(zr)=—a®+4z—2 at (-3, —23) b y=(2-32)° at z=1. 

6 Differentiate with respect to x: 

a 5z -3zt b (32 +2)* ¢ (22 +1)(1—2%)3 

7 Find all points on the curve y = 22° + 322 — 10z + 3 where the gradient of the tangent is 2. 

8 Differentiate with respect to z: 

a sinbzlnz b sinxzcos2z ¢ e ¥tang 

9 Find the gradient of the tangent to y = sin?x at the point where x = e 

2 — 4z —1 

eT 
10 Consider the function f(z) = 

a Find f/(x). 

b Find the gradient of the tangentto y = f(z) at z = 1. 

¢ For what values of z is the tangent to y = f(z) horizontal?
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13 

14 

15 

16 

17 

    

. . a2y 
Given y = 3e® — e~ ", show that ==Y 

L 

Find the derivative with respect to z of: 

— (2 4 _ Vz+5 _ el 
a f(z) = (z* +3) b g(z)= = c h(z)_172z 

The graph of y =sinzcosz is shown 

alongside. 

a Find % 
dz 
  

]y
 b Show that y = 2sin2x has the same 

derivative. 

¢ Find the gradient of the illustrated 

tangent. 

  

For f(x) = 2sinz + cos2z, find: 

a f(3) b (%) < (%) 

Find the gradient of the tangentto y = 3tan3 at z = . 

2 
Find &y for: 

dx? 

a y=gz'+ 103 - 5o? b y=zc® 

For the function f(z) = \/x cos4x: 

a Find f'(z) and f"'(z). 

b Hence find: i f'(&) i f7(%Z) 

REVIEW SET 18B 

4 

Find f’(z) given that f(z) is: 

  

a 322 -Tr+4 b (z+5) ¢ 273 d 622\ 
x 

Find dy for: 
dx 

— 9.3 _ 6g2 _ R ) a y=2z°>—6z°+T7x—4 by T3 <y 7 

If f(z) =7+ — 322, find: 

a f(3) b f'(3) < f'(3) 

Differentiate with respect to x: 
2 

— 31— a2 ==t - I a y=xz’Vl—=z b y — c y==zx m+\/i 

a Find & for y = ze®. 
dx 

b Find all points on the curve y = ze® where the gradient of the tangent is 2e.
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10 

11 

12 

13 

14 

15 

16 

17 
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Differentiate with respect to z: 

  

    

  

       

  

  

  

  

  

  

  

  

  

  

                            
  

  

  

3 
a f(z)=In(e" +3) b f(z)=In| &2 ¢ f(z) = In(tans) 

1\* 5 dy 9 
Suppose y = (a: — —) . Find —= at the point where z = 

@ dx 

Th h f — {E2 +2 . h f( )A PRINTABLE e graph of f(z) = - is shown KINTAD 

alongside. 

a Find f/(x). 3| 242 
b Hence find the gradient of the ’ 

tangent at: r* 3 xl 

i z=1 i z=-2 

¢ Copy the graph, and include the - 

information from b. /\ 

v 

Find 2 if: 
dx 

a y=In(z®-37) b y=e—2 ¢ y=ec*Tsinz 
T 

Suppose f(z) = 2z* — 42% — 92 + 4o + 7. 

a Find /(). b Find z such that f”(z) = 0. 

Differentiate with respect to z: 

a 10z —sinl0z b 1n< ! ) ¢ sin5zln(2z) 
Cos ™ 

Find the gradient of the tangent to: 

3 
z us a Y=t at =2 b y=tandz at z=%. 

Suppose f(z) = aln(bz) where f(e) =12 and f’(2) =2. Find the constants a and b. 

cos T 
  

  

The graph of y = — is shown 
. sinz + 2 

alongside. 

a Find the gradient of the illustrated 

tangent. 

b Show that it is impossible to draw a 

tangent to the graph with gradient —%. 

  

v d e*(2x —1) If y=2_, showthat & =& 22— ) a Yy fi,sowtat oo Yoz 

b For what values of z is Z—y: i zero ii undefined? 
T 

2 
Suppose y = 3sin2z + 2cos2z. Show that 4y + Z—z =0. 

XL 

6x 
Let f(z)=   T Find the value(s) of x such that: 

x 

a f@)=-} b f/(x)=0 ¢ f'@)=0



  

Properties of 

curves 
Contents: Tangents 

Normals 
Increasing and decreasing 

Stationary points 

Shape 

Inflection points m
T
m
o
U
N
A
n
w
>
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  OPENING PROBLEM 

The curve y = x> — 4z is shown alongside. 

Things to think about: 

a What features of this curve could you describe to 

someone? 

b How can we use calculus to help identify important 

features? 

¢ How would you describe the shape of a curve? What 

rules would you use to identify a curve’s shape? 

In the previous Chapter we saw how to differentiate many types ) Minima is the plural of minimum. 
of functions. Maxima is the plural of maximum. 

In this Chapter we will use derivatives to find: 

e tangents and normals to curves 

e turning points, which are local minima and maxima 

e inflection points where the curve changes shape. 

  

NGENTS   

The tangent to a curve at point A is the best approximating straight line to the curve at A. 

In cases we have seen already, the tangent touches the curve. 

For example, consider the tangents to the circle and parabola 

shown. 

However, we note that for some functions: 

o The tangent may intersect the curve again somewhere else. 

e [t is possible for the tangent to pass through the curve at 

the point of tangency. If this happens, we call it a point 

of inflection. N point of inflection 

Consider a curve y = f(z). 

If A is the point with xz-coordinate a, then the gradient of the 

tangent to the curve at this point is f’(a). 

     

   
point of 

The equation of the tangent is contact 

y— fla) = f'(a)(z —a) 

or y = f'(a)(x — a) + f(a). 

~— tangent 

A (@) 

ir=a
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€T TR | LR R T 

Find the equation of the tangent to f(z) = 22+ 1 at the point where x = 1. 

  

Since f(1) =12+ 1 =2, the point of contact is (1, 2). 

Now f/(z) =2z, soat =1 the tangent has gradient 

f)=2 
the tangent has 

equation y =2(z—1)+2 
S _ GRAPHICS which is y = 2z. CALCULATOR 

INSTRUCTIONS 

  

  

EXERCISE 19A 

1 The graph of f(z) = 2% —4x is shown alongside. 

a Find f'(2). 

b Hence find the equation of the illustrated tangent. 

  

2 Find the equation of the tangent to: 

a y=z-222+3 at z=2 b y=yr+1at z=4 GRAPHING 
. PACKAGE 

3 — == ¢ y=a’—5z at x=1 dy fiat (1, 4) 

e y=§—i2 at (—1, —4) fy=3;1:2—l at z=—1. 
x &I x 

Check your answers using technology. 

e Ch LR R 

  

Find the equations of any horizontal tangents to y = z* — 12z + 2. 

  

Since y = 2® — 122+ 2, Z—y:?,xtlz 
X 

Horizontal tangents have gradient 0, 

so 322 —12=0 

3(z2—4)=0 
3(x+2)(x—2)=0 

. x=—-2o0r2 

When z=2, y=8-24+2=-14 

When z=-2, y=—-8+24+2=18 

the points of contact are (2, —14) and (-2, 18) 

the tangents are y = —14 and y = 18.   
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3 Find the equations of any horizontal tangents to: 

a y=2z%+32> 12z +1 b y=—2°+322+ 92— 4 ¢ y=\7+ 

Sl
 

4 The tangent to y = 22° + kz? — 3 at the point where = =2 has gradient 4. 

a Find k. b Hence find the equation of this tangent. 

5 Find another tangent to y = 1 — 3z + 1222 — 823 which is parallel to the tangent at (1, 2). 

6 Consider the curve y = 2%+ ax +b where a and b are constants. The tangent to this curve at the 

point where x =1 is 2x +y = 6. Find the values of a and b. 

7 Find the values of a and b. 

  

a Find f'(x). 

b Find the values of = at which the tangent to the curve is horizontal. 

¢ Show that the tangents at these points are the same line. 

10 Consider the curve y = av/1 — bz where a and b are constants. The tangent to this curve at the 

point where z = —1 is 3z +y = 5. Find the values of a and b. 

Example ) l1>)) Self Tutor 

Show that the equation of the tangent to y = Inx at the point where y = —1 is y =ex — 2. 

When y=-1, Inz=-1 

r=el=1 
€ 

the point of contact is (2, —1). 

Now f(z) =1Inz has derivative f’(z) = 

the tangent at (%, 71) has gradient — =e 

  

el
-l
m 

g
~
 

the tangent has equation y = e(z — l) -1 
€ 

whichis y=ex—2       

11 Find the equation of the tangent to: 

a f(z)=e * atthe point where = =2 b y=In(2—=z) atthe point where z = —1 

¢ y=(xz+2)e” atthe point where z =1 d y=In,/z atthe point where y = —1 

3z—5 e y=e at the point where y = e.
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12 Consider f(z) = In(z(z — 2)). 

a State the domain of f(z). b Find f'(x). 

¢ Find the equation of the tangent to y = f(z) at the point where x = 3. 

13 Find the axes intercepts of the tangent to y = xz%e® at = = 1. 

14 Find the exact area of the shaded triangle. 

  

  

O AR (118 

Find the equation of the tangent to y = tanz at the point where z = 7. 
   
      

       When z=7%, y=tanf =1 

the point of contact is (%, 1). 

  

  

  
  

  

Now f(z)=tanz has derivative f’(z)= 12 
cos“ T 

the tangent at (§, 1) has gradient S % S 
cos2(%) 3 

the tangent has equation y =2(z — ) +1 

whichis y=2z+(1—-3%) 

15 Find the equation of the tangent to: 

a y=sinz at the origin b y=tanx at the origin 

¢ y=cosz at T =% d y=,12 at =% 
Sin 2T 

e y=cos2r +3sinz at z = 3. 

cosT 
  16 Show that the curve with equation y = does not have any horizontal tangents. 
1+sinz 

COS T 17 The graph of y =¢ is shown alongside. 

Find the area of the shaded triangle. 
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e ) Self Tutor 

Find where the tangent to y = 2° +x +2 at (1,4) meets the curve again. 

_ .3 
Let f(z) == 2+x+2 (x — 1)* must be a factor 

fl(x)=32"+1 and .. f/(1)=3+1=4 of 23 —3x+2=0 

the equation of the tangent at (1, 4) is 4z —y =4(1) — 4 since we are considering 
Ay the tangent at x = 1. 

or y=4z. 

The curve meets the tangent again when 22+ +2=14x 

22 —3z42=0 

(@ - 1@ +2)=0 
When z=-2, y=(-2)3+(-2)+2=-8 

the tangent meets the curve again at (—2, —8). 

  

Casio fx-CG50 TI-84 Plus CE HP Prime 
[EXE]:Show coordinates P O 

VI=x (3 +x+2 oy CALC INTERSECT 
v2=4x 

  

Intersection 
¥=-2 v=-g8 RS Intersection: (-2, -8)     

3 18 Find where the tangent to the curve y = x® at the point where x = 2, meets the curve again. 

19 Find where the tangent to the curve y = —ax® 4+ 222 + 1 at the point where = = —1, meets the 

curve again. 

20 Find where the tangent to the curve y = 1 % at the point where = = 1, meets the curve again. 
xT x 

) ) Self Tutor 

  

Find the equations of the tangents to y = 22 from the external point (2, 3). 
  

Let (a, a®) be a general point on f(z) = x2. 

Now f/(z) =2z, so f'(a)=2a 

the equation of the tangent at (a, a®) is 

y =2a(z —a) +a® whichis y=2az —a’ 

Thus the tangents which pass through (2, 3) satisfy 

  

3 = 2a(2) — a* 

;a2 —4a+3=0 
oo (a=1)(a—3)=0 

a=1or3 

two tangents pass through the external point (2, 3). 

If a =1, the tangent has equation y =2z — 1 with point of contact (1, 1). 

If a =3, the tangent has equation y = 6z — 9 with point of contact (3, 9).    
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21 

22 

23 

24 

25 

26 

27 

28 

Find the equation of the tangent to y = 22 — 2 + 9 at the point where = = a. 

b Hence find the equations of the two tangents from (0, 0) to the curve. State the coordinates 

of the points of contact. 

a Find the equation of the tangent to y = 22 + 42 at the point where z = a. 

Hence find the equations of the tangents to y = 2?44z which pass through the external point 

(1, —4). State the coordinates of the points of contact. 

Find the equations of the tangents to y = 22 — 3z + 1 which pass through (1, —10). 

a Find the equation of the tangent to y = e” at the point where z = a. 

b Hence find the equation of the tangent to y = ¢” which passes through the origin. 

Consider the function y = 2z2. 

a Find the equations of the tangents to the function from the external point (1, —6). 

b Find the points of contact for the tangents. 

¢ Show that no tangents to the function pass through the point (1, 4). 

d Draw a graph of y = 222 showing the information above. 

Consider f(z) = % . 
€T 

Sketch the graph of the function. 

Find the equation of the tangent at the point where = = a. 

If the tangent in b cuts the z-axis at A and the y-axis at B, find the coordinates of A and B. 

Q 
a 

T 
o 

Find the area of triangle OAB and discuss the area of the triangle as a — oco. 

Find, correct to 2 decimal places, the angle between the tangents to y = 3e™" and y =2+e" at 

their point of intersection. 

A quadratic of the form y = ax?, a > 0, touches the logarithmic function y =Inx as shown. 

    

      

If two curves touch then 

they share a common 

tangent at that point. 

y=Inzx 

  

If the a-coordinate of the point of contact is b, explain why ab? =Inb and 2ab= % 

Deduce that the point of contact is (/e 3). 

Find the value of a. 

Q
.
 

a 
O
 o
 

Find the equation of the common tangent.
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DT Nommais 
A normal to a curve is a line which is perpendicular to the 

tangent at the point of contact. 

     . . . . . tangent 
The gradients of perpendicular lines are negative reciprocals of ¢ 

each other, so: 
Ala f(a)) 

1 
fra)” 
  The gradient of the normal to the curve at z =a is — 

The equation of the normal to the curve at = =a is 
1 @@=+ 1@,   y=- 

Example 7 LR (R TS 

Find the equation of the normal to y = Boat the point where x = 4. A 
  

When =14, y= . So, the point of contact is (4, 4). 

- 
Nowas y =8z 2, 

when z =4, 
tangent 

the normal at (4, 4) has gradient 2. 

the equation of the normal is 

2 — 1y = 2(4) — 1(4) 
or 2r—y=4 

  

EXERCISE 19B 

1 Find the equation of the normal to: 

    

a y=a? atthe point (4, 16) b y=2>-5r+2 at z=-2 
) 

< y=i— x at the point (1,4) d y=8\/5—i2 at z =1 GRAPHICS 
Ve z CALCULATOR 

e L ; 2 - INSTRUCTIONS 
e f0 - w (1D fo) = 2 a2, 

Use technology to check your answers. 

2 Suppose f(r) =2 — 8 
x 

a Find the equation of the tangent to y = f(z) at =z = —2. 

b Find the equation of the normal to y = f(z) at = =3.
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LR R (T8 

T—2 

  

  

Find the equation of the normal to y = e at the point where x = 3. 

When z =3, y=e>"2=e. So, the point of contact is (3, ). 

2 dy z—2 Y Nowas y=¢e""% —=¢ 
y=e2 Y dz 

tangent . when z=3, dy _ s—2_, 
dz 

(3.€) 
the normal at (3, ) has gradient L 

€ normal 

the equation of the normal is 

y=—2(@-3)+e 

  

    « z+ey=3+¢e? 

3 Find the equation of the normal to: 

a y=e® at =0 b y=Inz at z=¢ 

¢ y=e 1 at z=1 d y=sinz at z =73 

e y=tan3r at z =17 f y=cos(2r—3%) at z=1Z. 

. b . 
4 Consider the curve y = a\/z + 7 where a and b are constants. The normal to this curve at the 

T 

point where = =4 is 4z +y = 22. Find the values of a and b. 

5 Find the points where the normal to y = 2% — 222 +1 at z =1, meets the curve again. 

6 Find the equation of the normal to f(x) = cosz which passes through the origin. 

7 Find the equation of the normal to y = /= from the external point (4, 0). 

Hint: There is no normal at the point where = = 0, as this is the end point of the function. 

I3 I INCREASING AND DECREASING 
When we draw a graph of a function, we may notice that the function is increasing or decreasing over 

particular intervals. 

Suppose S is an interval in the domain of f(z), so f(z) is defined for all z in S. 

e f(x) is increasing on S < f(a) < f(b) forall a,be S suchthat a <b. 

o f(x) is decreasingon S < f(a) > f(b) forall a,be S suchthat a <b. 

For example, y = z? 
for = > 0. 

is decreasing for « < 0 and increasing 
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Important: In the example y = 22, people often get confused about the point x = 0. They wonder 

how the curve can be both increasing and decreasing at this point. The answer is that the 

notion of increasing and decreasing is associated with intervals, not particular values for x. 

y = a? is decreasing on the interval x <0 and increasing on the interval x > 0. 

Example 9 LR R T 

Find intervals where f(z) is: 

a increasing 

b decreasing. 

  

f(z) is increasing for =z < —1 

and for = > 2. 

f(z) is decreasing for 
—1<z<2. 

  

  

We can determine intervals where a curve y = f(z) is increasing or decreasing by considering a sign 

diagram of the derivative function f/(x). 

For most functions that we deal with in this course: 

e f(z) is increasingon S < f'(z) >0 forall zin S negative gradient 

o f(z) is decreasingon S < f/(z) <0 forall z in S. 
    positive gradient 

— e 
increasing  decreasing 

Sign diagrams for the derivative are extremely useful for determining intervals where a function is 

increasing or decreasing. Consider the following examples: 

  

  

  

f(z) = =2 f'(z) =2z which has sign diagram 
DEMO 

y | ' ! - + - 
. 0. . 

decreasing ~ increasing 

decreasing for z <0 . 2 S 
& o fle)=a® s { increasing for = > 0. 

2 () — : con di f(x) = —= bEMO f'(z) = =2z which has sign diagram 

  

Y + - 
xT 

. . 0 . 
= increasing decreasing 

. increasing for z < 0 
o flm)=—2? s ne = 

decreasing for z > 0.     
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f(z) =a® bemo f'(z) = 32> which has sign diagram 

. S R S 
0 

increasing for all 
(never negative) 

f(z) =2® is increasing for all z € R. 
  

fl(z)=322-3 
=3(z2-1) 

=3@+1)(z—1) 
which has sign diagram 

+ - + 
T 

! 1 
increasing  decreasing  increasing 

  

increasing for z < —1 and for = > 1 
flz)=2®-3z+4 is { 

decreasing for —1 <z < 1.       
  

oL Rl LR (R TS 

Find the intervals where the following functions are increasing or decreasing: 

a f(z)=-2%+322+5 b f(z) =3z*—82®+2 

a f(z)=—23+32%+5 TI-84 Plus CE 
f’(‘r) = —3I2 4 6z P AL TR 

= —3z(z —2) 

which has sign diagram: 

  
Maximum 
X=2 

  

So, f(z) is decreasing for # < 0 and for = > 2, and increasing for 0 <z < 2. 

b f(z) =3z —82® +2 Casio fx-CG50 
f(z) = 122° — 2422 [ERE]:Show coordinates 

=122%(z — 2) 

which has sign diagram: 

  

So, f(x) is decreasing for = < 2, and increasing for = > 2.     
Remember that f(x) must be defined for all  on an interval before we can classify the function as 

increasing or decreasing on that interval. We need to take care with vertical asymptotes and other values 

for & where the function is not defined.
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EXERCISE 19C 

1 Write down the intervals where the graphs are: 

increasing i decreasmg 

  

y 

(5,2) 

(19 71) ' 

2 The graph of f(z)=2°—6x2+92+2 is shown 
alongside. 

a Use the graph to write down the intervals where 

the function is: 

i increasing ii decreasing. 

b Check your answer by finding f/(z) and 

constructing its sign diagram. 

3 The graph of f(z) = 2*—622+10 is shown alongside. 

a Find f/(x), and draw its sign diagram. 

b Find the intervals where f(z) is increasing or 

decreasing. 

4 Find the intervals where f(z) is increasing or decreasing: 

  

  

flz)=2%—622+9z+2 

(1,6) (3,2) 

  

f(z)=2>—62%2+10 

a flx)=2" b flz)=- 

¢ f(z)=222+3z -4 d f(z)== 

e J@)=—= ff@)= 2 
g f(z) =23 — 622 h f(z)772z + 4z 

i f(z) =—4a3 + 1522 + 182+ 3 i fl@)=2%—-322+5x+2 

ko f(z) = 32* — 162% + 2422 — 2 f(x)—a: —62% +3z—1 

Check your answers using technology.
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Consider f(z) = 

  

2z —3 

22 +20—3 
—2z(x — 3) 

(z — 1)2(z + 3)2° 

b Hence find the intervals where y = f(z) is increasing or decreasing. 

a Show that f/(z) = and draw its sign diagram. 

  

2z — 3 

a f(x)iz2+2m73 

iy 2(@?+2x—3)— (22 —3)(2z +2) . 
fl(z) = T @rmo3r {quotient rule} 

2224 40— 6 — (42% — 22— 6) 

- (@—1)(= +3))? 
_ —2x2 + 6x 

 (@—-1)2(z+3)? 

__2(@=3) 4 has sion diagram: .;;M;f(x) 
T G_12@t3)p gn dagram: _3 01 3 = 

b f(x) is increasing for 0 <z< 1 NORMAL FLOAT AUTO REAL DEGREE MP 

and for 1 <z < 3. 

f(x) is decreasing for z < —3 k 

and for -3 <z <0 

and for x > 3. 

5 Let f(z) :x+% 

  

  

  
  

(z+3)(x —3) 
a Show that f/(z) = 5 

&I 

and draw its sign diagram. 

b Hence find intervals where y = f(z) is increasing or decreasing. 

4x 

z2 41" 

—Az+1)(xz—1) 

(22 +1)2 

b Hence find intervals where y = f(z) is increasing or decreasing. 

  6 Consider f(z)= 

a Show that f/(z) = and draw its sign diagram. 

4z 

(z— 1) 

a Show that f/(z) = % 

b Hence find intervals where y = f(z) is increasing or decreasing. 

  7 Consider f(z) = 

and draw its sign diagram. 

2?2 44z —7 

z—1 ’ 

—(z+1)(xz—3) 

(z—1)2 

b Hence find intervals where y = f(z) is increasing or decreasing. 

8 Consider f(z) = 

a Show that f/(z) = and draw its sign diagram.
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. .. . . 1 
9 To find the intervals where f(z) =Inz is increasing or decreasing, Kenneth states that f/(z) = =, 

x 

which has sign diagram .4();. . He therefore concludes that f(z) = Inz is 
xT 

increasing for = > 0, and decreasing for = < 0. Explain the mistake Kenneth has made. 

10 Find the intervals where f(x) is increasing or decreasing: 

  

    

a f(z)=¢" b f(z)=In(z+2) ¢ flz)=3+e® 

d f(z) =aze® e f(r)=x—-2x f f(z)=2Inz 

s fla)= = h @)= | f(a) = (32 + 1)t 

I f@) =22+ - i - k f(z)=In(z? +4) I fla) = E;z 

11 Discuss intervals where the following functions are increasing or decreasing: 

a y=cosz b y=sinz ¢ y=tanx d y=x—2sinz 

n POINTS   

A stationary point of a function is a point where f’(z) = 0. At a stationary point, the 
tangent is horizontal. 

It could be a local maximum or local minimum, or else a 

stationary inflection. 

  

TURNING POINTS (MAXIMA AND MINIMA) 

The graph shown has the restricted v D(6,18) 
domain —5 < z < 6. 

  

s]
Y 

  

6(2, —4) 

A is a global minimum as it has the minimum value of y on the entire domain. 

B is a local maximum as it is a turning point where f’(z) =0 and the curve has shape /\ . 

C is a local minimum as it is a turning point where f/(z) =0 and the curve has shape \j . 

D is a global maximum as it is the maximum value of y on the entire domain. 

For many functions, a local maximum or minimum is also the global maximum or minimum. 

For example, for y = z? the point (0, 0) is a local minimum and is also the global minimum.
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STATIONARY POINTS OF INFLECTION 

It is not always true that whenever we find a value of = where f’(z) =0, we have a local maximum 

or minimum. 

For example, f(x) =2 has f'(z) =322, so f'(z) =0 when 2 =0. y 

The tangent to the curve crosses over the curve at O(0, 0). This tangent is 

horizontal, but O(0, 0) is neither a local maximum nor a local minimum. 

Rather, this point is called a stationary inflection (or inflexion) as the 

curve changes its curvature or shape. 

SIGN DIAGRAMS 

In calculus we commonly use sign diagrams of the derivative function f’(z) to determine the nature of 

a stationary point. 

Consider the graph alongside.    
         

   

   

     

The sign diagram of its gradient function is local stationary y=f(z) 

shown directly beneath it. maximum inflection 

The signs on the sign diagram of f’(z) indicate . 

whether the gradient of y = f(x) is positive : z 

or negative on that interval. ; 

E\local ininimum 
DEMO : i 

+ -+ + fw 
-2 1 3 T 

local local stationary 
maximum minimum  inflection 

We observe the following properties: 

  

  

Stationary point Sign diagram of f'(x) _ 

where f’(a) =U Shape Ofcurve e 

local maximum 
r=a 

local minimum x : a 

’ 7 

stationary inflection M(m) <;I;f>(z) 
a 73 a T 

r=a r=a   
  

To find the stationary points of a function f(z), we find the values of = for which f/(x) = 0. The 

sign diagram of f’(z) tells us whether each stationary point is a local maximum, local minimum, or 

stationary inflection.
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Example 12 o) Self Tutor 

Find and classify all stationary points of f(z) = 2® — 322 — 9z + 5. 

  

f@)=2°-322 -9z +5 

f'(z) =32> -6z —9 . f'(x) has sign diagram: 
— 2 _ _ =3(z* — 2z — 3) 4 ¥\ A/ . 

— 3z - 3)(z +1) T W 

So, we have a local maximum at z = —1 and a local minimum at = = 3. 

f(=1) = (1) —=3(-1)2 - 9(-1) +5 f(3)=3>-3%x32-9%x3+5 
=10 —22 

TI-84 Plus CE Casio fx-CG50 
g::gnl.fi)&"l‘ls; AUTO REAL DEGREE MP n B [EXE]:Show coordinates 

Y1=x"(3)—3x?—9x+g v 

Haximum 
R="1 

There is a local maximum at (—1, 10). There is a local minimum at (3, —22). 

  

To help construct the sign diagram for B [EXE]:Show coordinates 
, Y1=d/dx(x~(3)-3k%8x+5,2) 

f'(x), you can use technology to draw the 

graph of f/(z), and solve f'(z) = 0. S R 
INSTRUCTIONS 

  

EXERCISE 19D 

1 The tangents at points A, O, and B are horizontal. 

a Classify points A, O, and B. 

b Draw a sign diagram for the gradient function 

f!(x) for all z. 

¢ State intervals where y = f(x) is:     i increasing ii decreasing. 

d Draw a sign diagram for f(z) for all z. B(3,-11) 

The graph of f(z) = 2® + 622 — 15z — 40 is 
shown alongside. P and Q are stationary points. 

a Classify points P and Q. 

b Find f'(z). 

¢ Find the coordinates of P and Q. 

  
f(z) =2+ 62 —15z — 40
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3 Consider the function f(x) = $2° — 9z +4. 

a Find f/(z), and draw its sign diagram. 

Find intervals where the function is increasing and decreasing. 

Find and classify any stationary points. 

Describe the behaviour of the function as = — oo and as * — —oo. 

® 
O
 aAn
 
O
 

Sketch the graph of y = f(z), showing the features you have found. 

4 Consider the function g(z) = —2z° + 622 + 18z — 7. 

a Find ¢/(z), and draw its sign diagram. 

Find intervals where the function is increasing and decreasing. 

Find and classify any stationary points. 

Describe the behaviour of the function as = — oo and as x — —oo. 

® 
Q
 aAn
 
O
 

Sketch the graph of y = g(z), showing the features you have found. 

5 For each of the following functions, find and classify any stationary points. Sketch the function, 

showing all important features. 

a flx)=a2>-2 b f(x)=2%+1 

¢ f(x)=2a®—-3z+2 d f(z) =2t — 222 

e f(r)=a%—622+122+1 f flx)=z+2 

g flx)=z—x h f(z)=a*—62>+8z—3 

i flx)=1—ayx i f(x)=a*—222-8 

6 a For what value of = does the quadratic function f(z) = az?+bx+c, a # 0, have a stationary 

point? 

b Under what conditions is the stationary point a local maximum or a local minimum? 

Example 13 ) Self Tutor 

Find the exact position and nature of the stationary point of y = (z — 2)e™". 

  

So, @=0 when x = 3. 
dx '/\‘ dy 

The sign diagram of Wy | - & 
dx 3 7 

at z =3 we have a local maximum. 

When z =3, y=(1)e ® = % . the local maximum is at (3, %) 
€ €   
  

7 Find the position and nature of the stationary point(s) of: 
T 

b y=2%" < y=% d y=e*(z+2) a y=zxe ”
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8 f(z) =22+ az? — 24z + 1 has a local maximum at z = —4. 

a Find a. b Find the coordinates of the local maximum. 

9 f(z) =2+ az +b has a stationary point at (-2, 3). 

  

a Find the values of a and b. b Find the position and nature of all stationary points. 

e(L.’E . . 1 e 

10 y= has a stationary point at <—, —). 
bx 372 

a Find the values of a and b. b State the nature of the stationary point. 

11 Consider f(z)=zlnz. 

a For what values of z is f(x) defined? 

b Show that the minimum value of f(z) is -1 
€ 

12 For each of the following, determine the position and nature of the stationary points on the interval 

0 <« < 2w, then show them on a graph of the function. 

a f(z)=sinz b f(z) =cos2z 

¢ f(z)=ein® d f(z) =cosz —sinz 

13 The cubic polynomial P(z) = az® + bz? + cx +d touches the line with equation y =9z +2 at 

the point (0, 2), and has a stationary point at (—1, —7). Find P(z). 

ECIITITN ) Self Tutor 
Find the greatest and least value of y = 23 — 622+ 5 on the interval —2 < z < 5. 

  

  

Now % =322 - 12z 5 

=3z(z —4) 

%=0 when z =0 or 4. AU " 

The sign diagram of W o o= T3t & 
dx 0 4 7 

there is a local maximum at = = 0, and a local minimum at = = 4. 

Critical value () If an interval is given, we 
—2 (end point) must also check the value of 

the function at the end points. 
0 (local maximum) 

4 (local minimum) 

5 (end point) 

  

The greatest of these values is 5 when = = 0. 

The least of these values is —27 when = = —2 and when x = 4.     
  

14 Find the greatest and least value of: 

a 28 —122—2 for —3<2<5 b 4—-32242% for —2< <3 

< gchrE for 1<z <4 d x—4yx for 0< <5 
xr
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15 Show that: 

a y=tanx — 2z has a stationary point when x = —7% 

b y=4e "sinz has a local maximum when z = 7. 

16 f(t)= ate’” has a maximum value of 1 when ¢ =2. Find constants a and b. 

17 Prove that nz < ! for all x > 0. 
T e 

18 Consider the function f(z) =z —Inz. 

a Show that y = f(z) has a local minimum and that this is the only turning point. 

b Hence prove that Inz <z —1 forall = > 0. 

I suars 
We have seen that the first derivative f’(z) gives the gradient of the curve y = f(x) for any value of z. 

The second derivative f”(z) tells us the rate of change of the gradient f’(z). It therefore gives us 

information about the shape or curvature of the curve y = f(x). 

When a curve, or part of a curve, has shape: 

. /\ we say it is concave down . \/ we say it is concave up. 

For example: 

o the curve f(z)= —z? is concave down 

Wherever we are on the curve, as x increases, 

the gradient of the tangent decreases. 

f'(z) is decreasing 

() <0 

  

o the curve f(z)=2? is concave up. 

Wherever we are on the curve, as x increases, 

the gradient of the tangent increases. 

f'(x) is increasing 

f"(z) >0 

  

We conclude that: e A curve is concave down on an interval 

S f(z) <0 forall z€S. 

e A curve is concave up on an interval \/ 

S & f"(x) =20 forall z€S.
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I O R (T 
  

  

  

  

Find intervals where the curve is concave up or concave down: 

a y=22>—3z2+4zx—6 b f(x):z+; oy 

a y=2z%—322 +42 -6 b f(z)=z+; e 
dy o oo 22 =62 — 6z +4 ey = WE=3 - @+ D) 

d2 (:1: - 3)2 

LY _122-6 
02 _x3ox1 

= 6(2z — 1) ) L 
d — 

_ 4 e =—4(z—3)? 

3 g o @) =8(z—3)"° 

The curve is concave up for z > % and - 4+ f'2) 

concave down for z < % 3 z 

The curve is concave up for = > 3 and 

concave down for z < 3.     
EXERCISE 19E 

1 a Complete the table by indicating whether each 

value is zero, positive, or negative: 

  

II 

b Describe the turning points of y = f(x). 

  

¢ At which point does the shape of y = f(z) change? 

2 The graph of f(z) = 23 +32% —5x+2 is shown f(z) 
alongside. fz) =a%+32% —5a+2 

a Find f'(x) and f"(z). 

b Draw the sign diagram of f”'(z). 

    
  ¢ State the interval on which the function is: 

i concave up il concave down. 

s|
Y 

3 Determine the shape of each quadratic function: 

a y=222—-3z+4 b y=-2x-3)(z+1) 

¢ y=-4—22+6z d y=06-z)(1-2)
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For each of the following functions, determine the interval(s) on which the function is: 

i increasing i decreasing il concave up iv concave down. 

a fla)=a+1 b f(z) =2 ¢ flo)= 

d f(z)=+z—2 e f(z)= f% f f(z)=a* — 1202 

Consider the function f(z) = €?* — 3. 

a Find the = and y-intercepts. 

b Show algebraically that the function is increasing for all . 

¢ Find f”(z), and hence explain why f(z) is concave up for all z. 

Consider f(z) =1In(2z —1) — 

a Can f(0) be found? State the significance of this result. 

Find the domain of f. 

Find the gradient of the tangent to the curve at = = 1. 

Find f”(z), and hence explain why f(z) is concave down for all x in the domain of f. 

® 
&
 an 
O
 

Graph the function, showing the features you have found. 

Consider f(z) =Inax. 

a For what values of z is f(x) defined? 

b Draw the sign diagrams of f/(z) and f”(x), and give a geometrical interpretation of each. 

¢ Find the equation of the normal to y = f(z) at the point where y = 1. 

Consider the function f(z) = <. 
xT 

a Does the graph of y = f(z) have any z or y-intercepts? 

b Discuss f(z) as © — oo and as x — —oo. 

¢ Find and classify any stationary points of y = f(z). 

d Find the intervals where f(z) is: i concave up ii concave down. 

e Sketch the graph of y = f(z), showing all important features. 

f Find the equation of the tangent to f(z) = ;I at the point where z = —1. 

EANIT INFLECTION POINTS 
A point of inflection is a point at which the tangent to the curve crosses the curve. 

At a point of inflection, f”(z) = 0. 
DEMO 

étof\/ point of \ 
inflection inflection
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If the tangent at a point of inflection is horizontal, then this is a stationary inflection point. 

  

   

  

stationary inflection F'(z) has sign diagram - — (=) 
a T / 

tangent gradient = 0 

f"(x) has sign diagram _+ - "(@) 
y=f(z) a v 

If the tangent at a point of inflection is not horizontal, then this is a non-stationary inflection point. 

non-stationary inflection 
) tangent . . + + f'(x) gradient # 0 y=f(2) f/(x) has sign diagram <_l|);cl_5     

1 

f"(x) has sign diagram 4% @) 

z=b z=a z=c 

The tangent at the point of inflection, also called the inflecting tangent, crosses the curve at that point. 

There is a point of inflection at z =a if f”(a) =0 and the sign of f”(z) changes at z = a. 

The point of inflection is a: 

e stationary inflection if f/(a) =0 e non-stationary inflection if f’(a) # 0. 

Notice that if f(z) = z* then f/(z)=4a® 
and  f"(z) = 1227 

f"(z) has sign diagram ¢+ L + @) 
xT 

  

Although f”(0) =0 we do not have a point of inflection at 
local mini 0,0 

(0, 0) because the sign of f”(x) does not change at x = 0. ocal minimum (0,0) 

SUMMARY 

       

       
turning points non-stationary inflections    stationary 

inflections 

stationary points inflections 

f'(2)=0 J"(@)=0 
and change of sign 

Click on the demo icon to examine some common functions for turning points, points of DEMO 

inflection, and intervals where the function is increasing, decreasing, and concave up or 

down.
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S ETTIERT 

Consider f(z) = 3z* — 162 4 2422 — 9. 

a Find and classify all points where f’(z) = 0. 

  

Find and classify all points of inflection. 

Find intervals where the function is increasing or decreasing. 

Find intervals where the function is concave up or down. 

® 
O
 an 
O
 

Sketch the function showing the features you have found. 

  

a f(z) = 3z* — 1623 + 242% — 9 
f'(x) = 122 — 482% 4 48z . f'(x) has sign diagram: 

  

     
      
   
   

   

   

=122(2? — 4z + 4) _ 4 ) 
=12z(z — 2)? 0 2 & 

Now f(0)=-9 and f(2)= 

(0, —9) is a local minimum and (2, 7) is a stationary inflection. 

b f(z) = 362% — 96z + 48 - f"(=) has sign diagram: 

=12(32% — 8z +4) .\ _ + @) 
=12(z —2)(3z — 2) z 2 @ 

Now f(2)~ —2.48 

(2, 7) is a stationary inflection and (— —2.48) is a non-stationary inflection. 

¢ f(x) is decreasing for = <0 e stationary 
. ino f >0 inflection 

f(z) is increasing for = > 0. y=f(z) 2,7) 

\ d  f(x) is concave up for # < 2 and x> 

<z <2 wl
w f(z) is concave down for 

    

  

~—(3.—248) 
non-stationary (0,-9)—= 
inflection 

local minimum     
EXERCISE 19F 

1 In the diagram alongside, each labelled point 

corresponds to a zero of f(z), f'(x), or f"(z). 

a Complete the table by indicating whether each 

value is zero, positive, or negative: 

  

]y
 

  

-+ 

IIll A 

b Describe the turning point of y = f(z).   ¢ Describe the inflection points of y = f (z).
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2 Find and classify all points of inflection of: 

a f(z)=22>+3 b f(zr)=2-2° 

¢ flz)=a% 62+ 9z +1 d f(z) = —32* — 8% +2 

e f(:v)=3—\/i5 f f(z)=2%462>+122+5 

g flz)=2*+8yx h f(z)=2%—622+10 

3 For each of the following functions: 

i Find and classify all turning points. 

ii  Find and classify all points of inflection. 

iii  Find intervals where the function is increasing or decreasing. 

iv Find intervals where the function is concave up or down. 

v Sketch the function showing the features you have found. 

a f(z)=2%—-5z+4 b f(z) =2+ 42? ¢ f(z)=a% 322 - 24z +1 

d f(z)=x e f(z)=(z—1)* f f(z)=32"+42% -2 

o a? —3_4 g flz)=2a*—4z%+3 h f(z)=3 7 

4 A function commonly used in statistics is the standard normal curve f(x) = \/% e 2", 
T 

Find the turning points of the function. 

Find the intervals where the function is increasing and decreasing. 

Find all points of inflection. 

Discuss f(z) as z — oo and as & — —o0. 

® 
O 

A 
C 

o 

Sketch the graph of y = f(z), showing all important features. 

5 Consider the function f(z) = cosz. 

a Show that f”(z) = —f(z). What does this tell us about the location of the inflection points? 

b Find and classify the inflection points of f(z) on 0 < z < 2. 

¢ Find the intervals on 0 < z < 27 where f(x) is: 

i increasing ii decreasing iii concave up iv concave down. 

d  Sketch the graph of y = f(z) on 0 < z < 2w, showing all important features. 

6 Consider the surge function f(t) = Ate™", t >0, where A and b are positive constants. 

a Prove that the function has: 
. . 1 . . . . 2 
i alocal maximum at ¢ = 3 i a point of inflection at ¢ = T 

b Sketch the function, showing the features you have found. 

L 
7 Consider the logistic function f(t) = oo ot t >0, where L, C, and k are positive constants. 

a Find the y-intercept. 

b Explain why y = L is a horizontal asymptote. 

¢ Show that if C > 1, there is a point of inflection with y-coordinate é 

d  Sketch the function, showing the features you have found.
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REVIEW SET 19A 

Find the equation of the tangent to: 

a y=—222 atthe point where 2 = —1 b y=23—-5z+2 at (2,0) 

1-—2z 

x2 
at (1, —1) d f(z) =1 at the point where z =0   c y= 

e f(z)=1In(z?) at the point where z =e. 

Find the equation of the normal to: 

a y=+3z+4 at (4,4) b y =3e?* at the point where x = 1. 

At the point where x = 0, the tangent to f(z) = e** + pz + ¢ has equation y = 5z — 7. 

Find p and q. 

Find all points on the curve y = 22> + 322 — 10z + 3 where the gradient of the tangent is 2. 

Find where the tangent to y = 22 +4x — 1 at (1, 5) meets the curve again. 

a Find the equation of the normal to 3 = ¢* at the point where = = a. 

b Hence find the equation of the normal to y = €2* which passes through the origin. 

Find the coordinates of P and Q if (PQ) 

is the tangent to y = \/i_ at (1,5). 
xT 

  

The tangent to y = 2%\/T—z at x = —3 cuts the axes at points A and B. 

Determine the area of triangle OAB. 

Find intervals where f(z) = —2% — 622 + 36z — 17 is: 

a increasing b decreasing. 

Consider the function f(z) = 2z® — 322 — 36z + 7. 

a Find and classify all stationary points. 

b Find intervals where the function is increasing and decreasing. 

¢ Describe the behaviour of the function as z — oo and as z — —oo. 

d Sketch the graph of y = f(x) showing the features you have found. 

  Consider the function f(z) = Jr 2 
z+3 

a State the domain of f(z). b Find the axes intercepts. 

¢ Find f/(z) and draw its sign diagram. d Does f(z) have any stationary points? 

Find the greatest and least values of = + % for 2 <z < 10. 
x
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14 

15 

16 

17 

18 

19 

20 
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Consider f(z) = ze! =2, 

a Show that f/(z) = e*=2%(1 — 2z). 

b Find values of = for which: 

i f(z)>0 i f/(z)>0 

¢ Find the stationary point of y = f(z), and determine its nature. 

Find intervals where f(z) is increasing or decreasing: 

  

a f(z)=2°—6a b f(z)=e"(x—2) ¢ f(z) =2z —sinz 

Find and classify the stationary points of: 
2 

— 3 2 _ B a flz)=—2*+222—2+3 b f(z) P 

For each of the following, determine the position and nature of the stationary points on the 

interval —7 < 2 < 7, then show them on a graph of the function. 

a y=sing b y=cos’z ¢ y=tan’z 

The graph of f(z) = 223 — 322 + 2 —12 is shown 
alongside. 

a Find f/(z) and f"(z). 

b Draw the sign diagram of f(z). 

f(z)     

    

  

¢ State the interval on which the function is 

concave down. 

d Find the point at which the shape of f(z) 

changes. 

f(z)=2x% 322+ 212 

Find intervals where the curve is concave up or concave down: 

41 
22 a y=2%—422+11 b y=-—   

Consider the function f(z) =z + Inz. 

a Find the values of z for which f(z) is defined. 

b Draw the sign diagrams of f’(z) and f”(z), and give a geometrical interpretation of each. 

¢ Sketch the graph of y = f(z). 

Consider the function f(z) = e™V3sinz, 

a Find f/(x). 

b Findz on 0<z <27 suchthat f/(z)=0. 

¢ Draw the sign diagram for f/(z) on 0 < z < 2. 

d Determine the intervals on 0 < z < 27 for which f(z) is: 

i increasing il decreasing.
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21 Consider the function f(z) = In(2? + 5). 

a Find and classify any turning points. b Find and classify any points of inflection. 

¢ Find intervals where the function is increasing or decreasing. 

d Find intervals where the function is concave up or down. 

e Sketch the function, showing the features you have found. 

REVIEW SET 19B 

1 Find the equation of the tangent to: 

1 
  

  

a f(z)=2*—222+7z -3 at (2, 19) b f(z)= Ve at (9, %) 

¢ f(z)=3sin2z when z =% d f(z):2 when z = 0. 
- 

2 Find the equation of the normal to: 

a y= % _2 at the point where z =1 b y =zsinz at the origin. 
xT x 

3 Show that the equation of the tangent to y = xtanz at =% is (2+m)z —2y = %. 

& The curve y = 22° +axz + b has a tangent with gradient 10 at the point (—2, 33). Find the 

values of a and b. 

  5 Show that y =2 - Y has no horizontal tangents. 
+ 2z 

6 y= f(z) is the parabola shown. Yy 

a Find f(3) and f/(3). 

b Hence find f(z) in the form 

f(z) = az? + bz +c. 

  

7 The tangentto y =2 +az® —4x+3 at x =1 is parallel to the line y = 3. 

a Find a. b Find the equation of the tangent at x = 1. 

¢ Where does the tangent meet the curve again? 

8 Find the point where the normal to y = > — 4z +2 at z = 3, meets the curve again. 

9 Find the equation of the tangent to: 

@ 
1 . 

a y= at the point where z = % 
sinx 
  b y=cos§ atthe point where z = 7. 

ar+b 

VT 

11 Find intervals where f(z) = z* — 42 — 822 + 5 is: 

10 The tangentto y =   at x =1 has equation 2z —y = 1. Find a and b. 

a increasing b decreasing. 

12 f(z) = 2® — 322 + az + 50 has a stationary point at z = 3. 

a Find a. b Find the position and nature of all stationary points.
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13 Consider the function f(z)=e* — x. 

a Find and classify any stationary points of y = f(z). 

Discuss what happens to f(z) as z — oo. 

Find f”(x) and draw its sign diagram. Interpret the sign of f”/(z). 

Sketch the graph of y = f(z). 

Deduce that e* > x + 1 for all x. ® 
&
 an 
O
 

z+1 

z2 — 2z — 8" 

22 4+22+6 

(22 — 2z — 8)2 

b Hence show that f(z) is never increasing. 

14 Suppose f(z) = 

a Show that f/(z) = — and draw its sign diagram. 

r+a 
15 Find and describe the stationary point of y = ——, where a is a constant.   

  16 f(z)= lnl()zx) has a stationary point at (g, %) Find a and b. 

17 Find and classify the inflection points of y = z* — 32 + 9. 

18 Consider f(z)=+/cosz for 0 <z < 2. 

a For what values of z in this interval is f(z) defined? 

b Find f/(z) and hence find intervals where f(x) is increasing or decreasing. 

¢ Sketch the graph of y = f(z) on 0 <z <27 

19 Consider the function f(z)=a* —42®+ 7. 

a Find f/(z) and f”(z), and draw their sign diagrams. 

b Find and classify any turning points. 

¢ Find and classify any points of inflection. 

d Find intervals where the function is: 

i increasing ii decreasing iii concave up iv concave down. 

e Sketch the function, showing all important features. 

20 For the function f(z) =cos’z, 0< z < 2m: 

a Find and classify all turning points. 

b Find and classify all points of inflection. 

¢ Sketch the function, showing the features you have found. 

T 

21 Consider the function f(z) =   
z—1 

Find the y-intercept of the function. 

For what values of z is f(z) defined? 

Find the signs of f/(z) and f”(x) and comment on the geometrical significance of each. 

Sketch the graph of y = f(z). 

Find the equation of the tangent at the point where z = 2. ® 
Q.
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O 
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  OPENING PROBLEM 

A 5 m ladder rests against a vertical wall 
DEMO B 

at point B. Its feet are at point A on 

horizontal ground. 

Suppose the ladder slips and slides down 2 ym  wall 

the wall. As this happens, the value of x 

increases. 

Things to think about: 

a Why must the value of y change when the value of z changes? 

b As z increases will y increase or decrease? 

¢ What is the relationship between x and y? 

d How can we establish a relationship between the rate of change in x and the rate of change 

in y? 

We have already seen that if y = f(z) then f’(z) or j_y gives the gradient of the tangent to y = f(x) 
T 

for any value of z. 

In this Chapter we consider some real-world applications of differential calculus, using derivatives to tell 

us how one variable changes relative to another. 

PSRN RATES OF cHANGE 
There are countless examples in the real world where quantities vary with time, or with respect to some 

other variable. 

For example: 

e temperature varies continuously 

e the height of a tree varies as it grows 

e the prices of stocks and shares vary with each day’s trading. 

d_y gives the rate of change in y with respect to x. 
i 

We can therefore use the derivative of a function to tell us the rate at which something is happening. 

For example: 

dH . 
o o H'(t) could be the instantaneous rate of ascent 

of a person in a Ferris wheel. 

It might have units metres per second or ms™!. 

° % or C’(t) could be a person’s instantaneous rate of 

change in lung capacity. 

It might have units litres per second or Ls™*. 
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Example [ '1>)) Self Tutor 

According to a psychologist, the ability of a child to understand spatial concepts is given by 

A= %JZ where ¢ is the age in years, 5 <t < 18. 

a Find the rate of improvement in ability to understand spatial concepts when a child is: 

i 9 years old ii 16 years old. 

b Show that % >0 for 5<t<18 Comment on the significance of this result. 

2 
¢ Show that o <0 for 5<t<18 Comment on the significance of this result. 

  1 

_ 1. ff_ 1,3 a A= g\/f e 
1 

fi =172 — L 
dt 6 6/ 

: dA m dA 
i When t =09, EZ%S il When t= 16, d—=2—14 

. the rate of improvement is == units . the rate of improvement is fi units 

per year for a 16 year old child. 
18 

per year for a 9 year old child. 

. . . 1 . . 
b Since /7 is never negative, o is never negative 

dA 
— >0 forall 5<¢t<18. 
dt 

This means that the ability to understand spatial concepts increases with age. 

dA 
_1 

2 1 — =1 
dt ¢ 

dQ_A = 7Lt_% S 
dt? 2 12t/t 

d2A 
2 <0 forall 5<t<18. 

This means that while the ability to understand spatial concepts increases with age, the rate of 

increase slows down with age.     
1 1 GRAPHING Yoy are encouraged to use techpology to graph each function you need to consider. RPN 

This is often useful in interpreting results. 

EXERCISE 20A 

1 The estimated future profits of a small business are given by P(t) = 2t> — 12t + 118 thousand 

dollars, where ¢ is the time in years from now. 
. . dpP . . 

a What is the current annual profit? b Find @ and state its units. 

¢ Find % when ¢t = 8. Explain what this value means. 

2 1In a hot, dry summer, water is evaporating from a desert oasis. The volume of water remaining after 

t daysis V =2(50 —t)> m?. Find: 

a the average rate at which the water evaporates in the first 5 days 

b the instantaneous rate at which the water is evaporating at ¢ = 5 days.
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3 The quantity of a chemical in human skin which is responsible for its “elasticity” is given by 

Q(t) =100 — 10v/ where t is the age of a person in years. 

a Find Q(t) when: 

i t=0 il t=25 ili ¢ =100 years. 

b At what rate is the quantity of the chemical changing when the person is aged: 

i 25 years ii 50 years? 

¢ Show that the quantity of the chemical is decreasing for all ¢ > 0. 

L a A palm tree is grown from a seed in a pot. Its height after ¢ years is given by 

h = 0.1t + 0.15t metres, where 0 <t < 4. 

i Find % and state its units. il How fast was the tree growing after 1 year? 

iii At what time was the tree growing at 75 cm per year? 

iv. How tall was the tree after 4 years? 

b After 4 years, the palm tree is taken out of its pot and planted in the ground. Its height over 

time can now be modelled by H = 20 — % metres, where k is a constant at ¢ > 4. 

i Find the value of k. ii Find %. 

iii Does the rate at which the tree is growing change when it is taken out of its pot and 

planted in the ground? Explain your answer. 

iv Show that % >0 forall ¢t >4 and explain what this means. 

v Find the height of the tree after 10, 20, and 50 years. Comment on your answer. 

¢ Graph the height of the tree for 0 < ¢ < 10 years. 

Example P l1>)) Self Tutor 

The cost in dollars of producing z items in a factory each day is given by 

C(z) = 9500 + 12z + 82°8. 

Find C’(z), which is called the marginal cost function. a 

b Find the marginal cost when 150 items are produced. Interpret this result. 

¢ Find C(151) — C(150). Compare this with the answer in b. 

The marginal cost function is 

C'(z) =12+ 6.42=%2 dollars per item. chord [ C(151) 

b C'(150) ~ $14.35 (c answer) 
This is the rate at which the costs are increasing with \ 

respect to the production level = when 150 items are 

made per day. 

It gives an estimate of the cost of making the 151st 

item each day. ; : 

¢ C(151) — C(150) ~ $11754.87 — $11740.52 150 151 
~ $14.35 

This is the actual cost of making the 151st item each day, so the answer in b gives a very 

good estimate. 

   

     
    

  

tangent 

(b answer) 
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Seablue make denim jeans. The cost model for making x pairs per day is 

C(z) = 7800 + 62 + 122%7 dollars. 

a Find the marginal cost function C’(x). b Find C’(220). What does it estimate? 

¢ Find C(221) — C(220). Discuss your answer. 

The total cost of running a train from Paris to Marseille is 

200000 

v 

average speed of the train in kmh~?!. 

euros where v is the   given by C(v) = 0% + 

a Find the total cost of the journey if the average speed is: 

i 50 kmh™! il 100 kmh~1. 

b Find the rate of change in the cost of running the train 

for the average speed: 

i 30 kmh! il 90 kmh=!. 

¢ At what speed will the cost be a minimum? 

  

A tank contains 50000 litres of water. The tap is left fully on and all the water drains from 

the tank in 80 minutes. The volume of water remaining in the tank after ¢ minutes is given by 
2 

V = 50000 (1 - %) litres where 0 < t < 80. 

a Find %, and draw the graph of % against t. 

b At what time was the outflow fastest? 
2 asv . .. . 

¢ Show that = s always constant and positive. Interpret this result. 

Alongside is a land and sea profile where the z-axis 

is sea level. 

The function y = Fox(z —2)(z—3) km gives the 

height of the land or sea bed relative to sea level 

at distance  km from the shore line. 

a Find where the lake is located relative to the 

shore line of the sea. 

  

b Find Z—y and interpret its value when 2 = 3 km and when x =11 km. 
X 

¢ Find the deepest point of the lake, and the depth at this point. 

A radioactive substance decays according to the formula W = 20e=%01* grams where ¢ is the 
time in hours. 

a Find the weight of radioactive substance present: 

i initially i after 24 hours il after 1 week. 

b How long will it take for the weight to reach 1 gram? 

¢ Show that % = bW for some constant b. 

d Find the rate of radioactive decay after: 

i 100 hours ii 1000 hours.
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10 The velocity of a car after ¢ seconds is given by v =5t +1—5 ms~!. The momentum of the 

car is measured in kgms™!, and is given by P = 1600v. 

a Find P as a function of t. b Find % and interpret its value when ¢ = 3. 

¢ At what time is the momentum of the car increasing by 800 kgms~! per second? 

11 The temperature of a liquid after being placed in a refrigerator is given by T =5 + 95¢~0-1% °C 

where ¢ is the time in minutes. 

a What is the temperature of the liquid after 15 minutes? 

b Show that Z—f =¢(T —5) for some constant c. 

¢ At what rate is the temperature changing: 

i initially il after 10 minutes ili after 20 minutes? 

12 The height of a shrub ¢ years after it was planted is given by H(¢) = 201n(3t+2)+30 cm, ¢ > 0. 

a How high was the shrub when it was planted? 

b How long will it take for the shrub to reach a height of 1 m? 

¢ At what rate is the shrub’s height changing: 

i 3 years after being planted ii 10 years after being planted? 

ECITEN ) Self Tutor 
Cathy is using a compass to draw a circle. The arm with the 

needle is 8 cm long, and the arm with the pencil is 9 cm in e 

total. The angle between the arms is 6. b 8cm 

r 

  

a Write the radius of the circle to be drawn in terms of 6. g 

b Hence find the rate of change in r with respect to & when 

9 = 60°. o 

  

a Using the cosine rule, 72 =9%+8% —2x9 x 8 x cosf 

V145 —144cosf  {since r >0} 

      

    
r= 

1 

b r = (145 — 144 cos §)? 
dr 1 _1 . For calculus, 6 must be 
ki 5(145 — 144 cosf) >(144sin0) B LY 

. 72sin 0 

\/145 — 144 cos 6 

dr (2 (é) 
When 0=7%, — = —o—-ur—r 

6 1 145 — 144(3) 

~ 7.30 cm per radian 

~ 0.127 cm per degree 

13 Find exactly the rate of change in the area of triangle PQR as 6 Q 

changes, at the time when 6 = 45°. 
6 cm 

P 

7cm R
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14 A set of retractable stairs is used to gain access to an attic. 

The frame uses a pantograph mechanism which is a set of 

rhombuses with variable angles to control the retraction. 

Each rhombus has side length 20 cm, and the angle where 

the arms meet is 6, as shown. 

   

    

    

20 cm       

     

Pantographs are used 

extensively for electric 

train and tram systems. 

  

a Find a formula for the length [ between the pivots, in terms of 6. 

b Hence find the rate of change in [ at the time when 6 = 120°. 

15 The voltage in a circuit is given by V() = 340sin(1007t) volts where ¢ is the time in seconds. 

a Find the voltage in the circuit: 

i initially i after 0.125 seconds. 

b At what rate is the voltage changing: 

i when ¢=0.01 il when V(¢) is a maximum? 

16 The number of bees in a hive after ¢ months is modelled by B(t) = 3000 
1+0.5e 173t 

a Find the initial bee population. 

Find the percentage increase in the population after 1 month. 

Is there a limit to the population size? If so, what is it? 

Find B’(t), and use it to explain why the population is increasing over time. 

Find the rate at which the population is increasing after 6 months. 

Sketch the graph of B(t). 

_ 

Optimisation is the process of finding the maximum or minimum value of a function. The solution is 

often referred to as the optimal solution. 

- 
0 

O 
A 

O 

We can find optimal solutions in several ways: 

e using technology to graph the function and search for the maximum or minimum value 

e using analytical methods such as the formula z = —21 for the vertex of a parabola 
a 

e using differential calculus to locate the turning points of a function. 

These last two methods are useful especially when exact solutions are required.
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You should always be aware that: 

The maximum or minimum value does not always occur when the first derivative is zero. 

It is essential to also examine the values of the function at the end point(s) of the interval under 

consideration for global maxima and minima. 

For example: dy 

dzo     

The maximum value of y occurs at the end point x = b. 

The minimum value of y occurs at the local minimum z = p. 

TESTING FOR LOCAL MAXIMA AND MINIMA 

If we find a value = = a such that f’(a) =0, there are several tests we can use to see whether we 

have a local maximum or a local minimum at this point. 

SIGN DIAGRAM TEST 

If, near to = = a, the sign diagram is: 

° + _ we have a local maximum . _ + we have a local minimum. 

a T a T 

SECOND DERIVATIVE TEST 

o If f’(a) <0 wehave ¢\ shape, which indicates a local maximum. 

o If f”(a) >0 wehave X_f shape, which indicates a local minimum. 

OPTIMISATION PROBLEM SOLVING METHOD 

Step I: Draw a large, clear diagram of the situation. 

Step 2:  Construct a formula with the variable to be optimised as the subject. It should be written 

in terms of one convenient variable, for example z. You should write down what domain 

restrictions there are on z. 

Step 3:  Find the first derivative and find the value(s) of  which make the first derivative zero. 

Step 4:  For each stationary point, use the sign diagram test or second derivative test to determine 

whether you have a local maximum or local minimum. 

Step 5:  Identify the optimal solution, also considering end points where appropriate. 

Step 6:  Write your answer in a sentence, making sure you specifically answer the question.
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Example A '1>)) Self Tutor 

A rectangular cake dish is made by cutting out 

squares from the corners of a 25 cm by 40 cm 5 i 

rectangle of tin-plate, and then folding the metal L 

to form the container. 

  

  

  

  

    What size squares must be cut out to produce the el 

cake dish of maximum volume? 
  

Step I: Let = cm be the side lengths of the 

squares that are cut out. 

Step 2: Volume = length x width x depth 

= (40 — 2z)(25 — 2z)z 

= (1000 — 80z — 50z + 422)x 
= 1000z — 13022 + 42° cm?® 

Since the side lengths must be positive, 

x>0 and 25— 2z > 0. 

(25— 2z) cm 

  

  

0<z<125 

v . 
Step 3: == 122° — 260z + 1000 D 

T 

= 4(3z% — 65z + 250) 
= 4(3z — 50)(z — 5) 

YV _ 0 when r=5=16% or =5 
dx 

=05 as 0<x<125 

Step 4: Z—V has sign diagram: 4+ N _ av - B 
5 

0 12.5 

Step 5:  There is a local maximum when x = 5. This is the global maximum for the given 

domain. 

Step 6:  The maximum volume is obtained when z =5, which is when 5 cm squares are cut 

from the corners. 

    

Example 5 COR T2 [ (1104 

A 4 litre container must have a square base, vertical sides, and an open 

open top. Find the most economical shape which minimises the 

surface area of material needed. 

  

  

Let the base lengths be 2 cm and the depth be y cm. 

The volume V = length x width x depth 

s V=a%y 

. 4000 = 2%y ... (1) {1 litre = 1000 cm®} 

  

T cm    
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Step 2: The total surface area 

  

  

  

A = area of base + 4(area of one side) LA AN LI UL LA 

= 2? +4zy 

=z + 4z (%) {using (1)} 

A(z) = 2® + 16000z~  where 2 >0 

Step 3: . A'(z) =2z — 1600022 

A'(z) =0 when 2z = 16;;00 

" 22 =16000 

" @ = V8000 = 20 

Step 4: A'(x) =2+ 3200023 

a"(20)=2+ 220 —¢ 

Since A”(20) > 0, there is a local minimum at z = 20. 

Step 5:  The minimum material is used to make the container 

4000 _ o 
when = =20 and Y=oz 

  

Step 6:  The most economical shape has a square base 

20 cm x 20 cm, and height 10 cm. 20 cm       

Use calculus techniques to answer the following problems. In cases where finding the zeros of the 

derivatives is difficult you may use technology to help you. 

EXERCISE 20B 

1 When a manufacturer makes x items per day, the profit function is 

P(z) = —0.02222 + 11z — 720 pounds. Find the production level that will maximise profits. 

2 The total cost of producing x blankets per day is %zz + 8z + 20 pounds, and for this production 

level each blanket may be sold for (23 — %z) pounds. 

How many blankets should be produced per day to maximise the total profit? 

3 60 metres of fencing is used to build a rectangular 

enclosure along an existing fence. Suppose the 

sides adjacent to the existing fence are = m long. 
existing 

fence a Show that the area A of the enclosure is given 

by A(z) = z(60 — 2z) m?. 

b Find the dimensions which maximise the area of the enclosure. 

& A duck farmer wishes to build a rectangular enclosure of area 

100 m2. The farmer must purchase wire netting for three of 

the sides, as the fourth side is an existing fence. Naturally, the 

farmer wishes to minimise the length (and therefore cost) of 

fencing required to complete the job. 

a If the sides adjacent to the existing fence have length 

x m, show that the required length of wire netting to be 

purchased is L = 2z + @ 
x  
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b Find the minimum value of L and the corresponding value of & when this occurs. 

¢ Sketch the optimal situation, showing all dimensions. 

Radioactive waste is to be disposed of in fully enclosed 

lead boxes of inner volume 200 cm®. The base of a box 

  

; A . . hcm 
has dimensions in the ratio 2 : 1. 

a Show that z2h = 100. 

b Show that the inner surface area of the box is given by Tem 

A(z) = 4a® + 800 2, 
xT 

¢ Find the minimum inner surface area of the box and the corresponding value of x. 

d  Sketch the optimal box shape, showing all dimensions. 

Brenda is designing a cylindrical tin can for a canned fruit company. Jmy 

The cans must have capacity 1 litre, and they must use as little metal as o 

possible. 

. . L 1000 
a  Explain why the height / is given by h = — cm. 

r hcem 

b Show that the total surface area A is given by 

2000 o 
cm”. 

T 

  A=2mr? 4 

¢ Find the dimensions of the can which make A as small as possible. 

Sam has sheets of metal which are 36 cm by 36 cm square. 

He wants to cut out identical squares which are z cm by = cm 

from the corners of each sheet. He will then bend the sheets 

along the dashed lines to form an open container. 

a Show that the volume of the container is given by 

V(z) = 2(36 — 22)? cm®. 

b What sized squares should be cut out to produce the 

container of greatest capacity? 

  

|<-— 36 cm 

An athletics track has two “straights” of length [ m, and two semi-circular 

ends of radius  m. The perimeter of the track is 400 m. 

a Show that [ = 200 — 7z and write down the possible values that z 

may have. 

b What values of [ and = maximise the shaded rectangle inside the track? 

What is this maximum area? 

  

A manufacturer of electric kettles performs a cost control study. They discover that to produce 

30—2x 
  

2 
z kettles per day, the cost per kettle is given by C(z) = 4lnz + ( ) pounds with a 

minimum production capacity of 10 kettles per day. 

How many kettles should be manufactured to keep the cost per kettle to a minimum?
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Ao 

Infinitely many rectangles can be inscribed in a semi-circle of 

diameter 20 cm. 

  

Find the shape of the largest rectangle which can be inscribed. 

  

Step I: Let OB=2zcm, 0 <z <10 

In AOBC, BC?+ 2% =107 {Pythagoras} 

. BC=+/100—-22 {as BC > 0} 

  

Step 2:  The rectangle has area A = length x width 

A =2z4/100 — z? 

A? = 42%(100 — %) 

= 4002” — 4a* 

    
      

Since A > 0, we can maximise 

A by maximising A2. This 
makes the calculations easier! 

Step 3: d%(A2) = 800z — 1623 
= 162(50 — z?) 

So, %(A2) =0 when z =0 or +/50. 

d o N 
d_(A2) has sign diagram: + = 

XL 
50 @ 

0 \/7 10 

Step 5: The area is maximised when = = V50 and BC = /100 — 50 = v/50 cm. 

Step 6:  The largest rectangle which can be inscribed is ‘ 

21/50 cm long and /50 cm wide. 

‘ /50 cm ‘ 

l<—2\/%cm—>| 

  

Step 4: 

    
  

10 Infinitely many rectangles can be inscribed in a circle of diameter 

10 cm. In the diagram alongside, suppose ON = z cm. 

a Find the area of ABCD in terms of = only. 

b Find the dimensions of ABCD which maximises its area. 

  

1 A circular piece of tin-plate with radius 10 cm has 3 segments 

10 removed as illustrated. The angle 6 is measured in radians. 
cm 

a Show that the remaining area is given by 

A =50(0+ 3sin6) cm?. 

b Find @ such that the area A is a maximum, and find the 

area A in this case. 

 



APPLICATIONS OF DIFFERENTIATION  (Chapter 20) 535 
  

12 A symmetrical gutter is made from a sheet of metal 30 cm 

wide by bending it twice as shown. 

a Deduce that the cross-sectional area of the gutter is given 

by A=100cosf(1+sinf) cm?. 

b Show that % =0 when sinf =1 or —1. 

¢ For what value of # does the gutter have maximum 

carrying capacity? Find the cross-sectional area for this 

value of 6. 

end view 

  

10cm 

13 When a new anaesthetic is administered, the effect is modelled by E(t) = 750te™1>* units, where 

t > 0 is the time in hours after the injection. 

a Find E'(t). b At what time is the anaesthetic most effective? 

14 A A pumphouse is to be placed at some point X 

along a river. 

B Two pipelines will then connect the pumphouse 

: to homesteads A and B. 

How far should point X be from M so that the 

total length of pipeline is minimised? 

2km§ : 

i élkm 

  

M X N 

river l<—5km—>| 

15 At 1:00 pm ship A leaves port P. It sails in the direction 

30° east of north at 12 kmh~!. At the same time, ship B is 

100 km due east of P, and is sailing at 8 kmh~" towards P. 

a Show that the distance between the two ships is given 

by D(t) = /304t — 2800t + 10000 km, where 

t is the number of hours after 1:00 pm. 

b Find the minimum value of D? for all ¢ > 0. 

¢ At what time, to the nearest minute, are the ships 

closest? 

16 Hieu can row a boat at 3 kmh~!, and can walk at 6 kmh—!. He 
is currently at point P on the shore of a lake 2 km in radius. He 

will row to point Q, then walk around the shore to point R which 

is opposite P. 

a Show that PQ = 4cosf km. 

b Show that the time taken for Hieu’s journey is given by 

T:%cos0+§ hours where 0 <6< Z. 

¢ Find 0 such that %:0 on Ogegg. 

. . T 
d Draw a sign diagram for 2—9 

e What route should Hieu take to travel from P to R in: 

  

P R 

i the longest time ii the shortest time?
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17 Bis a boat 5 km out at sea from A. [AC] is a straight 6km 
sandy beach, 6 km long. Peter can row the boat AN TEmX C 

at 8 kmh~! and run along the beach at 17 kmh~!. 
Suppose Peter rows directly from B to point X on [AC] 

such that AX = z km. 

a 

b 

18 Suppose the point A(1, 4) is distance D from a general 

point P on the curve y = /. 

d 

Explain why 0 < z < 6. 

Show that the total time Peter takes to row to X 

and then run along the beach to C, is given by 

/2 25 _ 

T*LJrGl?z hours, 0 <z <6. 

  

B   

] 
. ar . .o . 

Find 2 such that e 0. Explain the significance of this value. 
X 

Explain why D = y/(z — 1)? + (y/z — 4)? units. 

Use technology to sketch the graph of D against x 

for 0 <z <8. 

Find the smallest value of D and the value of x where 

it occurs. 

  

What does this tell you about Z—D? 
X 

19 Three towns and their grid references are marked on the Ay (3,11) Caville (C) 

diagram. A pumping station is to be located at P on the 

pipeline, to pump water to the three towns. The grid units 48—.—;)ipe]ins 

are kilometres. P(z,8) 

a Show that the distance PC is given by Bracken (B) 

b 

< 

d 

e 

f 

PC = /(z—3)2+9. o (7.3) 

Find formulae for the distances PA and PB. —d (1,2) Alden (4) 

Write a formula for the sum of the distances v 
T 

S =PA + PB + PC in terms of z. 

Use technology to draw the graph of S against . 

  
Hence draw a sign diagram for S’(z). 

Where should P be located to minimise the total length of connecting pipe needed? 

20 A small population of wasps is observed. After ¢ weeks the population is modelled by 

P(t) = 

b 

< 

50000 

1+ 1000e—0-5¢ 

Find P/ (t). 
Find the rate at which the population is increasing after 10 weeks. 

wasps, where 0 <t < 25. 

Use technology to determine the time(s) at which the population is increasing at 2000 wasps 

per week. 

At what time is the wasp population growing fastest?
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THEORY OF KNOWLEDGE 

Suppose you are camping next to a river, and you pitch 

your tent at A. Suddenly you notice your campfire at B 

is out of control. You pick up your bucket and run to 

the river to get some water, then head to the fire to put 

it out. 

  

Time is critical so you must take the shortest path. 

Where, on the river bank, should you fill your bucket? 

To solve this problem, we reflect the point B in the 

river, creating the point B’. Each point on the river is 

equidistant from B and B’. 

The shortest path from A to B’ is clearly the line [AB']. 

Therefore, you should fill your bucket at the point P 

where the line [AB’] intersects the river. 

  

1 Is optimisation a mathematical principle? 

2 Is mathematics an intrinsic or natural part of other subjects? 

[0 I MODELLING WITH CALCULUS 
We have seen how derivatives can be interpreted as rates of change, and how zeros of a derivative 

correspond to stationary points of a function. We can use knowledge of rates and turning points to help 

construct mathematical models. 

Example 7 o) Self Tutor 

The cost of manufacturing the parts for = robots each day is 

given by C(z) = aa® + ba® + cx + d dollars, where the 
maximum output for the factory each day is 200 robots. The 

fixed costs for keeping the factory running amount to $3400 

each day. The parts for the first robot each day cost $449. The 

cost of manufacturing parts for 100 robots each day is $38 300, 

and the cost of the 101st set of parts is $246. 

a Find the cost function for producing the robot parts, using 

C'(0) = C(1) — C(0) and C'(100) ~ C(101) — C(100). 

b Hence find the cost for producing the parts for 150 robots 

each day.     
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a The maximum output is 200 sets of parts, so the domain of C'(z) is 0 < z < 200. 

The fixed costs are C(0) = $3400, so d = 3400. 

Differentiating with respect to z, C’(x) = 3az? + 2bx + c. 

Now C’(0) ~ 449, so ¢~ 449 

and C’(100) ~ 246, so 30000a + 200b + 449 = 246 

. 30000a + 2006 = —203 ... (1) 

C(100) = 38300, so 1000000a -+ 100005 + 100c + 3400 = 38 300 
1000000a + 10000b = —10 000 

100a+b=—1 .. (2) 

  

  

We solve (1) and (2) e e T 

simultaneously using an X+bn Y=Cn an X+bn Y=Cn 
a < B 

technology. 1[ 200 -203} Y[fi} 

a = —0.0003 and o 
b~ —0.97 

30000 
REPEAT] 

  

  

                

So, C(z) = —0.0003z3 — 0.97z* + 449z + 3400, 0 < z < 200. 

b C(150) = —0.0003(150) — 0.97(150)? + 449(150) + 3400 = 47912.5 

it costs about $47900 to produce the parts for 150 robots each day.     

EXERCISE 20C 

1 A stone is thrown from a bridge with initial trajectory 25° 

above horizontal. At the time when it has travelled z m 

horizontally, the height of the stone above the water under 

the bridge is given by h(x) = az® +bxr +c metres. The 

stone is thrown from 3 m above the water, and it reaches 

its maximum height when z = 5. 

a State ~(0) and hence find c. 

b Find I/ (z). 
¢ Explain why A/(0) = tan25°, and hence find b. 

d Find the value of z when the stone lands in the water. 

  

The cost of manufacturing the parts for x cars each day is given by 

C(z) = az® +bx? + cx +d euros. The maximum output for the factory each day is 140 cars. The 

fixed costs for keeping the factory running total €24 500 each day. The parts for the first car each 

day cost €3280. The cost of manufacturing parts for 80 cars each day is €294 000, and the cost of 

the 81st set of car parts is €2320. 

a Find the cost function for producing the car parts, using C’(0) ~ C(1) — C(0) and 

C'(80) ~ C(81) — C(80). 

b Hence find the cost of producing the parts for 120 cars each day. 

The introduction of the automobile in the early 20th century had a dramatic effect on the population 

of domesticated horses, which had been used extensively for agriculture and transportation. In the 

United States of America there were 21.5 million horses in 1900, and the population peaked at 

26.5 million in 1915. By 1950, the population had decreased to only 7.6 million.
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Let P(t) = at® + bt? + ct +d describe the population in millions of horses, in the United States 

of America ¢ years after 1900. 

a State P(0) and hence find d. 

b Find P/(1). 
¢ State the value of ¢ for which P’(t) = 0. 

d Construct three linear equations for a, b, and c. 

Hence find P(t). 

e Estimate the population of horses in: 

i 1930 i 1960. 

f Discuss the limitations of your model. 

  

L Concerned with parking, transportation, catering, and all aspects of the local fair, the town mayor 

decided to model the attendance at the fair using the function A(t) = at® + bt? + ct + d, 

where ¢ is the number of hours after 8 am. 

The fair is open from 8 am to 6 pm. At 10 am, the attendance was increasing at the rate of 

1770 people per hour. At 4 pm, the attendance was decreasing at the rate of 1800 people per hour. 

a State four conditions for A(t) and A’(t) you can deduce from the information given. 

b Hence find the function A(t). 

¢ Graph A(¢) and discuss whether the mayor’s model is reasonable. 

d Predict the maximum attendance at the fair, and when this occurred. 

    
    

5 Tia wanted to test how much light is in her office. She took 

measurements of the illuminance at different distances away 

from her light, as shown in the table: 

Distance (r cm) 

Illuminance (I 1x) | 450 

a  Which of the following models do you think will best fit 

the data? Explain your answer. 

A=t B /=2 ci-£ 
r r2 T3 

   Illuminance is 

measured in /ux (Ix). 

   

b Use technology to find the power model which best fits the data, and hence check your answer 

to a. 

. T 
¢ Find d— 

dr 

d Hence find the rate at which the illuminance is decreasing at the distance 1 m from the light. 

e Can you explain how this model tells us that the tota/ illuminance from the light at any distance 

r ¢cm will be the same, no matter what the value of r is? 

ACTIVITY 

A cubic spline is a piecewise function which uses several cubic polynomials to draw Susic 

a smooth curve through a set of data points. Click on the icon to access this Activity. 
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DYBEE RELATED RATES 
In the Opening Problem on page 524, we observed a ladder slide down a wall. 

Because the ladder has a fixed length, when the distance  m from the wall to the foot of the ladder 

increases, the height y m that the ladder reaches up the wall must decrease. The variables = and y are 

related. 

However, we can also consider the rates at which = and y change with respect to time ¢. 

. d. d: 
The variables <= and <Y are related rates. 

dt dt 

B By 

B2 

5 B 
5m ym  wall om s 

By 

-— 

The method for solving related rates problems is: 

    
Step I:  Draw a large, clear diagram of the situation. 

Step 2: Write down the information, label the diagram, and make sure you distinguish between the 

variables and the constants. 

Step 3: Write an equation connecting the variables. You may need to use: 

e Pythagoras’ theorem 

e similar triangles where corresponding sides are in proportion 

e right angled triangle trigonometry 

e sine and cosine rules. 

Step 4 Use the chain rule to differentiate the equation with respect to time ¢. 

Step 5:  Substitute the values for the particular case corresponding to some instant in time, and 

solve to find the required unknown. 

  

  

Example 8 

  

A 5 m long ladder rests against a vertical wall with its feet on horizontal ground. The feet on the 

ground slip, and at the instant when they are 3 m from the wall, they are moving at 10 ms~*. 

At what speed is the other end of the ladder moving at this instant? 
  

B Let OA=2zm and OB =y m 

z? +y? =52 {Pythagoras} 
L2 2 

5m i CL Yy =2%—¢ 
1 

y=1+/25—22=(25-2%)2 {as y>0} 

rm
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by _dy  do {chain rule} 

  

dt de dt Do not substitute values for 

1 g2 il the particular case too early. 

= |5(25—2%) 2(-22)| x T Otherwise you will incorrectly 
- do treat variables as constants. 

- = The differentiated equation in 

25—q2 dt fully generalised form must 
. . be established first. 

Particular case: 

At the instant when x = 3, % =10 ms™t. 

B3 x10 it o 
=-2x10 ’ 

St 

The other end of the ladder is moving down the wall at 7.5 ms~" at this instant.   

  

EXERCISE 20D 

1 2 and y are variables related by the equation y = 2. 

a Differentiate this equation with respect to ¢. 

b At the instant when x = 3, x is increasing at 1 unit per second. What is happening to y at 

this instant? 

  

2 A square has side length z cm and area A cm?. The side length H " 0 

of the square is increasing at 2 cm per second. 

a State the relationship between A and x. vem 

h S
 Q B 

b Differentiate the relationship in a with respect to ¢. 

¢ At what rate is the area increasing when the side length is 

6 cm? 0o + Im       
3 The length of a rectangle is decreasing at 1 cm per minute. However, the area of the rectangle 

remains constant at 100 cm?. 

Let x cm be the length of the rectangle, and y cm be the width of the rectangle. 

a Write y in terms of x. 

b Differentiate the relationship in a with respect to ¢. 

¢ At what rate is the width of the rectangle increasing at the instant when: 

i the length is 20 cm i the width is 4 cm? 

4 A stone is thrown into a lake, and a circular ripple moves out at a constant speed of 1 ms~!. Find 

the rate at which the circle’s area is increasing at the instant when: 

a t =2 seconds b ¢ =4 seconds. 

5 A spherical weather balloon has radius » m and volume V' m?. 

a Write V in terms of r. 

b Air is pumped into the balloon at a constant rate of 6= m® per minute. Find the rate of change 

in the balloon’s radius at the instant when the radius is 2 m.
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6 v 
400 

For a given mass of gas in a piston, p = Vi where p is the 

2 3 pressure in Nm~2, and V' is the volume in m®. 

Suppose the pressure increases at a constant rate of 3 Nm~?2 per 

minute. Find the rate at which the volume is changing at the 

instant when: 

a the volume is 1 m? b the pressure is 50 Nm~2. 

7 Wheat runs from a hole in a silo at a constant rate and forms a conical heap whose base radius is 

treble its height. After 1 minute, the height of the heap is 20 cm. Find the rate at which the height 

is rising at this instant. 

8 Two jet aeroplanes fly on parallel courses which are 12 km apart. Their air speeds are 200 ms~ 1 

and 250 ms~!. How fast is the distance between them changing at the instant when the slower jet 

is 5 km ahead of the faster one? 

9 A trough of length 6 m has a uniform cross-section which is a 

trapezium with side lengths shown. 

a Show that if the water is & m deep then the volume of water 

in the trough is given by V = 6h + 2v/3h% md. 

  

b Water leaks from the bottom of the trough at a constant rate 1m 

of 0.1 m® per minute. Find the rate at which the water level 

is falling at the instant when the water is 20 cm deep. 

10 A ground-level floodlight located 40 m from the foot of a 

building shines in the direction of the building. 

A 2 m tall person walks directly from the floodlight towards 

the building at 1 ms™'. 

How fast is the person’s shadow on the building shortening 

at the instant when the person is: 40m 

a 20m b 10m  from the building? 

Example 9 ») Self Tutor 

  

Triangle ABC is right angled at A, and AB = 20 cm. ABC increases at a constant rate of 1° per 

minute. At what rate is BC changing at the instant when ABC measures 30°? 
  

C 

T cm 

20cm 

Let ABC =6 and BC = z cm 

20 
Now cosf = — 

x 

20 

cos 0 
  = 20(cosf) ! m= 

Now & _dz 40 {chain rule} 
dt dg  dt 

= —20(cos )~ %(—sinf) x Z—f 

~ 20sin6 do 

T cos26 dt 
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Particular case: 

  

  

When 6 = 30°, % = 1° per minute o 

T : : — must be measured in 
= 1gp radians per minute dt 

dz _ 20sin30° o T radians per time unit. 

dt — cos230° © 180 
1 

_ 20X 5 o T 

o B 180 

~ 0.233 cm per minute A 

BC is increasing at approximately 0.233 cm per minute. 
  

1 

12 

13 

14 

Consider a right angled triangle PQR in which QP = 10 cm Q 

and P(AQR =4. P(A)R is increasing at 2° per minute. 

a As PQR increases, would you expect QR to increase or 10cm 
decrease? 

b At what rate is QR changing when PQR measures 60°? pO R 

A right angled triangle ABC has a fixed hypotenuse [AC] of length 10 cm. Side [AB] increases 

in length at 0.1 cm per second. At what rate is CAB decreasing at the instant when the triangle is 

isosceles? 

An aeroplane passes directly overhead, then flies horizontally away from an observer with altitude 

of 5000 m and air speed 200 ms~*. 

a Draw a diagram to illustrate the situation. 

b At what rate is its angle of elevation to the observer changing at the instant when the angle of 

elevation is: 

i 60° it 3007 

[AB] is a fixed diameter of a circle of radius 5 cm. Point P moves around the circle at a constant 

rate of 1 revolution in 10 seconds. Find the rate at which the distance AP is changing at the instant 

when: 

a AP =5 cm and increasing b PisatB. 

REVIEW SET 20A 

1 The height of a tree ¢ years after it was planted is H (¢) = 60 + 401n(2t + 1) cm, ¢ > 0. 

a How tall was the tree when it was planted? 

b How long will it take for the tree to reach: 

i 150 cm ii 300 cm? 

¢ At what rate is the tree’s height increasing after: 

i 2 years ii 20 years? 

4t pounds. Calculate: 2 The value of a car t years after its purchase is given by V = 20000e " 

a the purchase price of the car 

b the rate at which the value of the car is decreasing 10 years after it was purchased.
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. . Lo v2 | 50000 
3 The cost per hour of running a freight train is given by C(v) = — + — dollars where 

20 v 
  

v is the average speed of the train in kmh~". 

a Find the cost of running the train for 5 hours at 64 kmh=!. 

b Find the rate of change in the hourly cost of running the train at speeds of: 

i 75kmh~! ii 90 kmh~!. 

¢ At what speed will the cost per hour be a minimum? 

Rectangle ABCD is inscribed within the parabola 

y=9— 2 and the z-axis, as shown. 

a If OD = z, show that the rectangle ABCD has 

area function A(z) = 18z — 223 

b Find the coordinates of C when rectangle ABCD 

has maximum area. 

  

5 A 200 m fence is placed around a lawn which has the shape 

of a rectangle with a semi-circle on one of its sides. 

a Using the dimensions shown on the figure, show that 

y =100 —x — Fz. 
2z m 

b Find the area of the lawn A in terms of x only. 
ym 

¢ Find the dimensions of the lawn of maximum area. 

6 A manufacturer of open steel boxes has to make one with a square 

base and a capacity of 1 kL. The steel costs £2 per square metre. 

a If the base measures x m by z m and the height is y m, find 

y in terms of x. 

b Hence show that the total cost of the steel is 

  

C(z) = 22% + g pounds. 
T 

¢ Find the dimensions of the steel box which would cost the least to make. 

7 When Max throws a stone into the air, it flies for 5.9 seconds before landing. Over the course 

of its flight, the distance between the stone and Max after ¢ seconds is given by 

D(t) = v/24.01t* — 294t3 + 93612 metres. 

a State the domain of D(t). b Find the time at which D? is maximised. 

¢ Hence find the maximum distance between the stone and Max. 

d How far away from Max does the stone land? 

8 A ball is thrown into the air from height 1.6 m above the ground. It initially gains height at 

16.4 ms~!. After 2 seconds, it is falling at 3.2 ms~!. The height of the ball over time can be 

modelled by the quadratic function h(t) = at®+bt+c metres, where ¢ is the time in seconds. 

a State 2(0) and hence find c. b State 7/(0) and hence find b. 

¢ Use the remaining information to find a. 

d What was the maximum height reached by the ball, and when did it reach this height?
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9 An equilateral triangle has side length = cm and area A cm?. 

The side length of the triangle is increasing at 3 cm per minute. 

& em a State the relationship between A and x. 

b At what rate is the area increasing when the side length is 

15 cm? 

10 Water exits a conical tank at a constant rate of 0.2 m® per @ 

minute. The surface of the water has radius r m. w 

a Find V(r), the volume of the water remaining. 
. 3 L . 8 

b Find the rate at which the surface radius is changing at " 

the instant when the water is 5 m deep. 

REVIEW SET 20B   

1 The cost in euros of producing x items in a factory each day is given by 

C(z) = 850 + 3.3z9-85 + 2.8205. 

a Find the marginal cost function C’(z). 

b Find C’(1000) and explain what this result estimates. 

¢ Find C(1001) — C(1000). Discuss your answer. 

2 Mark has set his compass so that both arms have length 11 cm. The angle between the arms 

is 6. 

a Write the area A of the circle Mark will draw in terms of 6. 

b Hence find the rate of change in A with respect to & when 6 = 7. 

3 A rectangular gutter is formed by bending a 24 cm end view 

wide sheet of metal as shown. 

Where must the bends be made in order to maximise (...l | . 
the capacity of the gutter? le—— 24 om ———» 

4 le—— 20 cm ——] A rectangular sheet of tin-plate is 20 cm by 10 cm. 

Four squares, each with sides  cm, are cut from 

its corners. The remainder is bent into the shape of 

an open rectangular container. Find the value of x 

which will maximise the capacity of the container. 

  

5 On the Indonesian coast, the depth of water ¢ hours after midnight is given by 

D = 9.3+ 6.8 cos(0.507t) metres. 

a Find the derivative function % and explain what it tells us. 

What is the depth of water at 8 am? 

Is the tide rising or falling at 8 am? Explain your answer. 

Q
 an 
O
 

At what time(s) is the tide highest on this day? What is the maximum depth of water?
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A light bulb hangs from the ceiling at height » metres above the 

floor, directly above point N. At any point A on the floor which 

is = metres from the light bulb, the illumination I is given by 

/8 cosf 

2 

ceiling    
    A light bulb 

1= units.   

T 

a If NA = 1 metre, show that at A, I = v/8cos@sin® 6. 

b The light bulb may be lifted or lowered to change the 

intensity at A. 

i Use technology to graph I against 6 for 0 < 6 < 

0 < 
dI 

ii Hence draw a sign diagram for 25 °n 0< oL 

ili Find the height the bulb should be above the floor to provide the greatest illumination 

at A. 

At time ¢ years after mining begins on a mountain of iron ore, the rate of iron ore output is 

iven by R(t) = %X illion ¢ >0 given by R(t) = 75+ 0z million tonnes per year, ¢ 2 0. 

Use technology to graph R(t) against ¢ for 0 < ¢ < 100. 

Hence draw a sign diagram for R/(¢) on 0 < ¢ < 100. 

a 

b 

¢ At what rate will the ore be mined after ¢ = 20 years? 

d When will the rate of mining be 10 million tonnes per year? 

e What will be the maximum rate of mining, and at what time will it occur? 

The share price for a business listed on the New York Stock Exchange is given by 

S(t) = at® +bt? +ct +d dollars, where ¢ is the number of hours after 9:30 am, 0 <t < 6.5. 

When the market opened at 9:30 am, the share price was $22.81, but it immediately began to 

fall with instantaneous rate 16 cents per hour. At 12:30 pm the share price was $22.49, and by 

2:30 pm it had increased to $22.60. 

a State S(0) and hence find d. b State S’(0) and hence find c. 

Use the remaining information to find a and b. 

Use technology to graph S(t). 

Predict the share price at the 4 pm market close. 

- 
0 

O 
A 

Find the minimum and maximum values of the share price during the day. 

Rectangle PQRS has [PQ] of fixed length 20 cm, and [QR] increases in length at a constant rate 

of 2 cms~!. At what rate is the acute angle between the diagonals of the rectangle changing at 

the instant when [QR] is 15 cm long? 

A man on a jetty pulls a boat towards him 

by hauling a rope at the rate 20 metres per 

minute. The rope is attached to the boat 1 m 

above water level, and the man’s hands are 6 m 

above the water level. How fast is the boat 

approaching the jetty at the instant when it is 

15 m from the jetty? 
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OPENING PROBLEM 

Another of Archimedes’ achievements was devising a method 

for calculating the area under a curve. 

In an article containing 24 propositions, he provided essential 

theory for what, over 1800 years later, would be developed 

into integral calculus. 

In the process, Archimedes found the exact area A between 

the curve y = 22 and the z-axis, on the interval 0 <z < 1. 

  

Things to think about: 

a Can you use the: 

i blue rectangle to explain why A > % ii red rectangles to explain why A < %? 

   
b How can we obtain a better estimate for A? 

¢ What function has z? as its derivative? 

In this Chapter we consider integral calculus. This involves antidifferentiation, which is the reverse 

process of differentiation. 

I3 VAPPROKIMATING THE AREA UNOER A CUR 
2 Consider the function f(z) =2* in the Opening Problem. 

We wish to estimate the area A enclosed by y = f(z), 

z-axis, and the vertical line = = 1. 

Suppose we divide the interval 0 < = <1 into 4 strips of width 

i unit as shown. We obtain 4 subintervals of equal width. 

The diagram alongside shows lower rectangles, which are 

rectangles with height equal to the lower value of the function 

at the endpoints of the subinterval. 

The total area of the lower rectangles is 

AL =33 fO+1 xS+ 33 @)+ x 1) 
=107+ 33+ 1)+ 1D’ 
=0.21875 
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The next diagram shows upper rectangles, which are rectangles 

with height equal to the upper value of the function at the 

endpoints of the subinterval. 

The total area of the upper rectangles is 

AU=le(l)+%xf D+ ) +1x/0) 
=1@’+ 13+ 1D +3()° 
=0.46875 

]
       

  

s]
Y 

Clearly, for increasing functions such as f(z) = 2%, Ap < A < Ay, so the area A lies between 

0.218 75 units? and 0.468 75 units?. 

If the interval 0 < x 

ALzé[f +f( )+ FD+FE) + B+ @)+ G + )] 
      

  

  

  

  

8 [0 64 } 116 694 I i I 6?1 } 196 gi] 

~0.27344 

A =g [[@+ @D+ @+ @)+ @) +ID) + /() 
srmra+ritd+rarat 

~ 0.398 44 

< 1 was divided into 8 subintervals instead, each of width é, then 

From this refinement we conclude that the area A lies between 0.273 44 units? and 0.398 44 units?. 

As we create more subintervals, the estimates Ay, and Ay will become more and more accurate. In fact, 

as the subinterval width is reduced further and further, both A7, and Ay will converge to A. 

1 
Now suppose there are n subintervals between x =0 and z =1, each of width —. 

n 

You can use the area finder software or your graphics calculator to help calculate A;, and Ay for large 

values of n. 

AREA FINDER 

) 
Average 

  

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

The table alongside summarises the results you should 

obtain for n =4, 8, 16, 50, 200, 1000, and 10 000. 

From the table, it appears that both Ay and Ay are 

converging to % as n increases. 

0.21875 

0.27344 

0.30273 

0.32340 

0.33084 

0.33283 

0.33328 

0.468 75 

0.398 44 

0.365 23 

0.34340 

0.33584 

0.33383 

0.333 38 

0.34375 

0.33550 

0.33398 

0.33340 

0.33338 

0.33333 

0.33333 

  

  

EXERCISE 21A.1 

1 Consider the area between y = z and the z-axis from 

=0 to x=1. 

a Divide the interval into 5 subintervals of equal width, 

then estimate the area using: 

i lower rectangles il upper rectangles. 

b Calculate the actual area and compare it with your 

answers in a.  
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. 1 . .. . . 
2 Consider the area between y = — and the z-axis from = =2 to x = 4. Divide the interval into 

T 

6 subintervals of equal width, then estimate the area using: 

a lower rectangles b upper rectangles. 

3 Use rectangles to find lower and upper sums for the area between the graph of y = 2> AREA FINDER 

and the z-axis for 1 < o < 2. Use n = 10, 25, 50, 100, and 500. Give your 

answers to 4 decimal places. 

As n gets larger, both Ay, and Ay converge to the same rational number. What is it? 

L a Uselower and upper rectangle sums to estimate the area between each of the following functions 

and the z-axis for 0 <z < 1. Use n =5, 10, 50, 100, 500, 1000, and 10000. Give your 

answer to 5 decimal places in each case. . . 

iy=a3 i y==x il y=2a2 iv y=23 

b For each case in a, write down the value to which Ay, and Ay converge. 

¢ Using your answer to b, predict the area between the graph of y = 2® and the z-axis for 

0 <z <1 and any number a > 0. 

5 Consider the quarter circle with centre (0, 0) and radius 

2 units illustrated. 

Its area is 1 (full circle with radius 2 units) = 4 x 7 x 22 

= 7 units? 

a Estimate the area using lower and upper rectangles for 

n = 10, 50, 100, 200, 1000, and 10000. Hence find 

rational bounds for 7. 

  

b Archimedes found the famous approximation 342 < 7 < 31. 

For what value of n is your estimate for 7 better than that of Archimedes? 

INVESTIGATION 1 

For the curve f(z) = 22, we already have the tools necessary to calculate the area A between 

y = f(z) and the z-axis on the interval 0 < z < 1 exactly. 

aa " 5 " 5 1 
Suppose we divide the interval 0 < x < 1 into n subintervals, each of width —. 

  

  

n 

What to do: 
n . 

1 a Explain why the total area of lower rectangles can be written as Aj, = L f (Z —~ 1). 
i=1 

n n 

b Use the sum of series formulae i = nn 4D gng Yit= ot DEn+D ) ghow 
1 1 i=1 i=1 

that Ap =1 - =+ = 
@ L 3 on * 6n2 

¢ What value does Ay, approach as n — 00? 

2 a Explain why the total area of upper rectangles can be written as Ay = 1 i (1) 

1 1 CF = 
b Hence show that Ay = 3 + ARt 

n 

¢ What value does Ay approach as n — co? 

3 Use the results from 1 and 2 to explain why A = % units?.
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THE TRAPEZOIDAL RULE 

For a function which is either increasing on the whole interval, or decreasing on the whole interval, the 

actual area under the curve is guaranteed to lie between the lower rectangle and upper rectangle estimates: 

AL < A< Ap. 

For functions with turning points on the interval, we no longer have that guarantee, and it is inefficient 

to ask a computer to calculate Ay, and Ay. This is because the computer has to make extra decisions 

about which is the lower and which is the upper value for each subinterval. 

So, while we have seen that increasing the number of subintervals will improve the accuracy of Ay, and 

Ay, we really want a more efficient way to numerically approximate the area under a curve. 

Suppose we use a trapezium to approximate the area under the curve on each subinterval. In doing this, 

we use the average of the values of the function at the left and right endpoints. The value calculated 

for each subinterval will always lie between the area of the lower rectangle and the area of the upper 

rectangle, and generally be a better approximation of the actual area. 

Suppose we divide the interval a < z < b into 

b—a 
—   n subintervals of equal width h = 

We let z; =a+ih for i =0,1,2,..,n, so 

the ith subinterval is z;_; < = < z;. 

  

    

Our approximation for the area under the curve is therefore 

PRGOS ) BV (A C) BN € LIS K ) 

h 
  Q     (f(xo) +2f (1) + 2f (w2) + .. + 2f (wn—1) + f(2n)) In calculating this sum, 

we only need to evaluate 

(f(wo) + QHZ_:lf(wi) + f(%;)) the function n + 1 times. 
=1 

Q 

2 

h 
2 
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Example 1 LR R 

and the z-axis from z =1 to = =2. 
  

n=6, a=1, b=2, f(z)=v6—2? 

  

  

POy 2.236 063 

moe 1 | 2153808 

s 2.054805 
Using the trapezoidal rule, the area 1.936 492 

~ Z(f(zo) F2f(z1) +2f (22) + ... + 2f (z5) + f(=6)) 1.795 055 

~ 1.8983 units® 1.624 466 

1.414214 

EXERCISE 21A.2 

For questions 1 to 3, construct a table of values manually to answer GRAPHING 

INSTRUCTIONS 

PACKAGE 
the question. You can then check your answers by constructing the 

table of values directly on your calculator or using the graphing CRAPHICS 

package. CALCULATOR 

1 Use the trapezoidal rule with 4 subintervals to approximate the area between the z-axis and: 

a f(x):% from z=2 to v =4 b f(z)=-22+6z—4 from z=1 to z=3. 

2 a Use the trapezoidal rule with 6 subintervals to calculate the area between the z-axis and 

fz)=3—z from =0 to z=3. 

b Explain why your calculation is exact for this function. 

3 Use the trapezoidal rule with 8 subintervals to approximate the area between the z-axis and: 

a f(z)=+yx from =0 to z=4 b f(z)=+yxe ™ from =0 to z=1 

¢ f(z)=2%-222+1 from z=-06 to z=1. 

4 a Apply the trapezoidal rule with technology to estimate the area 

under y =+v4—22? from z=0 to =z =2, with n =38, 40, 

100, and 1000 subintervals. 
8 

40 

100 
b For what value of n does the trapezoidal rule estimate = more 1000 

Record your results in a table like the one alongside. 

accurately than Archimedes (see Exercise 21A.1 question 5 b)? 

We have seen that for the special case of a quadratic, we can use series formulae to evaluate the area 

under the curve exactly. 

  

However, for most functions we do not have such formulae. We therefore need a more general method 

for finding the area under a curve.
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HISTORICAL NOTE 

Italian Mathematician Bonaventura Cavalieri (1598 - 1647) became 

Professor of Mathematics at Bologna in 1629. He published tables 

for many trigonometric and logarithmic functions. However, his best 

known contribution to mathematics was the invention of indivisibles. 

  

In his Method of Indivisibles, Cavalieri considered that a moving 

point could be used to sketch a curve. The curve could therefore be 

considered as the set of an infinite number of points, each with no 

length. 

In a similar way, the “indivisibles” that made up a surface were 

an infinite number of lines. Almost every introduction to integral 

calculus starts with the division of an area into a number of 

rectangular strips with finite width. 

  

Bonaventura Cavalieri 

Cavalieri’s important step was to make the strips narrower and narrower until they were infinitely 

thin lines. This reduces the “jagged” steps of the strips until they exactly define the curved boundary 

of the area. 

It was not until Englishman Sir John Wallis (1616 - 1703) formally introduced the idea of a limit 

in 1656 that Cavalieri’s Method of Indivisibles progressed into the foundation for Integral Calculus. 

Consider the lower and upper rectangle sums for a function which is positive and increasing on the 

interval a < x < b. 

.. . . . . b— 
We divide the interval into n subintervals, each of width w = e   

   
Since the function is increasing: 

n—1 

Ap = w f(zo) +w f(21) + oo + W f(Tp—2) + 0 f(2n—1) =w ;} flzi)   

  

      

  Ay =w f(z1) + w f(22) + oo + W f(Tn—1) +w f(20) =w§:1 f () 

Ay — Ap = w (f(zn) — f(20)) 

=20-a)(f0) - f(@) 
Following Cavalieri’s suggestion, we allow there to be infinitely many subintervals, so n — oco. 

In this case  lim (Ay — Ar) =0 {since lim L 0} 
n—00 n—oo n 

lim Az = lim Ay  {provided both limits exist} 
n—oo n—oo 

since A;, < A< Ay for all values of n, it follows that lim A, = A= lim Ayp. 
n—oo n—oo
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We can obtain a result like this for every increasing and decreasing interval of a positive function provided 

the function is continuous. This means that the function must have a defined value f(k) forall a < k < b, 

and that lin}c f(z) = f(k) forall a<k<b 
z— 

The symbol / 

If f(z) >0 forall a <<z <b, then 
b is called an 

/ f(x)dx is defined as the shaded area A. integral sign. 

This is known as the Riemann integral. 

We would say “the integral of f(z) from 

a to b with respect to z”. 

  HISTORICAL NOTE 

The word integration means “fo put together into a whole”. An 

integral is the “whole” produced from integration, since the areas 

of the thin rectangular strips are put together into one whole area. 

   

  

The theory of integration was developed independently by 

Sir Isaac Newton and Gottfried Wilhelm Leibniz. 

It was rigorously formalised using limits by the German 

mathematician Bernhard Riemann (1826 - 1866), whose name 

is given to the integral which calculates the area under a curve. 

Bernhard Riemann 

  

|_Example 2 | ) Self Tutor 
1 

a Sketch the graph of y =z* for 0 <z < 1. Shade the area described by / zt dz. 
0 

b Use technology to calculate the lower and upper rectangle sums for n equal subintervals where 

n =5, 10, 50, 100, and 500. 
1 

¢ Hence evaluate / 2t dz to 2 significant figures. 
0 

1 
d Approximate / z* dx using the trapezoidal method with 10 subintervals. Comment on 

0 
your answer. 

  02 04 06 08 1    
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¢ When n =500, A;, =~ Ay ~ 0.20, to 2 significant figures. 

  

1 1 
since AL</ z* dz < Ay, / z* dz ~ 0.20 

0 0 

d n=10, a=0, b=1, f(x)=2x* 

PGl T T; = 75 
n 10 

Using the trapezoidal rule, the area 

~ 2 (£(@o) +2f(21) + 2/ (2) + .. + 2 (20) + f(@10)) 
~ 0.203 33 

With just 10 subintervals, the trapezoidal method is more accurate 

than lower and upper rectangles were with n = 100. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

  

  

EXERCISE 21B 

1 a Sketch the graph of y=+/z for 0 <z < 1. AREA FINDER 
1 

Shade the area described by / Vz dz. 
0 

b Find the lower and upper rectangle sums for n =5, 10, 50, 100, and 500. 

1 
¢ Hence evaluate / VT dz to 2 significant figures. 

0 
1 

d  Approximate / vz dz using the trapezoidal method with 8 subintervals. Comment on your 
0 answer. 

2 Consider the region enclosed by y = /1 + x? and the z-axis for 0 < z < 2. “,'Z‘é‘h’f'é‘f 

a Write expressions for the lower and upper rectangle sums using n subintervals 

where n € Z*. 

b Find the lower and upper rectangle sums for n = 50, 100, and 500. 

2 
¢ Hence estimate / V1+ a3 de. 

0 
2 

d Approximate / v/ 1+ 23 dz using the trapezoidal method with 10 subintervals. 
0 

3 g2 
3 The integral / e 2 

-3 

dx is of considerable interest to statisticians. 

_a® 
2 a Use the graphing package to help sketch y =e < for -3 <z <3. 

0 <2 <3 using n=2250. b Calculate the lower and upper rectangle sums for the interval 
,;2 3 g 

¢ Use the symmetry of y =e 2 to estimate / e 2 dz. Compare your answer with v/2m. 
-3 

2 

3 4° 
d How many subintervals are necessary with the trapezoidal rule to estimate / e 2 dr more 

0 
accurately than your lower and upper rectangle sums in b?
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IR O R (T 

Use graphical evidence and known area facts to find: 
2 1 

a /(2z+1)dm b / V1—2z2dz 
0 0 

  

2 
a Yy e / (2z + 1) dz = shaded area 

0 _ <1+5> %9 
1(2,5) 2 
; =6 

1 

  

b If y=+1—22 then y> =1—2% andso 2?+y> = 1. This is the equation of a circle 

with radius 1 unit, and y = +/1 — 22 is the upper half. 

1 
/ v/1 — 22 dx = shaded area 

0 _1 2 =gXmx1 

y 

    

  

y=v1—2x2 

& 
4     

  

4 Use graphical evidence and known area facts to find: 
3 2 2 

a /1(1+4:v)d:v b / (2—2z)dx < V4 —z2dz 
-1 -2 

5 a Use the diagram alongside to show that for any 

positive function f(z): 

i /:f(x)dx:O 

i /:f(x) dz + bcf(:v) dm:/:f(x) dx 

  

5 9 
b For a positive function f(z), / f(x) dz =10, and / f(x) dz =12. Find: 

2 5 

i /jf(x)dx il /:f(x) dx 

LSl ANTIDIFFERENTIATION 
In many problems in calculus, we know the rate of change of one variable with respect to another, but 

. . . d; 
we do not have a formula which directly relates the variables. In other words, we know d_y’ but we 

X 

need to know y in terms of x.
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The process of finding y from Z—y, or f(z) from f’(z), is the reverse process of 
T 

differentiation. We call it antidifferentiation. 

differentiation 

/ \ 

y or f(x) D or f(z) 

\ antidifferentiation — 

Consider & — 42, 
dx 

From our work on differentiation, we know that when we differentiate power functions the index reduces 

by 1. We hence know that y must involve . 

Now if y=az* then W _ 342, 5o if we start with y=322% then W _ g2 
dz dz 

This is the correct result. However, for all of the cases y = 32 +2, y = $2°+100, and y = %x3 -7, 

we find that % — 72, 
dz 

In fact, there are infinitely many functions of the form y = %z3 + ¢ where c is an arbitrary constant, 

. . . d . . 
which will give d—y = 22, Ignoring the arbitrary constant, we say that %z 

X 

of 2. Tt is the simplest function which, when differentiated, gives . 

3 is the antiderivative 

If F(z) is the simplest function where F’(x) = f(z) we say that: 

o the derivative of F(z) is f(z) 

o the antiderivative of f(z) is F(xz). 

Example 4 o) Self Tutor 

Find the antiderivative of: 
1 3 2z a x b e c — 

VT 

1 =4 
a < o) = 423 < —==z dz VT 

d 1,.4 3 1 1 —(32%) ==z d, L _1 
dx(4 ) Now d—x’-‘):%x 2 

xXr 

the antiderivative of 2% is faz*. i1 . . 
. 3)— 91\ "2 — 3 

b ie2z)=621><2=262z cL 5(212)_2(2)30 2 =g 2 

dx . L 1 . 
i(lezz Z 1y gp _ 2 .. the antiderivative of 7 is 2¢/x. 
dn 2 2 

the antiderivative of €2* is e?®.    
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EXERCISE 21C 

1 a Find the antiderivative of: 

iz i 22 i 2° iv z72 

1 1 2 
v g4 vi z3 vii z 3 viil z3 

b Predict a general rule for the antiderivative of 2", for n # —1. 

2 a Find the antiderivative of: 
1 - 

. - 5 1T =T . - = 

i e’ i e5® ili e? iv 001z v e vi e? 

b Predict a general rule for the antiderivative of €** where k # 0 is a constant. 

3 Find the antiderivative of: 

a 6z%+ 4z by first differentiating z° + 22 b /z by first differentiating /7 

1 . L 1 
< e by first differentiating 7 

([2J] [ THE FUNDAMENTAL THEOREM OF CALCULUS 
We can now use the Riemann integral to explain the link between differential calculus and the definite 

integral or limit of an area sum we saw in Section B. This link is called the Fundamental Theorem of 

Calculus. 

INVESTIGATION 2 

Consider the constant function f(¢) = 5. 

We wish to find an area function which will give the area 

under the function between ¢ = a and some other value of ¢ 

which we will call z. 
€T 

The area function is  A(z) = / 5 dt 

= shaded area 

=(z—a)b 

=5z — 5a 

Since f(t) =5 has the antiderivative F(t) = 5t, we can write A(z) in the form F(z) — F(a). 

What to do: 

1 What is the derivative F’(t) of the function F(t) = 5t? How is this related to f(t)? 

2 Consider the simplest linear function f(t) = t. Y y=t 

The corresponding area function is 

A(z):/:tdt B 

= shaded area ia 
_ (era)(z—a) 

2 

a Write A(z) in the form F(z) — F(a). 

b What is the derivative F”(¢)? How is this related to f(t)?   
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3 Consider f(t) =2t+ 3. The corresponding area function is 

A(z) = / (2t +3)dt 

= shaded area 

_ <2z+3+2a+3>($7a) 

2 

a Write A(z) in the form F(z) — F(a). 

b What is the derivative F’(t)? 

How is this related to f(¢)? 

  

4 Repeat the procedure in 2 and 3 to find area functions for: 

a f(t)=3t+3 b f(t)=5-2t 

Do your results fit with your earlier observations? 

5 If f(t) =3t>+4t+5, predict what F(¢) will be without performing the algebraic procedure. 

From the Investigation you should have found that, for f(¢) > 0, 

T 

/ f(t)dt = F(z) — F(a) where F'(t)= f(t). F(t) is the antiderivative of f(t). 
a 

The following argument shows why this is true for all functions f(¢) > 0. 

Consider a function y = f(¢) which has antiderivative 

F(t) and an area function A(z) :/ f(t)dt which 

is the area from ¢t =a to t=uz. 

A(x) is an increasing function since f(z) > 0, and 

Ala) =0 .. (1) 

Consider the narrow strip between ¢t = = and ¢t = z+h. 

The area of this strip is A(z +h) — A(z), but we also 
know it must lie between a lower and upper rectangle 

on the interval x <t < x+ h of width h. 

area of lower < Al +h)— A@@) < area of upper 

rectangle rectangle 

If f(t) is increasing on this interval then 

hf(z) < A(x+h) — A(z) < hf(z+h) 

fo) < AN AR o i ip 

  

  

Az + h) — A(z) 

h 
Equivalently, if f(¢) is decreasing on this interval then f(z+ h) < < fla).
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Taking the limitas h — 0 gives 

f@) < A'(2) < f(z) 
w A() = f(2) 

So, the area function A(z) must only differ from the 

antiderivative of f(z) by a constant. 

  

oo Ax)=F(z)+c 

Letting z =a, A(a)=F(a)+c 

But from (1), A(a) = 

Loe= 7F(a) 

. A(z) = F(z) — F(a) 

and so /I f(t)dt = F(z) — F(a)         b 
Letting = = b, / f(t)dt = F(b) — F(a) T z+h t 

enlarged strip 

This result is in fact true for a// continuous functions f(t), even if they are negative. 

However, in situations where a function is negative, the area between the curve and the z-axis is counted 

as negative. We therefore refer to A(z) as a signed area function. 

THE FUNDAMENTAL THEOREM OF CALCULUS 

b 
For a continuous function f(z) with antiderivative F (), / f(z) dx = F(b) — F(a). 

a 

b 
In general, / f(z)dz is called a definite integral. 

PROPERTIES OF DEFINITE INTEGRALS 

The following properties of definite integrals can all be deduced from the Fundamental Theorem of 

Calculus: 

a b 

. /f(x)da::O . /kda::k(b—a) {k is a constant} 

. /af(x)dx=—/bf(x)dx . /abkf(z)dxzk/:f(z)dx 

. /f(a:)dz+/ f(z)da:—/f(z)da: 

. / /(@) % 9(a)] do = / f@) do+ / o(z) do    



Example proof: 

b c 

/ f@)do + / (@) do = F(b) — F(a) + F(c) — F(b) 
“ b = F(c) — F(a) 

=/acf(z)dz 

The properties of definite integrals all have geometric interpretations. 

For example, for the case where a < b < ¢ and Y 

f(z) 20 for a <z <ec weobserve that 
b 
f(z)dx + ’ f(z)dx 

a b 

=A; + A4 

:/acf(x)dx 7 a b c - 

The Fundamental Theorem of Calculus allows us to calculate areas under curves that we could previously 

only estimate. 

Example 5 l1>)) LRI 

Use the Fundamental Theorem of Calculus to find the area between: 

  

  

the z-axis and y =2? from =0 to z =1 

the z-axis and y =/z from z=1 to z=09. 
  

3 

f(z) =22 has antiderivative F(z) = % 
1 

shaded area = / z? dx 
0 

=F(1) — F(0) 
1 =1_0 

= % units® 

1 

2 has antiderivative f@)=ve=x 

F(z) = % = %:c\/:? 
2 

1 9 
shaded area = / z? dx 

1 

  

= F(9) — F(1) 

=2x27-2x1 

= 17% units®      
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Instructions for evaluating definite integrals on et eg o] 
L. ) 9 

your calculator can be found by clicking on the f IJ; dx 

icon. Cffé;m.?gk 0 17.33333333 

INSTRUCTIONS 

EXERCISE 21D 

1 a Differentiate 22, and hence find the antiderivative of 2z. 

b Use the Fundamental Theorem of Calculus to find the area 

between the z-axis and f(z) =2z from z =1 to z=3. 

¢ Use graphical methods to check your answer. 

2 a Find the antiderivative of /z. 

b Use the Fundamental Theorem of Calculus to find the area between the z-axis and y = /z 

from =0 to x=1. 

¢ Compare your answer to Exercise 21B question 1. 

3 a Use the Fundamental Theorem of Calculus to find the area between the z-axis and y = z° 

from: 

i =0t =2 i =2 to =3 il 2=0 to x=3. 

b Comment on your answers in a. 

4 Use the Fundamental Theorem of Calculus to find the area between the z-axis and: 

a y=2° from =1 to =2 b y=2% from z=1to z=3 

¢ y=/z from z=1to z=2 dy:% from z=1 to x=4. 

Check your answers using technology. 

5 Use the Fundamental Theorem of Calculus to show that: 

6 Use technology to find the area between the z-axis and 

y=+9—122 from x =0 to z=3. 

Check your answer by direct calculation of the area. 

< 

b 

/ f(x)dz =0 b [ kdv=k(b—a) for kER / 
/baf(x)dzzf/abf(z)dz d Lbkf(z)dz:k/abf(z)dz for ke R 

/ " @) + g(e)] do = / fw)dat / ' (@) dr 
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7 a Use the Fundamental Theorem of Calculus to show that Y 

/a (@) da = - / ' fay o ot - 
b Hence show that if f(z) <0 forallzon a<z<b : . y=f(z) 

  

b 
then the shaded area = — / f(z)dz units?. 

¢ Calculate the following integrals, and give graphical interpretations of your answers: 

i /01(7562) dz i /Ol(av2 —z)dx jii /_02 3rdr 

2 
d Use graphical evidence and known area facts to find / (7\/ 4— ac?) dz. 

0 

REVIEW SET 21A 

1 a Use four lower and upper rectangles to find rational 

numbers A and B such that: 
2 

A</ (4 —2?)dz < B. 
0 

  

2 
b Estimate / (4 — 2?) dz using the trapezoidal method 

0 
with 8 subintervals. 2 

¢ Compare your answers with the exact value of / (4 — 2?) dx. 
0 

2 a Sketch the region between y = sinz and the z-axis for 0 <z < Z. 

b Divide the interval into 3 equal parts and display the 3 upper and 3 lower rectangles. Hence 
3 

find boundaries for the value of / : sinz dz. 
0 

3 Find the antiderivative of: 

  

  

  

  

  

  

    

1 

a z* b - ¢ e 2" d cosz 
212 

_ 8 8 A & The graph of y = f (z) %s 1llustra.ted. . Y semi-circle 

Evaluate the following using area interpretation: ) / y=f(z) 

4 6 

2 [toa b [ @ N 
0 4 < - 

{ T 

=2 

Y                       

5 a Use the Fundamental Theorem of Calculus to find the area between the z-axis and y = 2 

from: 

i z2=0t z=1 ii z=1to =2 iil 2=0to z=2. 

b Comment on your answers in a.
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6 The graph of y =z is shown alongside. 

a Use the trapezoidal rule with 8 subintervals to 
! 

estimate / x4 d. 
=2 

b Use the graph to explain whether your estimate 

is an over estimate or an under estimate. 

¢ Check your answer to b by performing the 

integration. 

REVIEW SET 21B 

  

  

4 
T and the z-axis for 0 <z < 1. 

x 

1 a Sketch the region between the curve y =   

Divide the interval into 5 equal parts and display the 5 upper and lower rectangles. 

b Use the area finder software to find the lower and upper rectangle sums for  Area FINDER 

n =5, 50, 100, and 500. 1 
¢ Give your best estimate for / 4 

0 
T dz.   

  

1 
. 4 . . . . 

d Estimate / T2 dz using the trapezoidal method with 10 subintervals. 
0 xT 

e Compare your results with the exact answer 7. 

2 a Sketch the region between y = e* — 1 and the z-axis for 0 <z < 1. 

1 
b With 10 subintervals, estimate / (e — 1) dz using: 

0 
i lower rectangles ii upper rectangles iii the trapezoidal rule. 

¢ Comment on your results. 

3 Use graphical evidence and known area facts to find: 
4 1 

a /(2w71)dz b / V1-—22dz 
2 —i 

4 Find the antiderivative of: 

  

  

a 3z% —2 by first differentiating z° — 2z b {/z by first differentiating 3. 

5 The graph of y = f(z) is illustrated. Ay 

Evaluate the following using area interpretation: 
  

  a /OQf(x)dac b /:f(x)dac 

  

  

                          

6 Use the Fundamental Theorem of Calculus to find the area between the x-axis and: 

a y=4z from z=0 to =3 b y=\z from =0 to z=09. 

& 
3



  

Techniques for 

integration 
Contents: Discovering integrals 

Rules for integration 

Particular values 
Integrating f(ax + b) 

Integration by substitution m
o
n
w
)
 

 



566  TECHNIQUES FOR INTEGRATION (Chapter 22) 

OPENING PROBLEM 

The Fundamental Theorem of Calculus developed by Newton and Leibniz identifies the link between 

differential calculus and a definite integral. 

If we are to use the Fundamental Theorem of Calculus to calculate areas, we need to be able to 

identify an area function from its derivative. 

Things to think about: 

a Can you identify the function which has derivative: 

i 3a22 il —2+1 iil cos2z? 

b What can the rules of differentiation teach us about the reverse process of integration? 

In our previous study of the Fundamental Theorem of Calculus, we showed that the antiderivative of 

22 is §x3, and that any function of the form %wS + ¢ where c is a constant, has derivative z2. 

We say that the indefinite integral or integral of 22 is 323 + ¢, and write / z?de =12 +c. 

1 We read this as “the integral of 2% with respect to x is §x3 + ¢, where c is a constant”. 

If F'(z) = f(x) then /f(w) dz = F(z) +c. 

The constant c is called the constant of integration. 

This process of finding an indefinite integral is called indefinite integration. 

UM DISCOVERING INTEGRALS 
Just as we did in antidifferentiation, we can sometimes discover integrals by differentiation. 

The following rules will prove useful: 

e Any constant within the integral may be written in front of the integral sign. 

/kf(z) dx = k/f(m) dz, k is a constant 

Proof: Consider differentiating kF(x) where F'(z) = f(z). 

2 (k@) = kF'(@) = k f(2) 
/kf(a:)da::kF(a:)—i—c 

—k /f(z) dz 

e The integral of a sum is the sum of the separate integrals. This rule enables us to integrate term by 

term. 

Jir@ +s@nds = [ f@)da+ [ ofa)ao
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e o) Self Tutor 

Find the derivative of z*+2x%, and hence find / (223 + 32?%) da. 
c represents an arbitrary 

constant, so is simply 

any value ¢ € R. 

  

4 (z* + 223) = 423 + 622 
dx Instead of writing §, 

we can therefore still 

write just c. 
  

  

  

/(4173 62%) dx = 2* +22% + ¢ 

  

  /2(213 3z?) dr =2* + 223 + ¢ 

  

    2/(213 3z)dr =2t + 223 + ¢ 

  /(2x3 +32%)do = iz +2% + ¢ 

  

  
EXERCISE 22A 

1 a Find the derivative of z7, and hence find / 2% de. 
We can check that an 

. o 3 integral is correct by 
b Find the derivative of 2, and hence find / Vv dz. differentiating the answer. 

It should give us the 
1 3 . . 

¢ Find the derivative of z 2, and hence find [ z 2 dz. ntecrandiheinchoniue 
originally integrated. 

d  Find the derivative of 2", n # —1. Hence find / " dzx, 

n# —1. 

2 a Find the derivative of ¢**, and hence find / e dr. 

  

_z 
2 b Find the derivative of e 2, and hence find / 6_3. dx. 

¢ Find the derivative of e**, k # 0. Hence find /ek‘” dx, k#0. 

3 a Find the derivative of sinxz, and hence find / cosxdx. 

b Find the derivative of cosx, and hence find / sinz dx. 

1 

cos?z 
dx.   ¢ Find the derivative of tanxz. Hence find / 

4 Find the derivative of z* + 2%, and hence find / (322 4 22) da. 

5 Find the derivative of 3z* — 222, and hence find / (32® — 2) dx.
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6 Suppose F'(z) and G(x) have the derivative functions f(z) and g(z) respectively. 

a Find the derivative of F(z)+ G(x). 

b Show that /[f(x) +g(x)|de = /f(x) dz+/g(z) dx. 

  

BT 
Find the derivative of cos (2x + %), and hence find / sin (230 + %) dz. 

  

i(cos(?ac +2)) =—sin(2z + %) (2) 
dx 

= —2sin(2z + ) 

/ (72sin(2x + %)) dx = cos(?z + 

—Z/Sin(Qz + %) dx = cos(2z + 
sl )+c 

  w3
 )+c 

/sin(2x+§) dz=—%cos(2z+ %) +c       

7 a Find the derivative of sin3z, and hence find / cos 3z dzx. 

b Find the derivative of cos(% — :v), and hence find / sin(% - :v) dzx. 

¢ Find the derivative of e3**!, and hence find / e3* L dg. 

1 

Vor —1 

e Find the derivative of (2x + 1)%, and hence find /(2z +1)3da. 

dz.   d Find the derivative of +/5x — 1, and hence find / 

f Find the derivative of (z? — ), and hence find /(21: —1)(2% — ) da. 

8 a Find the derivative of Inz, x> 0. b Find the derivative of In(—z), z <O0. 

¢ Hence explain why /l de=In|z|+c¢, z#0. 
x 

NI RULES FOR INTEGRATION 
In Chapter 18 we developed a set of rules to help us differentiate functions more efficiently. These rules 

or combinations of them can be used to differentiate all of the functions we consider in this course. 

However, the task of finding antiderivatives is not so easy. Many functions simply do not have 

antiderivatives which can be expressed easily using standard functions.
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HISTORICAL NOTE 

Robert Henry Risch (1939 - ) is an American mathematician. He studied at the University of 

California, Berkeley. 

  

In his doctorate studies in 1968, Risch devised a method for deciding if a function has an elementary 

antiderivative, and if it does, finding it. The original summary of his method took over 100 pages. 

Later developments from this are now used in all computer algebra systems. 

After completing his doctorate, he worked at the IBM Thomas Watson Research Centre. 

We can construct some rules which will allow us to integrate most of the function types we consider in 

this course. 

INTEGRATING BASIC FUNCTION TYPES 

    
  

For k a constant, di(szrc):k /kdw:kaz+c 
X 

n+1 n nl 
If n 1, d (x Ic)—(n+l)x =" /m"d:l::w +c n#-—1 

dz \n+1 n+1 n+1 

i(ezfic):ez : edr=¢€"+c 
dz o 

d 
For z >0, E(lnxfi c) = 

d 1 | | is the absolute value of z, 

For z <0, %(ln(fx) teo)=—= = which was studied in Chapter 5. 

1d [ Inz+ec if >0 

2T \In(=2)+c if <0 

/%dm:ln|m|+c, z#0 

  

  

d . . 
d—(smx+c):cosx /cosw dr =sinz + ¢ 

T 

d . 9 
d—(—cos:r+c)=51nx /smzdz:—cosz——c 

T 

  
    d 1 1 

— (t = dr = tanx + ¢ 
dx (tanz +c) cos? / cos2
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k, a constant 
  

¢ is an arbitrary constant called 

the constant of integration or 

integrating constant. 

  
1 

ln‘z|+c, I#O 
T 

  

  

  

GENERAL RULES FOR INTEGRATION 

These rules can be combined with the results we saw in the previous Section: 

e Any constant within the integral may be written in front of the integral sign. 

/kf(z) dz = k/f(x) dz, k is a constant 

e The integral of a sum is the sum of the separate integrals. This rule enables us to integrate term by 

term. 

J1t@ +a@lde = [ r@0)da+ [ ofa)ao 

Example 3 o) Self Tutor 

a /(—2z3 + 5z — 2)dx < /(2 sinz — cosz) dz 

4 2 . _ +5if2z+c _1 =2(—cosz) —sinz + ¢ 
4 2 

= —2cosx —sinz + ¢ 
=—%z4+%x2—21+c 

  

    

  
There are no power or quotient rules for integration, so we often have to perform the multiplication or 

division first and then integrate.
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EXERCISE 22B 

1 Find: 

a /(zz + 3z —2)dz b /(2332 —3z+1)dx Remember that you can 
check your integration by 

3 2 _ 1 2 3 differentiating the 

¢ /( v 3) dz d /(2w tattw ) dr resulting function. 

e /(z4—z2—z+2)dz f/<4x2+%)dz 

8 /(2\/‘7%)@ h /<$7%>dz 

  

    

3 1 

i /(zfi—Q)dx I [Bz 2+a%)de 

2 Integrate with respect to z: 

a 2" —3x b éer?fez ¢ B5e® + 1a? 
x 

d 3sinz —2 e 4x —2coszx f sinz—2cosz + e 

5 _ . (z—1) 1 P 
g z*/x —10sinz h T = i —sinz+2yx 

3 Find y if: 

a ®_p b W yp2 ¢ _ L 
dx dx dx x2 

dy _ 2 W _ 9.3 _ dy _ , 3 2 d & e Z—ZI 4 f dw—4x + 3z 

g fi:27l h fi:sianchosz i d—y:26175+z 
dx T dx dx 

4 Find: 

t . 1 . 
a (2¢" — 4sint)dt b <3cost7?> dt < (5sint — /1) dt 

    

1 . . 2 1 
d /(CoszflC +2smm) dx e /(0—51n0)d0 f /(5 - cos?g)dé‘ 

  

  

  

S 

:/(x272fl+l)dx =/(3z 2 +z)dx 
x 

L 5 2 
:/(m2—2z2+z_1)d;v =3€ +%+c  
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5 Find: 

2 

a /(21+1)2dx b /(z-{-l) dx c /1_4wdm 
xr T\/T 

2 — 1 1Y 122 
d/fidz e/(f—fi)dm f/ — dx 

2 2 3_ 9,2 g /(g+1) de h /z dz+10 ; /3z 22z +5 40 
xr xr x 

6 Find f(x) if: 

  

    

  s flo) = (1-200 b )= V-2 ¢ =2 
7 Find: 

a /(fi+%cosx)dz b /(2ezf4sinz)dx < /(3c0sx7sinx)dz 

8 Find: 

a /(z27§>2dx b MT::Hdz < /\/5(33571)25190 

In+1 
  In the rule / " dr = +c¢, n# —1, why did we exclude the value n = —1? 
n+1 

C PARTICULAR VALUES 
We can find the constant of integration ¢ if we are given a particular value of the function. 

Example 5 o) Self Tutor 

Find f(x) given that: 

a fl(z)=2%-222+3 and f(0)=2 b f/(z) =2sinz —/z and f(0)=4. 
  

b f'(z) =2sinz — Vz 

. f(x):/(Qsinzfz ) dx 

8 

. f(z) =2(—cosz) — % e 

    © f(z)=—2cosx — 3x% +¢ 

But f(0)=4, so —2cos0—0+c=4 

. c=6 
3 

Thus f(z) = —2cosz — 222 +6.    
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EXERCISE 22C 

1 Find f(z) given that: 

a fl(z)=2z—1 and f(0)=3 b fl(z)=322+2z and f(2)=5 

) =24 - 2) =2 — —= - < f(w)72+\/§and f(1)y=1 d flz)==z fiand f=2 

e fl(z)=yZ—2 and f(4)=0 f f(z)=2L and fle)=2 
x 

2 A curve has gradient function Z—y =2 — 222 and passes through (2, 4). Find the equation of the 

curve. ” 

3 A curve has gradient function % =1—¢" and passes through (3, €*). Find the equation of the 

curve. 

4 Find f(z) given that: 

  

a f'(z)=2%—4cosz and f(0)=3 b f'(z) =2cosz — 3sinz and f(%):% 

c f’(:c):\/g_cfcojzz and f(m) =0 d f'(z)=e"+3cosz and f(m)=0. 

5 A curve has gradient function f’(z) = az+1 where a is a constant. Find f(z) given that f(0) =3 

and f(3) =-3. 

6 A curve has gradient function f’(z) = axz® + bz where a, b are constants. Find f(z) given that 

f(=1)=—-2, f(0)=1, and f(1)=4. 

Example 6 LR R 

Find f(z) given that f”(z) = 1222 —4, f’(0)= -1, and f(1)=4. 
  

If f'(z)=1222 -4 

L fl@) = /(129102 —4)dx 

But —14+d=4 andhence d=6 

Thus f(z) =2 - 22> —2+6      
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7 Find f(z) given that: 

a f'(z)=2x+1, f/(1)=3, and f(2)=7 

b f"(x)=15yT+ % 

¢ f’(z)=cosz, f'(%)=0, and f(0)=3 

d f”(z) =2z and the points (1, 0) and (0, 5) lie on the curve y = f(z). 

, f'(1)=12, and f(0)=5 

8 Suppose f"(z)=3e"%, f(1)= §, and f(3) = e% — 2. Find f(z). 
€ 

CIN EGRATNG (o + 
In this Section we deal with integrals of functions which are composite with the linear function ax + b. 

. d . . 
Notice that d—(e‘”“’) = ae® T, 

X 

1 
/e’“”*b de ==e®t L ¢ for a # 0. 

a 

Likewise if n# —1, -((az+b)™) = (n+1)(az +b)" xa 
dx 

=a(n+1)(ax+b)" 

    

(az + b)" 11 "y = 1 /(am—i—b) dz_a i) +c for n# —1, a#0. 

We can also observe that di(sin(a:v +b)) = acos(az +b). 
Xr 

1 
So, /cos(am + b)dxz = —sin(axz + b) + ¢ for a # 0. 

a 

1 
Likewise, /( sin(ax + b)) de = — cos(ax + b) + ¢ for a # 0. 

a 
  

      1 1 
and /m de = Etan(aw b) +c for a#0. 

. d (1 L) 1 a \_ 1 
Finally, dz(zln(az‘b)) a(az+b) =T for ar+b>0, a#0   

  

1 1 
. /a$+bd:v—gln(ax+b)+c for ar+b>0, a#0 

! dx:lln(f(axfib))fic for ax+b<0, a#0 
axr +b a 
  We can similarly show that / 

      

1 1 
/ de =—In|lax +b|+c for a#0. 

ar +b a
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For a, b constants with a # 0, we have: 

eax+b — eaxtb +c 

   
cos(azx + b) 1 sin(az +b) + ¢ 

a 

c 
1 

1 (e —sin(az + b) L cos(ax + b) + 
a n+1 a 

1 1 
2T D |3 tan(az +b) + ¢ 

    
  

      lln\aaerb\ch 
a   
  

LR R (T 

  

  

    
EXERCISE 22D 

    

1 Find: 

a /(2:c+5)3dx b /(4:673)701:6 < /3(17x)4d:c 

1 4 
d /mdz e /mdz f /\/31—4031 

10 4 . 5 
g /mdz h /mdz i /mdz 

2 Find y = f(z) given %:\/—2%7 and that f(8) = 11. 

4 
3 The function f(z) has gradient function f/(z) = 

the point (-3, —11). 

Find the point on the graph of y = f(x) with z-coordinate —8. 

and the curve y = f(z) passes through   

Vvi—z’ 

4 Find: 

a /3(2z —1)%dz b /(4z —5)%dx < /(1 —32)%dx 

d /(2751)2@ e /4\/57zdac f /(7z+1)4dz 

5 Find an expression for y given that dy _ T — and that the curve passes through (2, 0).   

dx (1—z)2
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Example 8 o) Self Tutor 

Integrate with respect to x: 

a 2% —e 73 b 2sin3z + cos(4x + ) 

a /(2621 —e %) dx b /(2 sin 3z + cos(4z + 7)) dz 

_2(1)62 _(}3)6—31_;_0 :2><7écos3x+%sin(4x+7r)+c 

_ 2 1,3 = —2 cos3z + 2 sin(4 e Lot e % cos 3z + g sin(4x + ) + ¢ 

  

6 Integrate with respect to x: 

1 
  a sin3z b 2cos(—4z) +1 c 

  

cos? 2z 

d 3cosZ e 3sin2r—e™7 f 2sin(2z+ %) 
2 4 

—3cos(§F —x h e? — P—_— 
¢ (4 ) cosz(%) cosQ(% — 2z) 

J cos2z+sin2z k 2sin3x + 5cosdx 1 %cos&r—iflsinx 

7 Find: 

a /(26‘” +5e*) dx b /(3€5$72) dx < /(67731;) dx 

2r _ =\2 

d /(ez fe T2 dr e /(e—z +2)2 d t /u dz 
61 

2 8 Find an expression for y given that Z—y = (1—¢")?, and that the graph has y-intercept 4. 
T 

9 Find f(z) given f'(z)=2e72® and f(0)=3. 

10 Suppose f'(z) =psing, f(0)=1, and f(27)=0. Find p and hence f(z). 

11 Consider a function g such that ¢”(z) = —sin2z. 

Show that the gradients of the tangents to y = g(x) when z == and z = —n are equal. 

—dx 12 A curve has gradient function +/z + %e 

function. 

and passes through (1, 0). Find the equation of the 

Example 9 o) Self Tutor 

  

>/ 1-2z 

=4(L)In|1-2z|+c 

=—-2In|1-2z|+c    
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13 Find: 

a /zi4dx 

d /<4+5z1—2>dx 

  

  

  b/ L g 
2¢ —1 

e /(1—2z+ 1 o   )dx 
3 

  C/ 5 dx 
1-3z 

f/(sinZa:— 3 >dx 
1-—2z 
  

14 To find /i dz, Tracy’s answer was /L de = 1In|dz | +c. 
4z 4z 

1 
1 

. 1 1 
Nadine’s answer was /— dx = %/— de=3In|z|+c 

4x T 

Which of them has found the correct answer? Prove your statement. 

3z —1 
Show that v — may be written in the form 3 — 7 3 

x T+ 2 T+ 2 
15       . Hence find / 

2 
16 Find f(z) given f'(z) =2z — T and f(—1) =3.   

dx. 

I3 [ INTEGRATION BY SUBSTITUTION 
Consider the integral /(z2 +32)* (27 + 3) dx. 

The function we are integrating is the product of two expressions: 

e The first expression is (2 + 3x)%, which has the form f(u(x)) where f(u) = u 

u(z) = 22 + 3z. 

  .o . .. ds 
e The second expression is 2x + 3, and we notice that this is d—u 

T 

4 and 

So, we can write the integral in the form /f(u(x)) Z—Z dr where f(u)=u* and u(z) = 2%+ 3x. 

Integrals in this form can be found using a method called integration by substitution. 

Integration by substitution is the reverse process of differentiating using the chain rule. 

dF 
Suppose F'(u) is the antiderivative of f(u), so = fw) 

/f(u) du=F(u)+c .. (1) 

But L _ 4 du {chain rule} 
dx du dx 

= fu) & 

/f(U)Z—de:F(u)+c . Q) 

Comparing (1) and (2), we conclude that: [ Gdo= [ )i



Using this method, 

We use u in our solution, but we 

/(x2 +32)*(2z 4 3) dx give our answer in terms of z, 
since the original integral was 

Y du 2 du with respect to x. = dx {u=2"+32, —=2r+3} 
da dz 

= / u* du {replacing Z—u dx by du} 
X 

5 
u 

=5 te 
%(xz +3z)° +¢ 

[l T IER ] 

Use substitution to find: 

/\/w3 + 2z (322 + 2) dx /$€1712 dx 

/cosgxsinm dx /C_OSz dx 
s T 

/ Vo3 + 2z (32 + 2) do /106171'Z dx 

/\/_ — dz {u=a3+ 2z, - 7% /(723;)61*1'2 dz 

du 

  

  

  

  

1 — =322 +2} 
_ d _/ u? dz :7% e”—udz {uzliwz, 

dx du 

2 — = -2z} 

e S feaE 
2 

2 =-le*+¢ 
= 2(2® +2z)7 e 2 s 

__1,1— 
7*56 v +c 

/cos rsinz dx /Cészdz 
sinT 

/cosx sinz dx =/l%d:v {u=sinz, 
u ar du 

1 — =cosz} 
= (7—) dx {u = cosz, =/—du do 

dx u 

d—uz—sinx} =—/u3du dz =In|u|+c 

=In|sinz|+c 

  

   

    

f'(x) 
f(=) 

is a useful result. 

  dz =In|f(z)|+c     
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We need to choose our substitutions carefully. 

For example, in Example 10 part d, if we let u = cosz, then Z—u = —sinz and we obtain 
X 

    

i du smx — 
dz 

wrong substitution and we need to try another option. 

EXERCISE 22E 

1 Differentiate (222 — 5x)3, and hence find /(4:c —5)(22% — 5z)? da. 

/ 82 o = / “_ dz. This is not in the correct form to apply our theorem, so we have made the 

2 Differentiate sin(z2), and hence find /xcos(xz) dx. 

  

3 Differentiate In(5 — 3z + z2), and hence find / 26 
5 — 3z + a2 

L Use the substitution given to perform each integration: 

a /312(13 +1)* dzx using u=2a%+1 b /xQezs“ dr using u=2a°+1 

< /sin4 rcosz dr using u =sinz d /21’ cos(z* — 3) dz using u =a% -3 

5 Integrate by substitution: 
2 423(2 403 2z 6z 

a 4232424 b —\/m c @1t 

5 (302 = __at2 d (2° 42z +1)*(32* +2) e =2y f @i 3e 

6 Find: 

_ 9, 1-2z z? evye a/Qe dx b/2ze dx c/fidz 

7 Find: 

      a 2 g b L _dz c 2273 e 
2 4+1 2 — 2 22 — 3z 

8 Integrate with respect to x: 

    

a z%(3—2%)? b zv1-—a? ¢ el 

3 g2 
d (o e (20— 1) t 1=c 

kg z° — 3z 

9 Integrate with respect to z: 

  

s 7 5 . sin z 
a sin’ rcoszx b cos®’zsinz < 

4/COST 

0 CcCosT 

d tanz e +/sinzcosz f —— 
(2+sinz) 

sinx cos 2x . . 
—_ h —— i xsin(z?) 
1—cosx sin2z — 3 

10 Find: 

  

etan T 3 .3 

a dx b cos® x dx < sin® 2z cos 2z dx 
cos? x
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REVIEW SET 22A 

1 Find the derivative of z* — 22, and hence find / (22% — z) dx. 

2 Find the derivative of sin(% — Zz), and hence find / cos(% — Qx) dx. 

3 Find: 

a /(ffz%)dx b /(2%%)@ c /Gf/gsdz   

  

4 1.3 1—2 
a 7 b 32°+2z = 

5 Find: 

4 o 33 — 22 —1 9 
a [(—3z"+62%) dx b [ ———d ¢ [ (2v— =) do 

d /(461 - E) dz e /sin(4x —5)dz f /64_3I dz 
xr 

6 Find y if: 

a fl:36_””72sin(flfac) b W cosar — 1g2 
dx R dx R 

7 Giventhat f/(z) =32z? — 42z +1 and f(0) =2, find f(z). 

8 The curve y = f(z) shown alongside has gradient 

function f/(z) = ax +3. 

Find the equation of the curve. 

  

9 Given that f/(x) =3e?® and f(0) =2, find f(z). 

10 Find: 

2 _ 
a /x 7d;v b /(eh_s‘— 2 )da? 

B 3z —1 

< /((4 — 3z)% + sin(—2z)) dz 

    

11 A curve has gradient function f/(z) = acos3z where a is a constant. f(0) = —1 and 

f(%) = 1. Find a and hence f(z). 

  12 Find the derivative of v/x2 — 4, and hence find / = 
x4 —4 

13 Find /xsin(szr%) dz using u=a1?+7%.
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14 Integrate by substitution: 

a / Z+2 dz b /21612_1df 
x4 + 4z 

c /singzcosz dz d /tan?z dz 

  

REVIEW SET 22B 

1 Find the derivative of 6e~2%, and hence find / e 2 dz. 

  

  

2 Find the derivative of In(2z + 1), and hence find / > 1+ T dz. 
T 

3 Integrate with respect to x: 

z2 —2 
— b (3z—4)2 ¢ 4-—22? 

&4 Find: 

a /(z%+3>dz b /(3x272)dz c /(3+2z)2dz 

5 Giventhat f/(z) =22 —3z+2 and f(1) =3, find f(z). 

6 Find y if: 

W21y W _ 400 — 20073 a 2-@2-1 b 2 =400 - 20z 

7 Find 

a /(23&3 —5z+7) dx b /<3x - i) dx < /(26” +3) dz 

d /4cos2z dx e /(3+eh_1)2dw f /; dz 
cos?(g — ) 

8 Find f(z) given f'(z)= ; —1 and f(2) =e. 

9 A curve has gradient function j_y = ax? +by/zx — 1 where a, b are constants. 
i 

Find the equation of the curve given that it contains the points (1, 4), (2, 4), and (5, 1). 

3 

V4 — 3z 
  10 Find f(z) given f'(z)= and f(—4) =0. 

11 Find: 

a/ L i b/ 1 g 
3—2z 5z +1 

12 By differentiating (322 +z)3, find / (322 + x)2(6z + 1) d=. 
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13 Integrate by substitution: 

a / 2 da b / sin4z de 

/22 _ 5 cos* x 

c /4356’12 dr d /sin3x dx 

14 Find / L 5 dz using the substitution: 

  

  

a u=a>2-9 b 1z =3sint



  

Definite integrals 

Contents: 

  

m
o
n
N
n
 

o
=
 

Definite integrals 

Definite integrals involving 
substitution 
The area under a curve 

The area above a curve 

The area between a curve and the 
y-axis 

Solids of revolution 
Problem solving by integration
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OPENING PROBLEM 

On August 8, the intensity of light entering a I 

greenhouse is given by [ = 3s1n "3 units per hour 

if the day is sunny, and [ = sin & unlts per hour if the Ci 

day is overcast, where ¢ is the number of hours after 

sunrise, 0 <t < 10. > - 

The graphs of these curves are shown alongside. 

Things to think about: 

a Can you identify each curve? 

b Can you find the shaded area enclosed by C; and Cy for 0 < ¢ < 10? 

¢ If the intensity of light is regarded as its rate of energy transfer, what does the area in b mean 

about the energy entering the greenhouse? 

We have already seen how the Fundamental Theorem of Calculus gives meaning to a definite integral 

over a particular domain: 

b 
For a continuous function f(x) with antiderivative F(z), / f(z)dx = F(b) — F(a). 

a 

In this Chapter we explore definite integrals and how they are used to calculate areas. 

DN DEFINITE INTEGRALS 
The definite integral 

/ f(z)dx reads “the integral from xz =a to z=1>b of f(x) with respect to z” 

or “the integral from a to b of f(z) with respect to z” 

When calculating definite integrals we can omit the constant of integration c as this will always cancel 

out in the subtraction process. 

We write F(b) — F(a) as [F(z)]", and so / ’ f(z) dz = [F(z)]) = F(b) — F(a). 

For continuous functions, we can list the following properties of definite integrals: 

. / f)do== [ fe)da 

. / k f(z)do = k / ) e 

. /f dz-i—/ f(z)dx_/f(m)dz 

. / @) + 9()] do = / f@)da + / 9(z) do



DEFINITE INTEGRALS  (Chapter 23) 585 
  

  

  

  

  

Find: 
2 4 . 

a /(13—4x+5)dz b / <2\/5+—)dm 
1 1 z 

2 

a (2® — 4z +5)dz We omit the constant 

L of integration ¢ for 

= [ix“ — 25+ 53;]? definite integrals. 

4 4 

= (% - 207 +50) - (& -2 +50) 
=6—3% 
_1u 

1 

4 3 e s 
b / (2\/5+ —) dx c / sin2z dr = 7%c0s21] ? 

1 z 0 0 

s 4 — (—leos2E) — (—1 cosO 
:[%xl+3ln\x\] 

(12C0153)1 (=3 cos0) 

! =—3(-3)+3 
8 3 =3 

= (%(4)2 +3ln4) - (%(1)2 +3ln1) ! 
=4x8+6ln2—3% 

=2 16In2     
Some definite integrals are difficult or even impossible to evaluate analytically. 

In these cases you are expected to use a graphics calculator to evaluate the 
; GRAPHICS integral. CALCULATOR 

INSTRUCTIONS 

Example 2 o) Self Tutor 

  

Heth)RedForn]) (d7c)Rea) R *Unsaved v 
5 
. xe*dx 586.264 

5 586.2635803 

  

T       

5 
/ re® dr ~ 586.3 

2    
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EXERCISE 23A 

               
1 Find: Use questions 1 to 4 

to check the properties 

/ Ve dz and / = \/_) dx of definite integrals. 

b /x dx and /( ") dx T 
0 

  

  

  

2 Find: 
1 2 2 1 

a / z? dx b / z? dx < / 22 da d / 322 dx 
0 1 0 0 

3 Find: 
2 3 3 

a / (z® — 4z) dz b / (z® — 4z) dz < / (2% — 4z) dx 
0 2 0 

4 Find 
1 1 1 

a / 222 dx b / Vv dz < / (222 + V) dx 
0 0 0 

5 Evaluate: 
1 2 2 

a / 2% da b / (z® — z)dx < / (32% —z+6)dx 
0 0 0 

4 3 4 9 4 
d r—— | dz e T+ 2y/x) dx f / > dx 

/1 ( w) /1 ( ve) 4 V7 
8 2 4 1 

g / — dx h / (z+3)* dx i / <12+ )dz 
1z 1 1 z 

2m 

6 Find m such that / 2z —1)dz =4. 

7 Find: 
1 6 0 

4 — a /0(3x+1) dx b /2 md:c < /_3\/1 z dx 

8 Evaluate: 
1 3 2 

a / e’ dx b / (2¢" —3)dx < / e dx 
0 0 0 

1 In4 2 
d / el =% dx e / e*(e* —2)dx f / (e™® +1)%da 

0 0 1 

9 Evaluate: 

5 3 T 
a / cosz dr b / sinz dz < / 5— dz 

0 % % CcOos“ T 

d 

S
—
 

gsin3a:da: e /;cos(z—%)d:v f/zsin(Qz—%)dz 
z =
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[ 

10 Evaluate: /6 (sin3z — cosx) dx 
0 

12 
11 Write / L dz as a single logarithm. 

3 

      

    

  

x 

12 Find: 
-2 5 8 0 

a/ldz b/ldx C/de d/4dz 
6 T i z+4 . 3z+4 _4 52z 

13 Show that do +11 may be written in the form 4 + 5 T 
T — xr — 

5 
Hence show that / 4x+11 dr =8+5In2. 

3 T~ 

14 Evaluate using technology: 

  

3 1 = 
a / Inw dv b / e " dx < /6 sin(v/z) dz 

1 —1 = 

3 1 1 
d / ! ;L i dx e / tan(z?) dz f / (2% — 2%) da 

, z°+1 1 o 

(1] [DEFINITE INTEGRALS INVOLVING SUBSTITUTION 
When we evaluate a definite integral using substitution, we need to make sure the endpoints are converted 

to the new variable. 

€T «) Self Tutor 

1 
6x 

Evaluate /0 @ dz. 

When =0, u=1 ) 

When z=1, u=2 :3/ T 

1 
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EXERCISE 23B 

1 Evaluat:: 5 The endpoints of the integral 

2 _1\3 z must always correspond to 
@ /1 2o(@” = 1) dz b /1 (22 4 2)2 du the variable of integration. 

1 s 3 
< / 22e” 1 dg d / z\/ 22 + 16 dzx 

0 0 

2 2 3 T U 

e / ze” % dx f / 5 dz ‘ 
1 9 2—x 

e ) Self Tutor 

  

2z 
Evaluate / Vsinz cosz dx. 

s 
  

= x 
. du 2 T 2 du 

Let u=sinz o = cose Vsinz cosx dr = \/Ed—dz 
I sl r X 

6 G 

When z=2%, u=sinZ =1 6° 6 2 1 
_ 2 

When =%, u=sinf =1 —fi“ du 
2 

571 
w2 

ers]_G/dReal = |3 
2 n+2 

stin x cos xdx 

0.4309644063 
S
 

L 

  

  

  
  

2113 2(1\s 
=307 -3(3)° 

0.4309644063 n 1 

T3 34 

2 Evaluate: 

5 5 5 
a e b sin? z cos © dx c tanz dx 

0 4/ COST 0 _T 
6 

[ I THE AREA UNDER A CURVE 
We have already established in Chapter 21 that: 

If f(z) is positive and continuous on the interval 

a < z < b, then the area bounded by y = f(z), 

the z-axis, and the vertical lines x =a and x =05 
b b 

is given by A:/ f(z)dx or /ydz. 
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Find the area of the region enclosed by y = 2x, the z-axis, z =0, and x =4 using: 

  

  

  

a a geometric argument b integration. 

4 
a y b Area= / 2z dx 

y=2z Area:%X4><8 o 
8f-= o _r.214 

: = 16 units =z ]0 
: — 42 _ 2 

= 16 units? 

Example 6 o) Self Tutor    
z=1, and =z =2. 

It is helpful to 

sketch the region. 

  

  
We can check this result using technology. GRAPHING PACKAGE ~ 

) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 23C 

1 Find the shaded area using: 

a a geometric argument 

b integration. 

  

2 Find the area of each region described below using: 

i a geometric argument ii integration 

a the region enclosed by y =5, the z-axis, z = —6, and = =0 

b the region enclosed by y =z, the z-axis, =4, and z =15 

¢ the region enclosed by y = —3z, the z-axis, z = —3, and z = 0.
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3 Find the area of the region bounded by: 

a y=22 the z-axis, and =z =1 
3 b y=2a’ thez-axis, z=1, and =z =14 

¢ y=1a2-1, the z-axis, =2, and z =3. 

4 The graph of y = —2? + 2+ 6 is shown alongside. 

a Find the coordinates of A and B. 

b Hence find the shaded area. 

  

5 Find the area enclosed by each curve and the z-axis: 

a y=-22+7x-10 b y=-222+2r+4 ¢ y=3-—2° 

  

Example 7 LR AT 

Find the area enclosed by one arch of the curve y = sin2z and the z-axis. 

The period of y =sin2z is 27" =, so the first positive z-intercept is 7. 

The required area = / * sin2z do 
0 

™ 
2 

= {%(7 cos Qz)] 
0 

__1 ==5 [cos ZI]O 

= —3(cosm — cos0) 

=1 unit? 

  

Show that the area enclosed by y =sinz and the z-axis from = =0 to z =7 is 2 units?. 

Find the area of the region bounded by y = cosz, the z-axis, =0, and z = . 

Find the area enclosed by one arch of the curve y = cos3z and the z-axis. 

©
 

0
 
N
 o
 

The graph alongside shows y = tanz for —5 <z < 7. 

A is the point on the graph with y-coordinate 1. N     
a Find the xz-coordinate of A. 

b Find /tanz dz. 

¢ Hence find the shaded area.
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10 Find the area of the region bounded by: 

1 
a y= -, thez-axis, z=1, and z=2 b y=¢", theaxes, and z =1 

x 

< y=2—%, the z-axis, and = =4 d the axes and y=+9—=x 
T 

e y=e*+e ¥, the z-axis, z =—1, and =z = 1. 

11 Use technology to find, correct to 3 significant figures: 

a the z-coordinates of A and B 

b the shaded area. 

  

     

      

12 a Show that i(fi), ! 
do\1+4cosz) 1+cosz’ 

  

_ 1 

Y 1+ cosz b Hence find the area of the region bounded by 

y= ;, the z-axis, z =0, and = = 2. 
1+ cosx 

13 a Find b, correct to 4 decimal places. b Find the exact value of a. 

  

d Find k such that area A and area B are 

equal.   
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INVESTIGATION 

b 
Can / f(x)dz always be interpreted as an area? 

What to do: 

b 

1 1 

Find / 2% dz and / z3 dz. 
0 -1 

Using a graph, explain why the first integral in a gives an area, whereas the second integral 

does not. 
0 

Find / 23 dz and explain why the answer is negative. 
-1 

0 1 1 

Show that / z3 dx + / 2% dr = / z° dz. 
= 0 =il 

-1 
Find / 23 dz and interpret its meaning. 

0 

2 Suppose f(z) is a function such that f(z) < 0 forall a <z < b. Write an expression for 
the area between the function and the z-axis for a < x < b. 

3 Evaluate using area interpretation: AY 

3 7 
a / f(z)dz b / f(z)dzx 

0 3 
4 7 ™ 

< / f(z)dz d / f(z)dz 
2 0 

4 Evaluate using area interpretation: 

4 6 
a / f(z)dz b / f(z)dzx 

0 4 
- 

C 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      

/:f(z)dz d /Osf(m)dz )                             

[0 I THE ARGA ABOVE A CURVE 
If f(z) is negative and continuous on the interval y 

a < z < b, then the area bounded by y = f(x), 
the z-axis, and the vertical lines x =a and x =0 

is given by 

  

b b 
A=—/ f(z)dz or —/ y dz. : :y:f(z)
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Proof: 

The reflection of y = f(x) in the z-axisis y = — f(z). 

By symmetry, —f(z) >0 on the interval a <z < b, 

and the area bounded by y = —f(z), the z-axis, = = a, 

and x =b is also A. 

A= ' r@) e 

=—/bf(a:)dz 

Example 8 ) Self Tutor 

  

Find the area bounded by the z-axis and y = 22 — 2z. 

y=a’—2x 

= @f(w=9) 

the z-intercepts are 0 and 2. 

2 
Area = 7/ (2% — 2z) dx 

0 

  

=-[6-49-0]=3 
the area is % units?. 

  

  
EXERCISE 23D 

1 Find the shaded area: 
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Ao 

Find the total area of the regions contained by y = f(x) and the z-axis for f(z) = 23+ 2% —3z. 

  

  

    
        

  

f(z) =2 +22% - 3z 
x(x2+21'—3) y=2%+ 222 

z(z —1)(z +3) 

.y = f(z) cuts the z-axis at 0, 1, and —3. 

Total area 

0 1 
/ (z® + 22% — 3z) dw / (2% + 222 — 3z) dx 

0 

z4 2: zt , 223 322 0 , 23 322 ! 

4 3 2| ., |4 3 2 

=(0-(-113)) - (-5 -9 
=112 units® 

  

  

  
  

0 Graphing the function helps 

us see where it is above 

and below the z-axis.     
  

2 Find the total area enclosed by the function y = f(z) and the z-axis for: 

a f(z)=2°—-9 b f(z) = —x(z —2)(x —4). 

3 a Explain why the total area shaded is not equal to 

/17 f(z) da. 

b Write an expression for the total shaded area in 

terms of integrals. 

  

For the graph of y = f(z) alongside, 
4 

/ f(z) dx = —6. Which region is larger, 
-2 

  

]y
 A or B? Explain your answer. 

  

5 The area of the region bounded by f(z) = 72, the z-axis, z =3, and = =k, is 9ln2 units2. 
x 

Find the value of k. 

6 a Sketch the graph of y =2sinz+1 for 0 <2 < 27 

b Find the area between the z-axis and the part of y = 2sinz + 1 that is below the z-axis on 

0<x<2m. 

1 
7 Suppose f(z)= T 

a sketch the graph of y = f(z) 

b find the area of the region bounded by y = f(z), the z-axis, z = -3, and = = —2. 

. Use technology to:
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8 The cross-section of a roof gutter is defined by f(z) = 0.02z* —0.422 —2.5, for —5 <z <5 cm. 

a Find the cross-sectional area of the gutter. 

b The gutter is 20 m long. How much water can it hold in total? 

ACTIVITY 1 

We have seen that to find the total area between a function and the z-axis, we may need to add 

several integrals together. 

This has required us to find every z-intercept, and take care as to whether we are adding or subtracting 

each integral. 

If we are using technology, we can save some work by using an absolute value function. 

b 
The area between f(z) and the z-axis on the interval a <z <b is A= / | f(z)|dz. 

To draw the graph of y = | f(x)|, the parts of y = f(x) which lie below the z-axis are reflected in 

the z-axis. This ensures that all of the components of the area lie above the x-axis, and are correctly 

added together. 

For example, the shaded area alongside can be calculated as 

4 

/ |&® — 20 — 11z + 12| dz 
& 

~ 78.1 units? Gz     y=z3—2z%— 11z +12 
% 2 1o 

Jdx=78.0833333 

  

What to do: 

1 Use technology to find the area between: 

a y =122 —x—2 and the z-axis on the interval 0 < <3 

r<4 

a 

b y =27z +5 and the z-axis on the interval —2 < 

¢ y=sinz and the z-axis on the interval 0 <z < 5. 

2 a Use technology to find: 

3 

i / (2® — 22 — 5z + 6) dw 
=3 

3   

i / |2 — 22° — 53+ 6 | dz 
—2 

b Interpret your answers in terms of the 

areas A; and A, alongside. 

  

3 Use technology to check your answers to question 2 of Exercise 23D.
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13 [THEAREA BETWESN A CURVE AND THE -AXi 
We have seen that the area between the curve y = f(x) and the z-axis on the interval a <z < b is: 

b b 
e For y= f(z) >0, area:/ f(z)dz. e For y= f(z) <0, areazf/ f(z)da. 

  

If f is invertible so that @ = f~1(y), then we can write analogous integrals for the area between the 

curve and the y-axis. 

The area between the curve y = f(z) and the y-axis on the interval ¢ <y < d is: 

e For z=f"Y(y) >0, e For z=f"1(y) <0, 

d d 
area =/ () dy. area = —/ () dy. 

y      
€T PR [ LR AT 

Find the area between the curve: 

a f(z)=+x—1 and the y-axis between y =1 and y =2 

b f(z)=2—2° and the y-axis between y =3 and y = 10. 

_10 
- 3 

units?
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EXERCISE 23E 

1 The graph of f(z) = 

a Find f1(y). 

2 Find the shaded area: 

  

Sl
 

is shown alongside. 

b Hence find the shaded area. 

  

3 Find the area of the region bounded by: 

  
a z=1y%+1, the y-axis, and the lines y =1 and y =2 

b z=./y+5, the y-axis, and the lines y = —1 and y =4. 

4 Find the exact area of the region bounded by: 

a y=./r, the y-axis, and the lines y =2 and y =3 

b y= z, the y-axis, and the lines y = —1 and y = -3 

C Y= 

x 

x +1 
  

2—x 
, the y-axis, and the lines y =1 and y=4. 
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DISCUSSION 
e Why did we require f to be invertible? 

e How could you find the shaded area for this function? 

  

LRI 50LIDS OF REVOLUTION 
SOLIDS OF REVOLUTION ABOUT THE z-AXIS 

Consider the curve y = f(z) for a <z <b. 

If the shaded area below is revolved about the z-axis through 360° or 27, a 3-dimensional solid will be 

formed. This solid is called a solid of revolution. 

DEMO 

  

To find the volume of the solid, we can think of it as being made 

up of n thin cylindrical discs, where the radius of each disc is the 

value of the function at the left end x = x;, and the height is h. 

The volume of the ith disc is 7 [f(z;)]> h, so the total volume of 

the discs is 

S alf()] ke 
i 

To find the volume exactly, we need infinitely many discs. We 

therefore take the limit as h — 0. 

Volume of revolution = }{in}] S alf(z))* h 

=/3umfm 
a 

b 

:w/[flmfm 
a 
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When the region enclosed by y = f(z), the z-axis, 

and the vertical lines z =a and x =1b is revolved 
through 27 about the z-axis to generate a solid, the 

b 
Volume of revolution = 7 / [f(2)]? da 

[ 

b 
or 7r/ y2 dx. 

a 

e Rk LR (R TS 

  

Find the volume of the solid formed when the graph of the function y =22 for 0 <z <5 is 

revolved through 27 about the z-axis. 
  

b 
Volume of revolution = 7 / y*dx 

a 

Il 3 

S
—
 

ot
 

8 
N
 

o
 s
 

8 
= 7(625 —0) GRAPHICS 

. CALCULATOR 
= 6257 units® INSTRUCTIONS      

EXERCISE 23F.1 

1 Find the volume of the solid formed when the following are revolved through 27 about the z-axis: 

  

a y=2x for 0<z<3 b y=x for 0<z<4 

¢ y=2% for 1<z <2 d y=z% for 1<z<4 

e y=2a2 for 2< <4 f y=v25—22 for 0<z<5 

g yixil for 2< 2 <3 h y:er% for 1<z<3 
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3 a Describe the solid of revolution when the shaded region 

is revolved about the z-axis. 

b Find the equation of the line (AB) in the form 

Yy =mx+c. 

¢ Find a formula for the volume of the solid using 
b 

V:fl'/ y? dx. 

A circle with centre (0, 0) and radius 7 units has 

equation % +y? = r2. 

a If the shaded region is revolved about the 

z-axis, what solid is formed? 

b Show that the volume of revolution is %wr?’. 

  

5 Find the volume of revolution when the following regions are revolved through 27 about the z-axis: 

- 1 
a y=+sinz for 0<z <7 b y= for 0<z< % 

cos T 

  

6 Use technology to find, correct to 3 significant figures, the volume of the solid of revolution formed 

when these functions are rotated through 27 about the z-axis: 

a y=lnz for 1<x<5b b y=4sin2z for 0<z <% 

  for 1<xz<3 d y=e"m7 for 0< <2 

SOLIDS OF REVOLUTION ABOUT THE y-AXIS 

If the function f(z) is invertible, we can also define a solid of revolution about the y-axis. 

DEMO 
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When the region enclosed by the invertible function 

y = f(x), the y-axis, and the horizontal lines y = ¢ 

and y = d is revolved through 27 about the y-axis to 

generate a solid, the 
d 

Volume of revolution = fl'/ [F~"(»)] * dy 
c 

d 
or fl'/ x? dy. 

c 

Example 12 ) Self Tutor 

  

The graph of y =1Inz, 1<z <e is revolved through 27 about the y-axis. 

Find the volume of revolution. 

When z=1, y=0 Volume of revolution 

When z=e¢, y=1 1 
. = z? dy 

. we rotate the function for 0 <y < 1. . 

1 
= [ (") dy 

0 
1 

= 7r/ eV dy 
0 

2011 
=[3e”], 

— (e~ 3) 
(      

EXERCISE 23F.2 

1 Find the volume of the solid formed when the following are revolved through 27 about the y-axis: 

a y=2a% x>0, between y =0 and y =4 

y=+/T between y=1 and y=4 

y=Inz between y=0 and y =2 

y=+/r—2 between x =2 and x =11 

y=(z—1)% between z=1 and z = 3. ® 
O
 
A
 
O
 

2 Find the volume of revolution when the shaded region is revolved through 27 about the y-axis. 

2 2 
3 Find exactly the volume of the solid of revolution formed by revolving the relation % + L 

16 
z >0 through 360° about the y-axis. 
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4 A wooden bowl is made in the shape of a paraboloid by revolving the curve y = %xz, z >0, 

between y =0 and y =4 through 27 about the y-axis. Find the capacity of the bowl. 

The shaded region is rotated through 360° about the y-axis. 

a Find the volume of revolution. 

b A hemispherical bowl of radius 8 cm contains water to 

a depth of 3 cm. 

Find the volume of water in the bowl. 

  

6 The outer casing of an hourglass is a cylinder with 

diameter 3 cm and height 8 cm. The inner casing 

which contains the sand is formed by rotating the curve 

y? =823 — 0.2, —4 <y <4 about the y-axis. 

Use technology to find the volume of air between the 

inner and outer casings. 

  

When we studied differential calculus, we saw how to find the rate of change of a function by 

differentiation. 

  

Since integration is the reverse process of differentiation, integration can be used to measure the change 

in a quantity from its rate of change. 

When we introduced integration, we separated the area under a curve into rectangles. The area of each 

rectangle is the rate of change of the quantity times the subinterval width, which tells us the change in 

the quantity corresponding to that subinterval. 

So, the area under a rate function for a particular interval tells us the overall change in the quantity over 

that interval. 

  

Example 13 O (R (1) 

The rate of power consumption by the city of Bristol can be 

modelled by the function 

E(t) = 0.35in (427) 4 0.1cos (452 40775 GW 

where ¢ is the number of hours after midnight each day, 

0<t <24 

Find the following quantities and explain what they 

represent: 

12 24 24 

a / E(t)dt b / BE@)dt < / B(t)dt 
0 12 0 Ipgphotos/Shutterstock.com 
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E(t) = 0‘3Sin<w> + 0.1cos<u)l) +0.775 GW 

/E(t) dt = 0.3(—cos (U527 ) (42) + 0.1sin (4522 (£) +0.775¢ + ¢ 

37'(6 cos((t_lgo)w) f 07'(6 sin((t_fifi)w) +0.775t + ¢ 

12 
a / E(t)dt = (-8 cos T F 2L s o 9.3) — (—28 cos(—22) + L sint=n) + ) 

0 
~7.315 GWh 

The morning power consumption of Bristol is about 7.32 GWh. 

24 
b / BE(t)dt = (-8 cos IF + %537 + 18.6) — (—2L cos £ + Lo simrm + 9.3) 

12 

~ 11.285 GWh 

The afternoon power consumption of Bristol is about 11.29 GWh. 

24 12 24 

¢ / E(t)dt = / E(t)dt + / E(t) dt ~ 18.6 GWh 
0 0 1 2 

  

  

  

  

  

  

The total daily power consumption of Bristol is about 18.6 GWh.     
EXERCISE 23G 

1 The rate of traffic flow past a pedestrian crossing AR(t 
  

  

  

  

between 8 am and 8:30 am is given by 50 
3 2 

R(t) = B B 4440 cars per minute, 
80 2 

where ¢ is the number of minutes after 8 am, 40 

0<t<30. 
  

The graph of R(t) against ¢ is shown alongside. 
  

  

  

a Find the rate of traffic flow at 8:20 am. 30 

b Use the graph to estimate the time at which 

the traffic flow was greatest. 20 PRINTABLE 
GRAPH ¢ Copy the graph, and shade the region 

15 
corresponding to / R(t)dt. Explain what |, 

10 
this region represents. 

  

  

                  d How many cars passed the crossing between 0 ! 

8 am and 8:30 am? 0 10 20 30 

2 Evan is happily paddling until his kayak strikes a sharp rock. 

Water begins to leak in at the rate Ry(t) = 5 — 5e~%2¢ litres per minute, where ¢ is the time in 

minutes. 

Evan tries to bail the water out of the kayak, removing the water at the rate 

R(t) = 6 — 6e=%1* litres per minute. 

a After 2 minutes, at what rate is water: 

i leaking into the kayak ii being bailed from the kayak? 

b Is the amount of water in the kayak increasing or decreasing after 2 minutes? Explain your 

answer.
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¢ Evaluate the following integrals, and interpret their meaning: 
3 5 8 

i /OR1(t)dt il /2R2(t)dt ifi /0 [Ry1(t) — Ro(¢)] dt 

d How much water is in the kayak after 10 minutes? 

3 Answer the Opening Problem on page 584. 

4  The rate of power consumption of the United Kingdom can be modelled by the function 

E(t)=13 s1n< HS)") + 70 cos(“ 1)”) + 196 TWh per month 

where ¢ is the number of months after January 1st, 0 <t < 12. 

a Use technology to help sketch the function. 

b Find the following quantities and explain what they represent: 
4 8 12 

|/3E(t)dt il AE(t)dt |||/0 E(t) dt 

ACTIVITY 2 

The French naturalist and mathematician Georges-Louis Leclerc, Comte de Buffon | SUFFONS 

was the first person to apply ideas in calculus to probability. 

  

Click on the icon to obtain an Activity about Buffon’s needle problem. 

  REVIEW SET 23A 

1 Find the exact value of: 

a /0(1—3z)da7 b /j(z—fi)da? ¢ /12(a?2+1)2dz 
2 

2 Find the exact value of: 

1 = 6 

a V1 —3zdzr b /2cos%dm < / Edz 
0 2 Z 

3 Find di(e’h sinz) and hence evaluate /2 [e7%"(cosz — 2sinz)] da. 
T 

4 Evaluate correct to 6 significant figures: 

4 1 T 
x d b 21+1d c 8 2d \/mx /Oze i Osm(x)x 

5 a Find / 27(z? + 1)3dz using the substitution u = 2% + 1. 

  

b Hence evaluate: 
1 2 

i /2x(w2~1)3dx ii / —z(1+2%)3dz 
0 =1 
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1 
3 . . 

6 Find z2e! =" dz using an appropriate substitution. g pprop: 
0 

7 Find the shaded area: 

    

8 Find the area of the region bounded by: 

a y=21?% thez-axis, =2, and z =5 

b y=+5—1z, thez-axis, z =1, and = =2 

¢ y=sin%, the z-axis, z =7, and z = 2. 

3 
9 Does f(x) dz represent the area of 10 Determine & given that the enclosed 

=i region has area 53 units?. 
the shaded region? Explain your answer. 

  

11 Find the shaded area: 

a      
f(x):\/m 
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12 

13 

14 

15 

16 
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Consider the function f(z) = 4 /l — 1. Use technology to: 
T 

a sketch the graph of y = f(z) 

b find the area bounded by y = f(z) and the y-axis, between y =1 and y = /3. 

Find the volume of the solid of revolution formed when the following curves are revolved 

through 360° about the z-axis: 

a y=ux between x =4 and z =10 b y=x+1 between z =4 and z =10 

¢ y=+sinzx for 0 <z <7 

Find the volume of the solid of revolution formed when the shaded region is revolved through 

360° about the z-axis: 

a ,_ T 

    i s 
6 4 

Find the volume of the solid of revolution formed when the following are rotated through 27 

about the y-axis: 

a y=+/r between y=1 and y =2 b y—= Va2 between y=2 and y=3. 

Bettina is filling a watering can with water from a tap. The water enters at the rate 

Ry (t) = 6.4 litres per minute. 

Bettina’s watering can starts empty, and has capacity 16 litres. Unfortunately it has a hole in 

the bottom, so it leaks water at the rate Ry(t) = 2.5 — 1.25¢=%2¢ litres per minute, where ¢ 

is the time in minutes. 

a Evaluate the following integrals, and interpret their meaning: 
1 Z 1 

i / * Ro(t) dt ii / [Ri(t) — Ro(t)] dt 
0 0 

b How long will it take for the watering can to be full? Give your answer to the nearest 

second. 

REVIEW SET 23B 

2 

Find the exact value of: 
3 4 1 

a /2\/%1130 b /1(x7%x2)dx < /0(x2+%)2dx 

Find the exact value of: 

3 3e 
1 4 2 . 

a /2 mdz b /26 x+edw < /1 (2sinz +1) dz 

4 
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b 
Find the values of b such that / cosx dr = i, 0<b<m. 

0 \/5 

Evaluate correct to 4 significant figures: 

0 1 = 
_z2 10z 3 

a 4e™ " dx b dx < cos? (&) dx 
/4 /0 vz +1 /0 (%) 

Find / ° ng dx using an appropriate substitution. 
o (1+sinz) 

Find the area of the region bounded by: 

a y=12°+1, thexaxis, x =1, and =3 

b y= l, the z-axis, x =3, and z =9 
x 

¢ y=e?®, the z-axis, x =0, and z =2 

d y=-2-2cos3z and the z-axis from z=—-% to z=%. 

Use technology to find: 

a the z-coordinates of P and Q 

b the shaded area. 

  

OABC is a rectangle and the two shaded 9 The shaded region has area % unit?. 

regions are equal in area. Find k. Find the value of m. 

   
10 Find the area enclosed by: 

11 The graph of y =+/4 —x is shown alongside. 

a yzi, the y-axis, y =2, and y =4 

b y=2°1+2, they-axis, y=3, and y =6. 

a Find the coordinates of A and B. 

b Find the shaded area by considering it as the area 

between the curve and: 

i the z-axis ii the y-axis. 

Comment on your answers. 
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Find the volume of the solid of revolution formed when the following curves are rotated about 

the z-axis: 

a y=é between z =1 and z =2 b y=v9—22 0<z<3. 
x 

Use technology to find the volume of the solid of revolution formed when the following curves 

are rotated about the z-axis: 

a y=sinz between =0 and z =7 

b y=In(2z) between z =15 and = =4.5. 

a Find the derivative of <=   
s ! 

  b Find the volume of revolution when y = ! is rotated through 360° about the x-axis 
g sinx 

for % <z < T". 

The shape of a vase is found by revolving the curve 
5 

y = %xl 0 < z < 4 through 360° about the 

y-axis. The units are in centimetres. 

a Find the height of the vase. 

b Find the volume of the vase. 

¢ The vase is filled with water to a height of 

10 cm. Find the amount of water in the vase. 

  

Over the course of a day, the rate of solar energy being transferred into Callum’s solar panels 

is given by FE(t) = 2sin(%) +1 sin(%) kW where ¢ is the time in hours after midnight, 

5 <t <20 

Find the following quantities and explain what they represent: 

12 20 20 

a /5 E(t) dt b /12 E(t) dt ¢ /5 E(t) dt



  

Kinematics 

Contents: A Displacement 

B Velocity 

€ Acceleration 
D Speed 

E Velocity and acceleration in terms 

of displacement 

Motion with variable velocity 
Projectile motion o

m
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  OPENING PROBLEM 

Michael rides up a hill and down the other side to his friend’s house. The dots on the graph show 

Michael’s position at various times ¢. bEMO 

t=0 t=5 t=15 t=17 t=19 

Michael’s house t=10 riend’s house 

  

The distance Michael has travelled at various times is given by the function 

s(t) = 1.2t> — 30t + 285t metres for 0 < ¢ < 19 minutes. 

45 (m) 
  

  2500 

2000   

=1.2t% — 30t + 285t 
  

  

  500 

                                                v 
  

Things to think about: 

a At what point do you think the hill was steepest? How far 

had Michael travelled to this point? 

b How can we find Michael’s average speed between ¢t =5 

and ¢ = 15 minutes? 

¢ How can we find Michael’s speed at a particular instant? Can 

we write a function which will tell us Michael’s speed at any 

time ¢? 

  

Kinematics is the study of motion. 

In previous years you should have studied travel graphs which plot distance travelled against time taken. 

In this Chapter we consider kinematics more formally, taking into account direction as well as distance 

and speed. This will lead us to functions for displacement, velocity, and acceleration, and how they 

are linked by calculus. 

THE LANGUAGE OF MOTION 

Consider an object P which is in motion along a straight line. 

e The distance it travels accumulates over time, irrespective of its direction of travel. 

o The speed S of P is how fast it is travelling. 

e The displacement s or = of P is its position relative to a fixed origin O. 

e The velocity v of P is its rate of change of displacement. 

e The acceleration a of P is its rate of change of velocity.
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1 What is the difference between: 

a distance travelled and displacement b speed and velocity? 

  

2 Each of the following expressions refers to a zero of one of the variables time ¢, displacement s, 

velocity v, or acceleration a. Discuss which variable each expression refers to and what it 

means. 

a initial conditions b at the origin QuIcK 
REFERENCE 

¢ stationary d reverses direction Sl 

e maximum or minimum displacement f constant velocity 

g maximum or minimum velocity 

3 Does a zero displacement correspond to: 

a zero distance travelled b zero speed? 

4 How should we interpret the sign of: 

a displacement b velocity ¢ acceleration? 

CNE DISPLACEMENT 
For an object P which is in motion along a straight line: 

e The displacement s of P is its position relative to a fixed 
t 

origin O. 4—&—» 

e The displacement function s(t) gives the displacement of origin 

the object at any time ¢ > 0. 

> When s(t) >0, P is to the right of the origin. 

> When s(t) <0, Pis to the left of the origin. 

A lighthouse is situated on the top of a cliff. A stone is 

thrown from the top of the lighthouse. The stone falls past 

the base of the lighthouse, and lands after 6 seconds in the 

water below. 

  

The displacement of the stone above ground level 

s(t) = =5t +20t+25m for 0 <t <6s. 

a Find the initial displacement of the stone. 

  

Use quadratic theory to graph s(t). 

At what time and place does the stone change direction? 

Q
 an 
O
 

For what time interval is the stone above ground level? 

  

a s(0)=25 

the initial displacement of the stone is 25 m.  
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b s(t) = —5t2 + 20t + 25 s(t) 

—5(t% — 4t — 5) 
= —5(t—5)(t+1) 

¢ The stone changes direction at the turning point of s(¢). 

This occurs when t = —20 =2 
2(=5) 

5(2) = —5(2)2+20(2) + 25 =45 m 

The stone changes direction after 2 seconds, when it is 

45 m above ground level. 

s(t) = —5t2 420t +25    
d The stone is above ground level whenever s(t) > 0. 

This occurs for 0 <t <5s. 

  

A motion diagram is used to plot the position of an object on a single number line. It can be helpful in 

reminding us that we are looking at motion in one dimension only. 

For the object in Example 1, the motion diagram is: 

t=6 t=5 t=2 

-l 
35 0 25 15 

i i . . . : MOTION Click on the icon to explore motion diagrams for other displacement functions. DIAGRAMS 

EXERCISE 24A 

1 An object travels with displacement function s(t) =5 —t cm for 0 <t < 10s. 

a Find the initial displacement of the object. 

b Find the displacement of the object at time: 

i t=3s ii t=10s. 

¢ At what time does the object reach the origin? 

d Does the object ever change direction? Explain your answer. 

e Draw a motion diagram showing the information you have found. 

2 An object travels with displacement function s(t) = 10t2 — 7t +1m for 0 <t < 1. 

a Find the initial displacement of the object. 

Use quadratic theory to graph s(¢). 

At what time and place does the object change direction? 

For what time interval is the object to the right of the origin? 

® 
& 

A 
O 

Draw a motion diagram showing the information you have found. 

3 A mass on a spring oscillates with displacement z(¢) = 8sin8xt + 6 cm where 0 <t < 0.25 s. 

At what times is the displacement 6 cm? 

Plot the graph of z(t) for 0 <t <0.25s. 

Find where and when the mass changes direction. 

Q 
an 
O
 o
 

Draw a motion diagram showing the information you have found.
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DT veoary 
The velocity of an object is its rate of change of displacement. 

  

AVERAGE VELOCITY 

In many real-world scenarios, we only know certain data 

points for where an object was at a particular time. In 

these cases, we can only calculate the average velocity 

between data points. 

      
    

“Rate of change” tells 

us immediately to 

think about a gradient. 

The average velocity of an object moving in the time interval from ¢ =1¢; to t =ty is given by 

. change in displacement 
average velocity = —————— 

change in time 

s(t2) — s(t1) 
to —t1 

On a graph of s(t) against ¢, the displacement s (m) 

average velocity is the gradient of the 

chord through the points Py (¢1, s(t1)) 

and P2(t2, S(tz)). 

time ¢ (s) 

  

INSTANTANEOUS VELOCITY 

If we know the complete function s(t), we can find the instantaneous velocity of the object at any time. 

The instantaneous velocity or velocity function of the object at time ¢ is v(t) = s'(¢). 

It is the gradient of the tangent to the function s(¢) at any given time. 

dx 
If the displacement is represented by z(¢), it is common to denote the velocity function v(t) = o 

by z(t). The dot over the x represents a single derivative. 

Notice that: 

e When v(t) > 0, the object is moving to the right. 

e When u(t) <0, the object is moving to the left. 

e When v(t) =0, the object is instantaneously at rest. A change in the sign of v(t) at this time 

indicates that the object has changed direction. 

When we take a derivative with respect to ¢, we calculate a rate per unit of time. So, for a displacement 

in metres and time in seconds, the units of velocity are ms~1.
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time ¢ seconds. Find: 

b the instantaneous velocity at ¢ =2 seconds. 

a average velocity = - 

(15— 25) — (6 — 4) 
3 

_ —10-2 

T3 

=—4ms~ 

  

1   
EXERCISE 24B.1 

1 Consider the displacement-time graph alongside. 

a Find the displacement of the object when: 

i t=2 seconds il t=8 seconds. 

b Find the average velocity of the object from 

t=2 to t=3 seconds. 

¢ Find the instantaneous velocity of the object 

when ¢ =15 seconds. 

A particle moves in a straight line with displacement from O given by s(t) = 3t —t*> metres at 

a the average velocity for the time interval from ¢t =2 to ¢ =15 seconds 

5(3) = 5(2) N 

) Self Tutor 

s(t) = 3t — t* 

v(t)=s'(t) =3 -2t 

v(2) =3 —2(2) 

=_—1ms! 

The particle is travelling at 1 ms~*! to the 

left.   
  

  

  

  

  

  

  

  

    

        

  

                    
2 A particle moves in a straight line with displacement from O given by s(t) = t*> — 6t + 1 metres 

at time ¢ seconds, t > 0. 

a Find the average velocity from ¢ =1 to t =3 seconds. 

b Find v(t). 

¢ Hence find the instantaneous velocity at: 

i t=1 second ii 

3 Consider the displacement-time graph alongside. 

a Describe the initial position of the object. 

b At what time is the object at the origin? 

¢ In which direction is the object moving when 

t =15 seconds? 

d At what times does the object change direction? 

e Draw a sign diagram for: 

i the displacement function s(t) 

il the velocity function v(t). 

t =05 seconds. 

  

  

  

  

  

  

  

  

  

                              
  

f Find the instantaneous velocity of the object when 

t =7 seconds.
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4 An object moves in a straight line with displacement function s(t) = 2v/Z + 3 cm, where ¢ is in 

seconds, t > 0. 

a Find the average velocity from ¢t =1 to ¢t =4 seconds. 

b Find the initial position of the object. 

¢ Find v(t). 

d Hence find the instantaneous velocity at: 

i t=4 seconds il t=16 seconds. 

5 An object moves in a straight line with position given by z(t) = ¢* — 11¢2 +24¢ m from O, where 

t is in seconds, t > 0. 

a Find the velocity function z(t). 

Describe the initial conditions of the object. 

Draw a sign diagram for x(t) and z(t). 

At what times is the object at O? 

At which times does the object reverse direction? Find the position of the object at each of 

these times. 

0 
O 

A 
O 

f Describe in words the motion of the object. 

g Draw a motion diagram for the object. 

6 A shell is accidentally fired vertically from a mortar at ground level. Its height above the ground 

after ¢ seconds is given by s(t) = bt — 4.9t> metres where b is constant. 

a Show that the initial velocity of the shell is b ms~! upwards. 

b The shell reaches its maximum height after 7.1 seconds. 

i Find the initial velocity of the shell. 

ii  Find the maximum height reached by the shell. 

FINDING DISPLACEMENT FROM VELOCITY 

Since the velocity function is the derivative of the displacement function, we can use integration to 

reverse the process. 
differentiate 

ds 
s(t v(t) = — ® ®== 

displacement velocity 

integrate 

To find the constant of integration, we would need to know the displacement at a particular time. Most 

commonly, this would be the initial displacement s(0). 

CHANGE IN DISPLACEMENT 

We can determine the change in displacement in a time interval t; < ¢ < ¢y using the integral: 

t2 

Change in displacement = s(t2) — s(t1) = / v(t) dt 
t1
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DISTANCE TRAVELLED 

For a velocity-time function v(¢) where wv(t) > 0 on the interval ¢; <t < to, the distance travelled 
to 

will simply be the change in displacement / v(t)dt. 
t1 

        If v(t) > 0, the distance 
travelled is the area 

under the velocity curve. 

  

If we have a change of direction within the time interval then the velocity will change sign. To find the 

total distance travelled, we therefore need to add the components of area above and below the ¢-axis. 

Alternatively, we can integrate the absolute value of the velocity, which is the object’s speed. 

  

  

  

  

  

    

  

    

ta 

Distance travelled = |v(t) | dt 
t1 

BTN RS 
The velocity-time graph for a train journey is v(kmh~1) 

illustrated in the graph alongside. Find the total 60 

distance travelled by the train. 

30 

0               
0 01 02 03 04 05 06 t(h 

Total distance travelled 

= total area under the graph 

= area A + area B + area C + area D + area E 

1(0.1)50 + (0.2)50 + (2222 (0.1) + (0.1)30 + 5(0.1)30 

=25+10+4+3+1.5 

=21 km 

  

  

  

01 02 0l 01 01 

  

AT 
A particle P moves in a straight line with velocity function v(t) =2 — 3t +2 ms~!. 

a Find the times when P reverses direction. 

b Hence find the distance P travels in the first 4 seconds of motion. 
4 

Check your answer by evaluating / |v(t) | dt. 
0 

¢ Find the change in displacement of P in the first 4 seconds. 
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a ot)=s@)=t2—3t+2 

=(t-1(F-2) 
the sign diagram of v is: + — 4+ o(t) 

1 2 t 

0 

Since the signs change, P reverses directionat ¢t =1 and ¢ =2 seconds. 

b Now s(t):/(t2—3t+2)dt 

3 2 
=L ¥ +2t+c 

3 2 We are not told the 
We choose the initial displacement to be zero, displacement of the particle 

so $(0) =c=0. at any given time, so we 
can choose the origin to be —1_3 = s(1) = 5 +2+c its initial position. 3 

5(2)=8-6+4+c= 

s(4) =% —-24+8+c=51 

Motion diagram: 

e 1 

  

@
I
 

oy
 

2 5 1 iti 0 2 3 53 position 

: 5 5_ 2 12 2 total distance travelled = g + (2 — %) + (55 —3) =53 m 

Casio fx-CG50 TI-84 Plus CE HP Prime 
m NORMAL FLOAT AUTO REAL DEGREE HP 

CALC INTEGRAL OVER INTERVAL 

1 
LOWE] 

Idx=5IGGBBBBBB 

£x)dX=5.6666667 (0,41 Signed area: 5.66666666667 

  

¢ Change in displacement = final position — original position 

=s(4) —s(0) 
=51 

So, the displacement is 5% m to the right. 

  

EXERCISE 24B.2 

1 A runner has the velocity-time graph shown. Find A velocity (ms™') 

the total distance travelled by the runner. 10 

  

  

    

  

  

              

S
 

N
 

A
 

D
 

0 5 10 15 20 time(s)
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4 velocity (kmh ) A car travels along a straight road with the 

60 velocity-time graph illustrated. 

40 a What is the significance of the graph: 

20 i above the t-axis 

o ¢ (h) ii below the t-axis? 
> 

010203 04@077 b Find the total distance travelled by the car. 

-2 ¢ Find the final displacement of the car from its 
v 
  starting point. 

After leaving a station, a train accelerates at a constant 

rate for 40 seconds until its speed reaches 15 ms—!. 

The train then travels at this speed for 160 seconds. On 

its approach to the next station, the train slows down at 

a constant rate for 80 seconds until it is at rest. 

a Draw a graph to show the train’s motion. 

b How far did the train travel between the stations? 

  

A cyclist rides off from rest, accelerating at a constant rate for 3 minutes until she reaches 

40 kmh~!. She then maintains a constant speed for 4 minutes until reaching a hill. She slows 

down at a constant rate over one minute to 20 kmh~!, then continues at this speed for 5 minutes. 

At the top of the hill she reduces her speed uniformly, and she is stationary 2 minutes later. 

a Draw a graph to show the cyclist’s motion. 

b How far has the cyclist travelled? 

1 A particle has velocity function v(t) =1—2¢t cms™! as it moves in a straight line. 

a Find the time when the particle reverses direction. 

b Hence find the total distance travelled in the first second of motion. 
1 

Check your answer by evaluating / [v(t)]|dt. 
0 

¢ Find the change in displacement of the particle in the first second. 

Particle P is initially at the origin O. It moves with the velocity function #(t) =t —¢t—2 cms™. 

a Write a formula for the displacement function x(t). 

b Find the total distance travelled in the first 3 seconds of motion. 

¢ Find the particle’s displacement from its starting position after three seconds. 

A ball is thrown from 1 m above ground level. Tts velocity is v(t) =29.4 — 9.8t ms~!. 

a Find the displacement function s(t). b Find the maximum height reached by the ball. 

The velocity of a moving object is given by v(t) =32+ 4t ms™ 1. 

a If s=16 m when ¢t =0 seconds, find the displacement function. 

b Explain why the change in displacement of the object and its total distance travelled in the 
r 

interval 0 <t < 7, can both be represented by the definite integral / (32 + 4t) dt. 

¢ Find the distance travelled by the object in the first 4 seconds. 0
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9 An object has velocity function v(t) = cos2t ms~!. 

a Show that the particle oscillates between two points, and find the distance between them. 

b If s(§)=1m, determine s(§) exactly. 

10 When a pendulum is released, its velocity along the arc of motion after ¢ seconds is given by 

v(t) =20+ 5sin4t cms™ L. 

a Sketch the graph of v(t) against ¢ for 0 < ¢ < 6. 

b Find the pendulum’s velocity after 4.5 seconds. 

¢ Find the total distance travelled by the tip of the pendulum in the first 2 seconds. 

11 The velocity of a moving object is given by () = —4++/% ms~1. Suppose the object is initially 

at the origin. Find: 

a the displacement function b the time when the object changes direction 

¢ the change in displacement after the first 30 seconds 

d the total distance travelled in the first 30 seconds. 

12 A stunt motorcyclist rides towards a ramp. His velocity 

after ¢ seconds is given by v(t) = 10y ms~'. 

a Find the motorcyclist’s velocity after: 

i 1 second ii 2 seconds. 

b Write a function s(¢) for the displacement of the 

motorcyclist after ¢ seconds. 

  

2 
¢ Find / v(t) dt, and interpret your answer. 

0 

d In order to perform his stunt, the motorcyclist needs to be travelling at 20 ms~! or faster when 

he reaches the ramp. 

i How long will he take to reach a speed of 20 ms~1? 

ii  The motorcyclist started his approach 55 m from the ramp. Has he given himself enough 

distance to reach the required speed? 
to 

13 Use technology and the formula distance travelled = / [v(t)| dt to find the total distance 

travelled in the following scenarios: h 

a askydiver has velocity v(t) = —54(1 —¢ &) ms™! for the first 15 seconds 

b a mass on a spring has velocity v(¢) = e *cos16t cms~! for 10 seconds. 

R AccELeRaTioN 
The acceleration of an object is its rate of change of velocity. 

If an object moves in a straight line with displacement function s(¢) and velocity function v(t), then: 

e The average acceleration for the time interval from ¢ =1¢; to ¢t =t is given by 

v(tz) —v(t1) 
ta — 11 

e The acceleration function a(t) of the object is given by a(t) = v’(¢t) = s”(¢t). 

average acceleration =
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2 
For the displacement function z(t), it is common to denote the acceleration function a(t) = ZT;C by 

Z(t). The two dots over the x indicate a second derivative. 

The displacement, velocity, and acceleration functions are therefore connected as follows: 

differentiate differentiate 

ds dv d?s 
s(t v(t) = — a(t) = — = — (®) )= W =—=—5 

displacement velocity acceleration 

integrate integrate 

To obtain acceleration from velocity, we must calculate a rate per unit of time. So, for displacement in 

metres and time in seconds, the units of acceleration are ms—2. 

ECIITEN ) Self Tutor 
A particle moves in a straight line with position relative to O given by s(t) = ¢3 —6t24+9¢t—1 cm, 

where ¢ is the time in seconds, ¢ > 0. 

  

a Find expressions for the particle’s velocity and acceleration, 

and draw sign diagrams for each of them. 
The initial conditions 

describe the particle’s 

b Find the initial conditions and hence describe the motion motion when ¢ = 0. 

at this instant. 

  

Find the position of the particle when it changes direction. 

d Draw a motion diagram for the particle. 

e Find the total distance travelled in the first 3 seconds. 

a s(t) =t> —6t> + 9t — 1 cm 
v(t) =3t — 12t +9 {v(t) =45} 

=3(t* — 4t + 3) 
=3(t—1)(t —3) cms™* 

which has sign diagram: + _ + v(t) 

1 3 t 

0 

and a(t) =6t —12cms 2 {a(t) =2'(t)} 
which has sign diagram: — + a(®) 

2 t 

0 

b When t=0, 5(0)=—1cm, v(0) =9 cms™!, and a(0) = —12 cms~? 

the particle is 1 cm to the left of O, moving to the right with speed 9 cms™ 

acceleration —12 cms™2. 

1 and has 

¢ Since v(t) changes sign when ¢ = 1 and ¢ = 3, a change of direction occurs at these 

instants. 

s(1)=1—-6+9—1=3, and s(3) =27 —54+27—1=—1. 
So, the particle changes direction when it is 3 cm to the right of O, and when it is 1 cm to 

the left of O.    
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  > position 

origin 

e The total distance travelled = 4 + 4 = 8 cm. 

  

EXERCISE 24C 

1 A particle moves with velocity function v(t) = 10t — > ecms™!, ¢+ > 0. Find: 

the velocity of the particle when ¢ =2 seconds 

the average acceleration of the particle from ¢ =1 to ¢ =3 seconds 

the acceleration function a(t) 

O 
a 

O 
o 

the instantaneous acceleration of the particle when ¢ =3 seconds. 

2 An object moves in a straight line with displacement function x(t) = > —¢?> —5 metres at time 

t seconds, t > 0. 

a Find the object’s displacement, velocity, and acceleration when ¢ = 2 seconds. 

b Find the time at which the object has zero acceleration. 

3 A stone is fired from a catapult so that its position above ground level after ¢ seconds is given by 

s(t) = 98t — 4.9t metres, t > 0. 

a Find the velocity and acceleration functions for the stone, and draw sign diagrams for each 

function. 

b Find the initial position and velocity of the stone. 

¢ Describe the stone’s motion at times ¢t =5 and ¢ =12 seconds. 

d Find the maximum height reached by the stone. 

e Find the time taken for the stone to hit the ground. 

t 

4 A particle P moves in a straight line with displacement function s(t) = 100 +200e ® cm, where 

t is the time in seconds, ¢ > 0. 

a Find the velocity and acceleration functions. 

b Find the initial position, velocity, and acceleration of P. 

¢ Discuss the velocity of P as ¢ — oc. 

d Discuss the acceleration of P as ¢ — oo. 

5 An object has displacement function z(t) =t — In(2¢t + 1) cm, where ¢ is in seconds, ¢ > 0. 

a Show that the object is initially at the origin. 

b Find the velocity function z(¢). 

¢ Over what time interval is the object moving: 

i to the right i to the left? 

Find the acceleration function Z(t). 

Show that the object’s acceleration is positive for all ¢ > 0. 

Find the acceleration of the object after 2 seconds. 

Find the distance travelled by the object in the first 2 seconds. w 
-
0
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6 The velocity of a particle travelling in a straight line is given by v(t) = 50 — 10e™%% ms~!, 
where ¢ >0, t in seconds. 

a State the initial velocity of the particle. 

Find the velocity of the particle after 3 seconds. 

How long will it take for the particle’s velocity to reach 45 ms=!? 

Discuss v(t) as t — oo. 

Show that the particle’s acceleration is always positive. 

Find the exact time at which the acceleration of the particle is 2 ms™2. 

Draw the graph of v(¢) against ¢. 

W
 

- 
0 

0 
A 

O 

Find the total distance travelled by the particle in the first 3 seconds of motion. 

Example 3 l1>)) Self Tutor 

A train is initially at rest at a station. It begins to accelerate 
t 

according to the function a(t) =4e ™ ms™2 

  

a Find the velocity function of the train, and sketch its 

graph. 

b How long will it take for the train to reach the speed 

40 ms~1? 

¢ How far will the train travel in the first 5 minutes? 

  

t 

a a(t)=3e ™ ms~ 
t 

v(t):/%e_mdt 

_t 
= —b0e 190 +-c ms~ 

The train was initially stationary. 

2 

1 

    

  

—50e° +c=0 
c=50 

-+ 0 50 10 o 200 © 
v(t) =50 — 50e” 1 ms~! 

b If v =40 then 50 — 50e 100 = 40 ¢ The train does not change direction. 

[EXE]:Show coordinates . distance travelled 
r=so-soter(Cxyatooy | 300 , 

= / (50 — 50e 10 d 
0 

, 7300 
INTSECT = [50t + 5000675] 

0 

Using technology, it will take ~ 161 = 50(300) + 5000e 3 — 5000¢° 

seconds for the train to reach 40 ms™—!. = 10000 + 5Sg0 

~ 10200 m    
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7 A train moves along a straight track with acceleration a(t) = 1—t0 -3 ms2 

of the train is 45 ms—!. 

The initial velocity 

a Determine the velocity function v(t). 
60 

b Evaluate / v(t) dt and explain what this value represents. 
0 

8 An object has initial velocity 20 ms—! 
t 

Z(t) =4e 2 ms2 

as it moves in a straight line with acceleration function 

a Show that as ¢ increases, the object approaches a limiting velocity. 

b Find the total distance travelled in the first 10 seconds of motion. 

9 A particle is initially stationary at the origin. It accelerates according to the function 

2 
a(t) = ms™2. 

(t+1)3 

a Find the velocity function v(t) for the particle. 

  

b Find the displacement function s(¢) for the particle. 

¢ Describe the motion of the particle at the time ¢ =2 seconds. 

We have seen that velocities have size (magnitude) and sign (direction). In contrast, speed simply 

measures how fast something is travelling, regardless of the direction of travel. Speed is a scalar 

quantity which has size but no sign. Speed cannot be negative. 

The speed S of an object at any instant is the magnitude of the object’s velocity. 

S=|v] 

1 1 For example, an object with velocity —5 ms™" is moving to the left with speed 5 ms™". 

To determine when the speed of an object P with displacement s(¢) is increasing or decreasing, we use 

a sign test. 

o If the signs of v(t) and a(t) are the same (both positive or both negative), then the speed of P is 
increasing. 

o If the signs of v(t) and a(t) are opposite, then the speed of P is decreasing. 

Discuss why the sign test for speed works by considering each case below: 

e The object is travelling to the right (v > 0) and the acceleration a > 0. 

e The object is travelling to the right (v > 0) and the acceleration a < 0. 

e The object is travelling to the left (v < 0) and the acceleration a > 0. 

e The object is travelling to the left (v < 0) and the acceleration a < 0.
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Example 7 o) Self Tutor 

A particle moves in a straight line with position relative to O given by s(t) = ¢3 — 3t + 1 cm, 

where ¢ is the time in seconds, ¢ > 0. 

Find expressions for the particle’s velocity and acceleration, and draw sign diagrams for each 

of them. 

Find the initial conditions and hence describe the motion of the particle at this instant. 

Describe the motion of the particle at ¢ = 2 seconds. 

Find the position of the particle when it changes direction. 

Draw a motion diagram for the particle. 

For what time interval is the particle’s speed increasing? 

  

s(t)=t>—3t+1cm 

t)=3t2—-3 1) = s (¢ Since ¢ > 0, the 

u(t) _ 3(t2 -1 b =5} stationary point at 

t = —1 is not required. 
=3(t+1)(t—1)cms™* 
which has sign diagram: 

and a(t) = 6t cms™2 {a( 

which has sign diagram:   
When ¢ =0, s(0)=1cm 

v(0) = -3 cms™! 

a(0) =0 cms™2 

the particle is 1 cm to the right of O, moving to the left at a speed of 3 cms™!. 

When t =2, s(2)=8-6+1=3cm 

v(2)=12-3=9 cms™* 

a(2) =12 cms™2 

the particle is 3 cm to the right of O, moving to the right at a speed of 9 cms™!. 

Since a and v have the same sign, the speed of the particle is increasing. 

Since v(t) changes sign when ¢ =1, a change of direction occurs at this instant. 

s(1)=1-3+1=—1, so the particle changes direction when it is 1 cm to the left of O. 

t=1 =y 

position 
-+   

! 0 
origin 

Speed is increasing when v(t) and a(t) have the same sign. This is for ¢ > 1.    
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EXERCISE 24D 

1 An object moves in a straight line with position from O given by s(t) = t> — 6t + 7 m, where 

t is in seconds, ¢ > 0. 

a Find expressions for the object’s velocity and acceleration, and show sign diagrams for each of 

them. 

b Find the speed of the object after: 

i 1 second ii 4 seconds. 

Find the initial conditions and hence describe the motion at this instant. 

Find the position of the object when it changes direction. 

Draw a motion diagram for the object. 

- 
0 
O
 a

n 

During which time interval is the object’s speed decreasing? 

2 When a ball is thrown, its height above the ground is given by s(t) = 1.2 + 28.1¢ — 4.9t> metres, 

where ¢ is the time in seconds. 

a From what distance above the ground was the ball released? 

b Find ¢'(t) and state what it represents. 

¢ Find the maximum height reached by the ball. 

d Find the ball’s speed: 

i when released ii at t=2s jii at t=>5s. 

3 A particle moves in a straight line with displacement function x(t) = 12t — 2¢3 — 1 cm where ¢ is 

in seconds, ¢ > 0. 

Find velocity and acceleration functions for the particle’s motion. 

Find the initial conditions, and interpret their meaning. 

Find the times and positions when the particle reverses direction. 

Q 
an 
O
 o
 

At what times is the particle’s: 

i speed increasing ii  velocity increasing? 

e Draw a motion diagram for the particle. 

4 A particle has displacement function s(t) =4 —/t +1 m, where ¢ is in seconds, t > 0. 

a Find the velocity and acceleration functions for the particle’s motion, and draw sign diagrams 

for each of them. 

b Find the initial conditions and interpret their meaning. 

¢ Describe the motion of the particle after 3 seconds. 

d Describe what is happening to the speed of the particle. 

5 A flotation device is thrown from a jetty into the water 

below. It takes k seconds for the device to reach the 
water. The height of the device above sea level is given 

by s(t) = —4.9t% + 4.9t + 8 m, where ¢ is in seconds, 
0 <t <k seconds. < 

a Find the value of k. 

b Draw sign diagrams for the device’s velocity and 

acceleration functions. 

  
¢ Was the speed of the device increasing or decreasing after: 

i 0.2 seconds ii 1 second?
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6 A particle P moves along the z-axis with position given by z(t) =1 —2cost cm, ¢ > 0 seconds. 

a State the initial position, velocity, and acceleration of P. 

™ b Describe the motion of P when ¢ = % seconds. 

¢ Find the times when the particle reverses direction on 0 < ¢ < 27, and find the position of 

the particle at these instants. 

d  When is the particle’s speed increasing on 0 <t < 27? 

7 A dog paces back and forth along a fence, guarding its owner’s property. The dog’s horizontal 

displacement relative to its kennel is given by z(t) = 8sin% m, t > 0 seconds. 

a Is the dog to the left or the right of its kennel after: i 3 seconds ii 7 seconds? 

b Find the velocity function &(t). 

¢ Is the dog moving to the left or the right after: i 4 seconds i 10 seconds? 

d  Find the acceleration function Z(t). 

e Is the dog’s speed increasing or decreasing after 2 seconds? 

f Show that the dog’s speed is maximised when it is moving past its kennel. 

8 The velocity of an object after ¢ seconds is given by v(t) = 25te™?* cms™!, ¢ > 0. 

a Use technology to help sketch the velocity function. 

b Show that the object’s acceleration at time ¢ is given by a(t) = 25(1—2t)e ems™2, ¢ > 0. 

¢ When is the velocity of the object increasing? 

d  When is the speed of the object decreasing? 

9 A lion is chasing a zebra. The zebra notices the lion when the lion is 40 m away. From this time, 
—0.1t 1 the lion approaches with speed vy (¢) = 15e ms~ ', and the zebra runs away with speed 

va(t) =20 — 20e7 %1t ms~1 

a Find the speed of each animal after 1 second. 

b Show that the lion’s speed decreases over time, whereas the zebra’s speed increases over time. 
3 

¢ Find / v1(t) dt, and interpret your answer. 
0 

3 
d Find / [v1(t) — v2(t)] dt, and interpret your answer. 

0 
e Explain why the lion will be closest to the zebra when vy (t) = va(¢). 

Use technology to find the time at which vy (t) = va(¢). 

g Did the lion catch the zebra? If not, how close did the lion get to the zebra? 

RATION 
CEMENT 

We have seen how displacement, velocity, and acceleration of an object can be expressed as functions of 

time ¢. We can differentiate and integrate with respect to ¢ to move between these quantities. 

However, in some situations it is more appropriate to express the velocity or acceleration in terms of the 

displacement s.
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For example, we could say that: 

e the velocity of the water in a river is twice its displacement from the coast, in which case v = —2s 

o the acceleration of an object in water is half its displacement from the surface. In this case a = — 

Discuss the motion of an object which has: 

1 
3S. 

e velocity v = s, and initial displacement: 

> s=2  s=-2 > s=0 

e velocity v =5 — s, and initial displacement: 

» s=25 » s=0 » s=28 

If we are given an object’s velocity in terms of s, we can write its acceleration in terms of s using the 

formula 

o dv 

C o ds 

dv 
Proof: =— 00 a=— 

dv ds 3 
b {chain rule} 

S ds dt 

LR AR ()] 

1 An object moves with velocity v = 2s2 ms™!, where s is its 

displacement. Write the acceleration of the object in terms of s. 

  

  

EXERCISE 24E 

1 An object moves with velocity v = 4s% ms™ 

of the object in terms of s. 

1. where s is the displacement. Write the acceleration 

2 A particle with displacement s m moves with velocity v = —3s?> ms™!, 

a Find the acceleration of the particle in terms of s. 

b Find the velocity and acceleration of the particle when it is 4 m to the right of the origin. 

3 An object with displacement s m moves with velocity v = S ms1, 
S 

a Find the acceleration of the object in terms of s. 

b Find the acceleration of the object when its velocity is 4 ms™?.
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4 When a ball is dropped from the top of a building, its velocity is proportional to the square root of 

its displacement from the top of the building. 

Show that the acceleration of the ball is constant. 

5 A particle with displacement s m moves with velocity v = 3s — s> ms™1. 

a Write the acceleration of the particle in terms of s. 

b The particle is initially 5 m to the right of the origin. 

i Find the initial velocity and acceleration of the particle. 

il Describe the displacement, velocity, and acceleration of the particle as time progresses. 

d q v 9. g 5 . 
From the formula a = v d—v, Lewis concludes that when an object’s velocity is zero, its acceleration 

S 

must also be zero. 

However, Lewis observes that when a projectile reaches its maximum height, its velocity is zero, but 

its acceleration is g ~ —9.8 ms~2, 

Can you identify the error in Lewis’ thinking? 

[ [0 MOTION WITH VARIABLE VELOCITY 
In Chapter 10 we used vectors to study the motion of an object with 

constant velocity. 
3 

For example, if an object moves from (2, 4) with velocity vector y 

3 its motion is given in vector form b, Ty (2 + 3 t 1) g y y 4 1/b G 

t >0, or in parametric form by z(t) =2+3t, y(t)=4+1t, t>0. 

In this Section we will consider the movement of an object whose velocity varies over time. 

For example, suppose an object P moves with parametric equations x(t) = 2t +1, y(t) = —t>+4t+3. 

  

We can plot the path of P by finding its position at times Ay 

t=0,1, 2,3, and 4. 
  

  

PATH 
PLOTTER 
  

  

  

  

  

  

  

  

  

                            Click on the path plotter icon to observe the motion of P. v 8 
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THE VELOCITY VECTOR 

To find the velocity vector of an object moving with parametric equations z(t), y(t), t > 0, we 

differentiate each of the components with respect to ¢. 

/ 

For the moving object P(z(t), y(t)), the velocity vector v = (Z/Eg ) 

In component form, we sometimes write v = ( ’ ), so v, ='(t) and v, =y'(t). 

For example, for the object P with parametric equations 
P, ) P q The horizontal component of 

w(t) = 2t +1, y(t) = —t* + 4t + 3, we find velocity could be written v, or 
vy =2'(t) =2 and v, =y/(t) = -2t +4. z!(t) or &(t). 

. (v _ 2 
So, the velocity vector v = (vy) = (7% +4). 

Notice that the z-component of the velocity is constant, 

but the y-component is variable. 

  

  

  

  

    

  

  

  

  

  

  

  

  

    

We can use the velocity vector to find the instantaneous Ay 

velocity at any time ¢ > 0. __velocity 
-8 i VL‘CTT 

T 

; / 
4 

o tarting 
point 

T2 1 8 10\ 

v                             

SPEED 

As with constant velocity problems, the speed of an object at any time is given by the length of the 

velocity vector. 

speed = |v| = 1/[2'(£)]* + [y (t)]? 

In the diagram above, we can see that the speed of the object varies because the length of the velocity 

vector varies.
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Example 9 o) Self Tutor 

The position of a squirrel running through a field is given by =z(t) = 0.5¢> +¢, y(t) = 3 —t, 

where 0 <t < 10 is the time in seconds, and the distance units are metres. 

a Find the initial position of the squirrel. 

b Find the velocity vector of the squirrel. 

¢ Find the speed of the squirrel after: 

i 2 seconds il 5 seconds. 

d At what time is the squirrel running: 

i parallel to ( _15 ) il perpendicular to ( i ) ? 

a z(0)=0 and y(0)=3 

the squirrel is initially at (0, 3). The velocity vector can be used 

(t 41 ) to find the speed and direction 

1 of the squirrel at any time. 

< i When t=2, v=<§1) ii When ¢t =25, V=(fl> 

speed = /32 + (—1)2 - speed = /62 + (—1)2 

~3.16 ms~! ~6.08 ms—t 

d i The squirrel is running parallel to ( 715) when 

-5 
( 1 ):k( 1 ) for some k€ R 

t+1=-5k and —1=kFk 

t+1=5 

L t=4s 

  
il The squirrel is running perpendicular to (i)   

EXERCISE 24F 

In the following questions, distances are in metres and time is in seconds unless otherwise specified. 

1 A particle P moves with position equations z(t) =2t +1, y(t) = —t>2+t—2, ¢t > 0. 

Find the initial position of P. 

Illustrate the motion of P for ¢ =0, 1, 2, and 3. 

Find the velocity vector of P. 

Find the speed of P: i initially i after 2 seconds. 

® 
QO 

an 
O 

o 

At what time is P moving: i parallel to ( 715) ii perpendicular to (2)"
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2 A truck moves through a construction site with position equations z(t) = 64/ + 1 + 5, 

y(t) =4t —10, t > 0. 

a Find the initial position of the truck. 

Find the velocity vector of the truck. 

Find the initial speed of the truck. 

Describe what happens to the speed of the truck over time. 

® 
O
 

an
 
O 

At what time is the truck travelling at 4.5 ms~1? 

3 A cat is slowly approaching her toy. After ¢ seconds, the 

cat has position z(t) = 4e™ " — 10, y(t) = 3e~! +4, 
0 <t < 7. The distance units are metres, and 7 is the 

time when the cat is within 10 cm of her toy at (—10, 4), 

and can reach it with her paw. 

a Find the initial position of the cat. 

b Find the velocity vector of the cat. 

¢ Discuss whether the cat is moving: 

i in a straight line 

ii with constant velocity. 

  

d Discuss what happens to the position and speed of the cat over time. 

e Use technology to find the value of 7. 

4 Particle A is initially at S, and moves with position equations za(t) =t+2, ya(t) = %tZ —2t—6, 

t>0. 

a Find the coordinates of S. b Find the velocity vector of particle A. 

¢ Find the speed of particle A after 1 second. 

d Particle B is released from S, k seconds after particle A was released, and moves with the same 

position equations as particle A. 

i Explain why the position of particle B at time ¢ is given by xp(t) = (t — k) + 2, 

ys(t) = 3(t—k)> —2(t—k)—6, t > k. 

ii  Given that particle B crosses the z-axis when ¢ = 10, find the value of k. 

iii Find the distance between the particles when ¢ = 6. 

iv At what time(s) are the particles moving perpendicular to each other? 

5 A particle is initially at (2, 5). It moves with velocity vector (ZI ) = (3?2123 ) , t>0. 
y 

a Integrate each component of the velocity vector, and hence determine the equations for the 

particle’s motion. 

b Find the position of the particle after 2 seconds. 

¢ Find the speed of the particle after 3 seconds. 

6 A speedboat initially at (0, 0) moves through the water with velocity vector v = ( 6+ 2sint ) s 
8 — 2sint 

t>0. 

a Find the initial speed of the boat. 

b If the boat has speed S ms™!, show that S? = 100 — 8sint + 8sin? . 

¢ Find the highest and lowest speeds achieved by the boat. 

d Find the position equations of the boat. 

e How far is the boat from its starting position after 10 seconds?
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e R o) Self Tutor 

An object P moves with equations z(t) = 3cos2t, y(t) =3sin2t, ¢ > 0 seconds. 

a Find the initial position of P. 

b Find the position of P after 7 seconds. 

Show that the equations satisfy 22 + y*> = 9. Hence describe the path traced out by P. 

Find the velocity vector of P. 

At what speed is P travelling? 

  

z(0) =3, y(0)=0 
P is initially at (3, 0). 

w(%) =3cosm = —3, y(%) =3sinTt =0 

after Z seconds, P is at (=3, 0). 

22 4+ y* = (3cos2t)? + (3sin 2t)* 

= 9(cos? 2t + sin” 2t) 

=9 {cos? 0 +sin?0 = 1} 

P moves in a circle centred at (0, 0) with radius 

3 units. 

[ —6sin2t 

— \ 6cos2t As P moves around 
the circle, its velocity 

- /(76 sin 2t)2 + (6 cos 2t)2 changes but its speed 

remains constant. 

= 6+/sin® 2t + cos? 2t 

= 6 units per second     
7 An object P moves with position equations x(t) = 2cost, y(t) =2sint, ¢t > 0 seconds. 

a Find the initial position of P. 

b Find the position of P after Z seconds. 

¢ Show that the equations satisfy x? + y? = 4. Hence describe the path traced out by P. 

Find the velocity vector of P. 

e At what speed is P travelling? 

8 A point P moves according to the parametric equations z(t) = 5cos2t, y(t) = 5sin2t, ¢t > 0 

seconds. 

a Find the position of P: 

i initially i after % seconds. 

b Find the position and velocity vector of P after 37” seconds. 

¢ Describe the path traced out by P. Sketch the path, including the information found in a and b. 

d At what speed is P travelling?
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9 A model train starts at point S, and moves anticlockwise around 

a circular track. Its position is given by the parametric equations 

T x(t) = 30cost, y(t) = 30sing, where x and y are in 

centimetres, and ¢ > 0 is in seconds. 

a Find the radius of the track. 

b How long does the train take to complete a lap of the track? 

¢ Find the velocity vector of the train. 

d Find the speed at which the train is travelling. 

e A second train departs from S, 4 seconds after the first, and moves anticlockwise around the 

track at the same speed as the first train. 

i Find the position equations for the second train at time ¢ > 4. 

ii Find the position of each train when ¢ = 12. 

iii Find the straight-line distance between the trains at any time. 

10 Kiristen is running laps around a lake. Her position is described by the parametric equations 

x(t) = 50cos(5E), y(t) = 60sin(5E), where x and y are in metres and ¢ >0 is in seconds. 10 

a Find Kristen’s starting position. 

2 2 
b Show that — + L =1 

502 + 602 

¢ Hence sketch the path Kristen runs along, and describe this shape. 

How long does Kristen take to complete one lap of the lake? 

e Find Kristen’s speed in ms™?, correct to 2 decimal places. 

ACTIVITY 1 

In physics, an orbit is the curved path followed by an object under the gravitational influence of a 

much larger nearby object. 

For example, we talk about the orbits of planets around a star, and moons around a planet. 

Following Kepler’s laws of planetary motion, most orbits can be well approximated by ellipses, and 

sometimes even circles. 

What to do: 

1 Consider the motion of P given by z(¢) = Rcoswt, y(t) = Rsinwt where ¢ >0, R > 0, 
w > 0. 

a Describe the orbit of P. 

b Why do you think we specify: 

i R>0 il w>0? 

2 What motion would be represented by: 

a z(t) = Reos(—wt), y(t) = Rsin(—wt), t=>0, R>0, w>0 ORBITS 

b z(t) = Rcos(wt +0), y(t) = Rsin(wt+6), t>0, R>0, w>0 

t ¢ z(t) = Acos(wt +0), y(t) = Bsin(wt+6), t >0, A>0, B> 0, 

w > 0? 

Click on the icon to experiment with these cases and check your answers.
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3 Research the orbits of the planets in our Solar System, including: 

e the number of Earth solar days in the planet’s orbital year 

e how close each orbit is to being circular 

e how close the planets’ orbits are to lying in the same plane 

e at what stage of their orbits the planets were on a particular date. 

4 Use your research to create mathematical models for the orbits of the planets. Discuss the 

assumptions you have made in your model. 

ACTIVITY 2 

A Bézier curve is a mathematically defined curve which can be constructed between JEEZIERS 
any two points in the Cartesian plane. Click on the icon to obtain this Activity. 

  

[N PROJCTILE MOTION 
A projectile is an object which is released into the air, and then moves under the force of gravity. 

Examples of projectiles include a ball thrown into the air, and a bullet fired from a gun. 

When considering problems involving projectile motion, we assume there is no air resistance. So, once 

the object has been released, the only force acting on the object is gravity. 

When an object is acted upon by gravity, it accelerates 

vertically downwards at g~ 9.8 ms~2. So: 

    

. rtical 
has zero acceleration vertica 

o the horizontal component of the projectile motion 

component 

e the vertical component of the projectile motion has 

constant acceleration which is —g.    
  

— 
horizontal component 

INVESTIGATION 

Suppose an object is released from the position (zg, yo) with initial velocity (Z) 

Under projectile motion, the object moves with constant acceleration a = ( 70 ), where 

g~98ms 2, 

What to do: 

1 By integrating each component of the acceleration and using the initial velocity conditions, find 

the velocity vector of the object at time ¢. 

2 By integrating each component of the velocity vector and using the initial position, find the 

position of the object at time ¢.
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From the Investigation, you should have found that: 

An object moving with projectile motion from 

(0, yo) with initial velocity (Z) has: 

e position equations 

z(t) = xo + at 

y(t) =yo +bt — 1gt%, >0 

e velocity vector 

Vr \ a ~(2)-(0) o 
Example 11 LR AT 

  

The equations z(t) = 2+ 25¢, y(t) = 7+ 28t —4.9t%, ¢ > 0 seconds, represent the flight of an 

arrow fired by an archer sitting in a tree. y = 0 is ground level. The distance units are metres. 

a How high in the tree was the archer when he fired the arrow? 

What was the total time of flight? 

How far did the arrow fly horizontally? 

What was the maximum height reached by the arrow? 

Find the velocity vector for the arrow. 

What was the arrow’s speed: i initially il after 4 seconds? 

At what angle was the arrow fired? 

T 
W 

- 
0 

O 
an

 
O 

At what angle did the arrow strike the horizontal ground? 

  

a y(0)=7 .. the archer was 7 m up the tree when he fired the arrow. 

b The arrow strikes the ground when y(¢) =0 

7+28t — 4.9t =0 
4.9t —28t—7=0 

¢ 28 4 /282 — 4(4.9)(=7) 

9.8 

t~5954 {as t >0} 

  

The total flight time ~ 5.95 seconds. 

¢ 2(0) =2, and x(5.954) = 2+ 25(5.954) ~ 151 m 

the arrow flew ~ 151 — 2 ~ 149 m horizontally. 

d The maximum height was reached when 3/(t) =0, 

28 —9.8t =0 

. t~2.857 
Now y(2.857) ~ 47.0 

So, the maximum height reached was approximately 47.0 m. 

€v= (58) = (28359.&)  
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. 25 - 25 
f I When t=0, v—(28) ii When t =4, v—<711.2) 

speed = /252 + 282 . speed = /252 4 (—11.2)2 

~375ms ! ~274ms™! 

25 25 
g When t=0, v= (28) h When t~5.954, v~ (_30.35) 

tang = 22 tan 6 ~ 3933 

=1.12 - 0= 50.5° 

0 ~ 48.2° 

The arrow was fired at ~ 48.2° above the The arrow met the ground at an angle of 
horizontal. ~ 50.5°. 

EXERCISE 24G 

In the following questions, distances are in metres and time is in seconds unless otherwise specified. 

1 The equations of motion for the tip of a javelin are z(t) = —0.6 + 20.2t, 

y(t) = 1.8 +22.2t —4.9t, t > 0. y=0 is ground level. 

a At what position was the tip of the javelin when the javelin was released? 

Find the initial velocity and initial speed of the javelin’s tip. 

How far from the line at = =0 was the tip of the javelin when it was released? 

What was the total time of flight? 

Find the maximum height reached by the javelin’s tip. 

Find the horizontal distance travelled by the javelin. 

At what angle was the javelin released? 

T 
W 

- 
0 

O 
A 

O 

At what angle did the javelin strike the ground? 

2 When a stone is thrown, its equations of motion are z(t) = 3 + 12.7¢, 

y(t) =1.3+13.2t —4.9t%, t > 0. 

a What was the position of the stone: i initially ii after 2 seconds? 

Find the time taken for the stone to hit the horizontal ground at y = 0. 

Find the horizontal distance the stone travelled. 

What was the maximum height reached by the stone? 

Find the speed of the stone after 2 seconds. 

Find the angle of release when the stone is thrown. 

W 
-
0
 

O 

Find the angle at which the stone strikes the ground. 

3 A golf ball is hit across a level field. It moves with velocity v = (ISGBgt) ms~!, where 

g~9.8. 

a Find the initial speed and angle of trajectory of the golf ball. 

b At what time will the golf ball reach its maximum height? 

¢ Find the maximum height the golf ball will reach. 

d Do you think that in reality, the golf ball would reach this height? Explain your answer.
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& A rock is hurled from a castle battlement 30 m above the field below. Its velocity is given by 

_ 5 ms—1 V= 5— gt s—h 

a Find the speed of the rock: i initially i after 0.5 seconds. 

b For how long will the rock remain in flight? 

¢ How far from the castle will the rock land? 

5 A netballer is shooting at a goal which is 3 m away and 3 m 

high. She releases the ball 2 m above ground level. 

. L . a . 
a Given the initial velocity vector < ) , find the parametric 

b 

equations for the path of the ball. 

b The netballer shoots at an angle of 60° to the horizontal. 

Find b in terms of a. 

Find a such that the ball passes through the goal. 

Find the speed at which the netballer should shoot the ball. 

Find the maximum height reached by the ball. 

-
0
 

O
 

a 

At what speed will the ball pass through the goal? 

6 A projectile is fired across level ground from the origin, with 

initial velocity vy = (g) 

a Write an expression for: 

i the time when the maximum height is reached 

ii the maximum height reached 

iii the flight time until the projectile returns to the ground 

iv the horizontal distance the projectile will travel. 

  

b Let D be the distance of the projectile from the origin at time ¢. 

i Write an expression for D in terms of a and b. il Find %(Dz). 

il Suppose the projectile is fired with angle 6 to the horizontal. Show that if tan6 > 2v/2, 

the distance of the projectile from the origin will reach a local maximum value while in 

flight, whereas if 0 < tanf < 2v/2, the projectile will continually move further from the 

origin while in flight. 

HISTORICAL NOTE 

The theory of projectile motion was developed in Europe in the 14th 

century, driven by the desire to improve guns and cannons. At that time, 

scientists were still using Aristotle’s theory which suggested that forces 

gave rise to momentum. This would mean that as soon as you stopped 

pushing something (even an object on wheels) it would stop moving. 

It was Galileo Galilei (1564 - 1642) who first suggested that in the absence 

of resistance, a projectile would move in a quadratic curve. 

    

Within his research he conducted a series of experiments on the paths of 

projectiles, attempting to find a mathematical description of falling bodies. Galileo
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A LYY 

1 An object travels with displacement function s(¢) =12 —2¢tm for 0 <¢<10s. 

a Find the initial displacement of the object. 

Find the displacement of the object at time: i t=1s ii t=3s. 

At what time does the object reach the origin? 

Does the object ever change direction? Explain your answer. 

Draw a motion diagram showing the information you have found. ® 
&
 an 
O
 

2 A particle P moves in a straight line with position relative to the origin O given by 

s(t) =2t> — 9t + 12t — 5 cm, where ¢ is the time in seconds, ¢ > 0. 

a Find the velocity and acceleration functions, and draw a sign diagram for each. 

Find the initial conditions. 

Describe the motion of the particle at time ¢ =2 seconds. 

Find the times and positions where the particle changes direction. 

Draw a diagram to illustrate the motion of P. 

-
0
 

O
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Determine the time intervals when the particle’s speed is increasing. 

3 A particle moves in a straight line with velocity #(t) =¢> — 6t +8 ms~!, ¢ > 0 seconds. 

a Draw a sign diagram for z(t). 

b Describe what happens to the particle in the first 5 seconds of motion. 

¢ After 5 seconds, how far is the particle from its original position? 

d Find the total distance travelled in the first 5 seconds of motion. 

4 When a kayaker stops paddling, the velocity of 

the kayak in the following 6 seconds is given by 

v(t) = 2.75 — t + 0.5¢t2 ms™!, where ¢ is the 
time in seconds. 

a Find the velocity of the kayak: 

i when the kayaker stops paddling 

ii after 3 seconds. 

  

b Show that the kayak’s speed is decreasing during the 6 second period. 
2 

¢ Find / v(t)dt and interpret your answer. 
0 

5 A particle P moves in a straight line with position relative to O given by 

60 
s(t) = 15¢ — Tre 

a Find velocity and acceleration functions for P’s motion. 

  cm, where t is the time in seconds, ¢ > 0. 

b Describe the motion of P at ¢ =3 seconds. 

¢ For what values of ¢ is the particle’s speed increasing? 

6 A spotlight moves back and forth across a stage at a concert. Its position after ¢ seconds is 

given by x(t) = 3 + 2sin7t m. 

a Find the initial position, velocity, and acceleration of the spotlight. 

b Find the times when the spotlight changes direction during 0 < ¢ < 5 seconds. 

¢ Find the total distance travelled by the spotlight in the first 5 seconds.
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10 

12 

A particle has velocity function v(t) =2cos4t ms—1. 

a Show that the particle oscillates between two points, and find the distance between them. 

b Given that 8(1"—2) =6 m, determine s(%). 

¢ Find the total distance travelled by the particle in the first 7 seconds. 

When an aeroplane lands, its velocity is 65 ms™*. 

given by a(t) = —2ms™2 
Its acceleration ¢ seconds after landing is 

a Find the velocity v(¢) of the plane ¢ seconds after landing. 

b Find the displacement s(¢) of the plane ¢ seconds after landing. 

¢ i How long will it take the plane to reduce its speed to 3 ms~—1? 

ii How far would the plane have travelled along the runway at this time? 

A boat travelling in a straight line has its engine turned off at time ¢ = 0. Its velocity at time 

100 1 

(t+2)? 
a Find the initial velocity of the boat, and its velocity after 3 seconds. 

t seconds thereafter is given by v(t) =   

b Discuss v(t) as t — oo. 

Sketch the graph of v(t) against ¢. 
2 

d Find / v(t) dt, and interpret your answer. 
0 

e From when the engine is turned off, how long will it take for the boat to travel 30 metres? 

An object with displacement s m moves with velocity v = s* ms~!. 

a Write the acceleration of the object in terms of s. 

b The object is initially 2 m to the left of the origin. Find its initial velocity and acceleration. 

An object P moves with position equations x(t) =t —2, y(t) = —t2+3t—5, t > 0 seconds. 

The distance units are metres. 

a Find the initial position of P. 

b Illustrate the motion of P for ¢ =0, 1, 2, and 3. 

¢ Find the velocity vector of P. 

d Find the speed of P: i initially ii after 4 seconds. 

A seal at the zoo swims around the edge of a circular pool. 

Its position is given by z(t) = 10cos%, y(t) = 10sins, 
where = and y are in metres, and ¢ > 0 is in seconds. 

a Find the seal’s position: 

i initially ii after m seconds. 

b Is the seal swimming clockwise or anticlockwise? 

¢ How long does it take the seal to complete a lap of the 

pool? 

d Find the velocity vector of the seal. 

  
e At what speed is the seal travelling?
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13 A competitor in the shot put releases the shot from 1.5 m above ground level. The velocity of 

the shot after ¢ seconds is v = <9 iogt) ms~!, where g~ 9.8. 

Find the speed at which the shot was released. 

Find the angle to the horizontal at which the shot was released. 

Find the maximum height reached by the shot. 

For how long was the shot in the air? 

® 
O
 

n 
O 

o 

How far did the shot travel horizontally before hitting the ground? 

REVIEW SET 24B 

1 An object moves in a straight line with displacement function s(t) = t? + 4t + 1 m, where 

t is in seconds, ¢ > 0. 

a Find the initial position of the object. 

b Find the average velocity from ¢ =1 to ¢t =3 seconds. 

¢ Find v(t). 

d Find the instantaneous velocity at ¢ =1 second. 

  

  

  

    

                  

2 A jogger has the velocity-time graph shown. A velocity (m s—1) 

Find the total distance travelled by the 8 

jogger. 6 

4 

2 

0 0 10 20 30 40 50 60 
time (s) 

3 Attime t =0 a particle passes through the origin with velocity 27 cms™!. Its acceleration 

t seconds later is 6t — 30 cms™2. 

a Write an expression for the particle’s velocity. 

b Calculate the displacement from the origin after 6 seconds. 

& A particle moves along the z-axis with position relative to origin O given by 

x(t) = 3t — tv/t cm, where t is the time in seconds, ¢ > 0. 

a Find the velocity function z(¢) and the acceleration function Z(t), and draw a sign diagram 

for each. 

b Find the initial position and velocity of the particle and hence describe the motion at that 

instant. 

Describe the motion of the particle at ¢ = 2 seconds. 

Find the time and position when the particle reverses direction. 

Determine the time interval when the particle’s speed is decreasing. 

Draw a motion diagram for the particle. 

@ 
-
 

0
 
O
 
n
 

Find the distance travelled by the particle in the first 6 seconds of motion.
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10 

The velocity of a human cannonball is given by v(t) = 4.8t> — 0.8t> ms™!, 0 <t <6. 

a Find the acceleration of the human cannonball after: 

i 1 second ii 2 seconds iii 4 seconds iv 5 seconds. 
3 

b Find / v(t)dt and interpret your answer. 
0 

¢ How long does it take for the human cannonball to travel 30 m? 

t 

A particle P moves in a straight line with position given by s(t) = 80e 1 — 40t m, 

t >0 seconds. 

a Find the velocity and acceleration functions. 

b Find the initial position, velocity, and acceleration of P. 

¢ Sketch the graph of the velocity function. 

d Find the exact time when the velocity is —44 ms™?. 

A cork bobs up and down in a bucket of water. The distance - 

from the centre of the cork to the bottom of the bucket is given by ~ < 

s(t) =30+ cosmt cm, t >0 seconds. “ 

a Find the cork’s velocity at times ¢ = 0, 1, 1, 11, and 

2 seconds. 

b Find the time intervals when the cork is falling. 

A skier is travelling down a hill. Her velocity after ¢ seconds is given by 
1.1 1.5 

o(t) = @ivs) = 
10 

Find the velocity of the skier after 4 seconds. 

S 

Write an expression for the acceleration of the skier after ¢ seconds. 

n 
T
 

o 

Find the acceleration of the skier after 2 seconds. 

d Use technology to find the total distance travelled by the skier in the first 10 seconds. 

A feather is falling with velocity function &(t) = —5t3 — 15t ms™1. 

2 metres above the ground. 

The feather is initially 

a Find the displacement function z(t). 

b Find the time taken for the feather to reach the ground. 

Tyson and Maurice are competing in a 100 m sprint. 

Tyson runs with speed vy (t) = 10(1 — e~ 125%) ms™1. 

Maurice runs with speed v2(t) = 10.5(1 — e~%) ms™!, for ¢ > 0 seconds. 

a Who is travelling faster after 2 seconds? 
5 

b Find / vy (t) dt, and interpret your answer. 
0 

Find displacement functions s;(Z) and s3(t) for each sprinter. 

Who is winning the race after 3 seconds? 

Show that Tyson completes the 100 m in approximately 10.8 seconds. 

-
0
 

O 

Who will win the race?
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11 The velocity of an object is inversely proportional to the square root of its displacement. Show 

that the acceleration of the object is always negative. 

t 
sin £ cos £ —sin & 

5 5 5 
12 a Show that 4 e 

dt 
  

: t 
e’ 5e® 

b In a game of lawn bowls, the jack is located at (0, 30). 

Jess bowled her ball from the origin with velocity 

v, L . _ 
V:( ”) where v, = 2e D(coséfsm%) ms—t 

Uy 

o
 

t 

and v, =5e ° ms . 

Her ball came to rest after 10 seconds, when it hit 

another ball. 

i Find the initial speed of the ball. 

ii Find the position equations of the ball. 

iii How far was the ball from the jack when it came to rest? 

iv Find the speed of Jess’ ball the instant before it hit the other ball. 

 



  

Differential equations 

Contents: A Differential equations 

B Solutions of differential equations 

C Differential equations of the form 

W = f(x) 
D Separable differential equations 
E Slope fields 

F  Euler’s method for numerical 
integration 
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  OPENING PROBLEM 

Consider an object attached to a spring, hanging at rest from an equilibrium 

position O. 

Suppose we lift the object and release it from rest. We let z(¢) be the 

displacement of the object above the spring’s equilibrium point O, at time ¢. 

Things to think about: 

a What will happen when the object is released? 
x(t 

b Hooke’s law says that the force F' exerted by a spring is proportional © . 

to the distance it has been compressed or stretched, and in the direction equilibrium 
of the equilibrium point. point O 

Can you explain why Hooke’s law gives us F = —kz? 

¢ Newton’s second law of motion states that when a force F' acts on an object with mass m, 

resulting in an acceleration a, the variables are related by F = ma. 
P 

Can you use Newton’s second law of motion to explain why m == —kz? 

2 
d The solution to m jTZ = —kx can be written as a cosine function. Can you explain why this 

is reasonable: 

i using the physical context ii using calculus? 

2 

In the Opening Problem, the equation m 27: = —kz describes the relationship between the function 

z(t) and its second derivative. This is an example of a differential equation. 

P DIFFERENTIAL EQUATIONS 
A differential equation is an equation involving a derivative of a function. 

Suppose y is a function of z, so y = y(z). Examples of differential equations for this function are: 

dy z2 dy d?y 
—_— T — —_— 3 —_— = ° o ” . e 0.075y . oz 3dx+4y 0 

Differential equations not only arise in pure mathematics, but are also used to model and solve problems 

in applied mathematics, physics, engineering, economics, and other subjects. 

For example: 

A falling object A parachutist Constrained population 

growth 

Iy = 
dP 

- = Z = — kov? - = — hP? 9.8 m . mg — kv 7 aP — bP
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Current in an RL Circuit Water leaking from a tank A dog pursuing a cat 

curve of pursuit 

  

L 
L H 

T 

  

2 2 

L%JrRI:E %:fa\/fi Ly _ 1+(fl) 

CONSTRUCTING DIFFERENTIAL EQUATIONS 

‘When modelling a physical system, we often use relevant physical laws to establish differential equations. 

Each term in the differential equation has a physical meaning. 

For example, in the Opening Problem, we used Newton’s second law and Hooke’s law to establish a 

differential equation which can be written in the form 

d?x 
m— = —kx 

/ " \ 
resultant force spring’s “bounce” 

(Newton’s second law) (Hooke’s law) 

To improve our model, we might take into account the air resistance acting on the object, which is 
. . . d: . . 

proportional to the object’s velocity d—: A more realistic model is therefore: 

d’x dz 
m— =—r— —kx 
/ dt? Tdt \ 

resultant force air resistance spring’s “bounce” 

EXERCISE 25A 

1 Given sufficient resources, bacteria reproduce by “splitting’ 

themselves at a constant rate. This means that the population P 

increases at a rate which is proportional to P. Write this as a 

differential equation. 

> 

2 Algae is a kind of plant that grows in water. If G(¢) is the 

amount of algae present in a pond at time ¢, the rate of algae 

growth is proportional to v/G. Write this as a differential 

equation. 

  

3 When a hot cup of coffee cools in a room with temperature 7, the rate at which its temperature 7° 

changes is proportional to the temperature difference with the surrounding room. Write this as a 

differential equation. 

4 The equation of motion for a parachutist falling with downwards velocity v, is m % =mg — kv?, 

k> 0. The term m % is the resultant force as predicted by Newton’s second law. 

a Identify the term which models: i acceleration due to gravity i air resistance. 

b Explain the term which has a negative coefficient.
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5 Newton’s law of universal gravitation states that the force of attraction between two objects with 

Gmimg 
masses my and my a distance r apart is given by F = where 

G ~6.7743 x 1071 m* kg~ s72. 

Consider a small satellite with mass mg which is at altitude = above the Earth’s surface. 

The Earth has mass mg ~ 5.9722 x 10?4 kg and radius rg ~ 6.378 x 10 m. 

a Use the law of universal gravitation and Newton’s second law to show that the acceleration of 

Gmg 

(z+7)? " 

b Hence estimate g, the acceleration due to gravity for an object at low altitude. 

L1 [ SOLUTIONS OF DIFFERENTIAL EQUATIONS 
A solution of a differential equation is a function y in terms of x, which satisfies the differential equation. 

2 

the satellite due to gravity is & = — 

For example: 

. . . . d; . . 
e a solution to the differential equation d_y =2y is y= e 

Xr 

. . . . . 1 
e a solution to the differential equation Z—y =y is y=—=. 

XL xr 

. . . . . . d; 
Verify that y = ¢*” s a solution to the differential equation d_y = 2xy. 

X 

  

  

  

If y=e", then &= 2z(e”) 

—= =2zy as required.     
THE GENERAL SOLUTION 

In addition to the solution y = 61'2, the differential equation 

dy el 2xy has infinitely many other solutions, including 
T 

2 
yz?e“’Q, yz36‘"2, and y = —Te" . 

All of these solutions have the form y = ce®” where cis a 

constant, so we say that y = ce?” s the general solution 

to the differential equation. 

If we are given initial conditions for the problem, such as 

d; . 
a value of y or d—y for a specific value of z, then we can 

X 

evaluate c¢. This gives us a particular solution to the 

problem, which is one particular curve from the family of 

curves described by the general solution.    
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Example 2 o) Self Tutor 

  

A cup of water is placed in a refrigerator. The temperature 7°°C of the water decreases according 

dar 1 5 5 5 5 
to = + ZT =1, where t is the time in minutes. 

t 

a Show that T'=ce * +4 is a solution to the differential equation for any constant c. 

b Sketch the solution curves for ¢ = 6, 26, and 56. 

¢ Given that the initial water temperature was 80°C, find the particular solution. 

  

t 

a If T=ce *+4 then %:7 

darT 1 

T 

  
=1 

the differential equation is satisfied for any 

constant c. 

t 

¢ T=ce *+4 isa general solution to the differential equation. 

  

0 

When ¢t =0, 7=80, so 80=ce * +4 
Loe="1T6 

t 

the particular solution is 7' = 76e * + 4.     
EXERCISE 25B 

1 Verify that: 

dy dy a y=a* isasolutionto —= = 423 b y =5e?® isasolutionto —= =2y 
dx dx 

5 . . dy T 1 . . dy 9 
¢ y=+vz?+1 isasolutionto —= == d y=—— isasolutionto — =y 

dz Yy T dx 
‘,22 

e y=3¢2 1" isa solution to y_ y = . 
dx 

2 Match each differential equation with the correct solution: 

dy 1 dy 2y dy 2x = = b === ¢ =2 == 
dx 2y dx z dx 3y2 

A y=Vr2+1 B y=vz+3 C yziz 
T 

3 Verify that for any constant c: 

a y=2x%+c is a solution to Ay _ 342 b y=ce ™ is a solution to dy_ —y 
dx dx 

2 dy 2 
  is a solution to —= = xy~. ¢ y=— 

y 22 +¢ dx
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4 The population of guinea pigs P grows according to the model % — g =0, where t is the time 

in months. 
t 

Show that P = ce® is a solution to the differential equation for any constant c. 

Sketch the solution curves for ¢ = —2, 0, 2, 6, 10. 

Explain why ¢ must be positive for the model to be realistic. 

Q 
an 

O 
o 

Given that there were initially 30 guinea pigs in the field, find the particular solution. 

5 Consider the algae growth model % =kVG, k>0. 

2 
a Show that G(t) = (% + \/E) is a solution for any 

constant a. 

b Explain the significance of a by calculating G(0). 

¢ Show that G(t) is a quadratic function whose vertex occurs 

for some ¢ < 0. 

d Sketch G(t) for ¢ > 0. 

  

6 Consider the differential equation Z—y = 4. 
T 

Show that y = 2x2 + ¢ is a solution to the differential equation for any constant c. 

  

      

a 

b Sketch the solution curves for ¢ =0, +1, +2. 

¢ Find the particular solution which passes through (1, 3). 

d Find the equation of the tangent to the particular solution at (1, %) 

7 Consider the differential equation Z—y =2z —y. 
X 

Show that y = 2x — 2+ ce™™ is a solution to the differential equation for any constant c. 

  

    Sketch the solution curves for ¢ =0, +1, +2.   

a 
C 

o 

Find the particular solution which passes through (0, 1). 

d Find the equation of the tangent to the particular solution at (0, 1). 

8 For the frictionless mass on a spring in th2e Opening Problem, Yy — 

. . . . d . . 
we can write the differential equation as —;7 +w?z =0 where motion equation can also 

k dt be applied to pendulums. 

  

This is a particularly important equation called the simple 

harmonic motion (SHM) equation. 

a Verify that each of the following is a solution to the SHM 

  

equation: 

i z=sinwt il =sin(wt +b) 

il 2 = cos(wt +b) 

b Prove that = = e is a solution to the SHM equation 

provided A is purely imaginary. Find A in this case. 

¢ Prove that if z1(t) and z3(¢) are both solutions to the 

SHM equation then @ = Az (t)+ Bxzo(t) is also a solution.
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o TIONS OF 

  

dy _ (x) 
dz f 

For many differential equations, we can find analytical solutions. 

The first form we consider are differential equations of the form % = f(z). If f(z) is integrable, 
X 

which means we can write a formula for its indefinite integral, then we simply integrate with respect 

to x. 

Example 3 LR AR (T 

Find the general solution to: 

  

  

y=sinx —z+c 

Now y(0) =3, so sin0—0+c= 

N
l
=
 
o
l
 

e= 

So, the solution is y =sinz — 2 + 3.   
  

EXERCISE 25C 

1 Find the general solution to: 

  

d; d; d: 
a Yyl b Y246 ¢ Mgy 

dx dx dx 

dy . dy 1 dy 2 
- = 2. - = f Z 4+ == d -, = cosz +sin2z ¢ 231 =+ VT
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Find the general solution to: 

2 M _ 3t b dy __t ¢ f’(t)=teit2+1+2 
“dt t3—4 dt /25 — ¢2 

Find the particular solution to: 

  

a %=3x—2 given y(0) =5 b j—z=e3fl”+1 given y(0) =0 

< % = é given y(2) =1In12 

Find the particular solution to: 

a % =2¢e? —¢~! giventhat y=2.5 when ¢t =1In2 

b %:cos2a—3sina given that M =2 when a = 7. 

A function f(z) has gradient function f’(z) =2z —5, and the point (2, —18) lies on the curve. 

Find the value of f(—2). 

a Find the particular solution to the differential equation % =€ —e™® given y(0)=1. 
T 

b Sketch the graph of the particular solution. 

¢ Find the equation of the tangent to the solution curve at the point where = = In2. 

A curve has gradient function f’(z) = az + br~? where a and b are constants. It passes through 

(=1, —2) and has a turning point at (1, 0). Find the function f(z). 

Find the particular solution to: 

a f"(z)=6x—4 given f'(1)=3 and f(2)=7 

b — =sin2z given y(0) =0 and y(%) = 27. 

Example 5 LR R 

The marginal cost of producing z urns per week is given by 

ac _ 2.15 — 0.02z + 0.000 3622 pounds per urn provided 0 < x < 120. 
dx 

The initial costs before production starts are £185. 

Find the total cost of producing 100 urns per day. 
  

The marginal cost is a 2.15 — 0.02z + 0.000 36z pounds per urn 
dx 

Clz) = /(2.15 —0.02z + 0.000 362%) da: 

= 2.15z — 0.01z% 4- 0.000122° + ¢ pounds 

But C(0) =185 pounds, so ¢ =185 

C(x) = 2.15z — 0.012* + 0.000 122> 4- 185 pounds 

C(100) = 2.15(100) — 0.01(100)? + 0.000 12(100)® + 185 pounds 

=420 pounds 

the total cost is £420.    
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9 The marginal cost per day of producing x gadgets is C’(x) = 3.15 + 0.004z pounds per gadget. 

Find the total daily production cost for 800 gadgets given that the fixed costs before production 

commences are £450 per day. 

10 The marginal profit for producing x dinner plates per week is given by P’(x) = 15—0.03z pounds 

per plate. If no plates are made then a loss of £650 each week occurs. 

a Find the profit function P(z). 

b What is the maximum profit, and when does it occur? 

¢ What production levels enable a profit to be made? 

  

Example 6 

A metal water pipe has an annulus cross-section as shown. The 

outer radius is 4 cm and the inner radius is 2 cm. Within the 

pipe, the water temperature is maintained at 100°C. Within the 

metal, the temperature drops off from inside to outside according 
dr 10 

to - where x is the distance from the central axis 
X T 

and 2 <z <4. 

  

Find the temperature of the outer surface of the pipe. tube cross-section 

  

Since — = ——, T:/fE dx 
xT 

T=-10lmz+e¢, >0 

But when =z =2, T =100 

100 =—-10In2+¢ 

¢=100+101n2 

Thus 7= —10Inz + 100+ 10In2 

T =100+ 101n(2) 

When z =4, T'=100+10In(})~93.1 

The outer surface temperature is approximately 93.1°C.   
  

11 An insulation tube has inner radius 0.02 m and outer radius 

0.04 m. Fluid flowing through the tube maintains the 

temperature on the inner wall at 600°C. 

Heat is lost through each metre of tube length according to 

Fouriers law ar_ __d 
dr 2rkr 

g =680 Wm™! is the heat transfer rate per metre of length 

k=0.2Wm~!°C is the thermal conductivity constant 

r is the radius from the centre of the tube 

T is the temperature in °C. 0.04m 

Calculate the external temperature of the tube. 0.02m 

  where:



652 

12 

13 

DIFFERENTIAL EQUATIONS  (Chapter 25) 

Fluid flows through a stainless steel pipe with thermal 

conductivity k=19 Wm™! °C. 

The pipe has inner radius r; = 0.14 m and outer radius 

ro = 0.20 m. 

The inner wall temperature is maintained at 400°C. A 

The stainless steel pipe needs to be insulated with urethane 

foam with k = 0.018 Wm~! °C so that the temperature 

on the outside of the foam is not more than 50°C. 

The heat loss ¢ =60 Wm™! is constant throughout the 

dr 
pipe and the insulation. Use Fourier’s law 2= = ——Z 

dr 2mkr 
to find: 

a the temperature of the outer surface of the pipe 

  

b the outer radius r3 of the insulation 

¢ the thickness of insulation needed. 

A wooden plank is supported only at its ends O and 

P, which are 4 m apart. The plank sags under its 

own weight by y m at the distance x m from O. 

  

. . . d?y z2 
The differential equation —5 = 0.01( 2z — > 

dx? 

relates the variables = and y, for 0 <z <4. 

a Find the function y(x) which measures the sag from the horizontal at any point along the plank. 

b Find the maximum sag from the horizontal. Does the position of the point of maximum sag 

seem reasonable? 

Find the sag 1 m away from P. 

Q
 

Find the angle the plank makes with the horizontal at the point 1 m from P. 

3] SEPARABLE DIFFERENTIAL EQUATIONS 
dy _ Differential equations of the form i f(x) g(y) are called separable differential equations. 
T 

Examples of separable differential equations include: 
Differential equations of the forms 

  

  

dy 
a = zyQ {f(I) =1, g(y) = yQ} x dy _g(y) 

dy 2 2 are special cases of separable Y _ 243 =1, = 3 D ep: 
dz Y {f(z) 9(y) =y +3} differential equations. 

dy _ z+2 _ _ 1 
= {f@) =z +2, g(y)—yg}
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These equations are called separable differential equations because we can separate the variables so that 

everything involving y is on one side, and everything involving z is on the other side. 

For the separable differential equation d—y = f(z) g(y), 

1 
9(y) 

Integrating both sides of this equation with respect to x, / L dy dr = / f(z)dx 

2= f@) 

by the chain rule, / Loy = / (@) d. 

The variables are now separated, so we can now find the two integrals separately. 

Solve the following differential equations: 

  

  

  

  

  
  

EXERCISE 25D 

1 Solve the following separable differential equations: 

  

  

z dy 2z dy 
a === b === c ==3 

dx y2 dz ey dz Y 

d @=2z\/§ e @=ysinz f d—y=—z\/y+1 
dx dx dx 

2 
g @_2 h @—3I26y i d_y_y+ 

dx T dx dx r—1 

2 Solve 

dy dy 1 dy 
a — = b X =2 ¢ L =9qy— 

dx Y dx Yy dt Y 

dp dQ dQ 1 2 _3,/P X _ 9 X 
d dt 3\/_ ¢ dt Q+3 dt 2Q+3 

3 Solve the differential equation dy _ y?. Discuss the values of z for which the solution is defined. 
dx



Example 8 ) Self Tutor 

Solve the differential equation Z—y = e* cos3z given that y(0) = 0. 
T 

  

d 
29 — ¢ cos 3z 
dzx 

1 dy 
—— — =cos 3z 
ey dx 

1 dy . 
/eTyEdZ_/COS?’IdI 

/6_2y dy:/cos?)zdx 

lo—2y — 1g e = 3sindz +c¢ 

e~ = —% sin3z + ¢ 

—2y =1In(—2sin3z +c) 

. y=—4In(—2%sin3z +¢) 

But y(0) =0, so 0=-3Inc 
Inc=0 

c=1 

The particular solution to the differential equation is y = — In(—2sin3z + 1). 

  

  
Find the particular solution to: 

  

  

dy _ 32 - B _ VT . @ g7 even that y(0) =1 o~ 5 given that y(44) =9 

Wy _ w_ s _ 5, = Y Tyz® given that y(0) =1 do =~ ooy VD that y(1) =0 

dy 6cos2x . _ 
pr given that y(0) =3 

Find the particular solution to 3—y =2,/y given that y(0) = 9. State the values of « for which 
T 

the solution is defined. 

3L k] R R (T8 

  

A salmon farm has an initial population of 80. The 

population grows according to the differential 

. dP 1 . . . 
equation == gP, where ¢ is the time in years. 

Write an expression for P in terms of t. 

Find the salmon population after 10 years. 
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a &P b When t=10, P = 80¢? 
14dP 1 P 591 

S Pa s After 10 years, there are approximately 

591 salmon. 
3 /ifdt:/ldt 

P dt 5 

1 1 dP 
/—dP:/—dt E=kP for some constant k 

2 
indicates an exponential 

In|P|= lt +c relationship between P and ¢. 

P=este {since P > 0} 
t 

P = Aed {A=¢} 

When t =0, P =280 0 

80=Ae” andso A =80 \ 
t 

P = 80e’ 
  

10 

A population of rabbits in a field grows according to the differential equation ‘Z—I; = %P, where 

t is the time in months. The initial population was 40 rabbits. 

a Write P in terms of ¢. b Find the rabbit population after 6 months. 

When a transistor radio is switched off, the current I (in milliamps) falls away according to the 

. . . dI . . . s . . 
differential equation T —0.41 where ¢ is the time in milliseconds. At the instant the radio is 

switched off, the current is 350 milliamps. 

a Write [ in terms of ¢. b Find the current after 5 milliseconds. 

¢ How long will it take for the current to fall to 20 milliamps? 

Ethylene oxide reacts with water in the presence of 

  

the catalyst sulphuric acid to form ethylene glycol. /O\ 4 H0 HoSO4 Cle_ OH 

Since water is present in excess, the rate of change CH,— CHs CH,— OH 

in concentration of ethylene oxide (A) will be given catalyst 
dC'y i A + B — C 

by 5 —kC's where the reaction rate constant 

k= 0.31 min—'. 

The initial concentration of ethylene oxide is 1 mol L=!. Find the time required for 80% of the 

ethylene oxide to be used up. 

In the “inversion” of raw sugar, the rate of change in the weight w kg of raw sugar is directly 

proportional to the weight w. After 10 hours, 80% of the sugar has been “inverted”. What percentage 

of raw sugar remains after 30 hours? 

A bloom of toxic blue-green algae grows in proportion to the square root of its existing size. When 

it is first noticed, the bloom covers 16 m2. Its area doubles in the next 3 days. Find a function A(t) 

for the area of the bloom after ¢ days.
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11 Water evaporates from a lake at a rate proportional to the volume of water remaining. 

Suppose V' is the total amount of water evaporated after ¢ days, and Vj is the initial volume of water 

in the lake. 
av. 

a Explain why T k(Vo—V). 

b If 50% of the water evaporates in 20 days, find the percentage of the original water remaining 

after 50 days without rain. 

12 Newtons law of cooling states that the rate at which an object changes temperature is 

proportional to the difference between its temperature 7' and that of the surrounding medium 7,,. 

So, Lo (T~ T3,). 
dt 

Use Newton’s law of cooling to solve these problems: 

a The temperature inside a refrigerator is maintained at 5°C. 

An object at 100°C is placed in the refrigerator to cool. 

After 1 minute its temperature drops to 80°C. How long 

will it take for the temperature to drop to 10°C? 

b At 6 am the temperature of a corpse was 13°C. By 9 am 

it had fallen to 9°C. Given that the temperature of a living 

body is 37°C and the temperature of the surroundings is 

constant at 5°C, estimate the time of death. 

  

13 In an RL-circuit, the current / amps changes according to the 

differential equation L % + RI = E where R 

L is the inductance in henrys, 

R s the resistance in ohms, 

E s the voltage drop in volts, and 

t is the time in seconds. 

Suppose L =0.3, R=10, and E = 20. 

a Find a general solution for I(¢). 

b Find a particular solution for I(¢) if I(0) =0 amps. 

¢ By considering I as ¢ — oo, find the limiting current. 

d  Find the time required for the current to reach 99% of its limiting value. 

Example 10 ) Self Tutor 

Water flows out of a tap at the bottom of a large cylindrical 

tank with base radius 2 m. The rate at which the water flows 

is proportional to the square root of the depth of the water 
9m remaining in the tank. Initially the tank is full to a depth of 

9 m. After 15 minutes the water is 4 m deep. How long will it 

take for the tank to empty? 

  

  

We are given that % o VR where h is the depth of the water. 

% = kvVh where k is a constant.
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dv dh . 
i kvh  {chain rule} 

. dh _ _ 2 .odav .47rdt_k\/fi {V=mrh=dnh .. == =dn} 

dm dh _ 
Vhodt 

1 

/47rh’3 @dt=/kdt 
dt 

_4 
S 47r/h Zdh:/kdt 

=kt+c 

  
2 

8nvh =kt +c 

Now when t=0, h=9, so 8m/9=c 

Loe=24m 

. 8wVh =kt + 24r 

Also, when t =15, h=4, so 8wv/4 =15k + 24w 

15k = —8m 

k=8 
So, the equation connecting the depth of the water and the time ¢ is 8mvh = — ?gt + 247, 

The tank is empty when h = 0. This occurs when %t = 247 

. t=45 

The tank empties in 45 minutes.   

  

14  Water flows out of a tap at the bottom of a cylindrical tank of height 4 m and radius 2 m. The tank 

is initially full, and the water escapes at a rate proportional to the square root of the depth of the 

water remaining. After 2 hours, the water is 1 m deep. How long will it take for the tank to empty? 

15 Water evaporates from a hemispherical bowl with radius 

r c¢cm at the rate % = —7r2, where ¢ is the time in hours. 

The volume of water of depth h, in a hemispherical bowl 

of radius r, is given by V = $wh?(3r — h). 

d dV dh . . . . 
a Use v _ dvdh to write a differential equation 

dt dh dt 

connecting h and ¢, given that r is a constant. 

  

b Suppose the bowl’s radius is 10 cm and that initially the bowl is full of water. 

i Show that ¢ = 75 (h® — 30h? + 2000). 

ii Find the time taken for the depth of the water to fall to 5 cm. 

iii How long will it take for the bowl to empty?
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16 Since water and oil are immiscible, oil spilt in water will form a cylindrical patch on the surface of 

the water. The patch spreads at a rate proportional to the thickness of the patch, which is the height 

of the cylinder. 

a Suppose V cm?® of oil is spilt on a still surface. Show that the radius r of the spill after 

L k 
t seconds is given by r = ¢ /fl t+c¢ cm where ¢, k are constants. 

s 

b Suppose 1 litre of oil is spilt on a still lake. The initial radius of the spill is 20 cm, and after 

2 seconds it has increased to 50 cm. How long will it take for the spill radius to reach 5 m? 

T SLoPE FsLos 
The differential equation d_ = 2z +y may be interpreted geometrically as a statement about the 

X 

tangents to any solution curve of the equation. 

The gradient of the tangent at point (z, y) on the solution curve can be found by calculating the value 

of 2z +y at that point. 

For example, at the point (1, —1), Z—y =2(1)+(—1) = 1. This tells us that the tangent to the solution 
X 

curve at (1, —1) has gradient 1. 

The table alongside summarises the values of Z—y =2rx+vy 
T 

for the integer grid points x, y € [—2, 2]. 

  

By representing the gradients at many different grid points with short line segments, we obtain a 

slope field of the tangents to the solution curves. 

The slope field for % = 2z +y is shown c=2 c¢=1 
T 

    
alongside. Three of the possible solution curves 

are drawn. 

Each curve is tangential to any segment it touches, 

and remains parallel to any segment it passes 

near. This controls the curve’s path through the 

slope field.       
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In this case the family of solution curves has the 

form y = ce® — 2z — 2. Each solution curve 

corresponds to a particular value of c. 
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EXERCISE 25E 

1 Use the slope field to graph the solution curve passing through (1, 1). 

PRINTABLE 
SLOPE FIELDS 
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d . 2 
3 The slope field for L — 22 is shown. oY 

dr L1177 -0 000 
- ==/ 111 

a Find the general solution to the differential equation. LT 
T T T . V11177 re=t==r7 70011 b Find the particular solution for: T 

= _ = _ V111l re—t—er sl 1111 
ie=1 he=-2 V1117 sre—teer 111 

  

Sketch these solutions on the slope field. 1142770 -=F——27712 11T 
V11177 re=t—cvri 101 
11117 re—teer s 1101 
V11117 7se=Ft—cvs 00111 
11177 seatmer 0111 
V111 77eeat=crrri101 
11117 7s72F——r77 0111 
111177 re=teevri 101 
V11177 7s=F——v7 0010111 

  

. . . d; 
4 oo The slope field for the differential equation d—y=z(y—1) 

VOV NN . . © 
[N A N N is shown alongside. 
VY VY VN NNNN s . . 

Vivavaasst s a  Sketch the solution curve which passes through (0, 2). 
VAANNANNNNRY v 7770000 3 . . . 

VAN s b Find the equation of the solution curve drawn in a. 
N 

I=41 0 =2, 7 o Fs 2004 
U s N 
P s v v 
Frbr =2 v 

P N 
PO N 
ey Yuev e v 

(RN NN 
L v 

. 1 . vims™Ho oL 5 The velocity v ms™" of a skydiver ¢ seconds after she I 
jumps from a helicopter satisfies the differential equation -~~~ ——~————— 

dv 3 _9 . 
6OE =60g—Fg5v2, where g ~ 9.8 ms™2 is the 40 

~ 
- 
s 
s 
/ 
/ 

7 
/ 
7/ 

/ 
/ 
7/ 

acceleration due to gravity. 

The slope field for this differential equation is shown 

alongside. 20 

a  Given that the skydiver initially had velocity 0 ms™?!, 

sketch the particular solution curve. N
N
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b Describe what happens to the velocity of the skydiver 

as she falls. 

  

Example 12 ) Self Tutor 

Consider the differential equation Z—y =z —y+ 1, which has general solution y = ce™ + x. 
T 

Find the particular solution which passes through (0, —1). 

Construct the slope field for the differential equation using the integer grid points for 

z,y € [—2, 2]. Include the particular solution curve from a. 

  

a The particular solution passes through (0, —1) o —1l=ce %40 SLOPE FIELDS 

c=-1 

So, the particular solution is y = —e~% + z.
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b We calculate Z— for each grid point: 

  

  

. . . . d; . . 
6 Consider the differential equation d_y = 1— 2, which has general solution y =z — %x2 +c. 

T 

a Find the particular solution which passes through (—1, 0). 

b Construct the slope field for the differential equation using the integer grid points for 

z,y € [—2, 2]. Include the particular solution curve from a. 

. . . . d; 1 
7 Consider the differential equation d_y =5y 

T 

a Find the particular solution which passes through (1, —1). 

b Construct the slope field for the differential equation using the integer grid points for 

z,y € [—2, 2]. Include the particular solution curve from a. 

OD FOR 
RATION 

In the book Institutionum calculi integralis, Leonhard Euler (1707 - 1783) described a method which 

. . . . . . d; 
allows us to numerically approximate the solution curve to a differential equation where d_y = f(z, y) 

i 

with particular solution (zo, o). 

The particular solution gives us initial values for xoy and yo. At each iteration of Euler’s method, we 

generate another point for our solution curve. 

We choose a step size h and let x; = x;_1 + h be the z-coordinate of the ith point. 

. d . . 
Since d—y gives us the gradient of the tangent to the 

T 

curve, we follow the tangent to find the next value of y. 

Now Yi —Yi—1 :f( 

h 

Yi —Yi—1 = h f(zi1, yio1) 

yi = vi—1 +h f(xi—1, yi—1) 

Ti-1, Yi-1) 
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The iterative procedure y 
actual solution 

  

{xz =z,1+h 

Yi = Yi—1 + h f(zi-1, yi-1) 

creates a polygonal approximation to the solution curve. 

  

We correct our direction at each iteration by recalculating 

the gradient of the tangent to the curve. |y
 

Zo 1 Z2 z3 

Suppose we apply Euler’s method for n iterations to reach x = b. 
b 

If we let n — oo so we use infinitely many steps, Euler’s method gives y(b) = y(zo) + / Z—y dz, 
T 

£ 
which is a statement of the Fundamental Theorem of Calculus. 

Example 13 l1>)) Self Tutor 

Consider the differential equation Z—y =e”+1 with y(0) =1. 
T 

a Estimate y(0.5) by applying Euler’s method with: 

i h=0.25 for two steps ii h=0.1 for five steps. 

b Find y(0.5) exactly using the Fundamental Theorem of Calculus. 

  

y(0) =1 givesus o =0 and yo = 1. 

y(0.5) ~ 2.0710 

  

(0.5) ~ 2.1168 

0.5 
b y(0.5) =y(0) + / ? dx {Fundamental Theorem of Calculus} 

0 T 

    
     

0.5 

:177/ (¢* + 1) da 
0 

=1+ [ear + :v]g'5 

=1+ ("5 +0.5) — (e +0) 

=e’®+05 

= 2.1487 

The accuracy of Euler’s 

method is improved by 

decreasing the step size. 
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The table of values for Euler’s method can be conveniently generated using a spreadsheet. ~ EYLER'S METHOD 

Click on the icon to obtain a spreadsheet set up for the Example on the previous page. 

Notice how the formula for Z—y is used in column D. 
T 

EULER’S METHOD 
You can also apply Euler’s method using 

online software or your graphics calculator. GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 25F 

  

1 Consider the differential equation Z—y = zy — 1 with initial point (0, 3). 
X 

a Copy and complete this table for Euler’s dy 
lteration | x;—1 | yic1 | =— | = | s method with step size h=0.1. 

  

  

b Plot the solution curve for 0 < z < 0.5. 1 0 3 —11011(29 

2 0.1 2.9 

3 

4 

5 

2 Consider the differential equation Z—y =3e?* —1 with y(0) =2. 
X 

a Estimate y(0.5) by applying Euler’s method with: 

i h=0.25 for two steps ii h=0.1 for five steps. 

b Find y(0.5) exactly using the Fundamental Theorem of Calculus. Comment on your results. 

3 Use Euler’s method with step size 0.2 to estimate y(1) given Z—y =1+2z—3y, y(0)=1. 
X 

4 Consider the differential equation Z—y = —cosz with y(0)=0. 
X 

a Estimate y(0.5) using Euler’s method with step size 0.1. 

b Use technology to apply Euler’s method with step size 0.001 for 500 steps. 

¢ Find the exact value of y(0.5). Compare it with your numerical results. 

dy 5 Consider the differential equation =, = Teosy with initial point (0, 0). 
T 

Use Euler’s method to estimate the value of y when z = 2, using: 

a h=1 b h=0.1 ¢ h=0.01 

DISCUSSION 

o What features of Euler’s method are most useful? 

e As the number of iterations n increases, what happens to the accuracy of the solution curve? 

e In the absence of an analytical solution, how do we know how accurate a numerical 

approximation is? 

e Suppose we keep halving the step size until consecutive numerical approximations obtained are 

within an acceptable error of each other. Will this guarantee that the numerical solution is close 

to the actual solution?
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ACTIVITY 1 

The logistic growth or constrained population growth model describes populations which grow 

exponentially at first, but then approach a limiting value due to restricted land or food. 

  

The logistic model was first given its name in 1845 by the 

Belgian mathematician Pierre Frangois Verhulst, in his study 

of population growth. 

Verhulst described the logistic model using the differential 

equation 

O (1 _ fl) 
dt ~~ K 

ST 
This factor controls the exponential This factor ensures that the growth 

  

nature of the growth when N is small. approaches 0 as N approaches K. 

The 7/ K selection theory in ecology derives its name from the Pierre Francois Verhulst 

symbols in Verhulst’s logistic model. The theory hypothesises that 

species are driven towards either r-selection or K-selection. 

r-selected species such as insects and small rodents have high growth rates and high birth rates, but 

individuals have a relatively low chance of surviving to adulthood. 

K -selected species such as humans, elephants, and whales operate in dense groups close to their 

limiting population. They typically produce fewer offspring, but their offspring have a high chance 

of survival. They are characterised by their ability to compete for limited resources. 

Verhulst’s differential equation is separable, but its solution is non-trivial. You can e 

click on the icon to see how it is done. 

If Ny is the initial population, the solution is N(!) = ———————— which is 
1+ (1\% - 1) et 

equivalent to the logistic model we studied in Chapter 1. 

What to do: 

1 A lily in a pond initially has area 20 cm?. Its area A grows according to the  SPREADSHEET 

model A _ 0.14 (1 — i), where ¢ is the time in days. 
dt 500 

a By comparison with the analytic solution above: 

i write A as a function of ¢ ii state the limiting size of the lily. 

b Use a spreadsheet to apply Euler’s method with step size 1 for the given scenario. 

Estimate the area of the lily each day for 40 days, and plot the analytic solution and your 

numerical approximation on the same set of axes. 

¢ Discuss the accuracy of your approximation in b. Reduce the step size in Euler’s method 

until you are satisfied with its accuracy. 

2 In a small country town, rumours spread very fast. At 8 am on Monday, a rumour begins with 

2 people. The number of people N who have heard the rumour grows according to the model 

Ay O.8N<1 - i), where ¢ is the time in hours after 8 am. 
dt 600
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a Change your spreadsheet from 1 to apply the differential equation for this scenario. 

Apply Euler’s method with step size 1 for the first 10 hours. 

Reduce the step size until you are satisfied that your model will be accurate. 

b By comparison with the analytic solution for Verhulst’s differential equation, write N in 

terms of ¢. 

¢ Plot the analytic solution on the same set of axes as the numerical approximation you were 

satisfied with. Comment on your results. 

  INVESTIGATION 

We have seen that Euler’s method can be quite inaccurate, depending on the function  MFROVING 

we are integrating. METHOD 

Click on the icon to see how Euler’s method can be improved. 

ACTIVITY 2   

In this online Activity we consider the population dynamics of the spruce budworm. — THE SPRUCE 

To help analyse the behaviour of the population, we consider equilibrium points at 

which the population is stable, and how they change depending on the reproduction 

rate of the budworm. 

THEORY OF KNOWLEDGE   

Sir Isaac Newton developed his Laws of Motion in the mid 1600s in England. 

Since acceleration is the second derivative of position, Newton’s second law F = ma gives us a 

differential equation. Combined with other physics, such as the Law of Gravitation, we can write 

equations which describe the future position of the planets. For example, by solving a differential 

equation, Newton showed that a single planet could move in an elliptical path around the sun, in 

agreement with astronomical observations. 

In the seventeenth and eighteenth centuries, the study of differential 

equations became a central part of classical mathematics. Leonhard 

Euler (1707 - 1783), Pierre-Simon Laplace (1749 - 1827), 

and Jean-Baptiste Fourier (1768 - 1830) all made significant 

contributions to the techniques for solving differential equations. 

By the middle of the twentieth century, mathematicians had realised 

that some differential equations do not have simple analytical 

solutions. Furthermore, while solutions may remain finite, they 

can be chaotically unstable so that even with the computer power 

available today, long term numerical simulation is essentially 3 

impossible. An example of this is long term weather forecasting. Jean-Baptiste Fourier 
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Edward Lorenz (1917 - 2008) was one of the first people to recognise this problem, and the Lorenz 

equations are one of the simplest systems which show this behaviour. 

Mathematicians are still developing Chaos theory to better understand complex physical processes 

such as turbulent flow and improve long range forecasting. 

1 What are the relative advantages and disadvantages of a numerical solution compared 

with a traditional analytic solution? 

2 At what point does the use of numerical methods become closer to scientific 
experimentation than logic and deduction? 

3 What does Chaos theory tell us about the limitations of our knowledge of the world? 

REVIEW SET 25A 

1 The rate at which the mass M of a Schwarzchild black hole decreases over time is inversely 

proportional to M?2. Write this as a differential equation. 

2 Verify that: 
1 T . d 

a y=3e = isa solution to Y_Y 
dr 22 

b y=2+ce ™ isa solution to Z—y + 322y = 622 for any constant c. 
XL 

3 Solve the following differential equations: 

  

a @=0052x—sinz b fl=3—6_21 
dz dz 

dy 1 _ dy 2 _ < - y(0) =2 d - t=te", y(l)=2e 

4 The rate at which spectators entered a stadium before 

a football match is given by 

S'(t) = 4000e_—0-05f 
(1+4e 0.05t)2 

t is the time in minutes after noon. 

There were 4000 spectators in the stadium at noon. 

spectators per minute, where 

  

a At what rate were the spectators entering the 

stadium at: 

i noon ii 12:30 pm? 

. . 1 
b Find the derivative of T 4o-005 - 

¢ Hence find S(t), the number of spectators in the stadium ¢ minutes after noon. 

d Find the number of spectators in the stadium at 1:40 pm when the match started. 

5 Solve: 

dy flz&ixzy b —= =21y> —y? a 
dx dx
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6 A radioactive substance decays at a rate proportional to the mass M remaining at time ¢. Suppose 

the initial mass is M. 

a Construct a differential equation involving M, ¢, and a constant k£ to model this situation. 

b If the substance is reduced to % of its original mass in 30 days, calculate the time required 

for the substance to decay to half its original mass. 

7 Solve the differential equation Z—y = —% given that y =1 when x =0. 
T € 

8 The slope field for Z—y = 2z — y*> is shown 
XL 

alongside. 

a Find the gradient of the tangent to the solution 

curve at (1, —1). 

b Sketch the solution curves through: 

i (0,0) ii (2,3) PRINTABLE 
SLOPE FIELD 
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9 Consider the differential equation Z—y =-Z 
x Yy 

a Show that the solution to the differential equation is % +y? = ¢ for any constant ¢ 

b Using integer grid points for z, y € [—3, 3], draw the slope field for the differential 

equation. Illustrate the particular solutions correspondingto ¢=1 and c= 6%. 

dy 10 A curve passes through the point (1, 2) and satisfies the differential equation = 2y. 
X 

Use Euler’s method with step size 0.1 to estimate the value of y when z =1.6. 

  A 

1 Let D(¢) be the distance a falling object has travelled after ¢ seconds. The rate at which D 

increases is proportional to v/D. Write this as a differential equation. 

2 Verify that y = 3sinxz —2cosx is a solution to 3 ? — 2y =13 cosx. 
T 

3 Consider the differential equation Z—y =y—1 
L 

a Show that y = ce® + 1 is a solution to the differential equation for any constant c. 

  

      b Sketch the solution curves for ¢ =0, +1, +2. 

¢ Find the particular solution which passes through (0, 4). 

d Find the equation of the tangent to the particular solution at (0, 4). 

& Solve the following differential equations: 

_ e b d—yzécos(l—Zz), y(%)zo a 
dx et —2 dx g 
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Solve: 

dy 4 9 _ 9 
a dx Y 

Find the particular solution to: 

dy N . 
a == VU given that y(0) =4 b 

dP 
SR () Ny 2 b (°+1) T =Pt 

Z—Z:ycosx given that y(%) :e%. 

A water tank of height 1 m has a square base 2 m x 2 m. When a tap at its base is opened, 

the water flows out at a rate proportional to the square root of the depth of the water at any 

given time. Suppose the depth of the water is & m, and V is the volume of water remaining in 

the tank after ¢ minutes. 

5 3 . 8 8 9 dav 9 -8 . 
a Write down a differential equation involving = and h to model this situation. 

b Explain why V = 4h m?® at time ¢, then use the chain rule to write down a differential 

equation involving % and h only. 

¢ The tank is initially full. When the tap is opened, the water level drops by 19 cm in 

2 minutes. Find the time it takes for the tank to empty. 

8 Match the slope fields to the differential equations: 

       
  

   

a — = 1 b = =u- < 
dz y+ dz Y 

A \\\\\'L/\\\\\ B /I///yI//// ¢ 
Vb b A23 Vv Vv 128 

Vb v NN N = — 1 1/ 

VOV VAN N—~ 7/ 17 /17T 

VNNNNF =~/ 7 1SS 
-— e -~ A 
st - 27 P S 
VLV VAN ~N—~// -1 ———- 

Vv v NN N~ — PN NN 

Vb ra2d vy Ay NONON NAE NN N NN 

Frr Vv AR NN NN    
The population P of rodents on an island is 

expected to grow according to the model 

de 0.1P <1 - i), where ¢ is the time in 
dt 3000 

years from now. 

The slope field for this differential equation is 

shown alongside. 

a Given that the population is currently 500, 

sketch the particular solution curve. 

b Describe what happens to PRINTABLE 
o o SLOPE FIELD 

the population over time. 
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10 Use Euler’s method with step size 0.1 to estimate y(0.5) given Z—y =sin(z+vy), y(0)=0.5. 
T



  

Coupled differential 

equations 
Contents: A Phase portraits 

B Coupled linear 
differential equations 

Second order differential equations C 

D Euler’s method for 
coupled equations 

 



670  COUPLED DIFFERENTIAL EQUATIONS (Chapter 26) 

OPENING PROBLEM 

In 1910, the American mathematician Alfred J. Lotka (1880 - 1949) formulated a model to describe 

the rates of chemical reactions. It was extended to problems in mathematical biology in the 

1920s by the Soviet mathematician Andrey Kolmogorov (1903 - 1987) and Italian mathematician 

Vito Volterra (1860 - 1940). 

The Lotka-Volterra predator-prey model, as it is now known, is used to model the populations of 

predators (y), and prey (x) as they change over time ¢. 

Suppose a population of y orcas feed on a population of x seals. Clearly, these two populations 

interact, and so the changes in their population are affected by both species. We therefore have two 

differential equations to solve: 

dx. 
i 30z — zy 

dy _ 
o 0.015zy — 30y 

Things to think about: 

a What constraints are there on the variables 2 and y? 

b Suppose there are no predators, so y = 0. 

  

i Find ra and interpret this value. 

ii Find Z—: Explain what will happen to the population of seals. 

¢ Suppose there are no prey, so = = 0. 

dz 
i Find = and interpret this value. 

ii Find % Explain what will happen to the population of orcas and why. 

d If =0 and y = 0 simultaneously, then the populations are both extinct and clearly % 

d; 
and d_lt/ must both be zero. 

Can you find another pair of values (x, y) such that Z—: and % are both zero? What does 

this mean for the two populations? 

e How can we find solutions to these differential equations which will tell us what happens to the 

populations over time? 

Just as we can have simultaneous equations, we can also have simultaneous differential equations. 

Differential equations which need to be solved simultaneously are said to be coupled. 

For example, the 2 and y components of the velocity of an object may be given as 

dx 
E=f1(fv, Z/) or {x'=f1(z, y) 

dy y = fa(z, y). 
- = fQ(I, y)
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In this case: drx 

e The velocity vector of the object is dt or (Z) 

e The solution to the differential equations will be the parametric equations z(¢) and y(t) for the 

object’s position at time ¢. 

e We need an initial point (o, yo) to fully specify =(¢) and y(t). 

EQUILIBRIUM POINTS 
dx dy 

If we can find a point (z, y) such that T 0, then (z,y) is a point at which the system will 

stay in equilibrium forever. 

S q g 9 9 de dy , 
An equilibrium point is a point at which ity 0 simultaneously. 

dx 
a filz, y) dz d 

For the coupled system of differential equations 4 the derivatives I and d_?: are 

d_i = fa(z, y) 

uniquely defined by « and y independent of time. 
dz 

For any point (z, y) we can therefore calculate a trajectory vector g; 

dt 

Calculating the trajectory vector at each point on a grid allows us to generate a diagram similar to a 

slope field. However, we use vectors instead of line segments, so the magnitude and direction are also 

indicated at each point. We call such a diagram a phase portrait. 

We can solve the system of differential equations by following the vector arrows from any starting point. 

This generates the trajectory or solution curve from the given point. 

For example, the phase portrait for the coupled system 

of differential equations 

dz 
— =2y—2 
dt Y 

dy _ 
@ YT 

is shown alongside, along with the trajectory from 

(2, 1). 

   



  

ECTITI T 

      
The phase portrait for the coupled system of ———r 

                  
Yy~ 

differential equations T e A s 
~—rr e~ |~ 

dx 1 @ y—1, ~ o w ” 
a 42 . ~ e . 

is shown alongside. dy ) ~ - - \ « 
— =sinwz i - . ‘ 

. . ' 
@ P v v 

Calculate & at the point: ‘ ' " dy . , N 
i ' —11- ~ 

vy s s e e e 
(1, —1) (%,1) v e s e e 

) v v s gl 
Explain how these vectors are observed on Lo e e e 

the phase portrait. 

Tllustrate the solution curves with the following initial points on the phase portrait: 

  

(2. 0) (-% 3) 2 -3) 

d_z 1 1 3 

dt -T2 ) Ac (-, | & :( sz) :( 02) 

@ 
On the phase portrait, the vector at (1, —1) is horizontal and pointing to the left. 

ATNAEEOANNE A 1 dt _ 2\2 _ 1 

! (2’ )’ % sin & 1 
it 

On the phase portrait, the vector at (%, 1) has the direction 

—
 
o
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EQUILIBRIUM POINTS 

We can describe an equilibrium point according to the behaviour of the phase portrait around it. 

    

    

  

   

stable fixed saddle point unstable fixed 

— 

—_— ¢ «— ) . ( -— ¢ —» 

/ T N N\ / l N\ 

stable spiral centre unstable spiral 

For example, for the coupled system in Example 1: N Y P R 

3—2:0 whenever wx=km, k€Z LTIt~ 
r=k kel P oo\ 

dx 1 - v o4 ror o, 

EZO when y—52=0 :: ‘ ’: 

for an equilibrium point, = =k, y= 1k, k€ Z. o N cor 

On the phase portrait we observe two types of equilibrium ‘ : oo : : - 

point. There is a saddle point at (0, 0) and there are stable . N 

spirals at (—1,—%) and (1, %) . oo 

  

EXERCISE 26A 

1 The phase portrait for the coupled system of differential ~ —————— By~ v v v v~ 
N w21 - - 

  

d: d_”t” — Y e e e e - 

equations u is shown alongside. o T 

ZL—u CoLLoiIhno 
dt L T 

dz i a0 
pn ) 224 14~ ofr v el « « 2 

a Calculate dy at the point: U s 

dt oo e s 

i (1,0) i (-1, 1) ::::::::v44.A.A 

Explain how these vectors are observed on the Vv v vy wode da a4 

phase portrait. VYN U v v v AWl 4 4 a ks 

b lllustr?te the solution curves with the following initial points on the phase s 

portrait: 

i (2% i (-2,1) i (-2, 1)



COUPLED DIFFERENTIAL EQUATIONS  (Chapter 26) 674 

2 The phase portrait for the coupled system 
NN 

VoA 

Vo 

\ 
\ 

/ 

is shown alongside. 
xT 

T = CcosTY 

{ 
points. Describe the equilibrium point in each 

case: 

a Show that the following points are equilibrium 

 
 

b Illustrate the solution curve starting at: 

i (1, -2) 

iv (0, -2) 

i (-1,2) 
i (0,0) 
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4 The diagram alongside shows the phase portrait for 

the system 

Locate and describe the equilibrium point. 

dx 2 

r 
the system J 

W12 
dt 

Locate and describe the equilibrium points. 

6 The diagram alongside shows solution curves for 

r=x—3y 
th led syst . e coupled system {y:xfyfl. 

a Locate and describe the equilibrium point. 

b Do the solution curves rotate clockwise or 

anticlockwise? Explain your answer. 

ACTIVITY 1 
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For a single population NV, we have studied the important models: 

dN 
e exponential growth = aN, a >0 if resources are unlimited 

dN 
o logistic growth == aN—bN?, a,b > 0 where the second term accounts for self-competition 

as members of the population compete for limited resources. 

In this Activity we will use phase portraits to study some population models where two species 

interact.
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What to do: 

1 In the Opening Problem we saw a Lotka-Volterra predator-prey model of the form: 

exponential  loss due to 
growth predators 

R . 
dz _ ar — bxy where x is the prey, 

;it y is the predator, 

d—y= cry —dy and a, b, ¢, d > 0. 
t S~ N~ 

growth with natural death 

available prey 

a Each term in the differential equations above has been labelled with its meaning. 

i Why are the terms for the predator different from the terms for the prey? 

ii Consider only the differential equation for d_?t/ and assume x is constant. Is there 

now an “exponential growth” term for y? 

b The model in the Opening Problem was 

dx 
i 30z — zy % 

dy _ 
= 0.015zy — 30y. 

The phase portrait for this model is 60 

shown alongside. 

40 

20 

  

AT - - - - 

  

1000 2000 3000 4000 

Use the differential equations to explain why (0, 0) is an equilibrium point. 

Describe this equilibrium point using the phase portrait. 

ii Inside the marked trajectory is an equilibrium point. Locate and describe this 

equilibrium point, and explain its significance in the context of the model. 

jiii Consider the trajectory ABCD marked. At point A, there are very few orcas and a 

healthy population of seals. With few predators, the seals multiply rapidly, eventually 

allowing the number of orcas to increase. 

Describe what is happening to the populations at each of the points B, C, and D. 

¢ Click on the icon to obtain software which allows you to generate phase EHA Sk 

portraits for yourself. 

Experiment with the parameters a, b, ¢, and d. 

Discuss how these parameters effect the Lotka-Volterra predator-prey model.



COUPLED DIFFERENTIAL EQUATIONS (Chapter 26) 677 
  

2 A more sophisticated Kolmogorov predator-prey model is 

Z—::az—bxz—czy 

%=dry—ey—fy2~ 

a Compare the differential equations with those from the Lotka-Volterra model. Explain the 

new terms which have been added by comparison with logistic growth. 

b The phase portrait for the system 

& — 50— 0.00032% - 0.03zy 

dy = = 0.0006zy —y — 0.003y> 

is shown alongside, including the 

trajectory from (2000, 10). 

Locate and describe the equilibrium 

point which is not (0, 0). Explain what 

it means in the context of the model, 

using the given trajectory as an example. 
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3 A competing species model in which populations = and y compete for the same resources is: 

[ 2 
- bz® — cxy 

dy .9 
o = ey — fay. 

a In each differential equation, identify a term which models: 

i exponential growth ii self-competition 

b The phase portrait for the system 

% — 1.5z — 0.00122 — 0.002zy 

Z—i’ — 2y — 0.001y2 — 0.002zy 

is shown alongside. 

  

il inter-species competition. 
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A 
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v ¥ ¥ 
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equilibrium point means for the two species. 

What type of equilibrium point is C? 

Discuss the trajectory which starts at D. 

  

Locate each of the four equilibrium points O, A, B, and C, and describe what each 

iv Discuss whether it is possible for the two species to coexist in the long term.
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[ [€OUPLED LINEAR DIFFERENTIAL EQUATIONS 
dx 
o + by 

A special form of coupled differential equations is 

W _ cx +dy 
dt 

d_x 

which can be written in the matrix form (e b . 
dy c d y 

dt 

dz 

Letting x = ( y) and X = (y ) = | we can write the system concisely as X = Ax, where 

dt 

A= (i Z) is the matrix of coefficients. We assume that A is invertible. 

If a system can be written in this form, we say we have coupled linear differential equations. 

INVESTIGATION 1 

In this Investigation we look for properties of a system of coupled linear differential equations of the 

form x = Ax. 

What to do: 

1 State the equilibrium point for any system of coupled linear differential equations x = Ax. 

% =3z -2y 

2 The system has the phase 
dy = 2z — 2y 

portrait alongside. 

a Write the system in the matrix form x = Ax. 

b Describe the equilibrium point of the system. 

¢ Show that the matrix A has eigenvalues 

—1, 2 with corresponding eigenvectors 

() (1) 
d Are there any trajectories which are straight 

lines? How do these relate to the 

eigenvectors of A? 

  

e Do any trajectories ever cross the eigenvectors of A?
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‘Z_fl”zy e e Y U L 
3 The system L has the phase =~~~ ° UMY NN NN 

flz—z— """" v v v vV LY 
at Y v o om om a er n 

portrait alongside. , ' o A A ‘ : : : : : \; 

a Write the system in the matrix form x = Ax. C4 e C e s s s s ey 

b Describe the equilibrium point of the system. : : ‘ ‘ ‘ - i ' : , 

¢ Show that the matrix A has complex Vb h v s e e e 

eigenvalues. VA vy v s sy v e e sy 

. . . . A Yovy v s e e 
d Are there any trajectories which are straight ,z v A : : ol o 

lines? AAX AN N Ny e e e e s 
NAVAN NN N XY e s e e . 

NVAUANRN NN NN s - . 

From the Investigation, you should have found that: 

For the system of coupled linear differential equations X = Ax: 

e (0,0) is the only equilibrium point. 

o If A has real eigenvectors, then these will appear as straight line trajectories on the phase portrait. 

GENERAL SOLUTION TO THE SYSTEM 

We have already seen that the one variable exponential growth equation & = kx has the solution 

x(t) = xoe. This provides a clue that for x = Ax, we should try a solution of the form x = vel?. 

kt ekt _ (v _ (=() Suppose X = ve™ = <vge"‘t> = (y(t) 

kt So, x = vef! satisfies X = Ax provided kx = Ax. 

This condition is satisfied if & is an eigenvalue of A and v is a corresponding eigenvector. 

This observation gives some solutions to the system. In particular, since e*! is a scalar, if a particle 

begins on a real eigenvector of the matrix A, then it will always remain at a scalar multiple of that 

eigenvector. This explains why real eigenvectors produce straight line trajectories on a phase portrait. 

Other solutions for the system are found as linear combinations of the eigenvector solutions as follows: 

    Suppose X = Ax where the matrix of coefficients A has 

eigenvalues A1, Ao with corresponding eigenvectors vy, vs.    

  

In this course we will 

only consider cases with 

distinct eigenvalues. 

  

    
  

Since eM? and e*2! are scalars for all ¢, 

y = AeMtv; + Be*tvy is a linear combination of v; and vs.



680  COUPLED DIFFERENTIAL EQUATIONS (Chapter 26) 

Now Ay = A(AeM!v, + Bet2lvy) 

= AeMtAvy + Bet?t Avy 

=AM A vy + BeM g vy {definition of eigenvalues and eigenvectors} 

_ ((AneM o+ Bhge oy . (v (v = <A/\1€)\1tv12+B/\26)\2tv22 letting v; = 1o and vy = vy 

=y 

so0 y satisfies the system of coupled differential equations. 

For the system of coupled linear differential equations X = Ax where A 

has distinct eigenvalues A1, A2 with corresponding eigenvectors vq, Vo, 

the general solution is x = AeMtv; + Bet2lv,. 

  INVESTIGATION 2 

In this Investigation we use the general solution to the system X = Ax to identify the behaviour of 

the trajectories near the equilibrium point (0, 0), and the nature of the eigenvalues of A needed to 

produce each type of equilibrium point. 

What to do: 

1 For a given input matrix A, this online software will generate the phase portrait S 

for x = Ax as well as the eigenvalues of A. 

Use the software to complete the following table: 
  

Matrix A Eigenvalues | Phase portrait | Type of equilibrium point 

PRINTABLE 
TABLE 
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2 Consider carefully the data in your table. Describe the nature of the eigenvalues needed to 

produce an equilibrium point which is: 

a stable fixed b a saddle point ¢ unstable fixed 

d a stable spiral e a centre f an unstable spiral. 

Check your answers by considering other matrices A of your own choosing. 

3 Suppose A1, Ag are real. 

The general solution is x = AeMtv; + Be2tv,. 

On the phase portrait, v; and v give straight line trajectories. 

y 

Vo Vi 

a Consider an eigenvector v with corresponding eigenvalue A. Explain why the trajectories 

along v move: 

i away from O if A >0 ii towards O if X <0. 

b Suppose A; > Ay > 0. 

i Describe the equilibrium point. 

il Which of eM?! or e*! will be greater for large t? How is this observed on the 
phase portrait? 

¢ Suppose Ay >0 > Ag. 

i Describe the equilibrium point. 

ii Determine the behaviour of the system as ¢ — oco. How is this observed on the phase 

portrait? 

d Suppose 0> A1 > Ao. 

i Describe the equilibrium point. 

il Which of eM? or e*! tends to 0 faster for large t? How is this observed on the 

phase portrait? 

& Suppose Ai, A2 are complex. 

We let Aj, Ay = @ £if where @ and 6 # 0 are real.   

the general solution is  x = Ae(®t 0ty 4 Bela—i0ty, 
— eat [Aeiflt vi+ Befit‘)t VQ} 

where we know that e’ and e~ 

Explain why: 

result in rotations of the vectors v; and vs. 

a if a <0, the trajectory spirals inwards 

b if a=0, the trajectory is circular 

¢ if a >0, the trajectory spirals outwards.
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From the Investigation, you should have concluded: 

For the system of coupled linear differential equations x = Ax, the behaviour of the system around 

the equilibrium point (0, 0) is determined by the eigenvalues of A. 

  

  

  

  

  

  

real and positive real and opposite in sign real and negative 

Y 

V2 

T 

Vi 

unstable fixed saddle point stable fixed 

If A\ > A2 >0, trajectories | If Ay >0 > Ao, trajectories | If 0 > A; > Ao, trajectories 

become parallel to v; as approach kv, k€ R as approach O along kvq, 

t — oo. t — oo. keR. 

complex with positive purely imaginary complex with negative 

real part real part 

Y Ay 

T 
- > - > 

T T 

unstable spiral centre stable spiral     
  

As per the table above, in this course we will only consider cases in which the eigenvalues are distinct. 

e For both real and complex eigenvalues, you should be able to sketch a phase portrait and trajectories, 

and describe the behaviour of the system. 

e If the eigenvalues are real, you should be able to calculate the corresponding eigenvectors, write 

down the general solution to the system, and find the particular solution for a given starting point. 

  

  

dx 
i —8z — 5y 

The system can be written in the matrix form x = Ax where 
dy o 10z + Ty 

P (108 ;5) has eigenvalues 2, —3 with corresponding eigenvectors (_12>, (*11) 

respectively.
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a Given the initial point (1, 2), find: 

i xwhen t=0 il the particular solution to the system. 

b Sketch the phase portrait, including the particular solution. 

¢ Discuss the behaviour of the system in the long term. 

  

=(w 7)(E)-(5) 
il Using the given eigenvalues and eigenvectors, a general solution to the system is 

x:A82t<_12>+Be_"( 1) 

) 
) 

(% 3)(5)-() 
- (5)-(2 ) () 
(5)-(%) 

The particular solution is x = —3e? ( 72) —4e3¢ ( -1 ) 

When ¢t =0, we know x = 

(%) (V) 
(; 

(2 
¢ 
( 
( 

1 

b The equilibrium point at O is a saddle € As t—oo, e 3 =0 

point. 

N xee () 
i 1 

the line k& < 72> will be an 

asymptote as ¢ — oo. 
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Example k] .1;)) L R 

For each system x = Ax, use the given information to sketch the phase portrait and the trajectory 

from the initial point (1, 2). 

-2 3 -2 3 

igenvector: . e eigenvectors (| ), 9 ) 

. -1 =2 -1 =2 . . 
b x= ( 4 75>x, where <4 75) has eigenvalues —3 + 2i. 

a x = ( 2 _1>x, where <2 _1> has eigenvalues 1, 4 and corresponding 

  

a The equilibrium point at O is an unstable fixed Ay 

point. 

When t =0, <z>=<;) (1, 

the initial trajectory is 

(5 - | 

b The equilibrium point at O is a stable spiral. AY 

(1.2) 
When ¢t =0, (z) e (;) 

the initial trajectory is 

=7 3)6)-(3) x 
So the rotation is anticlockwise.       
  

EXERCISE 26B 

Z_: =% 0 -2 
1 The system d can be written in the matrix form x = Ax where A = ( 11 ) 

d_ZtJ =-r+y 

has eigenvalues —1, 2 with corresponding eigenvectors (?), ( _11) respectively. 

a Find the general solution to the system.
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b Given the initial point (3, 3), find: PHASE 
.. . ) ) PORTRAITS 
i xwhen t=0 ii the particular solution to the system. 

¢ Describe the equilibrium point at (0, 0). 

d Sketch the phase portrait, including the particular solution. 

e Discuss the behaviour of the system in the long term. 

z=—-x—5y 
2 The system . 

Y {y=2x+y 
can be written in the matrix form x = Ax where A = < L5 ) 

  has eigenvalues +3i. 

a Explain why the equilibrium point of the system is a centre. 

b 1 Find the trajectory at the point (1, 0). 

ii Hence determine whether the trajectories rotate clockwise or anticlockwise. 

¢ Sketch the phase portrait for the system. 

3 For each system X = Ax, use the given information to sketch the phase portrait and the trajectory 

from the initial point (2, 1). 

a x = (:i’ PQ)X, where (:? 32> has eigenvalues —3, —2 with corresponding 

eigenvectors ! 0 g 1) \1 ) 

b x= <2 _6>X, where (2 _6) has eigenvalues 1445,   

  

1 0 1 0 

Cfi—f = —bx+ Ty 

4 Consider the system dy with initial point (0, 3). 
— =-2rx+y 
dt 

a Find the eigenvalues of ( :g I) 

Hence describe the equilibrium point of the system. 

Find the trajectory when ¢ =0, and explain what this tells you about the phase portrait. 

Q 
a 

O 

Sketch the phase portrait including the trajectory from the initial point (0, 3). 

T=-3x+4 
5 Consider the system {‘L T+ 

Y=z —3y. 

a Find the eigenvalues and corresponding eigenvectors of < 713 _43 > 

Describe the equilibrium point of the system. 

¢ Given the initial point (-2, 3), find: 

i xwhen t=0 ii the particular solution to the system. 

d Find the position of the particular solution when ¢ = 1. Round your answer to 3 decimal 

places. 

e Sketch the phase portrait, including the particular solution. 

f Discuss the behaviour of the system in the long term.
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  6 An inductance-capacitance (LC) circuit is a simple electrical circuit used 

for producing radio signals. 

      

A simple LC circuit may be described as a combination of two interacting =—=C L 

elements: 

e A time-varying current I flows through a coil, inducing a voltage switeh 

V against the flow and proportional to the rate of change of current. 

e The current is produced by discharge from a capacitor, and is proportional to the rate of change 

of voltage across the capacitor. 

a Explain why: 

. 1 . . 
i V=-L % for some “inductance” L i 1=C % for some “capacitance” C. 

b A particular LC circuit has inductance L =4 x 102 H and capacitance C' = 107° F. 

i Write a system of coupled linear differential equations for the circuit in the form 

dl 

at I 

| 4(v) 
dt 

il Find the eigenvalues of A. 

¢ At time zero, the capacitor is fully “charged” with voltage 10~* V across it. The switch is 

turned on so current will be able to flow. 

i Sketch a phase portrait for the system, including the trajectory from the initial conditions. 

ii  Describe what happens over time. 

ACTIVITY 2   

1 1 1 1 EQUILIBRIUM .Couplt?d systérlnslof 11neaf dlfferentlal. equations can be used to solve problems —EQUILIERIUM 

involving equilibrium reactions in chemistry. 

Click on the icon to obtain this Activity. 

{1/ [ SECOND ORDER DIFFERENTIAL EQUATIONS 
The order of a differential equation is the highest order derivative present. 

For example: 

d . . d. .. . . . 
. d—j = ka(t)(1—x(t)) involves the first derivative d—j, so this is a first order differential equation. 

2 2 
o 1z +w?z(t) = 0 involves the second derivative %, so this is a second order differential 

equation.
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In this Section we see how second order differential equations can be transformed into a system of coupled 

first order differential equations. This allows us to use the phase portrait methods already studied. 

. . . d? d . 
Differential equations of the form « F: +b d—f + cx =0 can be written as a system of coupled first 

order linear differential equations, allowing us to use matrix methods. 

A Van der Pol oscillator is an electrical circuit involving 

a triode. It evolves in time according to the second order 
. . N ar d ol 4 —u(1—12 I= h ifferential equation = 1( ) = + 0 where iona) + E(t) 1)) | S inductor 

0 < pu < 4 is a parameter. The equation was first studied voltage - C 

  

semiconductor 

  

in the 1920s by Balthasar van der Pol (1889 - 1959). 

  

Write this as a coupled system of first order differential capacitor 

equations. 

dl 
Let =— Y= 

dy _ &1 
dt  dt? 

ar _ 

the system is 3; 

€ =H(1—12)y—1-     
EXERCISE 26C 

1 The displacement = of a mass on a spring changes according to the second order differential equation 

a Write this as a coupled system of first order differential equations. 

b Write this system in the matrix form x = Ax. 

2 A more realistic model for a mass on a spring includes damping due to air resistance. The 

. . d’a dx 
displacement x can be modelled using Tz +k T +w?r =0 where k > 0 is the level 

of damping. 

a Write this as a coupled system of first order differential equations. 

b Write this system in the matrix form x = Ax. 

—k 4 \/k? — 4w? 

2 

d If k=0, the spring is undamped. State the nature of the equilibrium point and its significance 

in this case. 

  

¢ Show that the eigenvalues of A are 

e Suppose 0 < k < 2w. State the nature of the equilibrium point and its significance in this 

case.
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3 When an object with mass m falls under gravity, its displacement x has equation of motion 

mi = —mg — k(2)?> where g~ 9.8 is the acceleration due to gravity alone and k is a positive 

constant which accounts for air resistance. 

Use the substitution v =z to write this as a coupled system of differential equations. 

L The temperature = of a drink ¢ seconds after ice cubes are added to it, satisfies the differential 

. d?z | dz 
equation 50 — + — =0 
1 dt? + dt 

a Use the substitution y = % to write this as a coupled system of first order differential 

equations. 

b The equation for % is separable and independent of z. Solve this equation for y(t). 

" Hence find a general solution for x(t). 

d The temperature of the drink was initially 25°C. After 60 seconds it has dropped to 19°C. 

i Find the particular solution for z(t). 

il Discuss the temperature of the drink in the long term. 

ACTIVITY 3   

The behgviour of a simple rigid pendulum is also modelled by a second order LM RISID 

differential equation. 

Click on the icon to obtain this Activity. 

1] EVEBLER'S METHOD FOR COUPLED EQUATIONS 
Euler’s method can also be used to find a numerical approximation to the solution of the coupled equations 

dx 
T fi(z, y, 1) 

dy . 
o fa(z, y, t). 

We choose initial conditions xy and yy and an initial time ;. 

We choose a small time step h > 0, then just as before we calculate: 

ty=to+h 

w1 = 0 + hfi (2o, Yo, to) 

y1 = Yo + hfa(z0, Yo, to)- 

This generates the point (1, y;) for our solution curve, corresponding to time ¢ = ¢;. 

We continue this process to generate a sequence of coordinates (x;, y;) for each time ¢;, using: 

ti = ti—l + h 

T = i1+ hfi(Ti1, yion tio1) 

Yi = Yi—1 + hfo(@im1, Yio1s tioa)-  
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i PHASE The‘: values can be calculated using a spreadsheet, SPREADSHEET PORIRAIT 

online software, or your graphics calculator. / 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

You should be aware that: 

e The solution curve is only an approximation, and we have already observed how Euler’s method 

can gather error over time. 

— = filz, y) 
e If the system has the form Zz where the derivatives are independent of time, then 

o fa(@, y) 

the system is steady. 

In these cases we can also generate a phase portrait to study the system. 

For an unsteady system, the phase portrait would change over time. 

e Depending on the situation, it may be appropriate to view the solution as separate functions z(t) 

and y(t), orin a graph of y against z. 

The damped simple harmonic motion of a mass on a spring is given 
2 

by ZT: +0.2 % +4.01z =0 where z is the displacement at time ¢. 

The mass has initial displacement 5 cm, and is released with velocity 

0.5 cms~! downwards. 

  

  

a Let y= % be the velocity function. Hence describe the system 
x(t 

using coupled differential equations. ® 
o . 

b Apply Euler’s method by hand with h = 0.01 to generate eqml,‘btrg‘m 

(Il, le)- B 

¢ Use technology to apply Euler’s method with h = 0.01 for the first 5 seconds of motion. 

Plot the set of points {(¢;, z;)} on the same set of axes as the analytic solution 

z(t) = 5% cos 2t. Discuss your answer. 

  

a Let %:y b Attime ¢, =0, 

Pz dy g =5, yo=—05 

w - E Z—: = Yo = —0.5 

W 4 0.9y + 4012 =0 ¢ 
a W 401z — 0.2y0 = —19.95 

dx dt L. 
the system is jt x1 =5+ 0.01(—0.5) 

= = 401z - 0.2y = 4.995 
1 = —0.5 + 0.01(—19.95) 

= —0.6995  
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The set of values 

{(ti, z;)} is called 

a time series. 

  

Tr(tn) 

  

With h = 0.01, the points (¢;, ;) approximate a smooth curve similar to the analytic 

solution z(t) = 5e~%1*cos2t. Euler’s method is less accurate at times when the curve 
changes gradient faster.     

You should be aware that with an inappropriate choice of h, Euler’s method can fail JFULER'S 

spectacularly. 

For example, click on the icon to see how Euler’s method is applied to the Example above. 

Try applying Euler’s method with these values of 2: 0.005, 0.01, 0.02, 0.05, 0.1. 

EXERCISE 26D 
2 

1 Consider the differential equation ZT: + 9z = 0. Initially, 2 =2 and y = C;—: =0. 

a Show that z(t) = 2cos3t is a particular solution to the differential equation which also 

satisfies the initial conditions. 

b Describe the system using coupled differential equations. 

¢ If Euler’s method is to be applied with step size h, write down expressions for ¢;, x;, and y; 

in terms of t;—1, x;—1, and y;—1. 

Apply Euler’s method by hand with h = 0.01 to generate (z1, yi). 

e Use technology to apply Euler’s method with h = 0.01 for 0 <¢<2. 

Plot the set of points {(¢;, z;)} on the same set of axes as the analytic solution 

z(t) = 2cos 3t. Discuss your answer. 

dx 
i 2z — xy 

2 Consider the Lotka-Volterra predator-prey model d 

=y 
with initial values z(0) =2, y(0) = 1. 

a If Euler’s method is to be applied with step size h, write down expressions for ¢;, z;, and y; 

in terms of t;—1, w;—1, and y;—1. 

b Apply Euler’s method with h = 0.05 to generate values of ¢;, z;, y; for 0 < ¢ < 10. 

Hence: 

i Plot the time series {(¢;, z;)} and {(¢;, y;)} on the same set of axes. 

il Plot your set of data points {(x;, y;)} as a trajectory on a phase portrait. Clearly indicate 

the direction of the trajectory.
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iii The exact solution to this system is the relation y 

r—Inz+y—2Iny = 3—In2 which is graphed 

alongside. 

Compare your trajectory with the exact solution. 

Discuss how your numerical solution could be 

misleading in the long term. 

T 

r—Inz+y—2lny=3-1In2 

—_— y 

3 Consider the Van der Pol oscillator Zt 

d—?t’ =151-a*)y—= 

with initial values z(0) =1, y(0) =0. 

Apply Euler’s method with A = 0.1 to generate values of ¢;, x;, y; for 0 < ¢ < 20. Hence: 

a Plot the time series {(¢;, z;)} and {(¢;, y;)} on the same set of axes. 

b Plot your set of data points {(z;, y;)} as a trajectory on a phase portrait. Clearly indicate the 

direction of the trajectory. 

& When an anchor is released into the ocean, it falls through the water with acceleration 

dz — dw\? -2 T =9.81-0375 (E) ms~2. 

a Letting y = Z—j be the velocity of the anchor, describe the anchor’s fall using a system of 

first order differential equations. 

b Use Euler’s method with a suitable step size h to find how far the anchor falls in the first 

5 seconds correct to 1 decimal place. 

¢ Use Euler’s method to establish the terminal velocity of the anchor correct to 4 decimal places. 

d At terminal velocity the anchor has no acceleration. Calculate the terminal velocity using the 

original differential equation. Hence check your answer to ¢. 

5 Juan is a conservationist monitoring populations of the 

common hermit crab (z) and the yellow-footed hermit crab 

(y) in a particular bay on the Queenstown coast. The 

two species of hermit crab compete for the same food 

source. Using data he has collected, Juan believes the crab 

populations can be modelled using the system 

dz T 

  

T fi(IQOO —z—2y) 
dy v where ¢ is the time in years. 
ig—_—— _ 3y = 500 (1500 — 32 —y) 

a State the constraints on x and y. 

b Find all four equilibrium points for the populations. 

¢ Juan has carefully counted the current populations. They are g = 175 and yo = 25. 

i Use Euler’s method with step size % to estimate the populations after 2 years. 

ii Use Euler’s method to predict the long-term behaviour of the populations.



692  COUPLED DIFFERENTIAL EQUATIONS (Chapter 26) 

d In three other bays along the coast, Juan counts the populations of [Tg, e 
. . ? 0 Yo 

crabs displayed alongside. -- 

Use Euler’s method to generate trajectories for the populations in each ! 250 120 
bay. 2 | 1000 | 300 

Plot the trajectories for all four bays on the same phase portrait. 3 1500 | 200 

e Discuss whether it is possible for the two species to coexist in the long term in any one bay. 

  

6 A radiodrome is a curve formed by the pursuit of one point which chases another point moving in 

a straight line. It was first described by the French mathematician Pierre Bouguer in 1732. 

Suppose a rabbit is initially at (10, 0), and runs with velocity vector (?) 

A fox pursues the rabbit, and is always running directly towards the rabbit. The rabbit is therefore 

always on a tangent to the fox’s path. 

a Explain why the position of the rabbit at time ¢ is AY 

(10, t). 

b The fox runs at a constant speed " units per second. rabbit 
Explain why the position (z, y) of the fox satisfies 2(10,1) 

d_z _ 10—z F 

dt (10 = 2)? + (¢ — y)? 

vy __ t-y g 
dt (10 — 2)? + (t — y)*   

  

¢ Suppose the fox is initially at (0, 0), and runs at the 

same speed as the rabbit, so F = 1. 

i Use Euler’s method with h = 0.1 to find the 10 z 

position of the fox each second for the first v 

20 seconds.   il Does the fox catch the rabbit? If not, what happens to the distance between the fox and 

the rabbit as time progresses? 

d Now suppose the fox runs twice as fast as the rabbit, so F = 2. 

i Use Euler’s method with h = 0.05 to find the position of the fox each second for the 

first 10 seconds. 

il Does the fox catch the rabbit? If so, at what time do you think this occurs? 

  ACTIVITY 4 

The STR model is used to study the spread of an infectious disease in a population. It GHERS & 

considers changes in the number of susceptible, infectious, and recovered individuals 

over time. 

It therefore requires the solution of three simultaneous differential equations. 

In this Activity we consider a number of useful models including: 

e a short-term, non-fatal disease such as a cold 

e a short-term, highly dangerous disease such as Ebola 

e the long-term behaviour of a disease in a population 

e vaccine models.
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REVIEW SET 26A 

  

  

1 /// /s 5« AY i 4y The phase portrait for the system 
S A A A A A s s s W4 4 A dz 

LSS L Ly FVEVEVErY E=2I_y 

S A A A At s sl s X is shown alongside. 
S A A A A s L a s f S d—y=3z—y+1 

S A A A A s s s p g dt 

J A A A i d s sy . . 
Y RNy, Locate and describe the equilibrium point. 

S A A F | p L) 

S A A A e Al ap S SS 

A A A A I B Y Y 

S A e Aa LSS 
Sh ey e A LSS 

A A A rr 727/ 

b P Y A v o« A ///// 

FF oy v s v e A YAV 

2 The phase portrait for the coupled system NN A vy Y4 Y 

P=ay—a | ) NNt ppp s 
. 5 is shown alongside. sxvsvaaavav bl v s 
y=y —4 

2 ) “ 4 w4 a2a e 

a Calculate J at the point (—1, 3). s v s 

b Locate and describe the equilibrium points. gt v e 

¢ lllustrate the solution curve starting at s o2 o 2 s s 4v 

(4, 1). e 
a—»«vv>>>724444“‘7<— 

P A A A A NN N N 

///////&}x\ NN 

777 7 T VNN 
C gy 

3 Consider the system I z=3y 
y = 5z — 3y. 

a Find the eigenvalues of (g :2 > . 

b Hence explain why the equilibrium point is an unstable spiral. 

¢ Initially,  =—1 and y=0. 

Find the initial trajectory vector. i 

i Do the spirals rotate clockwise or anticlockwise? i 

d Sketch the phase portrait including the trajectory from the initial point (—1, 0). 

4 Taking into account production and stock levels, the price P of an item to be sold is modelled 

d’p 
by W+8_+30P_200 

5 dP 0 5 . 5 5 
By letting S = o write this as a system of coupled first order differential equations.
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The system { J.c:x+3y can be written in the matrix form x = Ax where A = L3 
y=3x+y 

ol 

has eigenvalues —2, 4 with corresponding eigenvectors ( _11 ) s ( 1 ) respectively. 

Describe the equilibrium point. 

Find the general solution to the system. 

Given that x =3, y = —3 when ¢ =0, find the particular solution. 

Q 
an 
O
 o
 

Discuss the behaviour of the particular solution in the long term. 

e Sketch the phase portrait for the system, including the particular solution. 

The number of zebras (x) and lions (y) in a region can be modelled by the differential equations 

% = (30— 0.5y — 0.0032) 
dy Y where t is the time in years. 

o %(72 +0.02z — 0.9y) 

a Find the equilibrium points. Describe the populations in each case. 

b Suppose that initially there are 800 zebras and 35 lions. 

i Use Euler’s method with step length 0.1 to estimate the population of each species 

after 1 year. 

ii Use further iterations of Euler’s method to predict the populations of each species in 

the long term. 

ili Estimate the lowest population of lions, and the time when it occurs. 

iv Sketch the trajectory for the populations. 

REVIEW SET 26B 

  

1 The diagram alongside shows the phase portrait AY 

P=eY—1 o 
for the system {I 62 q 

y==z° —3z. e 

a Show that the following are equilibrium - - - - = = = = = = - - - - 

points, and describe the equilibrium point gl m e 

in each case. e, ) 

i (0,0) ii (3,0) Lo, 

b Illustrate the solution curve starting at e 

(-1, -2). s i 
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2 The solution curve shown for the coupled system 
dx 
= = cosTy 

. passes through the origin. 

d_?: =3z —2y 

a Find the coordinates of the equilibrium 

point A. 

b Does the solution curve rotate inwards or 

outwards? Explain your answer. 

  

=2z —3 . . . 
3 The system . T %Y an be written in the matrix form % = Ax where 

y=x+ 6y 

A = (? _63) has eigenvalues 3, 5 with corresponding eigenvectors (_13), (_1) 

respectively. 

a Find the general solution to the system. 

b Given the initial point (-3, 5), find: 

i xwhen t=0 ii the particular solution to the system. 

¢ Describe the equilibrium point. 

d Sketch the phase portrait, including the particular solution. 

e Discuss the behaviour of the system in the long term. 

& An undamped spring is pushed from its equilibrium position with initial velocity 6 cms™!. Its 
2 

motion is determined by the differential equation ZT; +4x = 0. 

a Show that z(t) = 3sin2¢ is a particular solution to the differential equation which also 

satisfies the initial conditions. 

b Letting y = %, describe the system using coupled differential equations. 

¢ If Euler’s method is to be applied with step size h, write down expressions for ¢;, x;, and 

y; in terms of ¢;—1, ;—1, and ;1. 

Apply Euler’s method by hand with h = 0.01 to generate (z1, y1). 

e Use technology to apply Euler’s method with » = 0.01 for 0 < ¢ < 2. Plot the set of 

points {(¢;, z;)} on the same set of axes as the analytic solution z(t) = 3sin2t. Discuss 
the accuracy of your numerical approximation. 

5 In an RLC series circuit, the current I is governed by the differential equation 

d?1 dr 
W+4E+161_0' 

a Letting J = %, describe the system using coupled linear differential equations. 

b Write the system in the form x = Ax.
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¢ Find the eigenvalues of A, and hence describe the equilibrium point of the system. 

d Initially, 7 =4 mA and % =5mA ms . 

i Find the initial trajectory vector. 

ii Use Euler’s method with step size h = 0.05 to estimate the first time at which the 

current is zero. 

iii Sketch the trajectory of the system on a phase portrait. 

iv Describe what happens to the current in the long term. 

2(t) = Rcos(wt + @) 
y(t) = Rsin(wt + 0) describes a circular orbit 6 In Chapter 24 on Kinematics, we saw that { 

around the origin. 

a Find = and 9. 

b Hence write a system of coupled differential equations for the orbit in the matrix form 

X = Ax. 

¢ Find the eigenvalues of A and describe the significance of this result. 

Calculate x when ¢ = 0. 

e i Explain how the direction of rotation is determined by w. 

ii How do we observe this in the matrix A? 

f Consider the general system of coupled linear differential equations x = (CCL Z)x 

i Show that the eigenvalues of (z 2) are < ;r d + %«/(a —d)? + 4bc. 

ii For the eigenvalues to be complex, what can we say about the sign of bc? 

iii Hence describe the features of the matrix A which will tell us the direction of rotation 

of a spiral or orbit. 
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  OPENING PROBLEM 

In a sideshow game, players have a 50% chance of winning 

a prize worth $2, $5, $10, or $20. The probabilities of 

winning these prizes are given in the table below. ‘ @ 

[ vatee [ 50| 52 [ 55 [ 510 [ 50 s 

      

Things to think about: 

a What is the sum of the probabilities in the table? Why must this be the answer? 

b What is the most likely outcome from playing the game? 

¢ What is the average result from playing the game? 

d What is a fair price for playing the game? 

Many variables in the world around us depend on chance events. Examples of such variables are: 

e the number of players in your football team who will score a goal in the next match 

e the time it will take you to travel to school tomorrow 

o the sum of the values when three dice are rolled. 

Because of the element of chance in these variables, we cannot predict the exact value they will take 

when next measured. However, we can often determine the possible values the variable can take, and 

assign to each possible value the probability of it occurring. 

In this Chapter we use probability to model the random variation or distribution of numerical variables. 

FNNIINT RANDOM vARIABLES 
A random variable uses numbers to describe the possible outcomes 

which could result from a random experiment. 

A random variable is often represented by a capital letter such as X. 

Random variables can be either discrete or continuous. 

A discrete random variable X has a set of distinct possible values. 

For example, X could be: 

e the number of wickets a bowler takes in an innings of cricket, so X € {0, 1, 2, ...., 10}. 

e the number of defective light bulbs in a purchase order of 50, so X € {0, 1, 2, ...., 50}. 

To determine the value of a discrete random variable, we need to count. 

A continuous random variable X can take any value within 

some interval on the number line. 

For example, X could be: 

o the heights of men, which lie in the interval 50 cm < X < 250 cm 

e the volume of water in a tank, which could lie in the interval 0 m® < X < 100 m®. 

To determine the value of a continuous random variable, we need to measure.
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DISCRETE RANDOM VARIABLES 

In this Chapter, we will focus on how discrete random variables and their distributions arise. 

A supermarket has three checkouts A, B, and C. A government inspector checks the weighing 

scales for accuracy at each checkout. The random variable X is the number of accurate weighing 

scales at the supermarket. 

  

a List the possible outcomes and the corresponding values of X. 

b What value(s) of X correspond to there being: 

i one accurate scale il at least one accurate scale? 

a Possible outcomes: 

i X=1,20r3 

N
N
A
K
 

K
K
 
S
X
|
>
 

N
A
K
 

A
K
X
 
A
K
X
 
K
|
 

A
 
S
N
S
N
A
K
 

K
 
X
O
 

W 
N
N
 

N 
= 

Of
 
e      

EXERCISE 27A 

1 Classify each random variable as continuous or discrete: 

a the quantity of fat in a sausage b the mark out of 50 for a geography test 

¢ the weight of a Year 12 student d the volume of water in a cup of coffee 

e the number of trout in a lake f the number of hairs on a cat 

g the length of a horse’s mane h the height of a skyscraper. 

2 For each scenario: 

i Identify the random variable being considered. 

i State whether the variable is continuous or discrete. 

iii  Give possible values for the random variable. 

To measure the rainfall over a 24-hour period in Singapore, water is collected in a rain gauge. 

b To investigate the stopping distance for a tyre with a new tread pattern, a braking experiment 

is carried out. 

¢ To check the reliability of a new type of light switch, switches are repeatedly turned off and 

on until they fail. 

3 Suppose the spinners alongside are spun, and X is 

the sum of the numbers. 

a Explain why X is a discrete random variable. 

b State the possible values of X. v v 
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In the finals series of a baseball championship, the first team to win 4 games wins the championship. 

Let X represent the number of games played in the finals series. 

a State the possible values of X. 

b What value(s) of X correspond to the series lasting: 

i exactly 5 games il at least 6 games? 

A supermarket has four checkouts A, B, C, and D. Management checks the weighing devices at 

each checkout. The random variable X is the number of weighing devices which are accurate. 

a What values can X have? 

b List the possible outcomes and the corresponding values of X. 

¢ What value(s) of X correspond to: 

i exactly two devices being accurate il at least two devices being accurate? 

Suppose three coins are tossed simultaneously. Let X be the number of heads that result. 

a State the possible values of X. 

b List the possible outcomes and the corresponding values of X. 

¢ Are the possible values of X equally likely to occur? Explain your answer. 

I3 FBISCRETE PROBABILITY DISTRIBUTIONS 
For any random variable, there is a corresponding probability distribution which describes the 

probability that the variable will take a particular value. 

The probability that the variable X takes value x is denoted P(X = z). 

For example, suppose X is the number of heads obtained when 

2 coins are tossed. The possible values for X are {0, 1, 2} with 

corresponding probabilities {1, 1, 3}. We see that 0 < p; < 1 

for each value of 7, and that the probabilities add up to 1. 

If X is a random variable with possible values {z1, z2, 3, ...., z,} and corresponding 

probabilities {pi, p2, P, ..., Pn} such that P(X =z;) =p;, i =1, ..., n, then: 

e 0<p; <1 foral i=1,..,n 
n 

o Spi=pi+prtpst..tp=1 
=il 

o {p1, ..., pn} describes the probability distribution of X. 

  

We can display this probability distribution in a table or a graph. 

  

A probability A probability 

1 1 
2 2 

1 1 

4 ‘ ‘ 4 I 0 0 0 I 
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UNIFORM DISCRETE RANDOM VARIABLES 

If the possible values z1, 2, ...., x,, of a discrete random variable X all have the same probability 1 
n 

of occurring, then X is a uniform discrete random variable. 

An example of a uniform discrete random variable is the result X when a die 

is rolled. The possible values of X are 1, 2, 3, 4, 5, and 6, and each value has 

probability % of occurring. 

By contrast, if two dice are rolled, the sum of the resulting numbers Y is not a 

uniform discrete random variable. 

THE MODE AND MEDIAN 

The mode of a discrete probability distribution is the most frequently occurring value of the variable. 

This is the data value x; whose probability p; is the highest. 

The median of the distribution corresponds to the 50th percentile. If the possible values {1, za, ..., ,, } 

are listed in ascending order, the median is the value x; when the cumulative sum p; + pa + ... + p; 

reaches 0.5. 

Example 2 ) Self Tutor 

  

A magazine store recorded the number of magazines purchased by its customers in one week. 

23% purchased one magazine, 38% purchased two, 21% purchased three, 13% purchased 
four, and 5% purchased five. Let X be the number of magazines sold to a randomly selected 

customer. 

a State the possible values of X. b Construct a probability table for X. 

¢ Graph the probability distribution. d Find the mode and median of X. 

a X=1,23,40r5 
  

b 0 1 P 3 4 5 

P(X =z) | 0.23 | 0.38 | 0.21 | 0.13 | 0.05       

< 04 robabilit 

0.3 

0.2 

0.1   

      
0 1 2 3 4 5 T 

d  Customers are most likely to buy 2 magazines, so this is the mode of X. 

We now find the median: 

p1 =0.23 

p1+p2 =0.23+0.38 =0.61 

Since p; + p2 = 0.5, the median is 2 magazines.     
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We can also describe the probability distribution of a discrete random variable using a probability mass 

function P(z) = P(X = ). The domain of the probability mass function is the set of possible values 

of the variable, and the range is the set of values in the probability distribution. 

[k LR AT 

PO =¥ P4 
All of these values obey 0 < P(z;) <1, and ZP(L) == 

= 

P(z) is a valid probability mass function. 

  

EXERCISE 27B 

1 a State whether each of the following is a valid probability distribution: 

b For which of the probability distributions in a is X a uniform random variable? 

  

2 Find k in each of these probability distributions: 

al @ Jof1]e2 b x JoJ1[2]3] 

3 Consider the probability distribution alongside. n 

b Is X a uniform discrete random variable? 

Explain your answer. 

¢ State the mode of the distribution. 

d Find P(X > 2). 

  

  

& The probability distribution for Jason scoring X home runs in each game during his baseball career 

is given in the following table: 

0 1 2 B 4 5 
a | 03333 0.1088 | 0.0084 | 0.0007 | 0.0000 

State the value of P(2). 

Find the value of a. Explain what this number means. 

Find the value of P(1)+ P(2)+ P(3) + P(4) + P(5). Explain what this means. 

Draw a graph of P(z) against z. 

  

® 
Q& 

A 
O 

o 

Find the mode and median of the distribution.
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10 

1 

A policeman inspected the safety of tyres on cars passing through a checkpoint. The number of 

tyres X which needed replacing on each car followed the probability distribution below. 

  

a Find the value of k. b Find the mode of the distribution. 

¢ Find P(X > 1), and interpret this value. 

Let X be the result when the spinner alongside is spun. 

a Display the probability distribution of X in a table. 

b Graph the probability distribution. A A 

¢ Find the mode and median of the distribution. 

100 people were surveyed about the number of bedrooms in their house. 24 people had one bedroom, 

35 people had two bedrooms, 27 people had three bedrooms, and 14 people had four bedrooms. 

Let X be the number of bedrooms a randomly selected person has in their house. 

a State the possible values of X. 

b Construct a probability table for X. 

¢ Find the mode and median of the distribution. 

A group of 25 basketballers took shots from the free throw line until they scored a goal. 12 of the 

players only needed one shot, 7 players took two shots, 2 players took three shots, and the rest took 

four shots. Let X be the number of shots a randomly selected player needs to score a goal. 

a State the possible values of X. 

b Construct a probability table for X. 

¢ Find the mode and median of the distribution. 

Show that the following are valid probability mass functions: 

  

  

  

a P(z):z:(_)l for £=0,1,2,3 b P(z):% for z=1,2,3. 

Find k& for the following probability mass functions: 

a Pla)=k(z+2) for =1,23 b P(z) = zjl for =0, 1,2, 3. 

A discrete random variable X has the probability mass function P(z) = iz ; s for 

x=0,1,2,3. 

a Find the value of a. b Find P(X =1). 

¢ Find the mode of the distribution. 

R cxecanox 
We have already seen how probabilities can be used to predict the number of times we expect an event 

to occur when an experiment is repeated many times. 

We can consider the expected value or expectation of a random variable in a similar way.
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EXPECTED VALUE 

When the spinner alongside is spun, players are awarded the resulting 

number of points. On average, how many points can we expect to be 

awarded per spin? 

For every 4 spins, we would expect that on average, each score will be 

spun once. The total score in this case would be 50 + 15+ 10+ 5 = 80, 
f80 which is an average of < = 20 points per spin. 

Alternatively, we can write the average score as 

1(50 + 15+ 10 + 5) 

=1x50+1x15+1x10+31x5      It is impossible to score 20 points 

on any given spin, but over many 

spins we expect an average 

of 20 points per spin. 

    
= 20 points. 

  

    Notice that each score is multiplied by its 

probability of occurring. 

For a random variable X with possible values 1, z2, x3, ...., x,, and associated 

probabilities pi, pa, ...., Pn, the expected value of X is 

n 

E(X) = Y ®ip; = T1p1 + XaP2 + .- + TnPn 
i=1 

E(X) is the mean of the probability distribution of X. It is sometimes denoted . 

ECTIITE ) Self Tutor 
Consider the magazine store from Example 2 

  

Find the expected number of magazines bought by each customer. Explain what this represents. 

        

    

The probability table is: 
In Example 2 we 

found the mode 

and median for 

this distribution. 

  

n 

E(X) = > mip; 
=1 

=1(0.23) + 2(0.38) + 3(0.21) + 4(0.13) + 5(0.05) 
=2.39 

In the long term, the average number of magazines purchased per customer is 2.39. 

  

    
  

EXERCISE 27C.1 

1 Find E(X) for the following probability distributions: 

E o [T 2 [3]1] 
(n [01]02 01502 035] 

  
S Tor o [ewr o
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Consider the probability distribution alongside. 5 

a Find the value of a. P(X = 2) u 1 

b Find the mode of the distribution. 2 a0 

¢ Find the mean p of the distribution. 

  

When the spinner alongside is spun, players are awarded the resulting 

number of points. In the long term, how many points can we expect 

to be awarded per spin? 

When Ernie goes fishing, he catches 0, 1, 2, or Number of fish “ 

3 fish, with the probabilities shown. — 

On average, how many fish would you expect Probability Ul || 028 | e || 0 

Ernie to catch on a fishing trip? 

Each time Pam visits the library, she e 1 9 3 4 5 

borrows either 1, 2, 3, 4, or 5 books, f - ----- 

with the probabilities shown. Probability n 

a Find the value of a. b Find the mode of the distribution. 

¢ On average, how many books does Pam borrow per visit? 

  

  

Lachlan randomly selects a ball from a bag containing 5 red 

balls, 2 green balls, and 1 white ball. He is then allowed to take 

a particular number of lollies from a jar according to the colour 

of the ball. 

Find the average number of lollies that Lachlan can expect to 

receive. 

Number of lollies 

Red 4 

  

When ten-pin bowler Jenna bowls her first bowl of a frame, she always knocks down at least 8 pins. 

% of the time she knocks down 8 pins, and % of the time she knocks down 9 pins. 

a Find the probability that she knocks down all 10 pins on the first bowl. 

b On average, how many pins does Jenna knock down with her first bowl? 

When Brad’s soccer team plays an offensive strategy, they 

win 30% of the time and lose 55% of the time. When they 

play a defensive strategy, they win 20% of the time and 

lose 30% of the time. 

On the league table, teams are awarded 3 points for a win, 

1 point for a draw, and no points for a loss. 

a Find the probability that Brad’s team will draw a 

match under each strategy. 

  

b Calculate the expected number of points per game 

under each strategy. 

n In the long run, is it better for the team to play an offensive or defensive strategy? 

d Should the strategy change if teams are awarded 4 points instead of 3 points for a win?
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9 Given that E(X) = 2.5, find a and b. 

  

10 Every Thursday, Zoe meets her friends in the city for dinner. There are two car parks nearby, the 

costs for which are shown below: 

Car park A Car park B 

0 - 1 hour 0 - 1 hour 

1 - 2 hours 1 - 2 hours 

2 - 3 hours 2 - 3 hours 

3 - 4 hours 3 - 4 hours 

  

Zoe’s dinner takes 1 - 2 hours 20% of the time, 2 - 3 hours 70% of the time, and 3 - 4 hours 

10% of the time. 

a Which car park is cheapest for Zoe if she stays: 

i 1-2hours il 2 - 3 hours ili 3 -4 hours? 

b When Zoe parks her car, she does not know how long she will stay. Which car park do you 

recommend for her? Explain your answer. 

11 An insurance policy covers a $20 000 sapphire ring 

against theft and loss. If the ring is stolen then 

the insurance company will pay the policy owner 

in full. If the ring is lost then they will pay the 

owner $8000. From past experience, the insurance 

company knows that the probability of theft is 

0.0025, and the probability of loss is 0.03. How 

much should the company charge to cover the ring 

in order that their expected return is $100? 

  

FAIR GAMES 

In gambling, the expected gain of the player from each game is the expected return or payout from the 

game, less the amount it cost them to play. 

A game is said to be fair if the expected gain is zero. 

Suppose X represents the gain of a player from each game. 

The game is fair if E(X) =0. 

  

Would you expect a gambling game to be “fair”?
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Example [ '1>)) Self Tutor 

In a game of chance, a player spins a square spinner labelled 

1, 2, 3, 4. The player wins an amount of money according 

to the table alongside. 

  

  

  
a Find the expected return for one spin of the spinner. 

b Find the expected gain of the player if it costs $5 to play each game. 

¢ Discuss whether you would recommend playing this game. 

a Let Y denote the return or payout from each spin. 

Each outcome is equally likely, so the probability for each outcome is i 

the expected return = E(Y) = 2 x 1+ 2 x2+1 x5+ 1 x 8 = $4.       

b Let X denote the gain of the player from each game. 

Since it costs $5 to play the game, the expected gain = E(X) = E(Y) — $5 

=$4-$5 

= —$1. 

¢ Since E(X) # 0, the game is not fair. In particular, since E(X) = —$1, we expect the 

player to lose $1 on average with each spin. We would not recommend that a person play the 

game.     
EXERCISE 27C.2 

1 A dice game costs $2 to play. If an odd number is rolled, the player receives $3. If an even number 

is rolled, the player receives $1. 

Determine whether the game is fair. 

2 A man rolls a regular six-sided die. He wins the number of dollars shown on the uppermost face. 

a Find the expected return from one roll of the die. 

b Find the expected gain if it costs $4 to play the game. 

¢ Would you advise the man to play many games? 

3 A roulette wheel has 18 red numbers, 18 black numbers, and 1 green number. Each number has an 

equal chance of occurring. I place a bet of $2 on red. If a red is spun, I receive my $2 back plus 

another $2. Otherwise I lose my $2. 

a Calculate the expected gain from this bet. 

b If the same bet is made 100 times, what is the expected result? 

4 A person pays $5 to play a game with a pair of coins. If two heads appear then $10 is won. If a 

head and a tail appear then $3 is won. If two tails appear then $1 is won. 

Let X be the gain of the person from each game. Find the expected value of X. 

5 A person selects a disc from a bag containing 10 black discs, 4 blue discs, and 1 gold disc. They 

win $1 for a black disc, $5 for a blue disc, and $20 for the gold disc. The game costs $4 to play. 

a Calculate the expected gain for this game, and hence show that the game is not fair. 

b To make the game fair, the prize money for selecting the gold disc is increased. Find the new 

prize money for selecting the gold disc.
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6 In a carnival game, a player randomly selects a ticket from 

a box of tickets numbered 1 to 20. If the selected number 
is a multiple of 3, the player wins 5 tokens. If the selected 

number is a multiple of 10 the player wins 10 tokens. 

a Calculate the probability of a player winning: 

i 5 tokens ii 10 tokens. 

b Let X be the number of tokens won from playing this 

game. Find the expected value of X. 

  

¢ If it costs 3 tokens to play the game, would you 

recommend playing the game many times? Explain 

your answer. 

7 In a fundraising game “Lucky 117, a player selects 3 cards without 

replacement from a box containing 5 red, 4 blue, and 3 green cards. 

The player wins $11 if the cards drawn are all the same colour or are 

one of each colour. 

If the organiser of the game wants to make an average of $1 per game, 

how much should they charge to play it? 

  

ACTIVITY 

In this Activity, we will play a variant of the dice game Greedy Pigs. We will use expected value 

to find a strategy for playing the game. 

  

In each turn of the game, a player rolls one die a number of times, accumulating points according 

to the numbers rolled. After each roll, the player can either end their turn and “bank” the points 

accumulated so far, or continue rolling in an attempt to score more points. However, if the player 

rolls a 1, the player loses all of the points accumulated on that turn, and their turn is over. 

What to do: 

1 Play the game in pairs, so that each player has 20 turns. 

Which player scored the most points in total? Discuss the strategies you used during the game. 

Did your strategy change during the game? 

2 Expected value can be used to find a strategy that, on average, will maximise a player’s score. 

a Explain why it would not be sensible to: 

i stop while you have scored less than 5 points 

ii keep going if you have scored over 50 points. 

b Suppose you have scored 10 points so far in your turn. Let X be the gain or loss from 

rolling again. 

i Construct a probability distribution for X. il Show that E(X) is positive. 

ili What does E(X) tell us about whether we should roll again at 10 points? 

¢ Find the lowest score at which, on average, it is not beneficial to continue rolling. Hence 

describe a strategy that will maximise your score in the long term. 

d Can you think of situations where this strategy may not be the best strategy for winning 

the game? 

3 How would the strategy for maximising your score change if your turn ended when a 6 was 

rolled, rather than a 1?
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I3 [NVARIANCE AND STANDARD DEVIATION 
In addition to the mean or expected value, we can also calculate the variance and standard deviation 

of a discrete random variable. These values measure the spread of the data values we expect to obtain 

when the experiment is performed many times. 

Consider a discrete random variable X with possible values 1, xa, ...., Tk T 

and associated probabilities py, pa, ..., Pk. 

  

In n trials, we would expect to obtain the frequencies shown in the table. 

  

We can calculate the variance of this data using the formula from the Statistics Chapter in the Core 

Topics HL book: 

o2 — Zfi(zi —w)? 

— 

  

   

     
   

  

For a function g(x), 

  

n Elg(X)] = 3 g(xi)ps. 
= (i — u) Di 

=E[(X —p)?] 

If a discrete random variable X has k possible values 1, 2, T3, ...., Tk 

with probabilities p1, pa, P3, ..., Dk 

then: e the expected value or meanis E(X)=pu=> x;p; 

o the varianceis Var(X) = o2 

— E[(X — 1)?] 
= (@ — 1)ps 

o the standard deviation is o (X) = /Var(X) 

=/ 2 (@i — pn)’pi. 

Example 6 li))) Self Tutor 

In Examples 2 and 4 we considered the probability ---- 
distribution for sales in a magazine store: 

  

   
Find the standard deviation for this distribution. 
  

The mean p =) z;p; =2.39 {from Example 4} 

The standard deviation 

o= Z(Ii —#)zpi 

= /(1—239)2 x 023+ (2 —2.39)% x 0.38 ... + (5 — 2.39) x 0.05 
~ 112 
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We can also use technology to find the 

standard deviation of a discrete random 
A 

GRAPHICS variable. CALCULATOR 
INSTRUCTIONS 

) 

  

An alternative formula for the variance is o? = E(X?) — p? 

=Y x2p; — p?. 

For example, for the roll of a die: 

p=>zpi =1(3) +2(2) +3(3) +4(3) +5(2) +6(2) =35 

and 0% = a2p; —p? 

=1%(3) +2%(3) +3%(3) +4%(3) + 5%(3) + 6%(%) — (3.5)° 

      

You can check these results using your calculator by generating 800 random 

digits from 1 to 6. The mean and standard deviation of the results should be a 
) 

good approximation of the theoretical values above. GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 27D 

1 For each probability distribution, find the: 

i mean p il variance o iii standard deviation o. 

a b[ @ [ol1]2][3]     
Check your answers using technology. 

2 For the probability distribution alongside, find the: 

  

¢ mean d standard deviation o. 

3 The probability distributions below refer to the number of aces served by Michelle and Amanda in 

each set of tennis they play. 

it [Nanberagaees o [ 1 [ 2 [ 5 [ 

    

a Show that each player is expected to serve an average of 2 aces per set. 

b Calculate the variance and standard deviation of each probability distribution. 

¢ Which player has the greater variation in the number of aces served?
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A country exports crayfish to overseas markets. The buyers are prepared to pay high prices when 

the crayfish arrive still alive. 

Let X be the number of deaths per dozen crayfish. The probability distribution for X is given by: 

  

  

a Find k. 

b Over a long period, what is the mean number of deaths per dozen crayfish? 

¢ Find the standard deviation of the distribution. 

A die is numbered 1, 1, 2, 3, 3, 3. Let X be the result when the die is rolled once. 

a Construct the probability distribution for X. 

b Find the mean px. 

¢ Find the standard deviation of the distribution. 

  

  

    

The probability distribution of a random variable 4 probability 
X is shown in the graph. 0.4 

a Copy and complete: 0.3 

0.2 

0.1 

. . . 0 

b Find the mean p and standard deviation o of 1 2 3 4 5 T 

the distribution. 

Use 0% = E[(X — p)?] to show that ¢% = E(X?) — (E(X))2. 

A tetrahedral die is numbered 1, 2, 3, and 4. 

Let X be the number rolled when the die is rolled once. 

Let Y be the highest number rolled when the die is rolled twice. 

a Would you expect X or Y to have the greater: 

i mean ii standard deviation? 

Explain your answers. 

b Construct probability distributions for X and Y. 

¢ Calculate the mean and standard deviation of each distribution. 

IS PROPERTIES OF aX +b 

  

If we know the expected value, variance, and standard deviation of a random variable X, we can determine 

these properties for a related random variable aX + b, where a and b are constants. 

The following properties of E(X) are useful: 

If E(X) is the expected value of the random variable X, then: 

1 E(k) =k for any constant k 

2 E(kX)=kE(X) for any constant k 

3 E[g(X) + h(X)] = E[g(X)] + E[h(X)] for functions g and h.
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n n 

Proof: 1 E(k)=> kp; 2 E(kX) = (kz;) X p; 
i=1 i=1 

n n 

=ky pi =k) zipi 
i=1 i=1 

= k(1) {probabilities sum to 1} = kE(X) 

=k 

3 E[g(X) + h(X)] The expectation of a 
sum is the sum of the 

g(xi) + h(z:)] pi individual expectations. 

  

3 
i=1 

éfil [9(x:)pi + h(z:)pi] 

3 
a=il 

g(@)p] + 3 bz (@ = N\ 
E[g(X)] + E[A(X)] 

  (N3 (crNgle) 

The purpose of this Investigation is to discover relationships between the properties of X and those 

of aX +0. 

What to do: 

1 Consider the random variable X with 

probability distribution alongside. 

a Find E(X) and Var(X). 

b Consider the random variable Y = 2X + 3. The probability distribution of Y is: 

  

  

  

Find E(2X +3) and Var(2X + 3). 

¢ Repeat b for: 

i Y=3Xx-2 i Y—=—2X+5 i Y:% vy ==   

2 Make up your own probability distribution for X and repeat 1. 

3 By studying your results, predict the relationship between: 

a E(X) and E(aX +b) b Var(X) and Var(aX +0). 

4 Using the definition o(X) = /Var(X) and your result for Var(aX + b), what can you 

deduce about o(aX + b)? 

From the Investigation you should have discovered that: 

e E(aX +b)=aE(X)+b 

e Var(aX + b) = a?Var(X) 

o o(aX +b)=|a|o(X)
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Example 7 ) Self Tutor 

The random variable X has mean 8.1 and standard deviation 2.37. If Y =4X —7, 

find the mean and standard deviation of Y. 
  

E(Y) = E@4X - 7) o(Y) = o(4X - 7) 
=4E(X) -7 =|4|0(X) 

=4(81)—-7 = 4(2.37) 

=254 =948 

For Y, the mean is 25.4 and the standard deviation is 9.48. 

  

EXERCISE 27E 

1 Use the properties of E(X) to prove that E(aX +b) = a E(X) + . 

2 The mean of X is 3. Find the mean of Y where: 

a Y=3X+4 b V=-2X+1 ¢ y=¥-2 
3 
  

3 X is distributed with mean 6 and standard deviation 2. If Y = 2X +5, find the mean and standard 

deviation of Y. 

k& X is a random variable with mean 5 and standard deviation 2. 

Find E(Y) and Var(Y") for: 

a Y=2X+3 

5 X has the probability distribution: 

  

  

Find: 

a EB(X) b Var(X) ¢ o(X) d B(X+1) 

e Var(3X +1) f of5—X) 3 E(2X3+5) h Var(20 — 4X) 

6 The score X obtained by rolling a biased pentagonal die has the probability distribution: 

  

a Find a. 

b Find the expected value, variance, and standard deviation of: 

i X i X+4 i 3X -1 

7 Dominic is a door-to-door salesman. Each day he earns $100, plus $25 for each sale made. 

From previous experience, Dominic knows that the number of sales X made per day follows the 

probability distribution below: 

  

  

  

a Find: i E(X) i Var(X) il o(X) 

b Suppose Y is the amount of money Dominic earns, in dollars per day. Write Y in terms of X. 

¢ Hence find: i E(Y) il Var(Y) iii o(Y)



714  DISCRETE RANDOM VARIABLES (Chapter 27) 

8 Use the definition Var(X) = E[(X — p)?] and the result E(aX +b) = aE(X) +b to prove that 

Var(aX + b) = a*Var(X). 

[ I THE BINOMIAL DISTRIBUTION 
Suppose X = the number of blues which result from spinning this spinner once. 

The probability distribution of X is: 

  

Now suppose we spin the spinner n times and count the number of blues that result. The probability 

that we get a blue is the same for each spin, and each spin is independent of every other spin. This is 

an example of a binomial experiment. 

In a binomial experiment: 

e there are a fixed number of independent trials 

e there are only two possible results for each trial: 

success if some event occurs, or failure if the event does not occur 

o the probability of success is the same for each trial. 

If X is the number of successes in a binomial experiment with n trials, each 

with probability of success p, then X is a binomial random variable. 

Consider the spinner above. Suppose a “success” is a blue result and let X be the number of “successes” 
3 in 3 spins of the spinner. X is a binomial random variable with n =3 and p = 3, and can take the 

values 0, 1, 2, or 3. 

To help determine the probability distribution of X, we first draw a tree diagram and find the probabilities 

associated with each possible outcome. We let B represent blue and W represent white. 

    

1st spin 2nd spin 3rd spin outcome probability 

3 B BBB (3)° 
% B <: W BBW (§)2 (l) 

1 1) \1 
B 

3 
3 I < B BWB H @@ 
4 4 W 

5 w BWW 
3 2 
i B WBB () () 

: s B 4 e Bee 
w 

; g e @' 1 w < 

i w www @ 
The outcomes have been shaded according to the value of X.
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The probabilities associated with each value of X are: 

P(X = 0) = P(WWW) 
= (%) ? {outcome shaded green} 

P(X =1) = P(BWW or WBW or WWB) 

=HHTHO@+BG) 
3x (3) (%)2 {outcomes shaded yellow} 

P(X =2) = P(BBW or BWB or WBB) 

=@+ GHHEO+@E)’ 
=3x (%)2 () {outcomes shaded red} 

P(X = 3) = P(BBB) 
= (%)3 {outcome shaded blue} 

    

Notice that for any particular value of X, each outcome with this property will have the same probability 

of occurring. The order in which blues and whites appear does not matter. 

PASCAL'S TRIANGLE 

We can simplify our tree diagram on the B W spin 

previous page to only consider the value of X / \ 

after each spin: X=1 X =0 1 
B W B W /XN 

VSN VN YN 
X=3 X=2 X=1 X=0 3 

We can use this diagram to help find the number of ways of obtaining each value of X after each spin. 

Suppose that after 3 spins we have had 1 blue in total, so X = 1. This outcome is highlighted in yellow. 

To reach this position, either: 

e we had one blue after 2 spins, and we spun a white on the third spin (purple path), or 

e we had no blues after 2 spins, and we spun a blue on the third spin (orange path). 

the total number of ways we can get 1 blue in 3 spins 

= number of ways of getting 1 blue in 2 spins + number of ways of getting 0 blues in 2 spins 

=2+1=3 

The 3 paths are highlighted alongside. 

DEMO 

  

X = 

J 
3 X = 

Click on the icon to observe this process for the rest of the tree diagram.



716  DISCRETE RANDOM VARIABLES (Chapter 27) 

We can simplify our diagram even further by only writing the number of ways 

of reaching each point on the tree. 

11 
N/ 

1 2 1 

This diagram is the first three lines of a triangle of numbers called Pascal’s \3/ \3/ 

triangle. 

Notice that: 

e the values on the end of each row are always 1 

e cach of the remaining values is found by adding the two 

values diagonally above it 

e the triangle can be continued indefinitely. 

The number of ways of getting r successes from n trials is We read (:) as 
the (r+ 1)th value in the nth row of Pascal’s triangle. “n choose r”.        
It is written as (") and is called the binomial coefficient. 

Returning to the spinner with 3 blue sectors and 1 white sector, where X is the number of blues after 

3 spins, we can now write the probabilities using the binomial coefficient: 

  

  

  

  

  

                  

P(X =0) = (4)° =(3)(3)° ()’ ~0.0156 0 5‘pr°""b““y 

P =1)=3(3)°(3)" = (})(3)' (3)" ~0.1406 s 

P(X =2)=3(2)"(3)* = (3)(3)*(})" ~ 04219 0.3 
P(X =3) = (8)° =(H(®)°(3)° ~ 04219 0.2 

So, P(X =) = () (2)7(2)*™" where 2 =0,1,2,3. 
=1 2 3 = 

THE PROBABILITY DISTRIBUTION OF A BINOMIAL RANDOM VARIABLE 

Suppose X is a binomial random variable with n independent trials and 

probability of success p. The probability mass function of X is: 

  

_ “” reads “is 
Plx)=P(X=z)=(")p"(1—p)"~® where =0,1,2, ... n o Tea 

@) ( ) \(z ) ,% distributed as”. 

number of ways of obtaining probability of obtaining « successes 
= successes from n trials and n — x failures in a particular 

order 

The probability distribution of X is called the binomial distribution, and Vv 
A we write X ~ B(n, p).
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Example [ '1>)) Self Tutor 

a Write down the first 5 rows of Pascal’s triangle. 

  

b An archer has a 90% chance of hitting a target with each arrow. If 5 arrows are fired, determine 

the chance of hitting the target: 

i twice only ii at most 3 times. 

a 1 1 [t 

1 2 1 n=2 

1 3 3 1 = 

1 4 6 4 1 n 

1 5 10 10 5 1 n=>5 

b The number of trials is n = 5. 
9 The probability of success with each arrow is p = 5. 

Let X be the number of arrows that hit the target. 

X ~ B(5, 190) and the probability mass function of X is: 

P(X=2)=(2) (%) (1~ %) We will soon learn how 

= (i) (i)z (L)s_z to doithese calculations 

using technology. 
10 10 

i P(hits twice only) = P(X = ) 

2 

  

  

  

= 0.0081 

il P(hits at most 3 times) 

—P(X <3) 
7P(X70)+P(X71) P(X =2)+P(X =3) 

G @)’ H 7+ @) +EE) H) T+ () H)®) 
= (%)° +5(3) ()" +10(%)" ()" +10(%)* ()’ 
~ 0.0815     
  

EXERCISE 27F 

1 For which of these probability experiments does the binomial distribution apply? Explain your 

answers. 

a A coin is thrown 100 times. The variable is the number of heads. 

b One hundred coins are each thrown once. The variable is the number of heads. 

¢ A box contains 5 blue and 3 red marbles. I draw out 5 marbles one at a time, replacing the 

marble before the next is drawn. The variable is the number of red marbles drawn. 

d A box contains 5 blue and 3 red marbles. I draw out 5 marbles without replacement. The 

variable is the number of red marbles drawn. 

e A large bin contains ten thousand bolts, 1% of which are faulty. I draw a sample of 10 bolts 

from the bin. The variable is the number of faulty bolts.
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2 Write down the first 6 rows of Pascal’s triangle. 

3 If a coin is tossed four times, what is the probability of getting: 

a 4 heads b 3 heads ¢ 2 heads? 

L If five coins are tossed simultaneously, what is the probability of getting: 

a 4 heads and 1 tail in any order b 2 heads and 3 tails in any order 

¢ 4 heads and then 1 tail? 

5 A box of chocolates contains strawberry creams and almond centres in the ratio 2 : 1. 

Four chocolates are selected at random, with replacement. Find the probability of getting: 

a all strawberry creams b two of each type 

¢ at least 2 strawberry creams. 

6 In New Zealand in 1946 there were two different coins of 

value one florin. These were “normal” kiwis and “flat 

back” kiwis, in the ratio 3 : 1. From a very large 

batch of 1946 florins, six were selected at random with 

replacement. Find the probability that: 

a two were “flat backs” 

b at least 3 were “flat backs” 

¢ at most 3 were “normal” kiwis. 

  

INVESTIGATION 2 

In this Investigation we will explore the graph of a binomial distribution and how its shape varies 

with changes to n and p. 

What to do: 

1 Click on the icon to access the demonstration. It shows the graph of the binomial PEMO 

distribution for X ~ B(n, p). Set n =20 and p=0.1. 

a What is the mode of X? 

b Describe the shape of the distribution. 

  

2 Use the slider to change the value of p. Describe how the shape of the distribution changes as 

p changes. 

3 Reset p to 0.1. Use the slider to change the value of n. 

How does this affect the shape of the distribution? What happens to the shape of the binomial 

distribution as the number of trials n increases? 

'O FIND 
BILITIES 

    

We can quickly calculate binomial probabilities using a graphics calculator. 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
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For example: 

e To find the probability P(X = k) that the variable takes the value k, we use the binomial 

probability function. 

e To find the probability that the variable takes a range of values, such as P(X < k) or P(X > k), 
we use the binomial cumulative probability function. 

Some calculator models, such as the TI-84 Plus CE, only allow you to calculate P(X < k). To find 

the probability P(X > k) for these models, it is often easiest to find the complement P(X < k — 1) 

anduse P(X > k)=1-P(X <k—1). 

Example 9 LR R (T       

   

    

72% of union members are in favour of a certain change to their conditions of employment. 

A random sample of five members is taken. Find the probability that: 

a three members are in favour of the change in conditions 

b at least three members are in favour of the changed conditions.    
     Let X denote the number of members in the sample in favour of the change. 

n=>5 s0 X=0,1,23,4,0r5 and p="72%=0.72 

X ~ B(5, 0.72). 

a P(X =3)=(})(0.72)3(0.28)> 

~ 0.293 

Casio fx-CG50 TI-84 Plus CE TI-nspire 

a 
Binomial P.D 

p=0.29262643 

NORMAL FLOAT AUTO REAL RADIAN MP n 1 *Unsaved v 1HE3 

binompdf (5,0.72,3) binomPdf(5,0.72,3) 0.292626 

| 
0.292626432 

   
b P(X >3)~ 0.862 

Casio fx-CG50 TI-84 Plus CE TI-nspire 
Radornd) [zb/dReal NORMAL FLOAT AUTO REAL RADIAN MP u 

Binomial C.D ; ) binomcdf(5,0.72,2) binomCdf(5,0.72,3,5) 0.862352 
p=0.86235217 e.13zeazezes| | 

       
EXERCISE 27G 

1 5% of electric light bulbs are defective at manufacture. 6 bulbs are randomly tested, with each one 

being replaced before the next is chosen. Determine the probability that: 

a two are defective b at least one is defective.
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Records show that 6% of the items assembled on a production line are faulty. A random sample of 

12 items is selected with replacement. Find the probability that: 

a none will be faulty b at most one will be faulty 

¢ at least two will be faulty d less than four will be faulty. 

The local bus service does not have a good reputation. The 

8 am bus will run late on average two days out of every five. 

For any week of the year taken at random, find the probability 

of the 8 am bus being on time: 

a all 7 days b only on Monday 

  

¢ on any 6 days d on at least 4 days. 

In a multiple choice test there are 10 questions. Each question has 5 choices, one of which is correct. 

Raj knows absolutely nothing about the subject, and guesses each answer at random. Given that the 

pass mark is 70%, determine the probability that he will pass. 

An infectious flu virus is spreading through a school. The probability of a randomly selected student 

having the flu next week is 0.3. Mr C has a class of 25 students. 

a Calculate the probability that 2 or more students from Mr C’s class will have the flu next week. 

b If more than 20% of the students have the flu next week, a class test will have to be cancelled. 

What is the probability that the test will be cancelled? 

During a season, a basketball player has an 85% success rate in shooting from the free throw line. 

In one match the basketballer has 20 shots from the free throw line. 

Find the probability that the basketballer is successful with: 

a all 20 throws b at least 18 throws ¢ between 14 and 17 (inclusive) throws. 

Martina beats Jelena in 2 games out of 3 at tennis. Find the probability that Jelena wins a set of 

tennis 6 games to 4. 

Hint: What does the score after 9 games need to be? 

A fair coin is tossed 200 times. Find the probability of obtaining: 

a between 90 and 110 (inclusive) heads b more than 95 but less than 105 heads. 

a Find the probability of rolling double sixes with a pair of dice. 

b Suppose a pair of dice is rolled 500 times. Find the probability of rolling between 10 and 

20 (inclusive) double sixes. 

Shelley must pass through 15 traffic lights on her way to work. She has probability 0.6 of being 

stopped at any given traffic light. If she is stopped at more than 11 traffic lights, she will be late. 

a Find the probability that Shelley will be late for work on a given day. 

b Find the probability that Shelley is on time for work each day of a 5 day week. 

¢ Shelley wants to increase the probability in b to at least 80%. She decides to leave home a 

little earlier, so she must now be stopped at more than 12 traffic lights in order to be late. Has 

Shelley achieved her goal? Justify your answer. 

A hot water unit relies on 20 solar components for its power, and will operate provided at least one 

of its 20 components is working. The probability that an individual solar component will fail in a 

year is 0.85, and the failure of each individual component is independent of the others. 

a Find the probability that the hot water unit will fail within one year. 

b Find the smallest number of solar components required to ensure that a hot water service like 

this one is operating at the end of one year with a probability of at least 0.98.
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N OF A 
IBUTION 

INVESTIGATION 3 

In this Investigation we will use a calculator to calculate the mean and 

standard deviation of several binomial distributions. A spreadsheet can also 

  

be used to speed up the process. o 
INSTRUCTIONS 

What to do: 

1 We will first calculate the mean and standard deviation for NORMAL FLOAT AUTO REAL RADIAN HP [ 

the variable X ~ B(30, 0.25). s 
o M X=7. 

a Enter the possible values for X from = = 0 to 2T e7s 
2 = 30 into List 1, and their corresponding binomial Sx= 

babilities P(X — 2) — {2)(0.25)%(0.75)90—> o 0x=2.371706245 
probabilities P(X = ) = (*)(0.25)7(0.75) "l 
into List 2. 101=6 

  

b Calculate the descriptive statistics for the distribution. 

You should obtain the results in the screenshot. 

2 Copy and complete the following table for distributions with other values of n and p. 

  

  

    
3 Compare your values with the formulae g =np and o = /np(l —p). 

From the Investigation you should have observed the following results: 

Suppose X is a binomial random variable with parameters n and p, so X ~ B(n, p). 

e The mean of X is pu = np. 

o The variance of X is o2 = Var(X) = np(1 — p). 

e The standard deviation of X is o = /Var(X) = /np(1 — p). 

Example 10 LR AR (T8 

A fair die is rolled twelve times, and X is the number of sixes that result. 

Find the mean, variance, and standard deviation of X. 
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w=np o2 =np(1 —p) o=Vo? 

=12x g =12x%x2 
=P _5 

- 3 

We expect a six to be rolled 2 times, with variance % and standard deviation 1.291. 

  

EXERCISE 27H 

1 Suppose X ~ B(6, p). For each of the following cases: 

i Find the mean and standard deviation of X. 

ii  Graph the distribution using a column graph. 

iii Comment on the shape of the distribution. 

a p=0.5 b p=02 ¢ p=038 

A coin is tossed 10 times and X is the number of heads which occur. Find the mean and variance 

of X. 

Bolts produced by a machine vary in quality. The probability that a given bolt is defective is 0.04. 

Random samples of 30 bolts are taken from the week’s production. Let X be the number of defective 

bolts and Y be the number of non-defective bolts in a sample. 

Find the mean and standard deviation of: a X b Y. 

A city restaurant knows that 13% of reservations are not honoured, which means the group does not 

arrive. Suppose the restaurant receives 30 reservations. Let the random variable X be the number 

of groups that do not arrive. Find the mean and standard deviation of X. 

A new drug has a 75% probability of curing a patient within one week. Suppose 38 patients are 

treated using this drug. Let X be the number of patients who are cured within a week. 

a Find the mean p and standard deviation o of X. b Find Plu—o <X <p+o). 

Let X be the number of heads which occur when a coin is tossed 100 times, 

and Y be the number of ones which occur when a die is rolled 300 times. 

a Show that the mean of both distributions is 50. 

b Calculate the standard deviation of each distribution. 

¢ Which variable do you think is more likely to lie between 45 and 55 (inclusive)? Explain your 
answer. 

d Find: i P(45< X <55) il P(45 <Y <55) 

NN THE POISSON DISTRIBUTION 
The Poisson distribution generally arises when considering the number of successes within a certain 

interval (of time or space). For example, we might consider the number of: 

calls received by a call centre per hour e misprints on a typical page of a book 

fish caught in a lake per day e car accidents on a given road per month. 

Suppose a call centre receives an average of A =5 calls per hour. Our aim is to find the probability of 

the call centre receiving X calls in a particular 60 minute interval.
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Suppose we break up the 60 minute time interval 60 minutes 
into n = 6 equal subintervals, and consider —_—— ) 
whether or not a call happens in each subinterval. ———— —_ time (min) 

e There are two possible outcomes for each . / \ . t 

subinterval: we either receive a call, or we subinterval 1 subinterval2  subinterval 6 

do not. 

e We assume that the rate of calls arriving is constant, so the probability of receiving a call in each 

subinterval is A é. 
6 6 

e We assume that each subinterval is independent of every other subinterval. 

e By definition, we have a fixed number of trials n = 6, which is the number of subintervals we 

have. 

These are the conditions for a binomial distribution. So, if X is the number of subintervals out of 6 in 

which we receive a call, then X ~ B(6, 2). 

A deficiency of this model is that there may be more than 1 call in a subinterval. The binomial 

distribution would therefore no longer apply. Thus to improve this model, we need to increase the 

number of subintervals that the 60 minute interval is divided into. 

Suppose we divide the 60 minute interval into n equal subintervals. We let X,, be the number of 
. . . . . . A 

subintervals out of n in which we receive a call. Using the same reasoning as above, X, ~ B(n, —). 
n 

X, therefore has the probability mass function P(X, =z)= (") <i) <1 — i) B . 
T/ \n n 

The graph below shows the probability distribution of X,, ~ B(n, E) for various values of n. 
n 

  

  

05 £ probability ®n—6 
on=12 

0.4 o O n=25 

® n=100 

° @ 1=10000 
0.3   

  

° 
0.2 ‘ ' 

    
01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

Notice how as the number of subintervals is increased, the probability distribution flattens and takes a 

distinct shape. 

When we take the limit as n — oo, we get the Poisson distribution. 
T =N\ 

While the proof'is beyond this course, it can be shown that lim P(X,, = z) = —XeZ 
n—00 zX (z—1)...x3x2x1
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In factorial notation we use z! to denote the sum of the first = integers = x (z —1)... x 3 x 2 x 1. 

We also define 0! = 1. 

We conclude that: 

If X is the Poisson random variable with rate A > 0, then the probability mass function of X is: 

e~ 

! 
  P(z) =P(X =x) = where £=0,1, 2, 3, .... 

We write X ~ Po(X). 

THE MEAN AND VARIANCE OF A POISSON RANDOM VARIABLE 

The mean and variance of a Poisson random variable are found by considering the mean and variance of 

XnNB(’fl, %) as n — 00: 

B =nx2 and  Va(X,)=nx2(1-2) 
n 

n n 

=A (-3 n 
2 

X 
n 

lim Var(X,) =X 
n—oo 

If X ~ Po()), then E(X) = Var(X) = A. 

Example T .1;)) Self Tutor 

The number of errors that Sandra finds while proofreading follows a Poisson distribution with rate 

3.21 errors per page. 

a Calculate the probability that on a randomly selected page, Sandra will find: 

i exactly 3 errors il no more than 2 errors iii at least 3 errors 

iv exactly 3 errors given that she found at least 3 errors. 

b Suppose Sandra reads a 10 page exam paper. 

i Write down the probability distribution for the number of errors she finds. 

ii  Find the probability that she will find at least 30 errors. 

  

a Let X be the number of errors that Sandra finds on one randomly selected page. 

  

X ~ Po(3.21) 

i P(X=3) i P(X<2)=P(X=0)+P(X=1)+P(X =2) 
_ (3.21)36_3‘21 _ (3.21)06_3‘21 , (3.21)16_3‘21 ‘ (3.21)28_3'21 

- 3! 0! ' 1 ‘ 2! 
~ (0.222 ~ 0.378 

i P(X >3)=P(X >2) 
=1-P(X <2) 
~1-0.378 {using ii} 

~ 0.622    
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_ P(X=3NnX>3) 
- P(X > 3) 

_ P(X=3) 
T P(X >3) 

. 0.222 
= 0.622 
~ 0.358 

iv P(X=3|X>3) 

{using i and iii} 

b i The rate at which Sandra finds errors 

= 3.21 errors per page 

= 32.1 errors per 10 pages 

Let Y be the number of errors that Sandra 

finds in 10 pages. 

In this case, the length of 

the interval is 10 pages. 

  

Y ~ Po(32.1) 

il P(Y >30)=1-P(Y <29) el 
- Poi C.D ~1-0.332 015520 33164768 
~ 0.668 GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

  

  

EXERCISE 271 

1 Suppose X ~ Po(7.12). 

a Write down the probability mass function of X. 

b Find: i E(X) il Var(X) il o(X) 

¢ Find: i P(X=2) il P(X<3) iii P(X>5) v PX>23|X2>1) 

2 Top Cars rents cars to tourists. They have four cars which are hired out on a daily basis. The 

number of requests each day has a Poisson distribution with rate 3. Determine the probability that 

on a particular day: 

a none of the cars are rented b at least 3 of the cars are rented 

¢ some requests will have to be refused 

d all of the cars are hired out, given that at least two are. 

A supplier of clothing materials looks for flaws before selling the materials to customers. The 

number of flaws follows a Poisson distribution with rate 1.7 flaws per metre. 

a Find the probability of: 

i exactly 3 flaws in a 1 metre length of material 

i at least one flaw in 2 metres of material. 

b Find the mean, variance, and standard deviation of this Poisson distribution. 

Experiments on a rocket aerofoil indicate a 98% chance that the aerofoil will not disintegrate on 

re-entry to the atmosphere. Use a Poisson distribution to find the probability that in a sample of 

100 aerofoils: 

a exactly one will disintegrate b exactly two will disintegrate 

¢ at most two aerofoils will disintegrate.



726  DISCRETE RANDOM VARIABLES (Chapter 27) 

Road safety figures for a large city show that any driver has a 0.002% chance of being killed each 

time he or she drives a car. 

a Find the probability that a driver can use a car 10 times a week for a year and survive. 

b For how many years can you drive in this city and have a better than 95% chance of surviving? 

Discuss the assumptions you make in your answer. 

Consider a random variable X ~ Po()). 

a Find X given that P(X =1) + P(X =2) = P(X =3). 

b Hence find: 

i E(X) il o(X) i P(X >3) iv P(X<4[X >2) 

The random variable Y ~ Po()) satisfies P(Y =3) =P(Y =1)+2P(Y =2). 

a Find the value of A correct to 4 decimal places. 

b Hence find: i P(1<Y <5) il P2SY <6|Y >4) 

One gram of a radioactive substance is positioned so that each alpha-particle emission will flash on 

a screen. The emissions over 500 periods of 10 seconds duration are summarised in the table below. 

Number per period | 0 1 2 314|156 |7 

Frequency 91 | 156 | 132 | 75 | 33 | 931 | 
  

a Find the mean of the data. 

b Assuming the data is from a Poisson distribution, estimate the rate parameter \. 

¢ Find the variance of the data. Compare your answer with the variance of the Poisson distribution 

found in b. 

The random variable U has a Poisson distribution with mean z. Let y = P(U < 2). 

a Write y as a function of z. 

b Use technology to help sketch the graph of y for 0 < z < 3. 

¢ Use calculus to show that as the mean increases, P(U < 2) decreases. 

2 The number of eggs a butterfly lays is Y ~ Po(20). Each egg has probability p = £ of hatching, 

independently of one another. Let X | Y be the number of eggs that hatch given that Y eggs are 

laid. 

a Explain why X |Y ~B(Y, 2). 

b Find the probability of 10 eggs hatching given that 22 eggs are laid. 

¢ Find E(X |Y). 

d  Given the conditional expectation E(X |Y), the unconditional expectation of X is 

E(X) =E[E(X |Y)]. 

Find E(X), the expected number of eggs laid by a butterfly which will hatch. 

REVIEW SET 27A 

1 Determine whether the following variables are discrete or continuous: 

a the number of attempts to pass a driving test 

b the length of time before a phone loses its battery charge 

¢ the number of phone calls made before a salesperson has sold 3 products.
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2 a State whether each of the following is a valid probability distribution: 

2 3 W[ Jolz[sw 
P(X = 1) 025 | 0.15 P(X=x) | 03]05]01]02 

  

    

  
  

  

a 
P(X =z)= 21 z=0,1,2,3 is a probability mass function. 

a Find the value of a. b Find P(X >1). 

  

  

A random variable X has the probability mass 

function P(z) described in the table. 

a Find k. b Find P(X > 3). 
¢ Find the mode of the distribution. 

d Find the expected value E(X) for the distribution. 

z 0o 1] 2134 
P(z) | 010 [ 030 [ 045 [ 020 | %         

Three green balls and two yellow balls are placed in a hat. Two balls are randomly drawn 

without replacement, and X is the number of green balls drawn. 

a Explain why X is a discrete random variable. 

b State the possible values of X. 

¢ Construct a probability table for X. 

d Find the expected number of green balls drawn. 

The faces of a die are labelled 1, 3, 3, 4, 6, 6. Let X be the result when the die is rolled. Find 

the expected value of X. 

Lakshmi rolls a regular six-sided die. She wins twice the number of dollars as the number 

rolled. 

a How much does Lakshmi expect to win from one roll of the die? 

b If it costs $8 to play the game, would you advise Lakshmi to play many games? Explain 

your answer. 

For the probability distribution alongside, find the: 

a mean b variance o2 

  

¢ standard deviation o. 

Suppose X is the number of marsupials entering a park at night. It is suspected that X has a 

probability mass function P(z) = a(z? —8x) where =0, 1, 2, 3, ..., 8. 

a Find the constant a. 

b Find the expected number of marsupials entering the park on a given night. 

¢ Find the variance of X.
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10 X is a discrete random variable with mean 6 and standard deviation 2. If Y =4X + 3, find 

the mean and standard deviation of Y. 

11 With every attempt, Jack has an 80% chance of kicking a goal. In one quarter of a match he 

has 5 kicks for goal. Use Pascal’s triangle to help determine the probability that he scores: 

a 3 goals then misses twice b 3 goals and misses twice. 

12 1t is observed that 3% of all batteries produced by a company are defective. 

For a random sample of 20 batteries, calculate the probability that: 

a none are defective b at least one is defective. 

13 

pentagonal square 
spinner | spinner 

R 

R 

3 
5 

a Copy and complete the tree diagram which shows < 

all possible results when these two spinners are R 

spun together. 

b Calculate the probability that exactly one red will occur. 

¢ The spinners are spun 10 times. Let X be the number of times that exactly one red occurs. 

i State the distribution of X. 

ii Write down expressions for P(X =1) and P(X =9). Hence determine which of 

these outcomes is more likely. 

ili Find the mean and standard deviation of X. 

= 

— 

14 Patients arrive at random to a hospital Emergency room at a rate of 14 per hour. 

Find the probability that: 

a more than 10 patients arrive between 8:00 am and 9:00 am 

b exactly five patients arrive between 9:00 am and 9:45 am 

¢ fewer than seven patients arrive between 10:00 am and 10:30 am. 

  
REVIEW SET 27B 

1 Sally’s number of hits in each softball 0 1 9 3 1 5 

Isrllle(l)t::;has the probability distribution P(X —2) | 0.07 | 014 | % | 0.46 | 0.08 | 0.02   

  

a State clearly what the random variable represents. 

b Find: ik ii P(X>2) ili P(1<X<3) 

¢ Find the mode and median number of hits. 

  

  

  

  

          

2 The probability distribution of a random A probability 

variable X is graphed alongside. Find: ©E 

a the mode of X gg 

b the median of X 0.9 

¢ the expected value of X. 01 _—— 

€ 1 2 3 4 7
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Show that the following are valid probability mass functions: 

e’ 22+ 

1+e 
    a P(z)= , =01 b P(z)= ,x=1,23,4 

The probabilities of Naomi and 

Rosslyn hitting each section of an 

archery target is shown alongside. 

a On a single shot, who is more 

likely to score: 

i 10 points 

ii at least 6 points?    b In the long run, who would you 

expect to score more points per Naomi Rosslyn 

shot? 

The numbers from 1 to 20 are written on tickets and placed in a bag. A person draws out a 

number at random. The person wins $3 if the number is even, $6 if the number is a square 

number, and $9 if the number is both even and square. 

a Calculate the probability that the player wins: 

i $3 ii $6 i $9 

b How much should be charged to play the game so that it is fair? 

A 6-sided and 4-sided die are rolled simultaneously. Let X 

be the number of twos rolled. 

a Explain why X is not a binomial random variable. 

b Find the probability distribution of X. 

¢ Find the mean of X. 

Suppose X has the probability distribution alongside. 

a Given that E(X) =2.8, find a and b. 

b Find Var(X). 

  

Caleb is thrown a baseball 4 times. Let X be 

the number of times Caleb catches the ball. 

The probability distribution of X is shown 

alongside. 

  

a Find: i E(X) i Var(X) 

b Let Y be the number of times Caleb drops the ball. 

i Write Y in terms of X. ii Hence find E(Y) and Var(Y). 

The spinner alongside is spun 20 times. Let X be the number 

of threes spun. 

a Explain why X is a binomial random variable. 

b Find the mean and standard deviation of X.
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24% of visitors to a museum make voluntary donations. On a certain day the museum has 

175 visitors. 

a Find the expected number of donations. 

b Find the probability that: 

i less than 40 visitors make a donation 

ii between 50 and 60 (inclusive) visitors make a donation. 

A school volleyball team has 9 players, each of whom has a 75% chance of coming to any 

given game. The team needs at least 6 players to avoid forfeiting the game. 

a Find the probability that for a randomly chosen game, the team will: 

i have all of its players ii have to forfeit the game. 

b The team plays 30 games for the season. How many games would you expect the team to 

forfeit? 

Suvi plays a game involving 2 coins and a set of bowling pins. The coins are flipped and the 

number of heads that result is the number of attempts she gets to knock down the pins. If she 

knocks all of the pins down on a given attempt, it is called a “strike”. 

Suvi wins a prize worth $10 multiplied by the number of strikes she gets. On each attempt, the 

probability that Suvi gets a strike is % 

a Copy and complete this tree diagram coin toss bowling 

of possible outcomes: i 

2 heads < 1 strike 

0 strikes 

1 head Y 1 strike 

0 strikes 

0 heads — 0 strikes 

b Let X be the number of strikes that Suvi gets. Find the probability distribution of X. 

Calculate Suvi’s expected return per game. n 

d Find Suvi’s expected gain if the game costs $5 to play. Would you advise her to play the 

game many times? 

During peak period, customers arrive at random at a fish and chip shop at the rate of 20 customers 

every 15 minutes. 

a Find the probability that during peak period, exactly 15 customers will arrive in the next 

15 minutes. 

b If the probability that more than 10 customers will arrive during 10 minutes of peak period 

is greater than 80%, the manager will employ an extra shop assistant. Will the manager 

hire an extra shop assistant? 

14 A Poisson random variable X is such that P(X =1) = P(2 < X < 4). 

a Find the mean and standard deviation of X. 

b Find P(X > 2).
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OPENING PROBLEM 

A salmon breeder is interested in the distribution of the 

weight of female adult salmon, w. 

He catches hundreds of female adult fish and records 

their weights in a frequency table with class intervals 

3<w<3.1kg, 3.1 <w<32kg, 3.2 <w<3.3kg, 

and so on. 

  

The mean weight is 4.73 kg, and the standard deviation is 0.53 kg. 

Things to think about: 

a Which of these do you think is the most likely distribution for the weights of the female adult 

salmon? 

A B C 
l frequency l frequency l frequency 

3 4 5 6 3 4 5 6 3 4 5 6 

w (kg) w (kg) w (kg) 

b How can we use the mean and standard deviation to estimate the proportion of salmon that 

weigh: 

i more than 6 kg ii between 4 kg and 6 kg? 

¢ How can we find the weight which: 

i 90% of salmon weigh less than ii 25% of salmon weigh more than? 

In the previous Chapter we looked at discrete random variables and examined binomial probability 

distributions where the random variable X could take the non-negative integer values = =0, 1, 2, 3, 4, 

coey T 

For a continuous random variable X, x can take any real value within some reasonable domain. There 

are infinitely many values X can take, and even if a measuring device enabled us to measure X exactly, 

the measurements of X from any two members of the population would never be identical. This means 

that the probability that X is exactly equal to any particular value is zero. 

For a continuous variable X, P(X =z) =0 for all z. 

For example, the probability that an egg will weigh exactly 72.9 g is zero. If you were to weigh an egg 

on scales that measure to the nearest 0.1 g, a reading of 72.9 g means the weight lies somewhere between 

72.85 g and 72.95 g. No matter how accurate your scales are, you can only ever know the weight of an 

egg within a range. 

So, for a continuous variable X, we can only talk about the probability that a measured value lies in an 

interval. 

Remembering that P(X =) =0 for all z, 

Pe<X <d)=Plc<X<d)=Plc< X <d)=Plc< X <d).
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Since P(X = z) = 0 for all z, we cannot use a 

probability mass function to describe the distribution. 

Instead we use a function called a probability density 

function. The value of the function is not a probability. 

Rather, probabilities are found by calculating areas under 

the probability density function curve for a particular 

interval. 

  

    
   

The graph of a probability 

density function is sometimes 

called a distribution curve. 

  

    

  

Can you explain why: 

e the probability density function is always positive 

e the rotal area under the curve is 1? 

  

In this Chapter, we consider variables with symmetrical, 

bell-shaped distribution curves. We call this a normal 

distribution. It is the most important distribution in 

statistics. 

-+ >   

The normal distribution arises in nature when many different factors affect the value of the variable. 

For example, consider the apples harvested from an apple 

orchard. They do not all have the same weight. This variation 

may be due to genetic factors, the soil, the amount of sunlight 

reaching the leaves and fruit, weather conditions, and so on. 

The result is that most of the fruit will have weights centred 

about the mean weight, and there will be fewer apples that are 

much heavier or much lighter than this mean. 

  

Some examples of quantities that may be normally distributed or approximately normally distributed are: 

e the heights of 16 year old boys e the volumes of liquid in soft drink cans 

e the lengths of adult sharks e the weights of peaches in a harvest 

o the yields of corn or wheat o the life times of batteries
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EXERCISE 28A.1 

1 Which of the following appear to be normal distribution curves? 

A B C 

D E F 

2 Explain why it is likely that the following variables will be normally distributed: 

a the diameter of wooden rods cut using a lathe 

b scores for tests taken by a large population 

¢ the amount of time a student takes to walk to school each day. 

3 Discuss whether the following variables are likely to be normally distributed. Sketch a graph to 

illustrate the possible distribution of each variable. 

a the ages of people at a football match 

the distances recorded by a long jumper 

the numbers drawn in a lottery 

the lengths of carrots in a supermarket 

® 
O 

A 
O 

the amounts of time passengers spend waiting in 

a queue at an airport 

the numbers of brown eggs in a sample of cartons 

which each contain a dozen eggs 

g the numbers of children in families living in 

Cardiff, Wales 

h the heights of buildings in a city. 

  

THE NORMAL DISTRIBUTION CURVE 

Although all normal distributions have the same general bell-shaped curve, the exact location and shape 

of the curve is determined by: 

e the mean p which measures the centre of the distribution 

e the standard deviation o which measures the spread of the distribution. 

If X is a normally distributed random variable with mean g ~ is read “is distributed as”. 

and standard deviation o, we write X ~ N(u, o2). 

  

We say that ;2 and o are the parameters of the distribution. 

The probability density function of X is called the normal O 

distribution curve or normal curve.
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  INVESTIGATION 1 

In this Investigation, we will look at some interesting properties of the normal distribution curve with 

the help of graphing software. 

Click on the icon to explore the normal distribution curve and how it changes when DEMO 

p and o are altered. 

What to do: 

1 What effects do variations in p and o have on the curve? How do these relate to what x and o 

represent? 

Does the curve have a line of symmetry? If so, what is it? 

Is the function ever negative? Why is this important? 

  Discuss the behaviour of the normal curve as = — +oo. 

w
i
 
W
D
 

What do you think happens to the area under the curve as you change ;o and o? 

From the Investigation, you should have found that: 

e The normal curve is symmetrical 

about the vertical line = = p. 

e f(z)>0 forallz. 

e The =z-axis is a horizontal 

asymptote. 

  

8Y
 

  

EXERCISE 28A.2 

1 Match each pair of parameters with the D 

correct normal distribution curve: 

a pu=>5, o=2 

b u=15 0=0.5 

¢ pu=>5 o=1 

d p=15 0=3 
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3 Consider the distribution curve of X ~ N(p, 0%) where p=4 and o =3 shown: 

             

-5 2 1 1 7 10 13 X 

Copy the above graph, and on the same set of axes sketch the distribution curve for: PRINTABLE 

a N(u+2,07) b N(u, (20)%) ¢ N(p+2, (20)%) 

Aer @) erfeon) 
HISTORICAL NOTE 

The normal distribution was first characterised by Carl Friedrich Gauss 

in 1809 as a way to rationalise his method of least squares for linear 

regression. In fact, the normal distribution curve is a special case of the 

Gaussian function. 

  

Since the normal distribution has such strong ties to Gauss, it is sometimes 

called the Gaussian distribution.   

  

Carl Friedrich Gauss 

[ [T CALCULATING PROBABILITIES 
INVESTIGATION 2 

In this Investigation we find the proportions of normally distributed data which lie within o, 20, and 

30 of the mean. 

What to do: 

1 Click on the icon to run a demonstration which randomly generates 1000 data DENS 

values from a normal distribution with mean p and standard deviation o. Set 

p=0 and o=1. 

2 Find the endpoints of the interval: 

a u—o to pto b u—20 to p+20 € p—30 to p+30 

3 Use the frequency table provided to find the proportion of data values which lie between: 

a p—o and p+o b u—20 and p+20 ¢ u—30 and p+ 30
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4 Repeat 2 and 3 for values of p and o of your choosing. Summarise your answers in a table 

like the one below. 

i p—o to p+o pw—20 to p+20 pn—30 to p+30 

5 What do you notice about the proportion of data values in each interval? 

  

From the Investigation, you should have found that: 

For any population that is normally distributed with mean y and standard deviation o: 

e approximately 0.68 or 68% of the population will lie between p — o and p+ o 

e approximately 0.95 or 95% of the population will lie between p — 20 and p + 20 

e approximately 0.997 or 99.7% of the population will lie between g — 30 and p + 30. 

The proportion of data values that lie within different ranges relative to the mean are: 

   2.15% 

  

0.13%     013%  215% 34.13% |    

  

34.13% | 

  

: i ; i1359% | 
n—30 nw—20 n—o Iz p+o p+20 p+30 
  

For any variable that is normally distributed, we can use the mean and standard deviation to estimate the 

proportion of data that will lie in a given interval. This proportion tells us the probability that a randomly 

selected member of the population will be in that interval. 

A sample of cans of peaches was taken from a warehouse, and the contents of each can was 

weighed. The sample mean was 486 g with standard deviation 6 g. 

  

  

State the proportion of cans that weigh: 

a between 480 g and 486 g b more than 492 g. 
  

For a manufacturing process such as this, the distribution of weights is approximately normal. 

: About 34.13% of the cans are expected to weigh 

L between 480 g and 486 g. 

      
=163 474 130 486 492 493 soa  “eight(®)  
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The probability of randomly 

selecting a can which weighs more 

2.15% than 492 g is approximately 0.1587. 
0.13% 

=> weight (g) 

13.59% 

    
       

" 468 474 480 486 492 498 504 

About 13.59% +2.15% +0.13% = 15.87% of 
the cans are expected to weigh more than 492 g. ’ 

  

EXERCISE 28B.1 

1 Suppose X is normally distributed with mean 30 and standard deviation 5. 

a State the value which is: 

i 2 standard deviations above the mean ii 1 standard deviation below the mean. 

b Describe the following values in terms of the number of standard deviations above or below 

the mean: 

i 35 il 20 ili 45 

¢ Draw a curve to illustrate the distribution of X. 

d  What proportion of values of X are between 25 and 30? 

e Find the probability that a randomly selected member of the population will measure between 

35 and 40. 

2 Suppose the variable X is normally distributed 

according to the curve shown. 

a State the mean and standard deviation of X. 

b Find the proportion of values of X which are: 

i between 20 and 24 

il between 12 and 16 : i 
iii greater than 28. 8 12 16 

     
20 24 28 32 X 

3 A school’s Grade 12 students sat for a Mathematics examination. Their marks were approximately 

normally distributed with mean 75 and standard deviation 8. 

a Copy and complete this bell-shaped curve, 

assigning scores to the markings on the 

horizontal axis. 

    
  

b What proportion of students would you expect to have scored: 

i more than 83 i less than 59 iii between 67 and 91? 

4 State the probability that a randomly selected, normally distributed value: 

a lies within one standard deviation either side of the mean 

b is more than two standard deviations above the mean.
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Example 2 ») Self Tutor 

The chest measurements of 18 year old male rugby players 

are normally distributed with mean 95 c¢cm and standard 

deviation 8 cm. 

From a group of 200 18 year old male rugby 

players, how many would you expect to have a chest 

measurement between 87 cm and 111 cm? 

Find the value of k such that approximately 16% of 

chest measurements are below & cm. 

  

  

  
About 34.13%+34.13%+13.59% = 81.85% 
of the rugby players have a chest measurement 

between 87 cm and 111 cm. 

So, we would expect 81.85% of 200 ~ 164 of 

the rugby players to have a chest measurement 

between 87 cm and 111 cm. 

34.13% 34.13% 

       

79 87 95 103 111 X(cm>) 

Approximately 16% of data lies more than 

one standard deviation below the mean. 

k is o below the mean p 

k=95-8 16% 
=87 

k X (cm)   
5 The height of female students at a university is normally distributed with mean 170 cm and standard 

deviation 8 cm. 

b 

d 

Find the percentage of female students whose height is: 

i between 162 cm and 170 cm il between 170 cm and 186 cm. 

Find the probability that a randomly chosen female student has a height: 

i less than 154 cm il greater than 162 cm. 

From a group of 500 female university students, how many would you expect to be between 

178 cm and 186 cm tall? 

Estimate the value of & such that 16% of the female students are taller than k& cm. 

6 The lengths of adult female frilled sharks are normally distributed with mean 1.4 m and standard 

deviation 15 cm. Find the proportion of adult female frilled sharks that measure: 

more than 1.25 m b between 1.1 m and 1.55 m. 

7 The weights of the 545 babies born at a maternity hospital last year were normally distributed with 

mean 3.0 kg and standard deviation 200 grams. Estimate the number that weighed: 

less than 3.2 kg b between 2.8 kg and 3.4 kg. 

8 An industrial machine fills an average of 20000 bottles each day with standard deviation 

2000 bottles. Assuming that production is normally distributed and the year comprises 260 working 

days, estimate the number of working days on which: 

a 

< 

under 18000 bottles are filled b over 16000 bottles are filled 

between 18 000 and 24 000 bottles are filled.
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9 Two hundred lifesavers competed in a swimming race. Their times were normally distributed with 

mean 10 minutes 30 seconds and standard deviation 15 seconds. Estimate the number of competitors 

who completed the race in a time: 

a longer than 11 minutes b less than 10 minutes 15 seconds 

¢ between 10 minutes 15 seconds and 10 minutes 45 seconds. 

10 The weights of Jason’s oranges are normally distributed. 84% of the crop weighs more than 

152 grams and 16% weighs more than 200 grams. 

a Find p and o for the crop. 

b What percentage of the oranges weigh between 152 grams and 224 grams? 

11 When a particular variety of radish is grown without fertiliser, the weights of the radishes produced 

are normally distributed with mean 40 g and standard deviation 10 g. 

When these radishes are grown in the same conditions but with fertiliser added, their weights are 

also normally distributed, but with mean 140 g and standard deviation 40 g. 

a Determine the proportion of radishes grown: 

i without fertiliser which weigh less than 50 grams 

il with fertiliser which weigh less than 60 grams. 

b Find the probability that a randomly selected radish weighs between 20 g and 60 g, if it is 

grown: 

i with fertiliser il without fertiliser. 

¢ One radish grown with fertiliser and one radish grown without fertiliser are selected at random. 

Find the probability that both radishes weigh more than 60 g. 

USING TECHNOLOGY 

When calculating normal distribution probabilities, we have so far only considered numbers that are a 

whole number of standard deviations from the mean. 

To calculate other probabilities, we could use definite integrals of the normal 

probability density function. However, this function does not have an indefinite 

integral, so we need to use a numerical approximation. Your graphics calculator ety 
has built-in functions to calculate these integrals. INSTRUCTIONS 

ek ) Self Tutor 

  

The variable X is normally distributed with mean 40 and standard deviation 10. Find: 

a P(37 < X < 48) b P(X > 45) ¢ P(X < 26) 

Tllustrate your answers. 
  

a To find P(37 < X < 48), we set the lower bound to 37 and the upper bound to 48. 

Casio fx-CG50 Casio fx-CG50 

g Deslffornd) (d7c)Rea) g Degforn]) (dFc)Rea) 
Normal C.D Normal C.D 
Data :Variable p =0.40605602 
Lower 137 z:Low=-0.3 
Upper :4118 z:Up =0.8 
a 
m 
Save Res:None 

  
    P(37 < X < 48) ~ 0.406



THE NORMAL DISTRIBUTION  (Chapter 28) 741 
  

b To find P(X > 45), we use a very high value such as 10% to represent the upper bound. 

TI-84 Plus CE TI-84 Plus CE 
NORMAL FLOAT AUTO REAL DEGREE MP 1] [ LN G 1] 

normalcdf (45, 1e99,40,10) 

lower:4S 0.3085375322 
upper:1e99 
H:40 
c:10 
Paste 

40 45 X 

  

P(X > 45) ~ 0.309 

¢ To find P(X < 26), we use a very low value such as —10%° to represent the lower bound. 

TI-nspire TI-nspire 

1 *Unsaved w HEY | *Unsaved ¥ 

| Normal Caf normCdf{-1.£99,26,40,10) 0.080757 
  

Lower Bound | 
  

  

Upper Bound 
  

  

18 

a 

Cancel 

  

        

  

  

P(X < 26) ~ 0.081     
EXERCISE 28B.2 

1 Suppose X is normally distributed with mean 60 and standard 

deviation 5. Find:     

  

A continuous random variable X 

can never be exactly 64, so 

     a P(60 < X <65) b P(62< X <67) P(X > 64) = P(X > 64) . 

¢ P(X >64) d P(X <68) 

e P(X <61) f P(57.5 < X < 62.5) 

Illustrate your answers. 

2 Suppose X is normally distributed with mean 37 and standard deviation 7. 

a Use technology to find P(X > 40). 

b Hence find P(37 < X < 40) without technology. 

3 A machine produces metal bolts. The lengths of these bolts have a normal distribution with mean 

19.8 cm and standard deviation 0.3 cm. If a bolt is selected at random from the machine, find the 

probability that it will have a length between 19.7 cm and 20 cm. 

4 The speed of cars passing a supermarket is normally distributed with mean 46.3 kmh~! and standard 

deviation 7.4 kmh~!. Find the probability that a randomly selected car is travelling: 

a between 50 and 65 kmh~?! b slower than 60 kmh~*! ¢ faster than 50 kmh~".
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5 Eels are washed onto a beach after a storm. Their lengths have a normal distribution with mean 

41 cm and standard deviation 5.5 cm. 

a If an eel is randomly selected, find the probability that it is at least 50 cm long. 

b Find the percentage of eels measuring between 40 cm and 50 cm long. 

¢ How many eels from a sample of 200 would you expect to measure at least 45 cm in length? 

6 Max’s customers put money for charity into a collection box on the front counter of his shop. The 

weekly collection is approximately normally distributed with mean $40 and standard deviation $6. 

a On what percentage of weeks would Max expect to collect: 

i between $30 and $50 i at least $50? 

b How much money would you expect Max to collect in two years? 

7 The amount of petrol bought by customers at a petrol station is normally distributed with mean 36 L 

and standard deviation 7 L. 

a What percentage of customers buy: 

i less than 28 L of petrol il between 30 L and 40 L of petrol? 

b On a particular day, the petrol station has 600 customers. 

i How much petrol would you expect the petrol station to sell on this day? 

ii How many customers would you expect to buy at least 44 L of petrol? 

8 The times Enrique and Damien spend working out at the 

gym each day are both normally distributed with mean 

45 minutes. The standard deviation of Enrique’s times is 

9 minutes, and the standard deviation of Damien’s times 

is 6 minutes. 

a On what percentage of days does: 

i Enrique spend between 32 and 40 minutes at the 

gym 

il Damien spend less than 55 minutes at the gym? 

  

b Tomorrow, who do you think is more likely to spend: 

i atleast 1 hour at the gym ii between 40 minutes and 50 minutes at the gym? 

Explain your answers. 

¢ Perform calculations to check your answers to b. 

T LR R T 

The times taken by students to complete a puzzle are normally distributed with mean 28.3 minutes 

and standard deviation 3.6 minutes. Calculate the probability that: 

  

a arandomly selected student took at least 30 minutes to complete the puzzle 

b out of 10 randomly selected students, 5 or fewer of them took at least 30 minutes to complete 

the puzzle. 

a Let X denote the time for a student to complete the puzzle. i || 
lcdf (30,1£99,28.3,3. X ~ N(28.3, 3.62) norna’e & 2182840984 

P(X > 30) ~ 0.31838 
~0.318     
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b Let Y denote the number of students who took at least NORHAL FLOAT AUTO REAL RADIAN MP [ 

30 minutes to complete the puzzle. normalcdf (30, 1£99,28.3,3.» 
3183840984 Y ~ B(10, 0.31838) 

P(Y < 5) ~0.938    

     
    

   
B(n, p) is the binomial distribution 

with n independent trials, each with 

probability of success p. 

  

  

9 Apples from a grower’s crop were normally distributed with mean 173 grams and standard deviation 

34 grams. Apples weighing less than 130 grams were too small to sell. 

a Find the percentage of apples from this crop which were too small to sell. 

b Find the probability that in a picker’s basket of 100 apples, more than 10 apples were too small 

to sell. 

10 People found to have high blood pressure are prescribed a course of tablets. They have their blood 

pressure checked at the end of 4 weeks. The drop in blood pressure over the period is normally 

distributed with mean 5.9 units and standard deviation 1.9 units. 

a Find the proportion of people who show a drop of more than 4 units. 

b Eight people taking the course of tablets are selected at random. Find the probability that at 

least six of them will show a drop in blood pressure of more than 4 units. 

11 The lengths of red snapper are normally distributed with mean 58 cm and standard deviation 18 cm. 

Fish measuring less than 38 cm long must be released back into the water. 

a Find the probability that a single red snapper caught must be released back into the water. 

b Rodney went fishing and caught 14 red snapper. Find the probability that Rodney can keep at 

least 10 fish from his catch. 

(<] [17 THE STANDARD NORMAL DISTRIBUTION 
Suppose a random variable X is normally distributed with mean . and standard deviation o. 

  

z—p — For each value of = we can calculate a z-score using the algebraic transformation z = 

This algebraic transformation is known as the Z-transformation. 

INVESTIGATION 3 

In this Investigation we consider how the z-scores for a distribution are themselves distributed. 

What to do: 

1 Consider the z-values: 1, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 6, 6, 7. 

a Draw a histogram of the z-values to check that the distribution is approximately normal. 

b Find the mean p and standard deviation o of the z-values. 

¢ Calculate the z-score for each z-value. 

d Find the mean and standard deviation of the z-scores.
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2 Click on the icon to access a demo which randomly generates data values from a DEMO 

normal distribution with given mean and standard deviation. The z-score of each 

data value is calculated, and histograms of the original data and the z-scores are 

also shown. 

a Generate samples using various values of y and o of your choosing. 

b Record the mean and standard deviation of the z-scores in a table like the one below. 

z-scores 
Standard deviation Standard deviation 

  

¢ How does the histogram of the z-scores generally compare with the histogram of the 

z-values? 

d What conclusions can you make about the distribution of the z-scores? 

From the Investigation, you should have found that the z-scores were normally distributed with mean 0 

and standard deviation 1. 

X —p 
g 

  If X ~N(u, 0%) and Z = then Z ~ N(0, 12). 

No matter what the parameters p and o of the original X -distribution are, we THE 
. o 5 Z.TRANSFORMATION 

always end up with the same Z-distribution, Z ~ N(0, 1?). 

Click on the icon to see why the Z-transformation works. 

The distribution Z ~ N(0, 12) is called the standard normal distribution or Z-distribution. 

The diagram below shows how z-scores are related to a general normal curve: 

0.13% 

    ; : 13.59% 

z-value ©w—30 n—20 pn—o I p+o 20 p+30 

z-score -3 -2 -1 0 1 2 3 

  

Notice that the value of the z-score corresponds to the coefficient of o in the z-value. 

The z-score of x is the number of standard deviations x is from the mean. 

For example: 

e if z=1.84, then x is 1.84 standard deviations to the right of the mean 

o if z=—0.273, then x is 0.273 standard deviations to the /eff of the mean. 

z-scores are particularly useful when comparing two populations with different 1 and 0. However, these 

comparisons will only be reasonable if both distributions are approximately normal.
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Kelly scored 73% in History, where the class mean was 68% and the standard deviation was 10.2%. 

In Mathematics she scored 66%, where the class mean was 62% and the standard deviation was 

6.8%. 

In which subject did Kelly perform better compared with the rest of her class? 

Assume the scores for both subjects were normally distributed. 
  

73 — 68 

10.2 

66 — 62 

Kelly’s z-score for History = ~ 0.490   

Kelly’s z-score for Mathematics = =~ 0.588   

Kelly’s result in Mathematics was 0.588 standard deviations above the mean, whereas her result 

in History was 0.490 standard deviations above the mean. 

Kelly’s result in Mathematics was better compared to her class, even though her percentage 

was lower.     
EXERCISE 28C.1 

1 InEmma’s classes, the exam results for each subject -n 

are normally distributed with the mean p and E 
. . nglish 

standard deviation o shown in the table. 
Mandarin 

a Find the z-score for each of Emma’s scores. 

b Arrange Emma’s subjects from best to worst 

in terms of the z-scores. 

¢ Explain why the z-scores are a reasonable way 

to compare Emma’s performances with the rest 

of her class. 

2 n The table alongside shows Sergio’s results in 

Physics . his final examinations, along with the class 
means and standard deviations. 

Geography 

Biology 

Mathematics 

  

Chemistry 
Misiemeies a Find Sergio’s z-score for each subject. 

b Hence arrange Sergio’s performances in 

each subject from best to worst. 
German 

Biology 

  

3 At a swimming competition, Frederick competed in the 50 m freestyle, 100 m backstroke, 200 m 

breaststroke, and 100 m butterfly events. His times are summarised in the table, along with the 

event means and standard deviations. 

  

Time (seconds) | ju (seconds) a(seconds 

50 m freestyle 32.1 27.8 

100 m backstroke 53.5 58.1 4.3 

200 m breaststroke 140.0 143.7 6.4 

100 m butterfly 59.6 57.7 5.5 
  

a Calculate the z-scores for each of Frederick’s times. 

b Explain why in this case a lower z-score indicates a better performance. 

¢ Hence arrange Frederick’s performances in each event from best to worst.
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CALCULATING PROBABILITIES USING THE Z-DISTRIBUTION 

Consider the variables X ~ N(u, 02) and Z ~ N(0, 12). 
. . xr1 — xro — 

For any 1, o € R, z7 < xo, with corresponding z-scores z; = L2 and zg = 22 £, 

e P(X >u)=P(Z>2z) 

    

8 = < RN o N
 

8 = S 2 o o
 

N
 

o Pz <X <z) =P(21 < Z < 2) 

S ™ o
 & N
 

Ty p X2 

DR AR (104 

Use technology to illustrate and calculate: 

a P(—0.41< Z <067) b P(Z<15) ¢ P(Z>0.84) 

  

Z ~N(0, 12) 

a 
    

—0.41 0.67 

NORMAL FLOAT AUTO REAL RADIAN MP i] NORMAL FLOAT AUTO REAL RADIAN MP 1] NORMAL FLOAT AUTO REAL RADIAN MP 

normalcdf(-0.41,0.67,0,1) 
0.407668162 

normalcdf(-1e99,1.5,0,1) normalcdf(@.84,1e99,0,1) 
9.9331927713 0.2004541388    

P(—0.41 < Z < 0.67) P(Z < 1.5) ~0.933 P(Z > 0.84) ~ 0.200 

~ 0.408      
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EXERCISE 28C.2 

1 Consider the normal distribution curve below. 

    

  

     
¢ 30.13% | 34.13% 

2.15% 0.13% 

  

x-value pw—30 n—20 n—o 1 p+o 20 p+30 

z-score -3 -2 -1 0 1 2 3 

Use the diagram to calculate the following probabilities. 

a P(-1<Z<1) b P(-1<Z<3) ¢ P(-1<Z<0) 

d P(Z<2) e P(-1<2) f P(Z>=1) 

2 Given X ~ N(u, 02) and Z ~ N(0, 12), determine the values of a and b such that: 

a Pp—o<X<p+20)=Pla<Z<b) b Pp—050<X<p) =Pla<Z<b) 

¢ P0KSZ<3)=Pp—ac <X < p+bo) 

3 If Z ~N(0, 1%), find the following probabilities using technology. 

a PO5<Z<1) b P(—0.86 < Z < 0.32) ¢ P(-23<Z<L5) 
d P(Z<12) e P(Z<-053) f P(Z>13) 
g P(Z>-14) h P(Z>4) i P(—0.5<Z<05) 
i P(—1.960 < Z < 1.960)  k P(—1.645 < Z < 1.645) I P(|Z] > 1.645) 

=
 

o Suppose X is normally distributed with mean g and standard deviation o. 

i Explainwhy P(p—30c <X <pu+20)=P(-3<Z<2). 

il Hence find P(1—30 < X < p+ 20). 

b For a random variable X ~ N(p, 02), find: 

i P(u—20<X <p+150) il P(p—250 <X <p—0.50) 

5 Suppose X is normally distributed with mean g = 58.3 and standard deviation o = 8.96. 

a Let the z-score of z1 = 50.6 be z; and the z-score of o = 68.9 be 25. 

i Calculate 27 and zs. ii Find P(z < Z < 22). 

b Check your answer by calculating P(50.6 < X < 68.9) directly using technology. 

IRy el [e7-\ iy (o)) 

The normal distribution has two parameters p and o, whereas the standard normal distribution has 

no parameters. This means that a unique table of probabilities can be constructed for the standard 

normal distribution. 

Before graphics calculators and computer packages, it was impossible to calculate probabilities for a 

general normal distribution N(y, 02) directly. 

Instead, all data was transformed using the Z-transformation, and the standard normal distribution 

table was consulted for the required probabilities.
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DN ouamss 
Consider a population of crabs where the length of a shell, X mm, is 

normally distributed with mean 70 mm and standard deviation 10 mm. 

A biologist wants to protect the population by allowing only the largest 

5% of crabs to be harvested. He therefore wants to know what length 

corresponds to the 95th percentile of crabs. 

To answer this question we need to find & such that P(X < k) = 0.95. 

The number k& is known as a quantile. In this case it is the 95% 

quantile. 

  

When finding quantiles, we are given a probability and are asked to calculate 

the corresponding measurement. This is the inverse of finding probabilities, so 
. . 

GRAPHICS we use the inverse normal function on our calculator. RS R 
INSTRUCTIONS 

  

Example 7 LR R (MY 

A population of crabs has shell length X mm. X is normally distributed with mean 70 and standard 

deviation 10. Find k for which P(X < k) =0.95. 
  

Casio fx-CG50 TI-84 Plus CE TI-nspire 
Radlornd [BZJRea) NORMAL FLOAT AUTO REAL RADIAN MP n nsaved w 

Inverse Normal 
Data :Variable area: 0. ooIED 
Tail :Left w70 
Area :0.95 :10 
c 110 Tail: CENTER RIGHT 

70 Paste W i 

] LIST 

Inverse Normal 
  

  

  

  

      

NORMAL FLOAT AUTO REAL RADIAN MP 1] 

Inverse Normal 5 s invNorm(@.95,70,10,LEFT) xInv=86.4485363 86. 44853626 

If P(X <k)=0.95 then 

k ~ 86.45 

The 95% quantile corresponds to a shell width of 

86.45 mm.  
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When using the HP Prime, TI-84 Plus CE, or TI-nspire 

calculators, we must always use the area to the left of k. 

Therefore, to find k such that P(X > k)=0.7, we 

instead find k such that P(X < k)=1-0.7=0.3. 

  

EXERCISE 28D 

1 Suppose X is normally distributed with mean 20 and standard deviation 3. Illustrate with a sketch 

and find k& such that: 

a P(X<k) =03 b P(X <k)=009 ¢ P(X<k)=05 
d P(X >k =02 e P(X <k) =062 f P(X >k)=0.13 

2 Given that Z ~ N(0, 12), find k such that: 

a P(Z<k)=081 b P(Z<k)=058 ¢ Pz gk): 
d P(Z>k) =095 e P(Z>k) =09 f P(Z>k) = 

3 Suppose X is normally distributed with mean 30 and standard deviation 5, and P(X < a) = 0.57. 

a Using a diagram, determine whether a is greater or less than 30. 

b Use technology to find a. 

¢ Without using technology, find: 

i P(X>a) il P(30< X <a) 

L Given that X is normally distributed with mean 15 and standard deviation 3, find & such that: 

a P(X <k)=0.2 b P(X >k)=0.1 

¢ P5—k<X<15+k)=09 

5 Suppose X is normally distributed with mean 80 and standard deviation 10. 

a Find P(X < 72). b Hence find & such that P(72 < X < k) =0.1. 

6 Given that X ~ N(45, 82), find a such that: 

a PB5<X<a)=025 b Pla<X<50)=0.15 ¢ Pla< X <54) =06 
7 The lengths of a fish species are normally distributed 

with mean 35 cm and standard deviation 8 cm. The 

fisheries department has decided that the smallest 

10% of the fish are not to be harvested. What is 

the size of the smallest fish that can be harvested? 

  

8 The lengths of screws produced by a machine are normally distributed with mean 75 mm and 

standard deviation 0.1 mm. 1% of the screws are rejected because they are too long. What is the 

length of the smallest screw to be rejected? 

9 The marks X for a Mathematics examination are normally distributed with mean 57 and standard 

deviation 10. 60% of students passed the exam and 10% received an A grade. 

a Find: 

i the passing mark k ii the mark [ required for an A. 

b Check that P(k < X <1) =0.5.
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10 The volumes of cool drink in bottles filled by a machine are 

normally distributed with mean 503 mL and standard deviation 

0.5 mL. 1% of the bottles are rejected because they are 

underfilled, and 2% are rejected because they are overfilled. They 

are otherwise kept for sale. Find, correct to 1 decimal place, the 

range of volumes in the bottles that are kept. 

  

11 Abbey goes for a morning walk as long as the temperature is not too cold and not too hot. The 

morning temperatures are normally distributed with mean 20°C and standard deviation 5°C. Given 

that the lower limit of Abbey’s walking temperatures is 11°C, and that she goes for a walk 95% of 

the time, find the upper limit of Abbey’s walking temperatures. 

L.\ 

Click on the icon to play a card game for the normal distribution. CARDlc 

INVESTIGATION 4 

In the previous Chapter, we saw how the binomial distribution arises from considering the number 

of “successes” in a fixed number of independent trials of an experiment. 

Suppose X ~ B(n, p) is the number of successes in n independent trials, each 

with probability of success p. The probability of getting x successes is: 

P(X=xz)=(2)p*(1—p)" " where ©=0,1,2,...,n 

You will have used this formula to calculate probabilities for binomial random variables in cases 

where the number of trials n is relatively small. As n increases, the probability becomes more 

difficult to calculate. This is because the binomial coefficient (;‘) becomes very large. 

What to do: 

1 Click on the icon to access a demonstration which draws the probability DEMO 

distribution of X ~ B(n, p). 

a Set p=0.5 and use the sliders to change the value of n. Describe what 

happens to the distribution of X as n increases. 

b Repeat a for p equal to: 

i 0.25 ii 0.1 iii 0.75 iv 0.9 

Comment on your observations. 

¢ Do you think that it would be reasonable to approximate the binomial distribution with a 

normal distribution? Explain your answer. 

d What should be the mean and standard deviation of this normal distribution?



THE NORMAL DISTRIBUTION  (Chapter 28) 751 
  

2 Consider X ~ B(50, 0.2) and its normal approximation Xpom ~ N(p, 02). 

a Write down expressions for y and o. 

    b Suppose we want to calculate the probability 

of 15 successes. The diagram alongside shows 

part of the probability distribution of X 

with the normal distribution curve of Xjom 

drawn over the top. Explain why 

P(X =15) = P(14.5 < Xpom < 15.5). 

¢ Describe how you would estimate the 

following using the normal approximation: 

i P(X<10) i P(X < 25) 
i P(10 < X < 25) 

normal curve 

/ for Xorm 

  

      14 15 16 X 

3 It is known that 2% of tyres manufactured by a company are unfit for sale. A quality inspector 

randomly sampled 500 tyres. Use a normal approximation to estimate the probability that at 

least 10 tyres in the sample will be unfit for sale. 

  

REVIEW SET 28A 

1 Discuss whether the following variables will be normally distributed: 

  

a the time students take to read a novel 

b the amount spent on groceries at a supermarket. 

2 The normal curve of the N(3, 22) distribution is shown below. 

PRINTABLE 
GRAPH 

—6 —4 2 0 2 4 6 8 10 12 

On the same set of axes, sketch the normal curves for: 

a N(5, 2%) b N(1, 4?) 

3 The amount of juice Simon can squeeze from his 

lemons is normally distributed with mean 35 mL 

and standard deviation 5 mL. 

a Copy and complete this curve. 

b What percentage of the lemons will produce: 

i between 25 mL and 35 mL of juice oo b 

ii at least 45 mL of juice? X (mL) 

  

4 The average height of 17 year old boys is normally distributed with mean 179 ¢cm and standard 

deviation 8 cm. Calculate the percentage of 17 year old boys whose heights are: 

a more than 195 cm b Dbetween 171 cm and 187 cm 

¢ Dbetween 163 cm and 195 cm.
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The weight of the edible part of a batch of Coffin Bay 

oysters is normally distributed with mean 38.6 grams and 

standard deviation 6.3 grams. {é} 

a Find the percentage of oysters that weigh between 30 g 

and 40 g. 

b From a sample of 200 oysters, how many would you 

expect to weigh more than 50 g? 

The results of a test are normally distributed. The z-score of Harri’s test score is —2. 

a Interpret this z-score with regard to the mean and standard deviation of the test scores. 

b What percentage of students obtained a better score than Harri? 

¢ The mean test score was 61 and Harri’s actual score was 47. Find the standard deviation 

of the test scores. 

A random variable X is normally distributed with mean 20.5 and standard deviation 4.3 . Find: 

a P(X >22) b P(18< X <22) ¢ ksuch that P(X <k)=0.3. 

Let X be the weight in grams of bags of sugar filled by a machine. Bags less than 500 grams 

are considered underweight. 

Suppose X ~ N(503, 22). 

a What percentage of bags are underweight? 

b If a quality inspector randomly selects 20 bags, what is the probability that 2 or fewer bags 

are underweight? 

The daily energy intake of Canadian adults is normally distributed with mean 8700 kJ and 

standard deviation 1000 kJ. 

Find the proportion of Canadian adults whose daily energy intake is: 

a greater than 8000 kJ b less than 7500 kJ 

¢ between 9000 and 10000 kJ. 

Suppose X ~ N(30, 8). Find k such that: 

a P(X<k)=01 b P(X >k) =06 

The life of a Xenon-brand battery is normally distributed with mean 33.2 weeks and standard 

deviation 2.8 weeks. 

a Find the probability that a randomly selected battery will last at least 35 weeks. 

b For how many weeks can the manufacturer expect the batteries to last before 8% of them 

fail? 

Machines A and B both produce nails whose lengths are normally distributed. The lengths of 

nails from machine A have mean 50.2 mm and standard deviation 1.1 mm. The lengths of nails 

from machine B have mean 50.6 mm and standard deviation 0.8 mm. Nails which are longer 

than 52 mm or shorter than 48 mm are rejected. 

a Find the probability of randomly selecting a nail that has to be rejected from: 

i machine A ii machine B. 

b A quality inspector randomly selects a nail from a randomly chosen machine. Find the 

probability that the nail was made by machine A given that it should be rejected.
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13 Suppose X is normally distributed with mean 25 and standard deviation 6. Find k such that: 

a P(X<k)=07 b P(X>k)=04 ¢ P20< X <k)=03 

  REVIEW SET 28B 

1 Sketch the following normal distributions on the same set of axes. 

Distribution Standard deviation (cm) 

2 

4 

7 

22 

20 

25 

  

2 The variable X is normally distributed with graph 

shown. 

a State the mean and standard deviation of X. 

b What percentage of values of X are: 

i between 27 and 32 

ii less than 37 ' : i 
iii greater than 42? 17 22 27 32 

     
37 42 47 X 

3 The random variable Z has the standard normal distribution N(0, 12). Find the value of k for 

which P(—k < Z <k)=0.95. 

4 The contents of soft drink cans are normally distributed with mean 327 mL and standard deviation 

4.2 mL. 

a Find the percentage of cans with contents: 

i less than 318.6 mL ii between 322.8 mL and 339.6 mL. 

b Find the probability that a randomly selected can contains between 327 mL and 331.2 mL. 

5 The arm lengths of 18 year old females are normally distributed with mean 64 cm and standard 

deviation 4 cm. 

a Find the percentage of 18 year old females whose arm lengths are: 

i between 61 cm and 73 cm ii greater than 57 cm. 

b Find the probability that a randomly chosen 18 year old female has an arm length in the 

range 50 cm to 65 cm. 

¢ The arm lengths of 70% of the 18 year old females are more than = cm. Find the value of z. 

6 Suppose X is normally distributed with mean 50 and standard deviation 7. Find: 

a P(46 < X < 55) b P(X >60) ¢ k such that P(X > k) =0.23. 

7 In a competition to see who could hold their breath underwater the longest, the times in the 

preliminary round were normally distributed with mean 150 seconds and standard deviation 

12 seconds. If the top 15% of contestants went through to the finals, what time was required to 

advance? 

8 For X ~ N(12, 22), find a such that: 

a P(X <a) =007 b P(X >a)=02 ¢ Pa<X<11)=01
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The weights of suitcases at an airport are normally distributed with mean 17 kg and standard 

deviation 3.4 kg. 

a Find the probability that a randomly selected suitcase weighs between 10 kg and 15 kg. 

b 300 suitcases are presented for check-in over a one hour period. How many of these 

suitcases would you expect to be lighter than 20 kg? 

¢ 3.9% of the suitcases are rejected because they exceed the maximum weight limit. Find 

the maximum weight limit. 

Kerry’s marks for an English essay and a Chemistry test were 26 out of 40, and 82% respectively. 

a Explain briefly why the information given is not sufficient to determine whether Kerry’s 

results are better in English than in Chemistry. 

b Suppose that the marks of all students in the English essay and the Chemistry test were 

normally distributed as N(22, 4%) and N(75, 7%) respectively. Use this information to 

determine which of Kerry’s two marks is better. 

On an ostrich farm the weights of the birds are found to be 

normally distributed. The weights of the females have mean 

78.6 kg and standard deviation 5.03 kg. The weights of the 

males have mean 91.3 kg and standard deviation 6.29 kg. 

a Find the probability that a randomly selected: 

i male will weigh less than 80 kg 

ii female will weigh less than 80 kg 

iii female will weigh between 70 and 80 kg. 

b 20% of females weigh less than & kg. Find k. 

The middle 90% of the males weigh between a kg and b kg. Find the values of a and b. 

  

Q 
a 

In one field there are 82% females and 18% males. One of these ostriches is selected at 

random. 

Calculate the probability that the ostrich weighs less than 80 kg. 

The weight of an apple in an apple harvest is normally distributed with mean 300 grams and 

standard deviation 50 grams. Only apples with weights between 250 grams and 350 grams are 

considered fit for sale. 

a Find the percentage of apples fit for sale. 

b In a sample of 100 apples, what is the probability that at least 75 are fit for sale? 

Giovanni and Beppe are both carrot farmers. The lengths of Giovanni’s carrots are normally 

distributed with mean 22 cm and standard deviation 3.4 cm. The lengths of Beppe’s carrots are 

also normally distributed, with mean 23.5 cm and standard deviation 4.2 cm. 

a Find the probability that a carrot is longer than 20 cm, given it comes from: 

i Giovanni’s farm ii Beppe’s farm. 

b A buyer randomly selects a carrot from each farmer’s crop. Calculate the probability that 

neither carrot is longer than 20 cm.
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OPENING PROBLEM 

Reg is a pumpkin grower. Historically, the pumpkins Reg has produced have had an average weight 

of 5 kg, with standard deviation 0.5 kg. 

Recently, Reg has trialled a new farming technique which he claims increases the weight of his 

pumpkins. To support his claim, he takes a sample of the new pumpkins, and he finds their average 

weight is 5.2 kg. 

Things to think about: 

a Does Reg’s sample prove that the new mean weight of his pumpkins is exactly 5.2 kg? 

b In what range of values is it likely that the new mean weight of pumpkins lies? 

¢ Does it matter whether Reg chose to test a small sample or a large sample of pumpkins? 

d How can we establish the likelihood of whether Reg’s claim is correct? 

In the last two Chapters we have studied discrete and continuous random variables. We have considered 

properties of these random variables including: 

e probability distributions e expectation (or mean) e variance and standard deviation. 

So far, we have only considered one random variable at a time. However, in the real world it is much 

more realistic to consider multiple random variables simultaneously. 

For example, when we take a sample of measurements from a population, we need to treat each 

measurement as a random variable. 

In statistics, we formalise this idea by defining a random sample: 

Consider a population with distribution X. Random variables are 

A random sample of size n {X;, Xo, ..., X,,} is a set of independent if the outcome of 

independent observations from the same population. one does not affect the other. 

e Each X is a random variable that has the same distribution 

as the population. 

  

o X, Xo, ..., X,, are independent random variables. < 

For example, suppose the population distribution X ~ N(4, 5.12). é 

If {Xi, X2, X3} is a random sample of size 3 drawn from this 

population, then X, Xo, and X3 are all normally distributed with 

mean 4 and standard deviation 5.1. 

In this Chapter, we will use the properties of random samples to explore the statistical theory behind 

estimation. 

A TIONS OF 
ARIABLES 

A linear combination of the random variables X, X, ...., X,, has the form 

a1X1 =+ 0,2X2 —+ eeee + aan 

where ay, as, ...., a, are constants.
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For example X; + 2X, — X3 is a linear combination of the random variables X, X», and X3 where 

ay = 1, az =2, and az = —1. 

A linear combination of random variables is itself a random variable for which we can find a probability 

distribution, and calculate an expectation and variance. 

  INVESTIGATION 1 

Suppose X is the number spun with the triangular spinner 

and Y is the number spun with the square spinner. 

by, 
In this Investigation we will consider the distribution of the random variable W =X + Y. 

What to do: 

1 a Write down the probability distributions of X and Y. 

b Copy and complete: Variance 

The outcomes of the 

spinners are independent, so 

X and Y are independent 

O random variables. 

  

N
 | 

  

  
X 

Y 

Use a table to find the possible values of W =X +Y. 

Calculate the probability of each possible value of . 

Hence find: a E(W) b Var(W). 

Calculate: a E(X) + E(Y) b Var(X) + Var(Y). 

What do you notice? 

w
i
 

=
 
W
 

6 Repeat 1 to 5 for discrete random variables X and Y of your choosing. Comment on your 

results. 

From the Investigation, you should have seen that: 

For two random variables X and Y: 

1 E(X+Y)=EX)+EY) 

2 If X and Y are independent, then Var(X +Y') = Var(X) + Var(Y). 

The results above can be extended to any linear combination of random variables. 

For n random variables X, Xo, ...., X,,, and constants aq, as, ...., G,: 

n n 

1 E(Z aiXi> => a,E(X;) 
i=1 i=1 

2 If Xy, Xs, ..., X,, are all independent of one another, then Var(z aiXi) =" a; Var(X;). 
i=1 i=1
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Proof: 1 E (é aiXi> — é E(aiX:) {E(X+Y)=E(X)+EY)} 

—SSwE(X)  {E(kX) = kE(X)} 
=1 

2 Var(i aiXi) = i Var(a; X;) {Var(X +Y) = Var(X) + Var(Y)} 
i=1 

S a2 Var(Xi)  {Var(kX) = K Var(X)} 
i=1 

EXERCISE 29A 

1 Suppose X and Y are two independent discrete random variables with E(X) = 3, E(Y) = 2, 

Var(X) =2, and Var(Y) = 2. Calculate: 

a E(X+Y) b E2X -Y) ¢ Var(X +Y) d Var(2X — 3Y) 

2 Consider two independent random variables X and Y with means and 

standard deviations shown. 

Find the mean and standard deviation of: 

2 X2 boy-x ¢ sx oy, O for] e | 
3 Let X be the number of heads obtained when a coin is tossed twice. 

Let Y be the result when an ordinary 6-sided die is rolled once. 

  

a Write down the probability distribution of: 

i X i Y. 

b Find the mean and variance of: 

i X ii Y iii X+Y v 4X —-2Y. 

4 In a gambling game, the player bets on the outcomes of two spinners. These outcomes are X and Y 

with the following probability distributions: 

[ v Jo0f278 

The game costs $5 to play. The player wins the number of dollars equal to the sum of the numbers 

spun. 

  

  

a Explain why X and Y have well defined probability distributions. 

b Find the mean and standard deviation of: i X ii Y. 

¢ Calculate the expected gain from playing this game. 

d  Would you advise people to play this game many times? Explain your answer. 

5 The Bernoulli distribution is a special case of the binomial distribution where there is only a single 

trial of the experiment. So, if X is a Bernoulli random variable then X ~ B(1, p). 

a Write E(X) and Var(X) in terms of p. 

b The binomial random variable Y ~ B(n, p) is the number of successes that occur in 

n independent trials of the experiment. 

i Explain why Y can be considered as the sum of n independent Bernoulli random variables, 

each with probability of success p. 

il Use the statistical properties of linear combinations to show that E(Y) = np and 

Var(Y) = np(1 — p).



ESTIMATION AND CONFIDENCE INTERVALS  (Chapter 29) 759 
  

OISSON 
RIABLES 

Suppose we have two independent Poisson random variables X ~ Po(\;) and Y ~ Po(\2). 

Using the results from the previous Section: 

e E(X+Y)=E(X)+E(Y) 
=M+ X 

e Var(X +Y) = Var(X) + Var(Y) 

=M+ XA 

  

{X and Y are independent} 

We therefore see that E(X +Y) = Var(X +Y’), which is one of the properties of a Poisson random 

variable. 

If X ~Po(A\) and Y ~ Po(\y) are 
independent Poisson random variables, 

then (X + Y) ~ P()(Al + Az) 

EXERCISE 29B 

   

      

   

  

     

The proof of this 

result is beyond the 

scope of this course. 

1 A bus stops at 2 major interchanges, A and B, before arriving in the city centre. 

Let X ~ Po(10) be the number of people who get on 

the bus at interchange A. 

Let Y ~ Po(17) be the number of people who get on 

the bus at interchange B. 

o—od 

A B city 

  

a Write down the distribution of 7', the total number of people who get on the bus at an 

interchange. 

b Find the probability that at least 30 people get on the bus at an interchange. 

2 Suppose X ~ Po(3) and (X +Y) ~ Po(7). Given that X and Y are independent: 

a State the distribution of Y. b Find P(Y >2). 

3 Suppose X ~ Po(2) and Y ~ Po(3) are independent Poisson random variables. 

a Find P(X +Y =4). 
b Write an expression for P(Y <1 N (X +Y)=4) in terms of probabilities of X and Y only. 

¢ Hence calculate P(Y <1 N (X +Y)=4). 

d Find P(Y <1| (X +Y)=4). 

4 Josie and Callie are collecting signatures for a petition. 

The number of signatures that Josie collects follows a Poisson distribution with rate 10 signatures 

per hour. 

The number of signatures that Callie collects follows a Poisson distribution with rate 8 signatures 

per 40 minutes. 

If they begin collecting signatures at 8 am, find the probability that they will collect at least 

250 signatures by 6 pm.
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5 X and Y are independent Poisson random variables, each with rate \. 

Given that P(X =1) =2P(X +Y =1), find the value of \. 

6 a Suppose X ~ Po()\1), X3 ~ Po(A\2), and X3 ~ Po()3) are independent Poisson random 

variables. State the distribution of: 

i X+ X il X1+ Xo + X3, 

b Suppose {Xj ~ Po(A;)}, k=1,2, 3, .., n is aset of n independent Poisson random 

variables. 
n 

Predict the distribution of ¥ = > Xj. Explain your answer. 
k=1 

o TIONS OF 
ARIABLES 

We have already seen that the sum of two independent Poisson random variables is itself a Poisson 

variable. The same is true of independent normal random variables. In fact, it can be shown that: 

Any linear combination of independent normally distributed random variables 

is itself a normally distributed random variable. 

For example, suppose X7 ~ N(1, 52), X2 ~ N(3, 12), and X3 ~ N(2, 42) are independent normal 
random variables. The linear combination Y = 2X; + 3X5 — 4X3 is also a normal random variable, 

with: 

E(Y) = E(2X; + 3X;, — 4X3) and  Var(Y) = Var(2X; + 3X, — 4X3) 

=2E(X;) + 3E(Xs) — 4E(X3) = 4 Var(X;) 4 9 Var(X>) + 16 Var(X3) 

=2(1) +3(3) — 4(2) =4(5%) +9(1%) + 16(4?) 

-3 = 365 

So, Y ~ N(3, 365). 

Example [ l1>)) Self Tutor 

The weights of male employees in a bank are normally distributed with mean p = 81.5 kg and 

standard deviation o = 7.3 kg. The bank has an elevator which will carry a maximum load of 

494 kg. 

a Six male employees enter the elevator. Calculate the probability that their combined weight 

exceeds the maximum load. 

b If there is to be at most a 0.1% chance of the total weight exceeding 494 kg, recommend the 

maximum number of males who should use the lift together. 

a Let the weights of the employees be the independent random variables X, X, ...., Xg. 

6 
Let the sum of their weights be Y5 = > X, 

k=1 

where X ~ N(81.5, (7.3)2), k=1,2, ..., 6.    
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Now E(Ys) = 26: E(Xy) and Var(Ys) = 26: Var(X}) 
= k=1 k=1 

=6x8L5 =6 x (7.3) 
= 489 kg = 319.74 kg? 

Ys ~ N(489, 319.74) 

Now P(Ys > 494) ~ 0.390 

So, there is a 39.0% chance that their combined weight will exceed 494 kg. 

b Six men is too many, as there is a 39.0% chance of overload. 

Instead we try 5 male employees with total weight Y5 = i Xs. 

Now E(Ys)=5x815 and Var(Ys)=5x (7.3)2 
=407.5 kg ~ 266.45 kg* 

Y5 ~ N(407.5, 266.45) 
P(Ys > 494) ~ 5.82 x 1078 

For n =15, there is much less than a 0.1% chance of the total weight exceeding 494 kg. 

We recommend that at most 5 men use the elevator together.       

EXERCISE 29C 

1 The weights of pears are normally distributed with mean p = 118 g and standard deviation 
oc=46g. 

5 pears are chosen at random. Find the probability that their combined weight is: 

a less than 570 g b more than 605 g ¢ between 580 g and 600 g. 

2 The maximum load of an elevator is 440 kg. The weights of 

adults are normally distributed with mean 81 kg and standard 

deviation 11 kg. The weights of children are normally 

distributed with mean 48 kg and standard deviation 4 kg. 

Suppose the elevator contains 4 adults and 3 children. 

a Find the probability that the maximum load will be 

exceeded. 

b What assumption have you made in your calculation? 

  

3 A coffee machine dispenses a cappuccino containing black coffee distributed normally with mean 

120 mL and standard deviation 7 mL, and froth distributed normally with mean 28 mL and standard 

deviation 4.5 mL. 

The café manager has decided that if the total volume is less than 135.5 mL, the customer will 

receive their cappuccino free of charge. However, the manager does not wish to give away more 

than 1% of cappuccinos made. 

Determine whether or not the manager needs to adjust the settings on her machine. 

4 X and Y are independent normal random variables with X ~ N(—10, 1) and Y ~ N(25, 25). 

a Find the mean and standard deviation of the random variable U = 3X + 2Y. 

b Find P(U <0).
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5 A drinks manufacturer produces bottles of drink in two sizes, small (S) and large (L). 

The distributions for the contents are independent, and normally distributed with 

S ~N(280 mL, 4 mL2) and L ~ N(575 mL, 16 mL2). 
a A bottle of each size is selected at random. Find the probability that the large bottle contains 

less than two times the amount in the small bottle. 

b One large and two small bottles are selected at random. Find the probability that the large 

bottle contains less than the total amount in the two small bottles. 

6 Chocolate bars are produced independently in two sizes, small and large. The weights of the bars 

are distributed normally and independently as S ~ N(32, 5) and L ~ N(92, 15) respectively. 

a One of each size bar is selected at random. Find the probability that the large bar weighs more 

than three times the small bar. 

b One large and three small bars are selected at random. Find the probability that the large bar 

weighs more than the total of the three small bars. 

[0 [ THE CENTRAL LIMIT THEOREM 
If we want to make inferences about a population mean 4, the most obvious thing to do is to use the 

-1 . 
sample mean T = =~ > x; to estimate fu. 

i=1 

However, it is unlikely that two samples from the same population will be exactly the same, so the value 

of T will vary depending on the sample chosen. The sample mean is therefore a random variable. 

For the random sample {X7, vy X}, the sample 
mean is zis the observed value 

1 i of X, 

By i=1 

  

INVESTIGATION 2 

In this Investigation we will explore the distribution of X,, for different types of SIMULATION 

populations. To help us we will use a computer simulation which generates the 

distribution of sample means of size n for a given population. The population 

distribution may be “normal” (bell-shaped) or be far from normal. 

What to do: 

1 Consider a population with mean p and standard deviation o. 

  

    

a Use the properties of linear combinations of random variables to show that: 
o2 

i EX,)=u i Var(X,) = — il o(X,) == 

b Suppose the population is normally distributed. Explain why X, is itself normally 

distributed and hence state its distribution. 

2 In the simulation, set the population distribution to normal with =0 and o = 1. 

a Use the slider to change the sample size n. Comment on how the shape of the distribution 

of X,, changes as n increases.
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b Use the information underneath the histogram in the software to copy and complete this 

table: 
Normal distribution, 4 =0, o =1 

  

¢ Explain how your observations relate to your answers in 1. 

3 Change the population distribution to negatively skewed. Keep p =0 and o = 1. 

a Copy and complete this table: 

Negatively skewed, =0, o =1 

Standard deviation of X ,, 
  

  

  

b For large values of 7, does the distribution of X,, resemble that of the population? 

¢ Comment on the similarities and differences from your observations of the ERINIBTE 

normal distribution in 2. 

4 Repeat 3 for the other non-normal distributions. Try experimenting with different 

values of ;1 and o, and comment on your findings. 

From the Investigation, you should have found that for a population with mean g and standard 

deviation o 

e The distribution of the sample means has: 
2 

E(X,) = A X)) =— - E(X,) =u > Var(X,) =2 - o(®) =2 
Since E(Yn) = i, we say X, is an unbiased estimator for W 

_ 2 
o If the population is normally distributed, then X, ~ N <,u, G—) for all n. 

n 

You should also have observed the remarkable result known as the Central Limit Theorem: 

For any population, even one not normally distributed, X, is approximately 
_ 2 

normally distributed for sufficiently large n, with X, ~ N(,u, U—) . 
n
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We note that: 

e [t is sensible to ask what is meant by “sufficiently large 

n”. Many texts suggest a “rule of thumb” of n > 30 to 

indicate n is large enough. However, this value depends 

on the “normality” of the population, which means how 

close it is to being bell-shaped. 

The distribution of X,, 
becomes more normal 

as m increases. 

  

e Ifthe population is finite and the n observations are chosen 

without replacement, then n must also be small compared 

to the size of the population. This is to ensure that the 

observations are approximately independent. 
TVY 

The Central Limit Theorem allows us to estimate probabilities associated with X,, using what we learned 

in Chapter 28. 

  

   
   

      

A random variable X has mean 60 and standard deviation 4. A sample of size 45 is taken from X. 

Find the probability that the mean of the sample is less than 59. 
  

   
Since the sample has size n = 45, we apply the Central Limit [EEEEITTTTIT] 

Theorem. normalcdf(-1£99,59,60, 4% 
0.0467662315 

    X5 is approximately normally distributed with mean 60 and 

     

    

.. 4 
standard deviation — . 

Va5 

P(X 45 < 59) ~ 0.0468 

  

EXERCISE 29D 

1 X is a random variable with mean 70 and standard deviation 12. Let X¢4 be the sample mean of 

64 observations of X. 

a Find the mean and standard deviation of X g4. 

b Is X4 approximately normally distributed? Explain your answer. 

2 The random variable X is normally distributed with mean 50 and standard deviation 9. 

a For the sample means of size 5, X5, find the: 

i mean ii standard deviation. 

b Can we say that X5 is normally distributed? Explain your answer. 

3 Suppose X has mean 80 and standard deviation 9. 

a Find the mean and standard deviation of X 3. 

b Is X34 approximately normally distributed? Explain your answer. 

¢ Find: 

i P(75< X3 < 81) i P(X36 > 82) i P(X36 < 79) 

d Can we find P(70 < X < 85)? Explain your answer.
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& Suppose Y has mean 3.6 and standard deviation 0.7. 

a Find the mean and standard deviation of ¥ 55. 

b Is Y3, approximately normally distributed? Explain your answer. 

¢ Find: 

i P(35<Y3 <37) i P(Y32>3.7) il P(Yj <3.3) 

5 The random variable X is normally distributed with mean 90 and standard deviation 20. 

a Is X5 normally distributed? Explain your answer. 

b Would you expect X or X5 to have a greater proportion of scores over 100? Explain your 

answer. 

¢ Find: 

i P(X >100) i P(X5 > 100) 

6 Two histograms are shown below. One is from a distribution X with mean 10 and standard 

deviation 10. The other is from the distribution of the sample means Xg4 selected from the 

distribution X. Note that the scales are not the same in the two histograms. 

  

  

  

  

  

  

  

              

Hist A Hist: B 
A frequency istogram A frequency fstogram 
o 30 

60l 25 r 

50 20 

40 15 

30 
20 10 

10 5 
0 0 
0 10 20 30 40 50 60 07 8 9 10 11 12 13 14 

interval interval 

a Which of the two histograms is from X ¢4? Give reasons for your answer. 

b Use the appropriate histogram to estimate P(X44 < 9). 

¢ Use the appropriate histogram to estimate the probability that X, is within one standard 

deviation from the mean. How does this answer compare with using the normal approximation? 

The contents of soft drink cans is normally distributed with mean 328 mL and standard deviation 

7.2 mL. Find the probability that: 

a an individual can contains less than 325 mL 

  

  

b a box of 36 cans has average contents less than 325 mL per can. 

  

a The contents X of an individual can is normally distributed with T 

mean 328 mL and standard deviation 7.2 mL. normalcdf ( -1e99,325,328,7) 

P(X < 325) ~ 0.338 - 

Area ~ 0.338 n 

325 328 
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b The average contents X s5 of a box of 36 cans is normally distributed with mean 328 mL per 

can and standard deviation 7 21 1.2 mL. 
/36 

P(X36 < 325) ~ 0.006 21 

[ L A 1] 

normalcdf(-1e99,325,328,1» 
9.0062096799 

Area ~ 0.006 21 

325 328 

  

  

7 Let the random variable X be the 1Q of 17 year old girls. Suppose X is normally distributed with 

mean 105 and standard deviation 15. 

a Find the probability that an individual 17 year old girl has an IQ of more than 110. 

b Find the probability that the mean IQ of a class of twenty 17 year old girls is greater than 110. 

8 The energy content of a fruit bar is normally distributed with mean 1067 kJ and standard deviation 

61.7 kJ. Find the probability that: 

a an individual bar has more than 1050 kJ of energy 

b the mean energy content of a sample of 30 fruit bars is more than 1050 kJ. 

9 Customers at a clothing store are in the shop for a mean time of 18 minutes with standard deviation 

5.3 minutes. What is the probability that, in a sample of 37 customers, the mean stay in the shop is 

between 17 and 20 minutes? 

10 The mean sodium content of a box of cheese rings is 1183 mg with standard deviation 88.6 mg. 

Find the probability that the mean sodium content per box for a sample of 50 boxes lies between 

1150 mg and 1200 mg. 

11 The weight of oranges is normally distributed with mean 130 g and standard deviation 15 g. The 

oranges are sold in bags of 9. 

a Find the probability that an individual orange weighs more than 140 g. 

b Find the probability that the average weight of oranges in a bag is more than 140 g. 

12 Suppose the duration of human pregnancies can be modelled by a normal distribution with mean 

267 days and standard deviation 15 days. If a pregnancy lasts longer than 267 days it is said to be 

“overdue”. If a pregnancy lasts less than 267 days it is said to be “premature”. 

a What percentage of pregnancies will be overdue by between 1 and 2 weeks? 

b A certain obstetrician is providing prenatal care for 64 pregnant women. 

i Describe the distribution of X g4. 

ii Find the probability that the mean duration of these 64 patients’ pregnancies will be 

premature by at least one week. 

¢ Suppose the duration of human pregnancies is not actually normally distributed, but is positively 

skewed. Does this impact the answers to parts a and b above?
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INVESTIGATION 3 

In Exercise 29A question 5 we saw that a binomial random variable 

X ~ B(n, p) can be thought of as the sum of n independent and s 
. . S . . . . distribution is a 
identically distributed Bernoulli random variables with probability N Sy 

binomial distribution 
of success p. e 

The Bernoulli 

So, X = > X; where X; ~ B(1, p) independently. 

  

1=1 

Let p= X, 
n 

What to do: 

1 Explain why p is a sample mean. 

2 Find E(p) and Var(p). 

3 Assuming n is large, use the Central Limit Theorem to find an appropriate distribution for: 

anp b X. 

THEORY OF KNOWLEDGE 

The French mathematician Abraham de Moivre is most famous 
for his formula linking complex numbers and trigonometry. 

However, he was also responsible for the early development of the 

Central Limit Theorem. In an article written in 1733, he used the 

normal distribution to approximate the distribution of the number 

of heads resulting from many tosses of a fair coin. 

  

The work of de Moivre was extended in 1812 by country-man 

Pierre-Simon Laplace, but the theorem was not formalised 

and rigorously proven until the early 20th century work of the 

Russian mathematicians Pafnuty Chebyshev, Andrey Markov, 

and Aleksandr Lyapunov. 

  

In 1889, Sir Francis Galton wrote about the normal distribution, 

with particular relevance to the Central Limit Theorem: Abraham de Moivre 

“I know of scarcely anything so apt to impress the imagination as the wonderful form of cosmic 

order expressed by the law of frequency of error. The law would have been personified by the 

Greeks if they had known of it. It reigns with serenity and complete self-effacement amidst the 

wildest confusion. The larger the mob, the greater the apparent anarchy, the more perfect is 

its sway. It is the supreme law of unreason.” 

1 How is mathematical order linked to our sense of beauty? 

The name “Central Limit Theorem” was first used in 1920 by the Hungarian mathematician 

George Polya (1887 - 1985). He used the word “central” because of the importance of the theorem 

in probability theory.
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2 What makes a theorem “fundamental”? Could the Central Limit Theorem reasonably be 

referred to as the Fundamental Theorem of Statistics? 

3 Discuss the statement: “Without the Central Limit Theorem, there could be no statistics 

of any value within the human sciences.” 

The philosophies of rationalism and empiricism concern the extent to which we depend on sensory 

experience in order to gain knowledge. 

Rationalists claim that knowledge can be gained through logic independent of sensory experience. 

They argue about the limitations of what sensory experience can provide, and how reason in other 

forms contributes additional information about the world. 

By contrast, empiricists claim that sensory experience is most important for knowledge, arguing that 

we cannot regard something as knowledge unless observation and experience can provide it. 

4 Ts it more important to rationalise the Central Limit Theorem by mathematical proof, or 

confirm its truth by empirical application? 

ULATION 
ARIANCE 

We often hear claims about a population mean. 

For example, it is claimed that the mean protein content of a 1 litre carton of 

milk is 39 grams. The truth of this claim could only be known by measuring 

the protein content of every 1 litre carton of milk. This is clearly an impossible 

task. However, it is possible to draw reasonable conclusions from measuring 

the protein content of a random selection of cartons. 

  

Suppose we randomly select a sample of milk cartons, and the mean protein content for the sample is 

T = 38 g. This could be seen as evidence to dispute the claim that p = 39 g. However, it is possible 

that the average protein content is indeed 39 g, and that the sampled cartons had lower than average 

protein. 

Our sample cannot tell us with certainty the exact population mean p. However, we can use it to 

predict an interval in which we are confident the population mean will lie. This interval is called a 

confidence interval. 

A confidence interval for a population mean f, is an interval of values between two limits, together 

with a percentage indicating our confidence that y lies in that interval. 

Consider the statement “We are 95% confident that the mean protein content of milk cartons is between 

37 g and 40 g”. 

The statement indicates that the probability that the interval [37, 40] grams contains the population 

mean x is 0.95.



ESTIMATION AND CONFIDENCE INTERVALS  (Chapter 29) 769 
  

THE 95% CONFIDENCE INTERVAL 

The Central Limit Theorem is used as a basis for finding confidence intervals. 

Consider the distribution X, of all sample means 7 from sufficiently large samples of size n taken from 

population X with population mean z and known population standard deviation o. X, is normally 

distributed with mean p and standard deviation =z N 

  

  

   

    

The corresponding standard normal random variable is Z = X"G_ K and Z ~ N(0, 12). DEMO 

v 

For a 95% confidence level we need to find a for 
which P(—a < Z < a) =0.95. Area=0.95 

Using the symmetry of the normal distribution, the Area=0.025 Area=0.025    
statement reduces to 

P(Z < —a) =0.025 or P(Z < a)=0.975. 

Using technology, we find that a ~ 1.96. 

  

- P(—1.96 < Z < 1.96) = 0.95 

P( 1.96 < 2 196> —0.95 
T‘ 

P -1.96-Z <X, —pn<1.96-= | =0.95 (-1 < ) 
P(-X,-196-Z < —p<—X, +1.96-= ) =0.95 

Vi v 

  X, - 196-Z < u<X,+1.9-2) =0 . P(Xn 196\/fi\u\Xn 196¢7L 0.95 

To estimate this interval, we replace X, with its observed value T to obtain the 95% confidence interval 

for . 

The 95% confidence interval for p given a known population variance o and a data set with 

sample mean T is 

5—1.96% <p<T+1.96-—, 

which can also be written as T &+ 1.96 % or | T — 1.96 %, T + 1.96 % :| 

  

     

  

  

  

    

1.96-= 1.96-= 
Vvn Vn The value 1.96% is called 

n 
-+ + > 

- o — - o the margin of error. 
T —1.96 7n T T + 1.96 _\/fi 

  

lower limit upper limit
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We notice that: 

e The exact centre or midpoint of the confidence interval is the value of T for the sample taken. 

e The width of the 95% confidence interval for p is 2 x 1.96 =, 
v 

e We cannot be certain that the confidence /TN 95% 

interval contains p, but there is probability 0.95 

that it will. 

For example, the diagram alongside shows z 

several values for 7, and the corresponding . 4 

confidence intervals. The confidence intervals 4——u.—-> 

for Ty, T, and T3 all contain u, whereas the <—_o—-> 

confidence interval for T, does not. S ) 
T2 i 

Ty 

OTHER CONFIDENCE INTERVALS FOR 

If we want a confidence interval that contains p 

with probability 1 — a, we require a such that 

P(—a<Z<a)=1-a. 

Since the normal distribution is symmetric, this 

means P(Z < —a) = 2 and P(Z >a) = % 

  

The particular value of a we seek is therefore labelled z,, . 
2 

By following the same steps which we used for the 95% confidence interval, we find that 

nyz,, <p< X+zm =1l—-a (s encTora ) 
By replacing X, in the interval with its observed value T, we obtain the general confidence interval 

for pu. 

2 The general confidence interval for p given a known population variance ¢ and a 

data set with sample mean T is 
o 

FVn 

The interval contains p with probability 1 — «, so the confidence level of the interval 

is (1—a)x100%. 

T — 
a 
2 

SUST+2 Sl
 

Notice that: 

e We can determine the value of z, for any v using technology. 
2 

e The observed sample mean 7 is the centre or midpoint of the confidence interval. 

o 
e The margin of error is z, —. 

Y n 2 

e The width of the confidence interval is 2 x (margin of error) = 2 x z < @ 
2
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ACTIVITY 

1 The table alongside shows the values of « and z, for 

several common choices of confidence levels.  * 

By performing your own calculations, check that the 

values of z, are correct for each confidence level. 
2 

  

2 Consider samples of different size but all with sample mean 10 and population standard 

deviation 2. The 95% confidence interval is 10 — 1.960 x 2 < p <10+ 1.960 x 2 . 
vn vn 

a Copy and complete the table alongside: 95% confidence interval 

9.123 < ;1 < 10.877 

  

  

b Hence identify which illustrated interval corresponds to each value of n in the diagram 

  

  

below: 
=10 

—_— i C 
i D 

- 1 1 1 1 1 > 

9 9.5 10 10.5 11 

¢ Copy and complete: 

Increasing the sample size n produces confidence intervals of ...... width. 

  

Example 4 ) Self Tutor 

A sample of 60 yabbies was taken from a dam. The 

sample mean weight of the yabbies was 84.6 grams. 

Given the population standard deviation is 16.8 grams, 

construct a 95% confidence interval for the population 

mean. 

Check your answer using technology. 

  

We are given that T =84.6 and o = 16.8. 

  

. . o o 

T—196 —=<u<T .96 — The 95% confidence interval is T — 1.96 7 S u<T+1.96 7n 

16.8 16.8 
84.6 —1.96 x — < p < 84.6 +1.96 x — 

Voo SHS * /60 ) 

80.3 < p < 839 GRAPHICS 

So, we are 95% confident that the population mean weight of yabbies lies INSTRUCTIONS   between 80.3 grams and 88.9 grams.
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Casio fx-CG50 TI-84 Plus CE HP Prime 
NORMAL FLOAT AUTO REAL DEGREE MP n Y U 

1-Sample ZInterval 

Data 
8 
6 

Data :Variable . 
C-Level :0.95 Inet: 
g :16.8 x:84. 
X :84.6 n:60 

i C-Level:0.95 
ave Res:None Calculate 

)0 

@m @@ NORMAL FLOAT AUTO REAL DEGREE MP 

1-Sample ZInterval 
Lower=80.3490916 (80, 349 TTXEN 
Qpper=88.2509084 {80,349, 86. 
X =84. — 5 80 n=60 

  

  
EXERCISE 29E.1 

1 A sample of 50 is selected from a population with known standard deviation 8. The sample mean 

is 73. 

Find a 95% confidence interval for the population mean. Use technology to check your answer. 

A random sample of 106 individuals is selected from a population with known standard deviation 

11. The sample mean is 81.6. 

a Determine the value of 2z, required for a confidence level of 92%. 
2 

b Hence construct a 92% confidence interval for . 

A sample of 80 is selected from a population with known standard deviation 10. The sample mean 

is 42.5. 

a Find a: 

i 90% confidence interval for x il 95% confidence interval for u 

il 99% confidence interval for fu. 

b What effect does increasing the confidence level have on the margin of error? 

Sophie took a sample of measurements of a random variable X. Her 95% confidence interval for 

the population mean was 27.6 < p < 31.8. 

a Find the sample mean 7. 

b Find the confidence interval Sophie would have calculated if she had used a 99% confidence 

level. 

While peaches are being canned, 250 mg of preservative should be added to each can by a dispensing 

device. It is known that the standard deviation of preservative added is 7.3 mg. 

To check the machine, the quality controller obtains 60 random samples of dispensed preservative, 

and finds that the mean preservative added is 242.6 mg. 

a Construct a 95% confidence interval for the population mean amount of preservative. 

b Find the width of the confidence interval. 

¢ Explain how the quality controller could obtain a 95% confidence interval with a smaller width.
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When performing a statistical analysis, we can choose the confidence level for a confidence interval. 

Why might a statistician choose a confidence level less than 99%? 

  

DETERMINING HOW LARGE A SAMPLE SHOULD BE 

When using confidence intervals to estimate population means, we generally want a narrow confidence 

interval. 

For example, when estimating the population mean weight p g of apples, a 95% confidence interval 

80 < p < 85 is more useful than a 95% confidence interval 70 < p < 95. 

For a given confidence level, we can decrease the width of the confidence interval by increasing the 

sample size. 

Consider the 95% confidence interval shown in the |<—w—>| 
. . 1. ] ] 

diagram. Its width w =2 x % 7_ 1960 = 74 1960 
v Vi vn 
  

    

By taking a sufficiently large sample size n, we can make w as small as we like. 

1.960 

In Rearranging w = 2 X   
2 

, we find n:(w) 
w 

When we wish to estimate the population mean to lie with 95% confidence within an interval of 

2 X 1.960 
2 

) where o is the population 
w 

width w, the sample size required is given by n = ( 

standard deviation. 

Example 5 «) Self Tutor       

    

   

  

          

  

In Example 4 we considered a population of yabbies whose weights had population standard 

deviation 16.8 grams. 

What sample size is required to find a 95% confidence interval for the mean weight u with 

width 5 g?     
This is a larger sample than in 

Example 4, so it produces a 

narrower confidence interval. 

2 x 1.960)2 
The required sample size n = ( 

w 

_ (2 x 1.96 X 16.8)2 
- 5 
~ 173.5 

Rounding up, a sample size of 174 yabbies is required.     
As we increase the sample size, we obtain a narrower and hence more accurate confidence interval. 

However, it may be expensive or time consuming to obtain a large sample. We must therefore strike a 

balance between an accurate confidence interval and a practical sample size.
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EXERCISE 29E.2 

1 A population is known to have standard deviation o = 34. Find the sample size n that should be 

taken to find a 95% confidence interval for the population mean 4, of width: 

a w=5 b w=1 ¢ w=0.1. 

2 A researcher wishes to estimate the mean weight of adult crayfish in Australian waters. She knows 

that the population standard deviation o is 250.5 grams. How large must the sample be to obtain a 

95% confidence interval of width 140 g? 

3 A porridge manufacturer samples 80 packets of porridge. The population standard deviation o of 

the contents’ weight is 17.8 grams. How many packets must be sampled to obtain a 95% confidence 

interval for the population mean weight p, of width: 

abg b 4g? 

4 a If the size n of a sample is doubled, by how much will the width of a 95% confidence interval 

decrease? 

b How much larger do you have to make a sample size to halve the width of a 95% confidence 

interval? 

5 A manufacturer of bottled water knows that the machine dispenses water into 1 litre bottles with 

a standard deviation of 2.3 mL. The machine needs to be checked regularly to ensure it is still 

delivering the correct volume. 

A sample of 30 bottles produces the sample mean 7 = 1001 mL. 

a Construct a 95% confidence interval for the population mean contents. 

b Find the width of the confidence interval in a. 

¢ It is decided that the accuracy of the testing procedure must be improved so that the 95% 

confidence interval has width < 0.5 mL. 

i What sample size is required? 

il What problems may result from obtaining a narrower confidence interval? 

USING A CONFIDENCE INTERVAL TO TEST A CLAIM ABOUT . 

Confidence intervals can be used to test claims about a population mean. 

To test the claim that a population mean takes a particular value j,, we construct a confidence interval 

for the true population mean . 

o If y1y does not lie within the confidence interval, we reject the claim that p = p. 

o If 11 lies within the confidence interval, we do not have enough evidence to reject the claim that 

H= Ho- 

Example 6 ) Self Tutor 

The volume of milk dispensed into cartons by a machine is normally distributed with mean p 

which can be adjusted, and standard deviation 10 mL which is fixed. The value of x is supposed 

to be 1005 mL. A quality controller tests 25 cartons, and finds that their mean volume is 1002 mL. 

a Construct a 95% confidence interval for the mean volume 1 dispensed by the machine. 

b Use the 95% confidence interval to assess the claim that the volume dispensed by the machine 

is 1005 mL. 
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a The 95% confidence il G ; k) 
. . 1-Sample ZInterva 
interval is Data :Variable 
998.1 < p < 1005.9. g—Level 30695 

X 
n 

Save Res:None 

b 1005 mL lies within the 95% confidence interval. Despite the fact that the sample mean is 

less than 1005 mL, we do not have enough evidence to reject the claim that x = 1005 mL. 

  

Remember that not all confidence intervals will contain the population mean. If the claimed population 

mean does not lie in the confidence interval, it does not mean for certain that the claim is false. Likewise, 

if the claimed population mean does lie in the confidence interval, it does not mean for certain that the 

claim is true. 

Confidence intervals cannot be used to make definitive statements about whether a claim is true or false. 

Their purpose is to give us a guide to whether a claim is reasonable. 

EXERCISE 29E.3 

1 A random variable X has population standard deviation o = 7. To test the claim that the population 

mean g = 50, a random sample of 60 is taken, and the sample mean is 49.1. 

a Construct a 95% confidence interval for p. 

b Use the 95% confidence interval to assess the claim that p = 50. 

2 Bags of salted cashew nuts are advertised to have a net weight of 100 g. The manufacturer knows 

that the standard deviation of the population is 1.6 g. 

A customer claims that the bags have been lighter in recent purchases, so the factory quality control 

manager decides to investigate. He samples 40 bags and finds that their mean net weight is 99.4 g. 

a Construct a 95% confidence interval for the population mean net weight . 

b Use the confidence interval to test the claim that the mean net weight of the bags is 100 g. 

3 A liquor store claimed that the mean price of a bottle of wine To accept that prices have 

had fallen from what it was 12 months previously. Records show e 

that 12 months ago the mean price was $13.45 with standard for the current price must lie 

deviation $0.25. A random sample of prices of 389 different entirely below the old price. 

bottles of wine is now taken from the store. The mean price for 

the sample is $13.30. 

a Construct a 95% confidence interval for the mean price, 

assuming the standard deviation has not changed. 

  

b Is there sufficient evidence to accept that the mean price has 

fallen? ’ 

L The time it takes Joan to run 100 metres is normally distributed with mean g = 12.46 seconds 

and standard deviation 0.3 seconds. To improve her time, Joan goes on a training program. After 

6 weeks, Joan finds that her mean time from 12 trial runs is now 12.18 seconds. 

a Assuming the same standard deviation, construct a 95% confidence interval for Joan’s mean. 

b Hence assess the claim that: 

Joan’s time to run 100 metres has improved i 

i Joan is now faster than Betty, whose time for the 100 metres is 12.26 seconds.
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LATION 
RIANCE 

  

. . . o Xn — 
In most cases we will not know the population variance o2, so we cannot substitute it into Z = "G B 

) T Vn 
Instead, we estimate o with the sample variance s> = — 3 (z —T)% 

n—li=1 

We have seen that when we consider a random sample {X;, Xs, ..., X,,}, the sample mean X, is 

itself a random variable. The same is true for the sample variance. 

  

For a random sample {X;, Xo, ..., X,,}, the sample 52 is the observed 
n value of S,2 ;. 

variance is 52 | = L Y (X —X,)? " 
n—=1i=1 

  

We can use s to estimate o because E(S, 

proof. We say that S,2 n—1 

2 ,) =02 Click on the icon to obtain the PROOF 

is an unbiased estimator for 2. 

    

  

  

If we substitute 5,2 | for o2 into Z = X"U_” , we obtain the statistic T’ = — 1“ with observed 

. v v 
value t = 2% 

NG 

INVESTIGATION 4   

In this Investigation, we will explore the distribution of 7" for samples from a normal distribution. 

What to do: 

1 Click on this icon to access a simulation that generates random samples of size n SIMULATION 

from a normal distribution. The ¢-value is calculated for each sample. 

a Set n = 10 and use the sliders to change the mean p and standard 

deviation o of the normal distribution. Describe the distribution of the 

t-values. 

b Use the slider to increase the value of n. What do you notice? 

2 Describe how likely it is to obtain a ¢-value in the interval: 

a —1<t<1 b —2<t<2 ¢ —3<t<3 

The characteristics you observed in the Investigation might suggest that the distribution of 7" is a normal 

distribution with mean 0. However, the distribution of 7" actually has a different curve.
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THE ¢-DISTRIBUTION 

Suppose a population is normally distributed with mean p. Let 

  

  

  

X, be the sample mean and S,2 ; be the sample variance of “df” is the parameter 

a sample of size n from this population. of the ¢-distribution. 

o - Xo—p o 
The distribution of the statistic 7' = 3 is a t-distribution 

n—1 

Vn 
with n —1 degrees of freedom (df). 

We write T ~ t,_1. 

The t-distribution is slightly “flatter” than the standard normal 

distribution N(0, 12). 

As the sample size and therefore the degrees of freedom 

increases, the shape of the ¢-distribution approaches that of 

N(0, 12). 
THE 

t-DISTRIBUTION 

  

Like with the normal distribution, you can calculate probabilities and quantiles 

for the ¢-distribution using your graphics calculator. 
) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

  

CONFIDENCE INTERVALS FOR A POPULATION MEAN WHERE THE 
VARIANCE IS UNKNOWN 

Now that we know the distribution for 7", we can construct a general confidence interval using 7" in a 

similar way as we did using Z. 

. . . Area=1— 
For a confidence interval with probability e “ 

1 — «, we require a such that 

P(—ca<T<a)=1-—a. 

  

o 
n 1,2 

. instead of z, and S, _; instead of o, Using the same procedure as in Section E, but with ¢ 
n—1, % 

we find that: 
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Replacing X,, and S,_; with their observed values 7 and s respectively, we define:     
     

  

The general confidence interval for p given a data set with sample 

mean T and sample standard deviation s is 
   The width of 

this interval is 

— s — 
z_tn—l,%fi gp,gm—i-tn 

The interval contains p with probability 1 — «, so the confidence 

level of the interval is (1 — a) x 100%. 

2Xtp_1, 2 
2 

ER
 

a =1,% 

Example 4 .1;)) Self Tutor 

The sugar content, in grams, of 30 randomly selected loaves of bread at the local bakery was 

measured as follows: 

15.1 14.8 13.7 15.6 15.1 16.1 16.6 174 16.1 13.9 17.5 157 16.2 16.6 15.1 

129 174 16.5 13.2 14.0 172 173 16.1 16.5 16.7 16.8 17.2 17.6 173 14.7 

Determine a 98% confidence interval for the average sugar content of all loaves of bread baked. 
  

Using technology, T ~ 15.897 and s~ 1.365. 

Since n = 30 is sufficiently large, X,, is approximately normally distributed. 

{Central Limit Theorem} 

  

  

o is unknown and T = XS" __1 ~ tog. 

o 

For a 98% confidence interval, o = 0.02. % =0.01. 

Using technology, t29, 0.01 ~ 2.462 

The 98% confidence interval for u is 
S S 

T —t29,0.01 T < < T +t29, 001 T 

1.365 1.365 
15.897 — 2.462 x —— < < 15.897 + 2.462 x —— Xm0 SH +2AE XS 

15.283 < p < 16.511     
  

Alternatively, using technology, a 98% confidence interval for y is TR 

15.28 < p < 16.51. INSTRUCTIONS 

EXERCISE 29F 

1 Neville works for a software company. He keeps records of the times customers wait to receive 

telephone support for their software. During a six month period he logs 167 calls. The mean waiting 

time is 8.7 minutes, and s is 2.08 minutes. Construct a 95% confidence interval for estimating the 

mean waiting time for all customer calls for software support. 

2 A breakfast cereal manufacturer uses a machine to deliver the cereal into plastic packets which then 

go into cardboard boxes. The quality controller randomly samples 75 packets and obtains a sample 

mean of 513.8 grams with standard deviation 14.9 grams. Construct a 90% confidence interval in 

which the true population mean should lie.
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3 A sample of 42 patients from a drug rehabilitation program showed a mean length of stay on the 

program of 38.2 days with standard deviation 4.7 days. Estimate, with a 90% confidence interval, 

the average length of stay for all patients on the program. 

& A sample of 30 torch globes is randomly selected, and their lifetime in hours is measured: 

82.5 84.7 776 80.5 844 87.0 798 85.6 81.4 756 

83.0 89.6 81.5 742 798 81.5 82.7 T7.7 86.2 82.3 
84.1 825 87.7 786 83.2 835 8.9 8.7 762 79.8 

a Find the sample mean T and standard deviation s. 

b Construct a 95% confidence interval for the mean lifetime of the globes. 

5 A complaint was made that a call centre took a mean time of 12 minutes before a caller was put 

through to an operator. After changes were made, the call centre claimed that the service had 

improved. To check this claim, a consumer group made 40 calls to the centre. They found the mean 

waiting time T = 8 minutes and sample standard deviation s = 3 minutes. 

a Assuming that 40 is large enough for the Central Limit Theorem to apply, construct a 

95% confidence interval for the mean waiting time . 

b Does the confidence interval support the call centre’s claim? 

6 Fabtread manufactures motorcycle tyres. Using their regular tyre tread, the stopping time for 

motorcycles travelling at 60 kmh~?! is 3.45 seconds. Their production team has just designed 

and manufactured a new tyre tread, which they claim reduces average stopping times to 3.1 seconds. 

36 stopping time measurements are taken with the new tyre tread. They are listed below in seconds: 

3.26 3.14 3.07 3.15 3.09 3.38 3.41 3.32 3.48 3.27 3.02 3.05 
3.15 3.22 3.01 296 3.14 3.27 3.02 3.17 3.22 3.04 296 3.18 

3.21 3.06 3.34 327 3.10 3.02 3.16 294 3.15 329 321 3.13 

a Construct a 95% confidence interval for the mean stopping time /. 

b On the basis of your confidence interval: 

i Does it appear that the new tyre tread improves stopping times? 

ii Does the production team’s claim appear to be justified? 

REVIEW SET 29A 

1 X, X, and X3 are independent random variables, each with mean p and standard deviation o. 

Find the mean and standard deviation of: 

a X;+2Xo+3X3 b 2X, —-3X, + X3. 

2 A soft drink manufacturer produces small and large 

bottles of drink. The volumes of both sizes of drink 
are independent and normally distributed with means 

and standard deviations given in the table. 

     
    
    

a Find the probability that one large bottle selected at random will contain more than the 

combined contents of three smaller bottles selected at random. 

b Find the probability that one large bottle selected at random will contain three times more 

than one smaller bottle selected at random. 

3 Suppose X ~ Po(a) and Y ~ Po(b) are independent random variables. 

Given that E(X +Y) =a®+b? and Var(X +Y) = a® —b>+2, find the values of a and b.
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A random variable X has mean g = 35 and standard deviation o = 8. Find the mean and 

standard deviation of: 

a Y4 b Yg,o. 

The mature heights of a particular species of plant have mean 21 cm and standard deviation 

v/90 cm. A random sample of 40 mature plants is taken and the mean height is calculated. Find 

the probability that this sample mean lies between 19.5 cm and 24 cm. 

In order to estimate the copper content of a potential mine, drill core samples are used. The 

drill core is crushed and mixed before samples are removed. 

Suppose X is the copper content in grams per kilogram of core, and that X has mean p = 11.4 

and standard deviation o = 9.21. 

Samples of 9 drill cores are randomly chosen. 

Histograms A and B show the distributions of X and Xy, not necessarily in that order. 

Histogram A Histogram B 

frequency frequency 

     10 20 30 40 50 0 10 20 30 

a Which of the histograms is the histogram for X? Explain your answer. 

b Find the mean and standard deviation of Xg. 

The manufacturer of the breakfast cereal Maxiweet knows that the net contents of each packet 

has standard deviation 12.3 g. A sample of 120 packets is chosen at random, and their mean 

weight is found to be 596.7 grams per packet. 

Construct a 95% confidence interval for the true mean weight of the population. Interpret your 

answer. 

A factory which cans apricots uses a machine to deliver the fruit and syrup into cans. The quality 

controller randomly samples 65 cans and finds that the mean mass of contents is 828.2 grams. 

a Given that the population standard deviation is 16.3 grams, construct a 95% confidence 

interval in which the true population mean should lie. 

b What should the sample size be to construct a 95% confidence interval with half the width 

of that in a? 

The random variable X has a normal distribution with mean p. A randomly selected sample of 
15 

size 15 is taken, and it is found that " (z; — T)? = 230. 
i=1 

a Find the sample variance for this sample. 

b A k% confidence interval for 4 taken from this sample is [124.94, 129.05]. 

i Find the 95% confidence interval for y taken from this sample. 

ii Find the value of k.
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LA il 

1 Xy, X, and X3 are independent random variables where X7 ~ N(2, 1), X» ~ N(3, &), 

and X3 ~ N(a, b). 

a If Y =2X3-2X,— X, find: i EY) il Var(Y) 

Given that E(Y) =0 and Var(Y) =1, find the values of a and b. b 

¢ State the nature of the distribution of Y. 

d Find P(Y > 8b). 

2 Rowan is a musician. His music is hosted on two separate music streaming services, A and S. 

The number of times Rowan’s music is listened to per day on service A follows a Poisson 

distribution with mean 105. 

On service S, it follows a Poisson distribution with mean 250, independently of service A. 

Let T" be the total number of times Rowan’s music is listened to per day across both streaming 

services. 

a State the distribution of 7'. 

b Find the probability that Rowan’s music will be listened to more than 400 times in a day. 

3 Suppose X has mean 50 and standard deviation 6. 

a Find the mean and standard deviation of X go. 

b s Xgo approximately normally distributed? Explain your answer. 

¢ Find P(Xgo > 49). 

4 The weight X of a packet of rice is normally distributed with mean 500 g and standard deviation 

3.5 g. Let X9 be the average weight of a sample of 20 packets. 

a Find the mean and standard deviation of X 0. 

b s Xoo normally distributed? Explain your answer. 

5 The weight W of gourmet sausages produced by 

Hans is normally distributed with mean 63.4 g and 

standard deviation 6.33 g. 

Suppose W g is the mean weight of 10 randomly 
selected sausages. 

a Find the probability that a randomly chosen 

sausage will weigh 60 grams or less. 

  

b Find the mean and standard deviation of Wo. 

¢ Hence calculate the probability that Wio < 60 g. Interpret your result. 

6 Damien recorded the scores from a sample of 45 games at a ten-pin bowling centre: 

185 126 115 191 86 103 122 107 94 135 108 113 190 152 76 

87 119 125 142 106 94 131 127 103 149 110 81 72 126 145 

122 141 137 95 68 101 147 150 121 100 84 72 113 171 83 

a Find the sample mean T and the sample standard deviation s. 

b Construct a 95% confidence interval for the mean score at the bowling centre. 

¢ Find the width of this confidence interval.
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7 A telephone call centre handles many calls each day. Let 7" be the time in minutes taken to 

answer a call. It has been found that 7" has mean p = 4.3 minutes and standard deviation 

o = 1.2 minutes. 

Let T'1o be the mean time taken to answer a random sample of 100 calls. 

a The histograms below show data from 7" and Thoo. Note that the horizontal scale and the 

interval widths are the same in both histograms, but the vertical scales are different. 

  

  

  

  

    

Histogram A Histogram B 

404 frequency 6 frequency 
30 4 

20 

10 2 
0 0 

0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 
time (min) time (min) 

Identify the histogram that represents a sample from 719 Explain your answer. 

b i Assumingthat n =100 is sufficiently large, explain why the distribution of T is 

approximately normal with mean 4.3 minutes and standard deviation 0.12 minutes. 

Calculate P(T100 < 4.35). 

Hence calculate the probability that an operator in the call centre can answer 100 calls 

in less than seven and a quarter hours. 

8 Free range chickens have mean meat protein content 24.9 units per kg. 50 chickens are randomly 

chosen from a battery cage. These chickens are fed special meals which are supposed to increase 

their protein content. Following the feeding program, the sample had mean meat protein content 

26.1 units per kg with standard deviation 6.38 units per kg. 

a Construct a 95% confidence interval for the mean meat protein content of battery cage 

chickens on the feeding program. 

b Based on the confidence interval, is there sufficient evidence to claim that battery cage 

chickens on the feeding program have higher meat protein content than free range chickens? 

9 A drink manufacturer produces iced tea in bottles advertised as containing 600 mL. The 

machines producing these drinks are set so that the average volume dispensed into each bottle is 

601 mL with standard deviation 1.84 mL. The volumes dispensed into each bottle are distributed 

normally. 

a Find the probability that an individual randomly selected bottle contains less than 598 mL. 

b Find the probability that a randomly selected pack of 12 bottles has average volume less 

than 600 mL. 

¢ To ensure companies meet their advertising claims, the government specifies that a randomly 

selected pack of 12 bottles must have average contents no less than the advertised amount. 

The company wants less than 1% chance of failing to meet the requirement. 

Find, to the nearest 0.1 mL, what the average volume dispensed by the machine needs to 

be, assuming the standard deviation is unchanged.
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  OPENING PROBLEM 

Frank is a market gardener who grows tomatoes. 

  

Last year, Frank weighed a sample of 50 tomatoes and 

found that the mean weight was 105.3 g with standard 

deviation 12.41 g. 

This year, Frank used a new fertiliser to try to increase 

the weight of his crop. Frank collected a random sample 

of 65 tomatoes and found the mean weight of the sample 

to be 110.1 g with standard deviation 13.1 g. 

  

Using this year’s data, a 95% confidence interval for the mean weight p of Frank’s crop is 

106.9 < p < 113.4. The previous mean of 105.3 g is entirely below this interval, suggesting 

the new fertiliser was effective. 

Things to think about: 

a Assuming the change in fertiliser had no effect, how can we use last year’s sample to find the 

probability that this year’s sample would have mean g > 110.1 g? 

b How can this probability be used to decide whether the fertiliser was effective? 

¢ The confidence interval for this year’s sample only uses data from one sample. Why would it 

be useful to use the data from both samples in our analysis? 

We often hear claims about population parameters such as the population mean p or a population 

proportion p. 

For example, a manufacturer of insect repellent might claim that on average, their new product is effective 

for longer than 6 hours. In statistics, we call this a statistical hypothesis. 

In the previous Chapter, we tested claims about a population mean using confidence intervals. We now 

look at a more formal procedure to determine whether a statistical hypothesis is reasonable. We call it a 

hypothesis test. 

The hypothesis tests we will study include: 

e the Z-test used to test hypotheses about the mean of a normally distributed population with known 

variance 

e various t-tests used instead of the Z-test when the population variance is unknown 

e hypothesis tests that consider other parameters such as a population proportion or the population 

correlation coefficient. 

All of these tests follow the same general procedure: 

Step I:  Formulate statistical hypotheses. 

Step 2: Choose a significance level for the test. This is a threshold for making a decision, like the 

confidence levels we saw previously. 

Step 3:  Use data from a sample to calculate a test statistic. 

Step 4:  Calculate a p-value for the test statistic. This is the probability of that test statistic occurring 

under the assumptions of one of the hypotheses. 

Step 5:  Make decisions about the hypotheses. 

Step 6: Interpret the decision in the context of the problem.
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PN STATISTICAL HYPOTHESES 
Suppose a claim is made that a population mean p has the value 1, We call this the null hypothesis 

Hy, and we write 

  

Hy: o= pg. 

This statement is assumed to be true unless we have enough evidence to reject it. 

If Hy is not rejected, we accept that the population mean is j15. So, the null hypothesis is a statement 

that there is no difference between p and fi. 

If Hy is rejected, we accept that there is a difference between 1 and jiy. This statement is called the 

alternative hypothesis H;. 

ONE-TAILED AND TWO-TAILED ALTERNATIVE HYPOTHESES 

Given the null hypothesis Hy: = p, the alternative hypothesis could be: 

o Hyi: pn> iy (one-tailed hypothesis) 

o Hyi: i<y (one-tailed hypothesis) 

o Hi: pu#py (two-tailed hypothesis, as 7 11, could mean g > p, or p < ). 

Consider the insect repellent example on the previous page: The null hypothesis 

e If the manufacturer of the new brand wants evidence that the new product Hy always states 

is superior in protection time, the hypotheses would be: that y is equal to a 
specific value. 

Hy: p=6 {the new product gives the same protection as the old ones} 

H,: p>6 {the new product protects for longer than the old ones}. 

  

e If a competitor wants evidence that the new product has an inferior 

protection time, the hypotheses would be: ] 

Hy: p=6 {the new product gives the same protection as the old ones} 7 

Hi: p <6 {the new product protects for less time than the old ones}. 

e [f a market researcher studying all products on the market wants to show that the new product differs 

from the old ones, but is not concerned whether the protection time is more or less, the hypotheses 

would be: 

Hp: =06 {the new product gives the same protection as the old ones} 

Hy: p#6 {the new product gives a different protection time compared with the old ones}. 

ERROR TYPES 

In the decision to accept or reject the null hypothesis Hy, there are two possible errors: 

e A Type I error is when we make the mistake of rejecting Hy when Hy is in fact true. 

e A Type II error is when we make the mistake of accepting Hy when Hy is in fact false. 

For example, if a coin is fair then the population proportion of heads it produces is p =0.5. 

e A Type I error would be deciding a fair coin is biased because we observe 10 heads in 10 tosses. 

Although improbable, it is still possible to obtain this result with a fair coin.
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o A Type II error would be accepting that a biased coin is fair because we observe 6 heads in 10 tosses, 
and we know this can occur with a fair coin with reasonable probability. 

EXERCISE 30A 

1 Explain what is meant by: 

a a Type I error b a Type II error 

¢ the null hypothesis d the alternative hypothesis. 

2 A statistician wishes to test Ho: p =20 against Hi: p > 20. State the type of error made if: 

a the mean is actually 20 but the statistician concludes that the mean exceeds 20 

b the population mean is actually 21.8 but the statistician concludes that the mean is 20. 

3 A researcher wishes to test Hy: p =40 against Hy: p # 40. State the type of error made if she 

concludes that: 

a the mean is 40 when it is in fact 38.1 b the mean is not 40 when it actually is 40. 

4 In many countries where juries are used in trials, a person 

is presumed innocent until proven guilty. 

In this court system, the null hypothesis is 

Hy: the person on trial is innocent. 

a State the alternative hypothesis Hj. 

b If an innocent person is judged guilty, what type of 

error has been made? 

¢ If a guilty person is judged as innocent, what type of 

error has been made? 

  

5 A researcher conducts experiments to determine the effectiveness of two anti-dandruff shampoos X 

and Y. He tests the hypotheses: 

Hy: X and Y have the same effectiveness Hy: X is more effective than Y. 

What decision would cause: 

a a Type I error b a Type II error? 

6 Current torch globes have a mean life of 80 hours. Globe Industries are considering mass production 

of a new globe they believe will last longer. 

a If Globe Industries wants to demonstrate that their new globe lasts longer, what set of hypotheses 

should they consider? 

b The new globe costs less to produce, so Globe Industries will adopt it unless it has an inferior 

lifespan to the old type. What set of hypotheses should they now consider? 

7 The top speed of submarines currently produced by a manufacturer is 26.3 knots. When their 

engineers modify the design to reduce drag, they believe that the maximum speed will be increased. 

What set of hypotheses should they consider to test whether or not the new design is faster? 

8 Whitex produce copy paper, and the weight of their copy paper is given as 80 g per m?. The 

company wants to determine whether this information is correct. What set of hypotheses should be 

considered? 

9 The average peak-hour travel time along a particular stretch of road is currently 27 minutes. To help 

reduce travel times, electronic signs displaying real-time information are erected. If the travel times 

improve, the signs will be more widely implemented. What set of hypotheses should be considered?
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10 Brand A’s muesli bars have 3 g of fat. Brand B claims that their muesli bars have 10% less fat than 

Brand A’s muesli bars. Brand A wants evidence that Brand B’s muesli bars have more fat than is 

claimed. What set of hypotheses should they consider? 

11 1In 2010, 21% of the British population smoked. A researcher wants to know if there has been 

any significant decrease in the proportion of smokers in the population since 2010. What set of 

hypotheses should the researcher consider? 

12 A pharmaceutical company conducts a clinical trial to test the effectiveness of a new cancer treatment. 

Only 30% of patients using the best currently available treatment survive more than 5 years after 

diagnosis. What set of hypotheses should the company consider? 

13 In the last election, 42% of voters voted for Party A. An independent polling agency wants to gauge 

voting trends for the next election. What set of hypotheses should the polling agency consider if 

they are interested: 

a only in an increase in the proportion of Party A supporters 

b in any change in the proportion of Party A supporters? 

e If Hj is false, does this mean H; must be true? 

e Can Hj ever be true for a continuous random variable? 

e Why do we talk about accepting or rejecting Hy, rather than deciding whether it is true or false? 

I THE ZTEsT 
The Z-test is used to test hypotheses about a population mean p when: 

e the population is normally distributed 

o the population variance o2 is known. 

We have just seen how to formulate hypotheses about population means. 

We now move on to the remaining steps of the test procedure, remembering that the concepts are 

applicable to all of the hypothesis tests we will study. 

THE TEST STATISTIC 

A test statistic is a random variable that summarises the information in a sample. 

The distribution of the test statistic under the assumptions of Hj is called the null distribution. 

In the context of the Z-test, we have seen that for a population which is normally distributed with mean 
2 

and standard deviation o, the sample mean X, ~N (u, (L> > 

If the population is not normally distributed but the sample size is sufficiently large, we can apply the 

Central Limit Theorem to assume X,, is normal.
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2 
. = o 

Under the assumptions of Hy, p = iy, so X, ~ N(uo, (fi) > 

the Z-transformation of X,,, Z = M, has the standard normal distribution N(0, 12). 

vn 

Consider a statistical hypothesis test of Hy: u =, for a normally distributed population with 

known standard deviation o. Given a sample of size n with observed sample mean Z: 

o the test statistic is Z = @ which has observed value z = = 

vr vr 

o the null distribution is Z ~ N(0, 12). 

T — o 
  

For example, consider the insect repellent example from the previous Section. 

Suppose the population standard deviation o = 15 minutes = 0.25 hours is known. 

When a researcher takes a random sample of 50 bottles of the new product, they find that the mean 
6.12—6 
T 3.39. 

V50 

Xn — Lo = 
Why do we use Z = "T”O as the test statistic instead of X ,, directly? 

7 

protection time T = 6.12 hours. The observed value of the test statistic is z =   

CALCULATING THE p-VALUE 

If the sample chosen from the population is unusual, the observed sample mean may be “extreme”. 

“Extreme” values of the test statistic are unlikely, so observing such a value is evidence against the null 

hypothesis. However, we need to determine sow extreme a value should be before we conclude that the 

null hypothesis should be rejected. 

The p-value of a test statistic is the probability of that result being observed if Hy is true. 

The meaning of “extreme” depends on whether the alternative hypothesis is one-tailed or two-tailed: 

e If [, is a one-tailed alternative hypothesis, we use one tail of the null distribution to calculate the 

p-value. 

> If Hy: p < pg, we use the lower tail. > If Hy: p> pg, we use the upper tail. 

      
z 0 0 z 

p-value = P(Z < z) p-value = P(Z > z)
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o If H; is the two-tailed alternative hypothesis Hy: p # 1, then we must consider both tails of the 

null distribution. We define “extreme” values as those which have probability less than or equal to 

that of the test statistic. 

If 2>0, If <0, 

p-value=P(Z >z or Z < —z2) p-value=P(Z > —z or Z<z) 

=2xP(Z>z2) {symmetry} =2xP(Z>-z) {symmetry} 

Z    
So, for a two-tailed alternative hypothesis,  p-value =2 X P(Z > |z|) . 

MAKING DECISIONS 

Although “extreme” values are unlikely to occur, it is still possible to observe such values in a sample. 

We therefore need a rule which defines how much evidence is required to reject the null hypothesis. 

The significance level o of a statistical hypothesis test is the largest p-value that would result in 

rejecting Hy. Any p-value less than or equal to « results in H being rejected. 

If a statistical hypothesis test has significance level «, the probability of a Type I error is . 

The significance level may be given as a decimal or a percentage. 

In our insect repellent example, suppose the researcher was 

concerned about any change in the average protection time. 

The researcher decides to test the hypothesis Hy: p = 6 

against Hy: pu # 6 at a significance level « = 0.01. 

Using the test statistic z ~ 3.39 and Z ~ N(0, 12), 

the p-value ~ 2 x P(Z > [3.39) 

~6.89 x 1074 

Since the p-value is less than the significance level «, the 

researcher has enough evidence to reject Hy. 

THE Z-TEST FOR THE MEAN OF A POPULATION WITH KNOWN VARIANCE 

The smaller the p-value, the more 

evidence there is against Hy. 

  

Step I:  State the null hypothesis Hy: ;= i, and alternative hypothesis ;. 

Step 2:  State the significance level c. 
T — o Step 3: Calculate the observed value of the test statistic: 2z = — 

vn 

  

Step 4:  Calculate the p-value using Z ~ N(0, 12) as follows: 

o If Hy: pu> pgy, p-value =P(Z > z). 

o If Hy: p< pgy, p-value =P(Z < z). 

o If Hyi: p+#pg, p-value=2 x P(Z > |z|). 

N 
WV 

Step 5:  Reject Hy if p-value < a, otherwise accept Hy. 

Step 6: Interpret your decision in the context of the problem. Write your conclusion in a sentence.
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Important: 

  

I «) Self Tutor 

The manager of a restaurant chain goes to a seafood wholesaler and inspects a large catch of over 

50000 prawns. It is known that the population is normally distributed with standard deviation 

4.2 grams. He will buy the catch if the mean weight exceeds 55 grams per prawn. 

A random sample of 60 prawns is taken, and the mean weight is 56.2 grams. At a 5% significance 

level, should the manager purchase the catch? 
  

Step I:  Let p be the population mean weight per prawn. 

  

. A sketch of the null 
The hypotheses that should be considered are: distribution curve is 

Hy: p =55 {the mean weight is 55 grams per prawn} useful to remind us 

Hiy: p>55 {the mean weight exceeds 55 grams per prawn} what the p-value 
L . represents. 

Step 2:  The significance level is « = 0.05. 

Step 3: T =56.2 grams, o = 4.2 grams, n = 60 
o 56.2 — 55 A 

The observed value of the test statistic is z = —5— ~ 2.21 (=X R 
Step 4. Since Hp: p > 55, 

p-value =P(Z > z) where Z ~ N(0, 1%) 

~P(Z > 221) 
~ 0.0134 

  

0 221 

Step 5:  Since p-value < 0.05 = a, we have enough evidence to reject Hy in favour of H; on 

a 5% significance level. 

Step 6:  Since we have accepted Hy, we conclude that the mean weight exceeds 55 grams per 

prawn. The manager should purchase the catch.     
  

EXERCISE 30B 

1 A population has known standard deviation o = 3.97. A sample of size 36 is taken and the sample 

mean T = 23.75. We are required to test the hypothesis Hy: p =25 against Hy: p < 25. 

a Find: i the test statistic ii the p-value. 

b What decision should be made at a 5% level? 

2 A statistician believes that a population which has a standard deviation of 12.9, has a mean y that is 

greater than 80. To test this he takes a random sample of 200 measurements, and finds the sample 

mean is 83.1. He then performs a hypothesis test with significance level « = 0.01. 

a Write down the null and alternative hypotheses. 

b Find the observed value of the test statistic and state the null distribution. 

¢ Calculate the p-value. d Make a decision to accept or reject H. 

e State the conclusion for the test.
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3 Bags of salted cashew nuts state that their net contents is 100 g. The manufacturer knows that the 

standard deviation of the population is 1.6 g. A customer claims that the bags have been lighter in 

recent purchases, so the factory quality control manager decides to investigate. He samples 40 bags 

and finds that their mean weight is 99.4 g. 

Perform a hypothesis test at the 5% level of significance to determine whether the customer’s claim 

is valid. 

L An alpaca breeder wants to produce fleece which is extremely 

fine. In 2013, his herd had mean fineness 20.3 microns with standard 

deviation 2.89 microns. The standard deviation remains relatively 

constant over time. In 2017, a sample of 80 alpacas from the herd 

was randomly selected, and the mean fineness was 19.2 microns. 

Perform a two-tailed Z-test at the 5% level of significance to 

determine whether the herd fineness has changed. 

  

  INVESTIGATION 1 

In many applications of hypothesis testing, it is common to conduct multiple identical or very similar 

hypothesis tests simultaneously. For example, in genetics an experiment called a DNA microarray 

is used to measure expression levels of thousands of genes, each with their own set of hypotheses to 

test. 

  

In this Investigation, we will explore the effects of conducting multiple hypothesis tests on the 

interpretation of individual outcomes. 

What to do: 

1 A normally distributed population has mean y and standard deviation o = 5. 

Consider the following hypotheses for this population: Hy: p=2 

Hy: p#2 

Click on the icon to run a computer simulation which generates samples of SIMULATION 

size 10 from the N(2, 52) distribution. The above hypotheses are tested for 

each sample at a significance level of «, and a p-value is calculated. 

a Write down the formula used to calculate the test statistic given a sample mean Z and 

population standard deviation o. 

b Set a = 0.05. Copy and complete the following table by generating m samples and 

counting the number of times H is rejected. 
  

Number of times Hy is rejected | Proportion of samples where Hy was rejected 

  

¢ Repeat b for: 

i a=01 ii a=0.025 iil a=0.01. 

Comment on your results.
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2 For the simulation in 1, explain why: 

a Hj is true in every sample that the simulation generates 

b P(incorrectly reject Hy) = a for each sample 

¢ the expected number of samples where Hy is incorrectly rejected is maov. 

3 Sabeen is a psychologist. She is writing a journal article about the effect of diet cola on a 

person’s ability to concentrate. To account for possible confounding factors, Sabeen divides her 

data into 10 different age groups for each gender. For each age group and gender, she conducts 

a hypothesis test and obtains a p-value. Her results are: 

35-39 [ 40-44 | 45-49 | 50 - 54 
0.078 | 0.790 | 0.423 
0448 | 0.672 | 0.789 

a Which age group and gender do you think Sabeen is most likely to report on in her journal 

article? Explain your answer. 

          

   

    

     
  

b Sabeen’s colleague Mysha repeats Sabeen’s experiment. She samples people exclusively 

from the group you identified in a. Do you think Mysha is likely to replicate Sabeen’s 

results for this group? Explain your answer. 

THEORY OF KNOWLEDGE 

Sir Ronald Aylmer Fisher was an English statistician and biologist. He 

was known for his work in both agriculture and statistics, combining the 

disciplines with his work in classical statistics and significance testing. 

In 1952 Fisher published a book titled Statistical Methods for Research 

Workers which is best known for the following statement about p-values: 

  

“The value for which p = 0.05, or 1in 20 [....] it is convenient 

to take this point as a limit in judging whether a deviation is to 

be considered significant or not.” 

  

Today, a significance level of o = 0.05 is still widely quoted in scientific 

journals when testing for significance. Sir Ronald Fisher 

1 If someone tells you that they are 95% confident in something, do you normally stop to 

consider the 5% chance that the person is wrong? Do you think you should? 

2 Suppose a researcher is writing a report for a medical journal. 

a s it realistic to expect the researcher to be 100% confident in their findings? 

b What is your expectation of how confident a researcher should be, in order that they 

publish their results? 

¢ Do you think it is important that the researcher tells you how confident they are?
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JELLY BEANS 
CAUSE ACNE! 

SCIENTISTS! 
INVESTIGATE! 

BUT WERE 
PLAYING 
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WE FOUND NO THAT SETILES THAT. 

LINK BETWEEN / THEAR IT5 ONLY 
A CERTAIN COLOR 

THAT CAUSES IT. 

JELLY BEANS AND 
ACNE (P> 0.05). 

   
  

    

    

        

WE FOUNDNO WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUNDNO 
LINK GETWEEN LINK BETWEEN LINK BETWEEN LINK BETWEEN LINK BETWEEN 
PURPLE JELLY BROWN JELLY PNk JELLY BLE JeLy TEAL JELY 
BEANS AND ACNE. BEANS ANDANE | | BEANS AND ANE. BEANS AND AGE BEANS AND ACNE 
(P>005). (p>0.05) (P>0.05). (P>005). (P>005). 

/ / / 

WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUND NO WE FOUND NO 
LINK GETWEEN LINK GETWEEN LINK BETWEEN LINK BETWEEN LINK BETWEEN 
SALMON JeELy RED JeLr TURGUOISE JELLY MAGENTA JELLY YELLOW JELY 
BERNS AND ACNE. BEANS AND ACNE. BEANS AND ACNE. BEANS AND ACNE. BEANS AND ACNE. 
(P>0.05). (P>0.05). (P>0.05). (P>005). (P>005). 

/ / / 

WE FOUNDNO WE FOUND NO WE FOUNDNO WE FOUND A WE FOUNDNO 
LINK GETWEEN LUINK GETWEEN LINK BETWEEN LINK BETWEEN LINK BETWEEN 
GREY JELWY TAN Jeuy CYAN JELY GREEN JeELLY MAUVE JELY 
Bmlsmppcm: Bemsnmmli BEMSMDACNE BEANS AND ACNE. BEMMDM 
p>ou;) p>oo;) p>oos) (P<0.05). p):)os) 

Wi 

WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUND NO WE. FOUND NO 
LINK GETWEEN LINK BETWEEN LINK BEWEEN LINK BETWEEN LINK BETWEEN 
BEIGE JeLy ULAC JELY BLACK JELY PEACH JELLY ORANGE JELLY 
BEANS D ANE GEPNS AND ANE. BEANS AND ANE. BEANS AND ANNE. BEANS D ACNE. 
(P>005) (P>005) (P>0.05). (P>005). (P>005). 

/ / / /                 
  

% e 
g cggcunmt ST SIS —_—n e 

= =a~ 
-'_V_sg\ === S===X   
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{11 [ CRITICAL VALUES AND CRITICAL REGIONS 
In a statistical hypothesis test: 

o The critical region C is the set of all values of the test statistic which result in Hj being rejected. 

o The acceptance region A is the set of all values of the test statistic which result in Hy being 

accepted. 

e We can make a decision about Hj using the test statistic directly by comparing it to a critical 

value ¢ which is the value in the critical region which has the largest p-value associated with it. 

In a Z-test with significance level «, the critical value is the value of the test statistic for which the 

p-value = a. 

ONE-TAILED ALTERNATIVE HYPOTHESES 

For Hy: p < py, the critical value c satisfies: 

PZ<o)=a Area = 

c=—2, 

. Z 
Any value in the shaded area has a p-value less than or "T c 0 

equal to that of ¢, so the shaded area corresponds to the critical region — {z] 2 < c} 
L . = < 

critical region. 

Similarly, for Hy: p > pg, the critical value c satisfies: 

PZ>2¢c)=a 
Area = « 

R 

Z 
OCVT' 

critical region = {z|z> ¢} 

TWO-TAILED ALTERNATIVE HYPOTHESES 

If Hy: p# p, then the critical value c satisfies: 

2xP(Z2>|c|) 

P(Z = c|) 

« 

«a 

2 

  Cc Tz 
=g 

2 

  

critical region = {z|z< —c or z>c} 

There are two critical values for a two-tailed alternative. However, because of symmetry, we only need 

to perform one calculation.
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Example 2 o) Self Tutor 

Suppose 1 is the mean time taken by students to travel to school in minutes. It is known that the 

population is normally distributed with standard deviation o = 2.3 minutes. Miro wants to test 

the following hypotheses at the 5% level: 

Hy: p="5 {the mean travel time is 5 minutes} 

Hy: p>5 {the mean travel time is greater than 5 minutes} 

a For Miro’s Z-test, find: 

i the critical value ¢ il the critical region C ili the acceptance region A. 

b Miro randomly selects 34 students and finds that the mean travel time for his sample is 

T = 6.4 minutes. 

i Calculate the observed value of the test statistic. 

i Is this sufficient evidence to reject Hy? 

  

a | We require ¢ such that P(Z > ¢) = 0.05 ST Gorg 
P ~1.64 Inverse Normal 

= <0.05 ~ *- xInv=1.64485363 

il C={z|z=2c}={z|2>1.64} 

ili A={z|z<c}={z|z<1.64} 

  

   

  

  

b i T = 6.4 minutes, 0 = 2.3 minutes, n = 34 

The observed value of the test statistic is 

_64-5 critical region C P=—gm 3.55 . 

V34 

ii 3.55 € C, so there is sufficient evidence to 7z 

reject Hy. 0 164 3.55     
EXERCISE 30C 

1 a Explain why the following sets of hypotheses, each tested at the same significance level «, 

have the same critical value, critical region, and acceptance region. 

H()i }L=01 and H()I o= 120 

Hli ;l,<01 H]Z ;l,<120 

b Could we make the same conclusion in a if the alternative hypotheses were both two-tailed 

instead? Explain your answer. 

2 The tread depth of car tyres is known to be normally distributed with standard deviation 
o = 0.5 mm. 

An average tread depth of at least 1.6 mm is required by law. A police officer wants to determine 

if the mean tyre tread depth of a taxi company’s fleet satisfies the legal requirement. 

a State the hypotheses that should be tested. 

b For this test, and a 2.5% significance level, find: 

i the critical value ii the critical region iii the acceptance region. 

¢ The police officer randomly selects 10 taxis and measures the tread depth of each taxi’s four 

tyres. The sample mean is found to be T = 1.51 mm. Is this sufficient evidence to claim that 

the mean tread depth of the fleet does not meet the legal requirement?
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3 The daily energy intake of students at a school is normally distributed with standard deviation 

o = 300 kJ. Last year the mean energy intake of the students was 9210 kJ. To test whether the 

mean has changed, 50 students were selected, and their mean energy intake was T = 9100 kJ. 

a For this test, and a 2% significance level, find: 

i the critical region ii the acceptance region. 

b Is there sufficient evidence to claim that the mean energy intake has changed? 

Example ) .1;)) Self Tutor 

A population is normally distributed with mean g and standard deviation o = 7. To test the 

hypothesis Hy: p =40 against Hy: p # 40, a random sample of size 60 was taken and found 

to have mean 7. 

For what values of Z will the null hypothesis be rejected at the 5% level? 

    

    

The observed test statistic is z = 

The critical value ¢ satisfies P(Z < { Fadlon])_Go/oFes) 
Inverse Normal 
xInv=1.95996398 

Area=0.025 

critical region 

ZE—cor z=2c 

    

Hy will be rejected if: 2z < —1.96 or z > 1.96 

T <196 or 20> 196 
Vo Vo 

— 7 = 7 x<4071.96xm or z>40+1.96><m 

T < 38.2 or T >41.8 

So, the null hypothesis will be rejected if T < 38.2 or T > 41.8.     
4 A normally distributed population has mean ;. and standard deviation o = 4. To test the hypothesis 

Hy: p=—23 against Hy: p# —23, arandom sample of size 100 was taken and found to have 

mean T. 

For what values of T will the null hypothesis be rejected at the 5% level? 

5 The volume of orange juice dispensed by a machine is normally distributed with standard deviation 

3 mL. A quality controller is required to adjust the machine if the mean volume dispensed is not 

504 mL. In a routine test, the quality controller finds the mean volume Z of 20 randomly selected 

bottles. 

For what values of T should the quality controller nos adjust the machine? Use a 2% level of 

significance.
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DISCUSSION 

Consider how we tested claims about a population mean p using confidence intervals in the previous 

Chapter. 

  

1 How is this approach related to the Z-test procedure using a critical region? 

2 Isa (1—a)x100% confidence interval for y equivalent to the acceptance region for a Z-test 

of Hy: p=p, versus Hy: p# p, with significance level a? 

CRE STUDENT'S +-TEsT 
When the population variance o is unknown, we must use the sample variance S,2 ; to estimate it. 

We have already seen that when we substitute S,,—1 for o in the test statistic of the Z-test, we obtain 

Xn — Ko 
Sn_1 
Vn 

the statistic 7' = which has a t-distribution. 
  

Consider a statistical hypothesis test of Hy: p = p, for a normally 

distributed population with an unknown standard deviation. Given a 

sample of size n, with observed sample mean T and sample standard 

tn_1 is the 

t-distribution with 

n — 1 degrees of 

  

deviation s: _ freedom. 

o the test statistic is T' = g—_lm’ which has 

:; n 

observed value t = Z—#0 
v 

o the null distribution is T ~ ¢, _1. 

  HISTORICAL NOTE 

William Sealy Gosset (1876 - 1937) studied chemistry and 

mathematics at New College, Oxford University. In 1899 he moved to 

Dublin, Ireland, to work for the brewery of Arthur Guinness & Son. 

His desire was to improve the production process by selecting the 

best yielding varieties of barley. Through his study and work with 

Karl Pearson from University College, London, he devised a test 

statistic. His work was published in 1908 in the journal Biometrika, 

but using the name Student because of concern by Guinness that 

other brewers may use his work to their advantage. 

  

Gosset’s test statistic was revised by Sir Ronald Aylmer Fisher 

(1890 - 1962) who recognised the importance of Gosset’s work. 

Fisher called the new statistic ¢, completing the name Student’s ¢-test. 

    
William Sealy Gosset 

The t-distribution is sometimes Student’s t-distribution due to its 

association with Student’s ¢-test.
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STUDENT'S ¢t-TEST FOR THE MEAN OF A POPULATION WITH UNKNOWN 
VARIANCE 

Step 1: State the null hypothesis Hy: ;= 1, and alternative hypothesis /1;. 

Step 2:  State the significance level a. 

Step 3:  Calculate the observed value of the test statistic ¢ = =——£0 
7 
  

Step 4:  Calculate the p-value using 7'~ ¢,,_; as follows: 

o If Hi: p> py, p-value =P(T >1). 

o If Hi: p< py, p-value =P(T <t). 

o If Hy: p+# py, p-value =2 x P(T > |t]). 

Alternatively, find the critical region C using « and the null distribution. 

Step 5:  Reject Hy if p-value < o or if ¢ € C, otherwise accept Hy. 

Step 6: Interpret your decision in the context of the problem. Write your conclusion in a sentence. 

Example A .1;)) L R 

The fat content (in grams) of 30 randomly selected pasties at the local bakery was recorded: 

151 14.8 13.7 156 151 16.1 16.6 174 16.1 13.9 

17.,5 15.7 16.2 16.6 15.1 129 174 16.5 13.2 14.0 

17.2 173 16.1 16.5 16.7 16.8 17.2 17.6 173 148 

For a mean fat content of pasties made at this bakery u, conduct a two-tailed ¢-test of 

Hy: g =16 grams on a 10% level of significance. 
  

Step I:  Hy: p=16 {the mean fat content is 16 grams} 

Hy: p#16 {the mean fat content is not 16 grams} 

Step 2:  The significance level is o =0.1. 

  

Step 3:  The sample size n = 30. E’l Gk 

Using technology, Z=15.9 and s~ 1.36. 13208 
The observed value of the test statistic is 2‘7‘338‘ 12 

15.9 — 16 =1.38940285 
= —m —0.402 f(13636230028 

V30 

Step 4:  Assuming that a sample size n = 30 is ) 

    

    
    

large enough for the Central Limit Theorem 

to apply, we can assume normality. 

Since Hp: p # 16, 

p-value =2 x P(T > |t|) where T ~ tog 

~2x P(T > | —0.402|) P 
~ 0.691 " —0.402 0.402 

p-value 

= sum of areas 

T 

Step 5:  Since p-value > 0.1 = a, we do not have enough evidence to reject Hy in favour of 

H, on a 10% significance level. We therefore accept Hy. 

Step 6:  Since we have accepted Hj, we cannot conclude that the mean fat content is appreciably 

different from 16 grams.     
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Your graphics calculator can perform the calculations in a ¢-test automatically. 

However, the t-test functionality on most calculator models will only give you 
GRAPHICS the p-value and observed ¢, but not the critical value(s) of the test. careUAT SR 

INSTRUCTIONS 

Example 5 o) Self Tutor 

  

In 2017, the average house price in a suburb was $235000. In 2019, a random sample of 200 houses 

in the suburb was taken. The sample mean was T = $215000, and the sample standard deviation 

was s = $30000. 

Use a critical value to determine whether there is evidence at the 5% level, that the average house 

price has changed. 
  

Step I: Let p be the population mean of house prices in this suburb. 

The hypotheses that should be considered are: 

Hy: p=235000 {the mean house price has stayed the same} 

Hy: p# 235000 {the mean house price has changed} 

Step 2:  The significance level is o« = 0.05. 

Step 3:  The sample size is n = 200. 
215000 — 235000 _ 

The observed value of the test statistic is ¢ = ——o0——— ~ —9428 

V200 
  

Step 4: The null distribution is ¢199. 

The critical region C is 

t < —t199,0.025 OF ¢ = t199, 0.025 

Using technology t199, 0.025 ~ 1.972. 

t< —1.972 or t>1.972 

t199 

  

   

  

Area=0.025 Area =0.025 

—t199,0.025 t199,0.025 

Step 5: Since t =~ —9.428 € C, we reject Hy on a 5% level of significance. 

Step 6:  There is sufficient evidence at the 5% level of significance to suggest that 

1 # 235000. We conclude that the average house price in 2019 was different from 

the average house price in 2017.     
EXERCISE 30D 

1 A population has unknown variance o2. A sample of size 24 has sample mean 7 = 17.14 and 

sample standard deviation s = 4.365. We are required to test the hypothesis Hp: p = 18.5 

against Hy: p# 18.5. 

a Find: 

i the test statistic ii the null distribution iii the p-value. 

b What decision should be made at a 5% level using: 

i the p-value i the critical region?
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2 A store claims that the mean price of a bottle of wine has fallen over the last 12 months. Records 

show that 12 months ago the mean price was $13.45 for a 750 mL bottle. A random sample of 

prices of 389 different bottles of wine is now taken from the store. The sample mean is $13.30 

with sample standard deviation $0.25. Use a p-value to test the store’s claim at a 2% level of 

significance. 

3 A machine is used to fill bottles with 500 mL of vinegar. A sample of ten random measurements 
of the volumes put in different bottles had mean 499 mL and standard deviation 1.2 mL. Assuming 

that the volumes of vinegar are normally distributed, test at the 1% level whether the machine is 

underfilling the bottles. 

4 The length of screws produced by a machine is normally distributed. The machine is supposed to 

produce screws with mean length p = 2.00 cm. A quality controller selects a random sample 

of 15 screws. She finds that the mean length of the 15 screws is T = 2.04 cm with sample 

standard deviation s = 0.09 cm. Does this justify the need to adjust the machine on a 2% level of 

significance? 

A machine packs sugar into 1 kg bags. It is known that 

the masses of the bags of sugar are normally distributed. 

A random sample of eight filled bags was taken and the 

masses of the bags measured to the nearest gram. Their 

masses in grams were: 

1001, 998, 999, 1002, 1001, 1003, 1002, 1002. 

Perform a test at the 1% level, to determine whether the 

machine under-fills the bags. 

  

6 A market gardener claims that the carrots in his field have a mean weight of more than 50 grams. A 

prospective buyer will purchase the crop if the market gardener’s claim is true. To test this she pulls 

20 carrots at random, and finds that their individual weights in grams are: 

57.6 34.7 539 525 61.8 51.5 61.3 49.2 56.8 55.9 

57.9 588 44.3 583 493 56.0 59.5 47.0 58.0 47.2 

a Explain why it is reasonable to assume that the carrots” weights are normally distributed. 

b Determine whether the buyer will purchase the crop using a 5% level of significance. 

7 The management of a golf club claims that the mean income of its members is more than €95 000, 

and its members can therefore afford to pay increased fees. To show that this claim is invalid, the 

members seek the help of a statistician. From a random sample of 113 club members, the statistician 

finds an average income of €96 318 with standard deviation €14 268. 

a Test at a 0.02 significance level whether the management’s claim should be rejected. 

b If the conclusion made by the statistician is incorrect, what type of error is made? 

T PARED TEST 
We are often interested in comparing sets of results for the same group of individuals. 

For example, we might consider: 

e race times for a class of students at the start and finish of the athletics season 

e test results for students in a class at the start and end of a semester.
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In this situation we choose a random sample of individuals from the population, then use the data for 

this group to provide two sets of results for comparison. The data can therefore be matched in pairs for 

each individual in the group. 

Notice that the two sets of results are not independent, since they come from the same sample group. 

However, the scores in each set of results must be independent for the analysis to be meaningful. 

Suppose we have 2 sets of results X and Y with population means y; and py respectively. 

The null hypothesis might state that the means are equal: 

Ho: iy = po 

or equivalently, that the difference between the means is zero: 

Ho: py — pg = 0. 

A randomly selected sample of 10 individuals is chosen, and the results from these individuals are used 

to form samples for X and Y: 

--flflflfl- 
41084 415(5|2   

  

For each individual in the sample, we can calculate the difference d between its z-value and its y-value: 

  

  

So, the population mean difference pp = p1; — p15 is the population mean of the differences d;. 

We can therefore use a ¢-test to test Hy: pup = 0, using the differences d; to calculate the test statistic 

and p-value. 

    

s d—0 16-0 
For the example above, the test statistic is ¢ = = o~ 2.52. 

Vn Vio 

We would then calculate the p-value using the ¢-distribution with 10 — 1 =9 degrees of freedom. 

Alternatively, we could find the critical region C using « and the null distribution.
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EXERCISE 30E 

1 The performance of 20 elite sprinters was monitored over a twelve month period. Below is the best 

HYPOTHESIS TESTING (Chapter 30) 

time in seconds for each athlete in 100 m trials at the start and end of the year. 
  

  

  

  

  

  

  

  

            

Athlete | A B © D E] F G H 1 J 

Start | 10.3 | 10.5 | 10.6 | 10.4 | 10.8 | 11.1 | 9.9 | 10.6 | 10.6 | 10.8 

End | 10.2 | 10.3 | 10.8 | 10.1 | 10.8 | 9.7 | 9.9 | 10.6 | 10.4 | 10.6 

Athlete | K L M N o P Q R S T 

Start | 11.2 | 11.4 | 10.9 | 10.7 | 10.7 | 10.9 | 11.0 | 10.3 | 10.5 | 10.6 

End | 108 | 11.2 | 11.0 | 10.5 | 10.7 | 11.0 | 11.1 | 10.5 | 10.3 | 10.2 
  

a Calculate the difference d; = end time — start time for each athlete. 

b State the hypotheses that should be considered for the population mean difference pip, if we are 

interested in whether: 

i the athletes have improved 

il there is any change in the athletes’ performance. 

¢ Conduct a t-test at a 5% level of significance to test whether the athletes have improved. 

2 A mathematics tutor claims to significantly increase students’ test results with a week of tutoring. 

To test this claim, 12 students were tested prior to receiving tutoring, and their results recorded. 

However, the students were not given the answers or their results. After a week of tutoring, the 

students repeated the test to see whether they had improved. The results were: 

15 1725 11]28]20 233427 [14]26] 26 

20 16|25 |18 |28[19]26|37|31]13]27]20 

Conduct a paired ¢-test at a 5% level of significance to test the tutor’s claim. 

  

3 A group of 12 year old children were asked to throw 

a baseball as fast as they could. A radar was used 

to measure the speed of each throw. One year later, 

the same group was asked to repeat the experiment. 

The results are shown below, with the speeds given in 

kmh~1, 

  

| Chitd [A|B|C|D|E|JF|G[H[T][J][K] 
e 12 76 [ st [50 [ o7 [0 [ i [ 7w [ 71 [09 [ 72 [ 2 

  

e 75 [ [0 | 2[5 [ 0 [ 7 [0 [ 75 [ 77 
a Calculate the difference in speed d; for each child’s throws. 

b A sports commission report suggests that an average throwing speed difference of 5 kmh™! is 

expected between these ages. 

Conduct a hypothesis test at a 5% level of significance to determine whether the report’s claim 

is valid. 

Hint: The null value for 1, does not have to be zero.
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-TEST FOR 
N MEANS 

We have just seen how two sets of results from a single sample can be compared. We now consider how 

population means are compared if they come from different samples. 

  

For example, in the Opening Problem on page 784, Frank has a sample of results from each year, but 

he cannot pair the data because it comes from two completely different samples of tomatoes. 

Frank could perhaps test the effectiveness of the fertiliser by letting the mean of last year’s sample be 

I in a t-test of this year’s sample. However, there are two problems with this approach: 

e In general, the sample mean will not be exactly equal to the population mean. 

e The variation of last year’s sample is ignored. 

If we are given the data for two samples, we use the two-sample ¢-test instead. 

Suppose we are comparing two populations with means j; and j. 

Our null hypothesis states that the means are equal: 

Ho: py = pp 

or equivalently, the difference between the means is zero: 

Ho: py —pp =0 

The formula for the test statistic ¢ and the distribution used to calculate the 
) 

p-values are beyond the scope of this course, but we can use technology to 
— GRAPHICS calculate ¢ and the p-value. CALCULATOR 

INSTRUCTIONS 
The two-sample ¢-test follows the same general procedure as the single sample 

version on page 798. 

[T -1 

A pharmaceutical company has developed a new medication to help lower cholesterol levels. 

  

  

To test the effectiveness of the new medication, volunteers were separated into two groups. 

15 patients were given the old medication and 17 patients were given the new medication. The 

reduction in cholesterol levels after 4 weeks was measured for both samples. The results are shown 

below: 

Old medication 0.351 

New medication 

          

    

Sample standard deviation    
  

Conduct a two-sample ¢-test to determine whether the new medication is better than the old 

medication using a 5% level of significance. 
  

        Step 1:  Let p, be the population mean cholesterol 

level reduction of the old medication group, 

and p, be the population mean cholesterol 

level reduction of the new medication group. 

Make sure you use 

the correct test on 

your calculator!  
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The hypotheses that should be considered are: 

H 0 : µ 1 == µ 2 {n.ew medication is no better than the old medication} 

H 1 : µ 1 < µ 2 {new medication is better than the old medication} 

Step 2: The significance level is. a = 0.05. 

Step 3: Using technology, the value HORNAL 1FL □ AT AUTO REAL DEGREE NP □ MORHAL FLOAT AUTO REAL D1 EGREE HP □ 

2-SamPTTest of the test statistic is 
t ~ - 5.99. 

2-SamPTTest 
Inpt:Data 
xl :0.351 
Sxl:0.058 
nl : 15 
x2:0.497 
Sx2:0.077 
n2:17 

Stats 

µ1: #µ2 t.◄§§i )µ2 
,t..Poo led : No Ji-0 

1-11 ( 1-12 
t.=-S . 99136239 
P=7 .141769E M7 
df=30 
x1=0.3s1 
x2=0.497 
Sx1=0.058 

.J.Sx2=0.077 

Step 4: From the screenshots above, the p-value ~ 7.14 x 10- 1 . 

Step 5: Since the p-value ·< 0.05 = a, we :have enough evidence to reject Ho in favour of 

H 1 on a 5% level of significance. 

Step 6: Since we have accepted H 1 , we c.onclude that the new medication is better than the 
old medication .. 

POOLED VERSUS UNPOOLED TESTS 
You should have noticed that your calculator will give you the option of performing a. ''pooled'' or 
''unpooled'' test .. 

In a pooled test, it is assumed that the variances of the two populations are the same.. The samples are 
therefore combined or poo[e,d to estimate this common variance when calculating t and the p-value. 

In an unpooled test, the variances are assumed to be different. We therefore use a different formula to 
calculate t and the p-value. 

In this course you are expected to assume equal variances and hence use the pooled two-sample t-test. 

EXERCISE JOF 
1 Consider Frank's tomatoes in the Opening Problem on 

page 784. 

a Write down the hypotheses that Frank should 
consider. 

b Conduct a two-sample t-test to determine whether· the 

fertiliser was effective on a 1 % level of significance. 

2 A rese.archer claims that on average, high school students 
sleep less than middle school students. The researcher 
recorded the sleeping times of 49 middle school students 
and 55 high school students. 
For the middle school students, the mean daily time asleep 
was 8.0 hours with standard deviation 0.2 h.ours. 

For the high school students., the mean daily ti1ne a,sleep 
was 7.9 hours with standard deviation 0.5 hours. 

Conduct a two-sample t-test to test the researcher·'s claim 

on the 5% level~ 

C1early define which 
populations µ1 and µ2 

correspond to. 
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3 Two groups of seedlings were grown with different brands of compost: A and B. After a period of 

time, the height (in cm) of each seedling was measured. 

Brand A: 12.1 14.6 10.1 8.7 13.2 151 16.5 14.6 

Brand B: 123 152 9.9 95 134 149 170 148 

The manufacturer of Brand B guarantees it will improve the growth of seedlings more than Brand A 

compost. Conduct a two-sample ¢-test at a 5% level, to determine whether the claim is valid. 

4 The following data show the times (in seconds) that Jesiah and Billy recorded for the 100 m sprint 

over the last fortnight: 

Jesiah:  12.3 13.0 11.3 11.5 14.3 12.0 14.5 13.7 129 11.9 12.1 12.6 11.3 12.7 

Billy: 104 12.0 11.7 13.2 11.2 11.1 11.1 12.0 114 12.5 12.1 12.0 

a Conduct a two-sample ¢-test to determine whether there is a significant difference between the 

runners’ times on the 5% level. 

b Which runner do you think is faster? Explain your answer. 

N OF A 
LATION 

So far we have studied hypothesis tests for the population mean of a normally distributed population, 

or where we can use the Central Limit Theorem to assume normality when calculating probabilities or 

quantiles associated with the test statistic. 

‘We now consider a hypothesis test for the population mean of a population with a Poisson distribution. 

POISSON RANDOM SAMPLES 

Suppose the population has a Poisson distribution with an unknown mean A\. We want to test the null 

hypothesis Hp: A = Ag. 

Consider a random sample of n independent and identically distributed observations from this population, 

{X1, ey X} 
n . . . = 1 

We have already seen that an estimator for the population mean is the sample mean X = = > X,. 
™i=1 

- n 

We will therefore consider n.X,, = > X; when we choose our test statistic. 
i=1 

THE TEST STATISTIC 

In Exercise 29B you should have shown that: 

The sum of n independent Poisson random variables is itself a Poisson random variable. 

n 

For our Poisson random sample above, the statistic 7' = nX, = > X, is a Poisson random variable 
i=1 

X) =S E(X:) =Y A=nA 
=1 i=1 i=1 i 

with mean E(T) = E( 

Under the assumptions of Hg, A= Ao, so 1" ~ Po(nXg).
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Consider a statistical hypothesis test of Hy: A = \g for a Poisson distributed population. 

Given a sample of size n with observed sample mean : 

o the test statistic is 7= nX,, which has observed value ¢ =n7T 

o the null distribution is 7' ~ Po(n\g). 

THE p-VALUE 

The p-value is calculated using the null distribution Po(n)\o). 

In this course we only consider Poisson tests with a one-tailed alternative hypothesis H;. In this case the 

calculation of the p-value is analogous to what we saw with the normal distribution and ¢-distribution: 

e If Hy: X< )y, we use the lower tail. e If Hy: A > )\, we use the upper tail. 

probability probability 
     

  

  

  

  

                                  

  

p-value = P(T < t) p-value = P(T > t) 

Important: 

THE HYPOTHESIS TEST FOR THE POPULATION MEAN FOR A POISSON 
DISTRIBUTION 

Step I:  State the null hypothesis Hy: A = \g and alternative hypothesis H;. 

Step 2:  State the significance level a. 
n 

Step 3:  Calculate the observed value of the test statistic ¢t = > x; = nZ. 
i=1 

Step 4. Calculate the p-value using 7' ~ Po(n)o) as follows: 

o If Hi: A> )Ny, p-value =P(T >1t). 

o If Hyi: A<y, p-value =P(T <t). 

Step 5: Reject Hy if p-value < «, otherwise accept Hy. 

Step 6: Interpret your decision in the context of the problem. Write your conclusion in a sentence.
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A sample of 5 observations is drawn from a Poisson distribution with unknown mean A. 

  

5 
The sum of the data values is > z; = 6. 

i=1 

Is there enough evidence on a 10% level of significance to conclude that A > 0.8? 
  

Step I:  The hypotheses to be considered are: 

  

  

              

Hy: X=0.8 

Hi: X>08 

Step 2: The significance level is « = 0.10. probability . 

Step 3: The test statistic is ¢ = 6. p-value 

Step 41 mxX=5x08=4 ; 
So the null distribution is 7" ~ Po(4) H H. 

. p-value=P(T >1t) 1 T 
= P(T > 6) 01 2 3 45 ? 7 8 

~ 0.215 t 

Step 5: Since p-value > 0.10 = «, we do not have enough evidence to reject Hy in favour of 

H; on a 10% level of significance. We therefore accept H. 

Step 6:  Since we have accepted Hj, we cannot conclude that A > 0.8.   
  

EXERCISE 30G 

1 In a hypothesis test for the mean of a Poisson distribution, explain why the observed test statistic 

must be a non-negative integer. 

2 To find the age of archaeological specimens, scientists measure the emission of radioactive particles. 

The older the specimen is, the fewer particles it will emit. 

The number of particles emitted per minute follows a Poisson 

distribution with an unknown rate A. 

A scientist wishes to determine whether a particular specimen is 

older than 5000 years old. If the specimen is 5000 years old, 

then X\ =2. 

a Write down the hypotheses the scientist should consider. 

b The scientist finds that in n = 5 minutes, 9 particles were 

emitted. Test the hypotheses on a 5% level of significance. 

  

3 A statistician wishes to test the following hypotheses for a Poisson population with unknown rate A 

onan o = 0.05 level of significance: 
Hy: A=5.1 

Hy: A>5.1 

The mean of a sample of size 16 drawn from this population is 5.375. 

a Calculate the observed value of the test statistic for the statistician’s hypothesis test. 

b Calculate the p-value for the test and hence determine whether or not Hy should be rejected.
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L A local council is concerned about the build up of traffic at a particular intersection. The council 

proposes that if, in peak time, the number of cars passing through the intersection per minute exceeds 

30 cars, then the intersection should be upgraded to help improve traffic flow. The number of cars 

passing through the intersection per minute follows a Poisson distribution with unknown rate \. 

a Write down the hypotheses the council should consider. 

b A traffic surveyor found that the total number of cars passing through the intersection over a 

30 minute peak time interval is 1100. Test the hypotheses with a 10% level of significance, to 

determine whether the intersection should be upgraded. 

¢ What assumption did you make when you conducted your hypothesis test? Describe how it 

might affect your conclusion. 

5 The data below shows the number of siblings of each student in Emily’s class: 

0102133¢01322171:1 

0102%21221321°022 

Emily wants to determine whether the mean number of siblings per student at her school is greater 

than 1.5. 

a  Write down the hypotheses that Emily should consider. 

b Conduct a one-tailed hypothesis test using a Poisson distribution with a 5% level of significance. 

¢ Conduct a one-sample t-test with a 5% level of significance. 

d  Compare the results of the tests. Discuss which test you think is more appropriate for Emily. 

TR, 
The hypothesis test in Example 7 had hypotheses Hy: A = 0.8 versus H;: A > 0.8 and 

significance level « = 0.05. 

a Find: 

i the critical region C il the acceptance region A ili the critical value c. 
5 

b A sample of 5 observations is drawn, and the sum of the data values is Z R 
i=1 

Use the critical region to determine whether there is sufficient evidence to reject Hy. 

  

  

a The null distribution is 7' ~ Po(4). 

p-value = P(T > t) 

0 1 

The critical region 

is the set of all 

t-values with 

p-value < a = 0.05. 

  

p-value > « 

i C={t|t>9} 

il A={t|0<t<8} 

={0,1,23,4,5,6,7 8} 

iii The value in C with the largest 

} p-value < « p-value is 9. 

the critical value ¢ =9. 

1 

2 

3 

4 

5 

6 

7 

8 

9      
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5 
b The test statistic ¢t = ) z; = 6. 

i=1 
6 ¢ C, so we do not have sufficient evidence to reject Hy. 

  

6 For each hypothesis test, find: 

i the critical region C il the acceptance region A il the critical value c. 

a Hy: A =2 against Hy: A <2 using a sample of 3 individuals and the significance level 

a=0.05. 

b Hy: A=1.5 against Hy: A > 1.5 using a sample of 5 individuals and the significance level 

a=0.01. 

¢ Hy: A=0.95 against Hy: A < 0.95 using a sample of 10 individuals and the significance 

level a=0.1. 

7 A call centre receives an average of A calls per hour. One morning it received 20 calls between 

9 am and 12 pm. 

Test the hypotheses Hy: A =6 against Hy: A > 6 withan a = 0.05 significance level. Use a 

critical region to make your decision. 

8 A hypothesis test for the mean of a Poisson population has null hypothesis Hy: A = 4 and 

alternative hypothesis Hi: A\ < 4. 

When the sample size n =2, the critical region is C = {0, 1, 2, 3}. 

Explain why the significance level of the test is 0.0424 < o < 0.0996. 

S FOR A 
PORTION 

Suppose we wish to determine the proportion p of a population with a particular property. We therefore 

wish to consider the null hypothesis 

Ho: p = po. 

THE TEST STATISTIC AND THE NULL DISTRIBUTION 

Consider a random sample of size n in which each member has probability p of having the property of 

interest. 

If X is the number of members in the sample with the property of interest, then X follows the binomial 

distribution B(n, p). 

Under the null hypothesis, p =po, so X ~ B(n, po). 

Consider a statistical hypothesis test of Hy: p = pg. Given a sample of size n: 

e the test statistic is X, the number of members in the sample with the property of interest 

o the null distribution is X ~ B(n, po). 

THE p-VALUE 

Like the Poisson distribution, the binomial distribution is discrete. We calculate the p-value using the 

same principles.
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THE HYPOTHESIS TEST FOR A POPULATION PROPORTION 

Step I:  State the null hypothesis Hy: p = p, and alternative hypothesis H;. 

Step 2:  State the significance level a. 

Step 3. Identify the observed value of the test statistic z as the number of “successes” in the 

sample. 

Step 4:  Calculate the p-value using X ~ B(n, pg) as follows: 

e If Hi: p>py, p-value =P(X > z). 

o If Hy: p<pgy, p-value =P(X < z). 

Step 5: Reject Hy if p-value < «, otherwise accept Hy. 

Step 6:  Interpret your decision in context, and write your conclusion as a sentence. 

Example 9 l1>)) Self Tutor 

Theresa flipped a coin 20 times and got 15 heads. Theresa suspects that the coin is biased towards 

heads. 

Conduct a one-tailed test with significance level o = 0.05 to determine whether Theresa’s claim 

is justified. 

Step 1:  Let p be the probability of obtaining a head when the coin is tossed. 

The hypotheses that should be considered are: 

Hy: p=0.5 {the coin is fair} 

Hi: p>0.5 {the coin is biased towards heads} 

Step 2: The significance level is a = 0.05. 

Step 3:  The observed value of the test statistic is = = 15. 

Step 4:  The null distribution is X ~ B(20, 0.5). The alternative hypothesis is Hy: p > 0.5, 

so we use the upper tail of the null distribution. 

probability 

  

    

    Al = 
116 18 20 X 

15 

                o o = o o0
 

Jun
 

o 1)
 ~ 

p-value = P(X > 15) 

~ 0.0207 {using technology} 

Step 5:  Since p-value < 0.05 = «, we have enough evidence to reject Hy in favour of H; on 

the o =0.05 significance level. 

Step 6:  Since we have accepted H;, we conclude that the coin is indeed biased towards heads. 

Theresa’s claim is justified.    
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EXERCISE 30H 

1 A magician claims that he can roll a six with a fair die on average nine times out of ten. To test 

the magician’s claim, he is invited to roll the die six times. His claim will be accepted if he rolls at 

least four sixes. 

a State the hypotheses to be tested. b Identify the significance level of this test. 

2 A student suspects that her six-sided die is biased towards the number four. She decides to conduct 

a statistical hypothesis test with a 5% level of significance. She rolls the die 30 times and 8 fours 

appear. 

a State the null and alternative hypotheses to be tested. 

b State the significance level « of the test. 

¢ Define the test statistic and write down the null distribution. 

d Calculate the p-value. 

e Does the student have sufficient evidence to conclude that her die is biased towards the number 

four? 

3 To test whether a coin is biased towards tails, it was tossed 80 times. 37 heads appeared. 

a State the null and alternative hypotheses to be tested. 

b Define the test statistic and write down the null distribution. 

¢ Calculate the p-value. 

d Is there enough evidence to conclude that the coin is biased with a 5% level of significance? 

& Sixty migraine sufferers were asked to change from their old medication to a new one. Thirty eight 

said the medication improved their condition. The remaining participants said it made their condition 

worse. Is there enough evidence on a 5% level to say that the new medication is better than the 

old? 

Hint: If the medication made no difference, the probability of a person saying they improved is 

the same as them saying they became worse. 

5 A lotto company produces instant scratch lottery tickets. They claim that 5% of its tickets win a 

prize. A consumer group suspects that the actual percentage of winning tickets is less than 5%. 

In a randomly selected sample of 200 tickets, 8 were found to be winning tickets. Does this support 

the consumer group’s suspicions on a 2% significance level? 

6 1In 2008, 20.6% of adults said they expected to be better off financially in 5 years’ time. To 

see if this proportion had improved in 2018, a pollster surveyed a random selection of 300 adults. 

66 said they expected to be better off in 5 years’ time. Does this support the hypothesis that people’s 

feelings about their future financial situation have improved on a 1% significance level? 

  

Example 10 LR AT 

Let p be the probability of rolling a one with a four-sided die. 

Consider the hypotheses Hy: p=0.25 and H;: p > 0.25. 

The hypotheses will be tested using a sample of 6 rolls of the die, with significance level « = 0.05. 

a Find: 

i the critical region C il the acceptance region A iii the critical value c. 

b The die was rolled 6 times and 3 ones appeared. Is this sufficient evidence to reject Hy?  
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a The test statistic is the number of ones that appear in 6 rolls of the die, X. 

the null distribution is X ~ B(6, 0.25) 

p-value = P(X > z) i C={45,6} 

  

    

1 it A=1{0,1,2,3} 

~0.822 o iii The value in C with the largest 
~ 0.466 p-value is 4. 

~ 0.169 .. the critical value ¢ =4 

~ 0.0376 

~ 0.004 64 p-value < « 

~ 244 x107* 

b 3¢ C, sowe do not have sufficient evidence to reject Ho. 

7 For each hypothesis test, find: 

i the critical region C il the acceptance region A i the critical value c. 

a Hy: p=0.6 against Hy: p < 0.6 using a sample of 5 individuals and a significance level 

of a=0.05. 

b Hy: p=0.35 against Hy: p > 0.35 using a sample of 8 individuals and a significance level 

of a=0.01. 

¢ Hp: p=0.74 against Hqy: p < 0.74 using a sample of 10 individuals and a significance 

level of a =0.1. 

8 Judeau wishes to test if a coin is biased. Let p be the probability of a head. 

Judeau’s hypotheses are: ~ Hp: p = 0.5 

Hy: p>0.5 

To test these hypotheses on the 5% significance level, Judeau counts the number of heads in 4 tosses 

of the coin. 

a For Judeau’s test, find: i the critical region i the acceptance region. 

b s it possible to reject Hy in this situation? 

¢ What should Judeau do if he wants to test his hypotheses more accurately? 

ACTIVITY 

In previous Chapters, we saw that for large values of n: 

o the distribution of X ~ B(n, p) can be approximated with N(np, np(1 — p)) 

  o the distribution of p = X canbe approximated with N(p, pl—p )>, 
i n 

In this Activity, we will see how these approximations can be used to test hypotheses about a 

population proportion p: 

Ho: p=po 

Hi: p#po 

Assume that n is large enough for the Central Limit Theorem to apply.
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What to do: 

1 Under the null hypothesis Hy: p = pg, state the approximate distribution of: 

a X b p 

2 Suppose we test the hypotheses using a Z-test with p as X, the sample mean. 

a For this Z-test, state the value of: 

i ii o 

b Show that the test statistic for this Z-test is: 7 Do | R 
Po(1—po) 

n 

3 Redo questions & to 6 in Exercise 30H using a Z-test. How do your p-values from a Z-test 

compare to the p-values calculated with the binomial distribution? 

  INVESTIGATION 2 

Since binomial random variables are discrete, even though we may state a significance RANDOMISED 

level of a, the actual significance level for the hypothesis tests we have seen may not 

be exactly o 

  

In this Investigation we consider randomised tests used to achieve a significance level 

of exactly a. 

  

ULATION 
FFICIENT 

In Chapter 7 we saw how the relationship or correlation between two numerical variables can be 

described using a number called Pearson’s product moment correlation coefficient . 

  

Important properties of Pearson’s product-moment correlation coefficient are summarised on pages 141 

and 142. 

In Chapter 7 you used technology to calculate r for a sample 

of bivariate data. In this Section, we will refer to r as the 

sample product moment correlation coefficient. 

The Greek symbol p 

is pronounced “rho”. 

When we talk about the correlation between two variables 

in a population, we use the population product moment 

correlation coefficient p. 

HYPOTHESES FOR p 

If no relationship or association exists between two variables, then there is no correlation between them 

and p=0. 

  

In a hypothesis test, this is equivalent to stating a null hypothesis Hy: p = 0. The alternative hypothesis 

would then depend on the direction of the correlation that we would like to detect. 

If we are interested in: 

e positive correlation, we use Hi: p >0 

e negative correlation, we use Hy: p <0 

e any correlation, whether positive or negative, we use Hy: p # 0.



814  HYPOTHESIS TESTING (Chapter 30) 

THE BIVARIATE NORMAL DISTRIBUTION 

If we are given a set of data points (z, y), we can think of the x and y-values as two random variables 

X and Y respectively. Since we are considering these random variables simultaneously, we can talk 

about the joint distribution of X and Y, which is the probability distribution of the vector (‘;{) 

If X ~N(ux,02) and Y ~N(uy, 0y?), then the joint distribution of X and ¥ 

is called a bivariate normal distribution. 

We observe bivariate normal distributions when we consider the relationship between physical 

characteristics such as height, weight, and lung capacity. 

For example, a cat’s weight (X) and the length of its whiskers (") are both normally distributed, so their 

joint distribution is a bivariate normal distribution. 

We can visualise the bivariate normal distribution as a “hill” whose: o 

o peakisat (uy, iy) 
e scale is controlled by o x in the X direction and oy in the Y direction 

e shape is controlled by the correlation p between X and Y. 

Probability distribution Scatter diagram 

length of whiskers (y cm) y 

f(z,y) gradient o< p 

Hy 

  

THE TEST STATISTIC AND p-VALUE 

The formula for the test statistic for the hypothesis test of Hy: p = 0 against H; given a bivariate 

normal distribution is beyond the scope of this course. 

However the test statistic follows a ¢-distribution, so the p-values, critical values, and critical regions are 

interpreted the same way as for the ¢-test. 

Hy: p<oO Hy: p>0 Hy: p#0 

ANV 
p-value = P(T' < t) p-value = P(T' > t) p-value = 2 x P(T > |t|)
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In this course we use technology to conduct tests about p. You should be able 

to use your calculator to obtain test statistics and p-values, and interpret these 
GRAPHICS numbers in context. CALCULATOR 

INSTRUCTIONS 

o Rk o) Self Tutor       

    

    

  

Consider the bivariate data set: 

  

  

Conduct a hypothesis test at the 5% level of significance to determine whether the variables are 

negatively correlated. 

  

    

   

  

Step 1:  Let p be the population product moment correlation coefficient between the variables. 

We use the hypotheses: 

Hy: p=0 {there is no correlation between the variables} 

  

Hy: p<0 {the variables are negatively correlated} 

Step 2:  The significance level is « = 0.05. 

Step 3: NORMAL FLOAT AUTO REAL RADIAN MP 1] NORMAL FLOAT AUTO REAL RADIAN MP n [ T L L L n 

e e 
Xlist:ili Y=a+bx 
Ylist:lLz B<@ and r<0 
Frea:1l t=-1.632993162 
B & pix0 [ >0 P=0.070556637 
ResEQ: df=8 
Calculate a=13 

b=-1 
s=1.936491673   

  

The observed value of the test statistic ~ —1.63. 

Step 4:  p-value =~ 0.0706 

Step 5: Since p-value > 0.05 = «, we do not have enough evidence to reject Hy in favour of 

H; on a 5% significance level. We therefore accept Hp. 

Step 6:  Since we have accepted Hj, we conclude that the variables are not correlated.   
  

EXERCISE 301 

1 Consider the bivariate data set: 
  

  

    

A hypothesis test is to be conducted to determine whether the variables are positively correlated at 

the 5% level of significance. 

a State the hypotheses to be tested. 

b Use technology to calculate the test statistic and p-value. 

¢ Determine the outcome of the hypothesis test. 

2 The following table shows the Mathematics mark and Physics mark for a group of students: 

Mathematzcs mark (x 13 | 10 

Phystcs mark (y) 15| 14 | 20 | 12 10 
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For the data set alongside, the sample product moment 

correlation coefficient r = 0. 

When we construct a scatter diagram of y against x, there Ay 

clearly is a relationship between the variables, but it is 24 Tt 

quadratic rather than linear. 

Discuss the limitations of hypothesis tests for p when we 16 1 * 

want to establish the existence of any relationship between 

the variables. 8 

HYPOTHESIS TESTING (Chapter 30) 

Is there enough evidence to conclude that there is an association between a student’s Mathematics 

mark and Physics mark at the: a 5% level b 1% level? 

The cholesterol level in the bloodstream (z) and the resting heart rate (y) of 10 people are: 

[ ey o3[ o155 o o [0 [ [wor o 7 
Resting heart rate (y 

A researcher claims that there is a positive correlation between cholesterol level and resting heart 

rate. Based on this data, is the researcher’s claim justified at the 1% level? 

  

  

The table below shows the number of Sudoku puzzles (x) and the number of logic puzzles (y) solved 

in a three hour period by participants in a psychology experiment. 

Number of Sudoku puzzies (x) 17120 | 21|25 |27 

St i 9 ] 5 {17 0 |5 | | [ ] 
Carry out a hypothesis test to determine whether the variables are linearly correlated at the 2% level. 

  

Consider the data in the table below. 
  

Weight of mother (x kg) 49 

i wigh ity 55 [ [ [ [ 33 5 30 0] 

  

The critical regions for a test of Hy: p = 0 against Critical voai 

Hy: p#0 for various significance levels are shown in the n 

table alongside. | . 0 < 

a Use technology to calculate the value of the test statistic 

for this hypothesis test. 

S
 

N 

N
N
 
N
N
 

  

b Use the critical regions to determine the significance 

level(s) for which H, will be rejected. 

¢ Check your answer to b using the p-value. 

  

  

  

  

  

  

  

                      o 

=
Y
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IES AND 
POWER 

In Section B, we defined the significance level o of a hypothesis test 

as the probability of making a Type I error. 
« and 3 are sometimes called 

the Type I error rate and 

the Type II error rate 

o = P(Type I error) respectively. 
= P(Reject Hy | Hy true) 

  

In a similar way, we denote the probability of making a Type II error 

as [. 5‘0 

3 = P(Type II error) é 

= P(Retain Hy | Hy false) U 

Suppose we conduct a hypothesis test on an o = 0.01 level of significance and obtain p-value = 0.021. 

We accept the null hypothesis Hy since there is insufficient evidence to reject Hy. However, it is possible 

that Hy is in fact not true, in which case we make a Type II error. 

If the significance level was « = 0.05 instead, then Hy would have been rejected. 3 is therefore 

dependent on «. 

Ideally, we want to minimise both & and 3 when conducting a hypothesis test. However, this is not 

possible since as « decreases, [3 increases. Thus as a compromise, we hold « constant and minimise [. 

This is one reason why we state the significance level a before conducting a hypothesis test. 

We choose « rather than 3 because we know the distribution of the test statistic under Hy. By contrast, 

the alternative hypothesis H; involves an inequality, so we cannot know the distribution of the test 

statistic under Hi. 

In this course, we only calculate 3 if the distribution under H; is given. 

CALCULATING 3 FOR A Z-TEST 

Suppose we conduct a Z-test with significance level a for the hypotheses:  Ho: p = g 

Hy: op < pg 

.. Xn— L . 
Under Hy, the test statistic Z = "THO has the standard normal distribution N(0, 12). 

vl 

Under the alternative hypothesis Hy, p is equal to some value p; which is less than p,. 
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Now Hj is retained whenever the test statistic is not in 

the critical region C. 
null distribution 

N(0,12%) 

From Section C, for a Z-test with Hi: p < p: p-value =« 

C={z]z< -z} 

— 
critical region C critical value 

  

£ = P(Retain Hy | Ho false) true distribution 

Z~N<”1_MO,12>> N(M*uo’12> 

v 

null distribution 

N(0,12) 

    
    fl=P<Z§éC 

  

  

So, for Hy: p < pg: ,6=P<Z>—za ZNN(@, 12>> 

v 

We can apply similar arguments for the other alternative hypothesis forms: 

  e For Hi: p > py: ,B=P<Z<za ZNN(”IUHO,IZ)) 

     
true distribution 

N(Nl - #n’ 12) 

Z 

null distribution 

N(0,1%) 

     
  

0 Zo J] — g 
/ 

critical value /% 

  

Iz 2 2 

o For Hi: p# py: fl=P<—22<Z<zz Z~N<“1;”O,12)) 

true distribution 

N(Nl - MU’ 12) 

    
null distribution 

N(0,12) 
  

   
  

  

N/
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STATISTICAL POWER 

The power of a hypothesis test is defined as 1 — 3, the probability of (correctly) rejecting the 

null hypothesis Hy when Hy is false. 

The closer 41, is to p, the larger the value of 3, and hence the lower the power of the test. 

LA 
B critical #1—FHo 

value 

  

o 

Example 12 o) Self Tutor 

Cans of chickpeas are labelled 400 g. It is known that the true weight of cans is normally distributed 

with standard deviation 10 g. 

A statistician wishes to test whether the mean weight of a can is less than 400 g. He uses a sample 

of 12 cans, and a 2% level of significance. 

a Find the probability of making: 

i a Type I error il a Type II error, given the true mean p = 395 g. 

b Find the power of the test, given the true mean p = 395 g. 

  

a i P(Typel error) = o = 0.02 

ii Hy: p=400g Hy: p<400g 

Hy is retained if 

7 > —20.02 ~ —2.054 

The true distribution of Z is 

       

      

null distribution 

N(0,1%) 

- 3951—0400’ 2] = NvE 1) —2054 0 

V12 

. 8 =P(Type II error) 

= P(Retain Hy | Hy false) 

~P(Z > —2.054| Z ~N(—/3, 1%)) 
~ 0.626 

b Power=1-3~0.374     
EXERCISE 30J.1 

1 In a population of adult trout, the length of fish X cm is normally distributed with known variance 

6 cm?, but the mean 4 cm is unknown. 

It is proposed to test the hypotheses Hp: p =27 cm against Hy: p > 27 cm using a sample of 

size 9. 

a Find the critical region for the test if the significance level is: 

i 5% it 1%



820  HYPOTHESIS TESTING (Chapter 30) 

b Suppose the true mean p = 29.2. 

Calculate P(Type II error) when P(Type I error) is: 

i 0.05 ii 0.01 

2 The weight of pumpkins from a very large crop is normally distributed with standard deviation 

0.7 kg but unknown mean /. 

Using a random sample of 15 pumpkins from the crop, a statistician conducts a hypothesis test at 

the 5% level of significance. 

Suppose that the true value of the mean is actually 6.4 kg. For each alternative hypothesis, calculate 

the probability 3 of a Type II error. 

a Hypi: p>6kg b Hy: p#6kg ¢ Hy: p<6kg 

3 The length of a beam produced in a manufacturing process is normally distributed with standard 

deviation 0.15 m. The manufacturer claims the mean length of such beams is 3.5 m. 

A random sample of 20 beams is taken and their mean length T is calculated. 

a State suitable hypotheses for a two-tailed Z-test. 

b For a 1% level of significance, find the critical region for the test. 

¢ The true mean length is 3.4 m. Calculate: 

i the probability of making a Type II error il the power of the test. 

|_Example 13 ] ) Self Tutor 
A sample of size 25 is taken from a normal population with unknown mean p and known 

variance 36. 

  

To test the hypotheses Ho: =42, Hy: p > 42, the decision rule is: 

accept Hy if the sample mean = < 43.5 

reject Hy if the sample mean 7 > 43.5. 

Find the probability of a Type I error « for the given decision rule. 

b Suppose the true value of the mean is 44. Find the probability of a Type II error, [. 

a Under Hy, the z-score of 43.5 is 

43.5 — 42 

/36 
V25 

So, the decision rule can be equivalently 

written as: 42 435 

accept Hy if z < 1.25 

reject Hy if z > 1.25 

=1.25 

  

. a = P(Type I error) N, 12) 

= P(Reject Hy | Hy true) ‘o 
=P(Z >1.25|Z ~N(0, 12)) 
~ 0.106 TR z    



HYPOTHESIS TESTING  (Chapter 30) 821 
  

b The true distribution of Z is 

  

8 

44—-42 5| _ 45 12 null true 
N 75 1?7 ) =N(3.1%) 

V25 

3 = P(Type II error) k 7 

= P(Retain Hy | Hy false) o f \% 

=P(Z<125|Z~N(§,1?) L2 
~ 0.338 

  

& A sample of size 16 is taken from a normal population with unknown mean ;4 and known variance 64. 

The sample is used to test the hypotheses Hy: p = 150, Hy: p > 150. 

The decision rule for the test is: accept Hy if the sample mean T < 155 

reject Hy if T > 155. 

a Find a = P(Type I error). 

b Suppose the true mean is p = 159. 

i Find the probability of a Type II error, 3. ii Calculate the power of the test. 

5 A machine fills each can of fizzy drink with volume Y ¢cm?, where Y is normally distributed with 

mean y and standard deviation 2 cm?®. 

The mean f is believed to be 330 cm®. In order to check this value, a random sample of 16 cans 

is selected. 

The following hypotheses are tested using this sample: ~ Hp: p = 330 

Hy: p# 330. 

Hj will be rejected if 7 < 329 or 7 > 331. Otherwise, Hy is accepted. 

a Find the significance level for this test. 

b The true mean p = 328 cm®. 

i Find the probability of a Type II error. ii Calculate the power of the test. 

6 Considera Z-test of Hy: =0 against Hy: p # 0 with a sample of size n =4 and significance 

level a for a population with standard deviation o = 1. 

a Suppose the true mean p = 2. 

i Copy and complete this table. n 0.001 

ii Describe what happens to 3 as « decreases. n---- 

b Suppose now we set a = 0.05. 

i Calculate § for each possible “true value” of 4 in the table 

alongside. 

ii Discuss the following statement: 

“The further away the true value of the mean is from 

the null value, the easier it is to detect a genuine 

difference.” 
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ERROR ANALYSIS WITH OTHER DISTRIBUTIONS 

The definitions we have seen for o and 3 can be applied to other hypothesis tests. We now consider the 

calculation of error probabilities of hypothesis tests for: 

e the mean of a Poisson population e a population proportion. 

I ) Self Tutor 
A discrete random variable X has a Poisson distribution with unknown mean A\. We wish to test 

the hypothesis Hy: A =2 against Hy: A < 2. 

  

A random sample {z1, ..., 12} of 12 independent values is taken from X. 

12 
The decision rule is: accept Hy if Z z; > 16, otherwise reject it. 

i=1 
12 

a Define the critical region for ¢ = Z azs, 
i=1 

b Define a Type [ error for this scenario, and calculate P(Type I error). 

¢ The true mean of A =1.5. 

Define a Type II error for this scenario, and calculate P(Type II error). 

  

a Since X is a discrete random variable with values 0, 1, 2, ..., sois t. 

the critical region is {¢ | ¢ < 16}. 

b A Type I error is rejecting Hy when Hy, is in fact true. This means deciding A < 2 when in 

fact A=2 and X ~ Po(2). 

P(Type I error) m 

= P(Reject Hy | Hy true) - 

= P(T' < 16 | T ~ Po(24)) 
~ 0.0563 

probability    

    

null distribution 

Po(24) 

  

    

  

   

16 24 
———— 

critical region 

¢ A Type II error is accepting Hy when Hj is in fact false. This means accepting A = 2 when 

in fact A =1.5. 

P(Type II error) 

= P(Retain Hy | Hy false) 

=P(T > 16 | T ~ Po(18)) 
~ 0.625 

probability 

  

true distribution 

Po(18)       
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To test whether a coin is biased towards tails, the following decision rule is adopted: 

Toss the coin 180 times. If 104 or more tails are obtained, accept that the coin is biased 

towards tails. 

Define the null hypothesis Hy and alternative hypothesis H;. 

b Calculate P(Type I error) and state the level of significance for this test. 

¢ The coin is actually biased, and the probability of obtaining a tail with each toss is 0.65. 

Find P(Type Il error) and state the power of this test. 

a Let p be the probability of obtaining tails in one coin toss. 

Hy: p=10.5 {the coin is fair} 

Hy: p>0.5 {the coin is biased towards tails} 

b A Type I error means deciding the coin is biased when it is in fact fair. 

    
    

o = P(Type I error) 

= P(Reject Hy | Hy true) 

=P(X >104 | X ~ B(180, 0.5)) 

~ 0.0219 

the significance level ~ 0.0219 

probability 

  

null distribution 

B(180,0.5) 

104 X 
——— 

critical region 

90 

¢ A Type II error means deciding the coin is fair when it is in fact biased. 

If p=0.65, then X ~ B(180, 0.65). 

. 3 ="P(Type II error) 

= P(Retain Hy | H false) 

=P(X <104 | X ~ B(180, 0.65)) 

~ 0.0184 

the power of the test = 1 — 3 ~ 0.9816 

probability     

     
true distribution 

B(180,0.65)     
EXERCISE 30J.2 

1 A tetrahedral die has faces marked 1, 2, 3, and 4. To test whether the die is biased towards rolling 

a 4, the following decision rule is adopted: 

Roll the die 300 times. If at least 88 4s are rolled, we accept that the die is biased towards 

rolling a 4. 

a Define the null hypothesis Hj, and the alternative hypothesis H;. 

b i Define a Type I error for this example. 

il Find P(Type I error) and state the level of significance for the test. 

¢ The die is actually biased with P(rolling a 4) = 0.32. Find P(Type II error).
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2 Eri has a coin which has probability p of giving a head when tossed. She believes that the coin is 

fair. However, Eri’s friend, Mayuki, thinks that the coin is biased, and that p > 0.5. 

To determine which of them is correct, Eri tosses the coin 12 times. Let X denote the number of 

heads obtained. 

a State appropriate null and alternative hypotheses. 

b Eri rejects the null hypothesis if X > 10. 

i What name is given to the region X > 10? 

ii Find P(Type I error) and state the significance level of this test. 

¢ In fact, the coin is biased and p = 0.6. 

i Find P(Type II error) and state the power of this test. 

il If Eri uses the decision rule from b, what type of error is Eri at risk of making? 

3 A random variable X has a Poisson distribution with mean A, where A equals 3 or 4. To test the 

value of A the following hypotheses are defined:  Hp: A =3 

H- 1 A =4 

A random sample {z1, xa, ..., Tg} of independent values is taken from X, with replacement. 

9 
If > a; <37, then Hy is accepted, otherwise H; is accepted. 

i=1 

a Find the level of significance for this test. b Calculate the power of the test. 

4 Consider the following hypotheses for the mean of a Poisson population: ~ Hp: A =2 

Hy: A>2. 

A sample of size n =5 is taken and the hypotheses are tested with significance level o =0.1. 

a Find the critical region for this test. 

b The true population mean A = 2.5. Calculate the power of the test. 

  SUMMARY 

Click on this icon to obtain a flowchart to help you remember which hypothesis test RYEOTHESS 

to use, and how to calculate and make decisions with the p-value. FLOWCHART 

  REVIEW SET 30A 

1 Buses serving route 033F are scheduled to arrive at stop 2 at 9:45 am each day. The bus 

company wants to determine whether the buses serving this route are arriving late to stop 2. 

Write down the set of hypotheses that the bus company should consider. 

2 When a null hypothesis Hy and an alternative hypothesis H; are tested at a 10% significance 

level, the p-value ~ 0.0794. 

a Interpret the p-value. b What does the significance level represent? 

¢ Is there enough evidence to reject Hy in this case? 

d If Hy is accepted when it is actually false, what type of error has been made?
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Quickshave produces disposable razorblades. They claim that the mean number of shaves before 

a blade has to be thrown away is 13. A researcher wishing to test the claim asks 30 men to 

supply data on the number of shaves they get from one Quickshave blade. The sample mean 

found was 12.8. 

Given the population standard deviation o = 1.6, use a critical region to test the manufacturer’s 

claim at a 2% level. 

The house prices in a large town are normally distributed. A real estate agent claims that the 

mean house price is £438000. To test the real estate agent’s claim, 30 recently sold houses 

were randomly selected and the mean price T was calculated. The standard deviation for this 

sample was £23500. At a 2% level of significance, what values of T, to the nearest £500, 

would support the agent’s claim? 

Rosario owns an apricot orchard. Last year, the mean weight of his apricots was 90 grams. 

Rosario fears that severe droughts this year may have reduced the weight of his apricots. 

To address his concerns, Rosario randomly selected 20 apricots from his current harvest and 

recorded their weights in grams: 

88 72 93 71 8 94 70 99 86 80 

92 93 88 78 83 72 79 75 78 84 

a Write down the hypotheses that Rosario should test. 

b Which hypothesis test should Rosario use to test his concerns? 

¢ Are Rosario’s concerns justified at the 1% level? Use a critical region in your decision. 

Joe and Ruben are friends who like to fish in their free time. Joe is very competitive and claims 

that he is a better fisherman than Ruben. 

This table summarises the data for the 

number of fish caught during their last 

12 fishing trips: 

  

a Write down the hypotheses that Joe should use to test his claim. 

b Use a two-sample ¢-test with a 5% level of significance to test Joe’s claim. 

Kelly recorded the time spent shopping, in minutes, by a sample of customers in two 

neighbouring supermarkets. 

Supermarket A: 12 28 13 7 22 19 4 13 6 11 

Supermarket B: 14 35 32 21 14 8 2 16 24 27 19 42 

a Should a two-sample or paired ¢-test be used to determine whether there is a significant 

difference between the supermarkets? Explain your answer. 

b Conduct the appropriate test with a 10% level of significance. 

E10 fuel is unleaded fuel that has been mixed with 10% ethanol. The fuel economy of E10 and 

regular unleaded was recorded for 10 different cars: 
  

E10 (kmL™1) ! . 2 [14.1(11.5] 9.2 | 11.8 | 12.3 | 12.0 | 10.3 

Regular unleaded (kmL~1) | 10.7 | 11.8 | 9.3 | 13.4 | 12.4| 9.5 | 12.2| 13.1 | 12.8 | 11.0 
  

  

Use a paired ¢-test to test the claim that the fuel economy of E10 is just as good as regular 

unleaded, with a 5% level of significance.
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9 A traditional training method for teaching people to type accurately has a success rate of 70%. 

A new set of exercises is claimed to have a higher success rate. 

30 people were randomly selected to try the new exercises, and 26 people successfully learned 

how to type accurately. 

On a 5% level of significance, is this sufficient evidence to conclude that the new exercises are 
better? 

10 An aged care office has staffing concerns about the number of calls they receive. If the number 

of calls per 5 minute interval exceeds 2, then a new receptionist should be hired. 

Over a particular 1 hour time interval, 29 calls were received. 

Assuming that calls arrive in a Poisson distribution, conduct a hypothesis test with a 1% 

significance level to determine whether a new receptionist should be hired. 

11 The bivariate data below compares the height (z) and weight (y) of 11 men. 

Height (x cm) | 164 | 167 | 173 | 176 | 177 | 178 | 180 | 180 | 181 | 184 | 192 

Weight (ykg) | 68 | 88 | 72 | 96 | 85 | 89 | 71 | 100 | 83 | 97 | 93 

  

    

Conduct a hypothesis test with o = 0.05 to determine whether the variables are linearly 

correlated. 

12 A machine is used to fill packets with rice. The weight of the contents in each packet is 

X grams. X is normally distributed with mean g grams and standard deviation 3.71 grams. 

The packets are labelled as containing 500 g. To check this statement, a sample of 13 packets 

is selected, and the mean contents T is calculated. 

The hypotheses for the test are Hy: p =500 g and Hi: p # 500 g. 

Hy will be rejected if T <498 or T > 502. Otherwise, H, will be accepted. 

a State the critical region for the hypothesis test. 

b Show that the significance level for the test is approximately 0.0519. 

¢ Find the probability of a Type II error with this test given that the true value of p is 

498.4 grams. 

13 An advertisement claimed that 20% of all households used Ongodo washing powder. A 

consumer group consulted a statistician to help test the advertisement’s claim. The statistician 

recommended sampling 100 households at random. He said the advertisement’s claim was only 

reasonable if at least 13 households in the sample use Ongodo. 

a For this test, write down the: 

i acceptance region ii critical region. 

b Find the significance level of this test. 

¢ The true proportion of households using Ongodo washing powder is 17.5%. Calculate the 

power of this test. 

REVIEW SET 30B 

1 A seafood company farms fish for a restaurant chain. The manager is concerned that the fish 

supplied are too small. As a consequence he considers the hypotheses: 

Hy: The seafood company is not supplying undersize fish. 

H,: The seafood company is supplying undersize fish. 

What conclusion would result in: a a Type I error b a Type II error?
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Yarni’s resting pulse rate was 68 beats per minute for many years. However, with a sensible 

diet and exercise, she hopes to reduce this rate. After six months, Yarni’s mean pulse rate is 

now 65 beats per minute, with standard deviation 1.732. These statistics were calculated from 

42 measurements. Using the p-value, is there sufficient evidence at a 5% level, to conclude that 

Yarni’s pulse rate has decreased? 

In 2011, the mean weight of a gentoo penguin from a 

penguin colony was 7.82 kg, with standard deviation / b 

1.83 kg. Exactly one year after these statistics were 

found, a sample of 48 penguins from the same colony 

were found to have mean weight 7.55 kg. Is there 

sufficient evidence, at a 5% level of significance, to 

suggest that the mean weight in 2012 differs from 
& DD 

that in 20117 - 

As part of a routine health check of its employees, a company wants to check whether their 

systolic blood pressure is too high. High systolic blood pressure is generally diagnosed when a 

blood pressure test is more than 140 mm Hg. 

A doctor measures the systolic blood pressure of a random sample of 35 company employees. 

She finds that the sample mean is 143.7 mm Hg with standard deviation 11.2 mm Hg. 

Conduct a one-sample ¢-test with a 5% level of significance to determine whether the company’s 

concerns are justified. 

The average distance Arthur can hit a golf ball is 115 metres. 

After spending time with a professional, Arthur measured the distance of 30 drives. The results 

in metres were as follows: 

100 126 93 171 131 94 136 144 138 110 

168 132 100 49 156 119 119 150 146 139 
149 145 122 56 140 118 115 73 105 133 

Is there sufficient evidence at the 5% level to claim that Arthur has improved? 

To decide the credit limit of a prospective credit card holder, a bank gives points based on 

factors such as employment, income, home and car ownership, and general credit history. 

The points totals of randomly selected people living in Maple Grove and Berkton are: 

Maple Grove: 14 11 13 13 15 12 12 12 10 11 11 11 12 13 
14 13 11 12 14 14 14 13 15 14 11 10 11 16 

1 12 12 10 11 10 10 12 13 13 13 12 

Berkton: 1 10 12 14 11 12 14 11 11 14 13 13 14 13 

12 12 14 11 12 11 12 12 11 12 13 11 12 13 

12 12 10 10 12 11 11 9 14 10 13 13 10 12 

Conduct a two-sample ¢-test with a 10% level of significance to determine whether there is a 

difference between the average points total of the two suburbs. 

The following scores are the final IB examination results for students who took a revision course 

and students who did not: 

Revision course: 32 39 31 35 40 33 34 33 34 35 39 33 32 35 

No revision course: 28 31 30 23 33 31 36 36 38 35 

a Find the mean and standard deviation of each sample. 

b Conduct a two-sample ¢-test with a 10% level of significance to determine whether the 

revision course was effective.
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Yarni’s resting pulse rate was 68 beats per minute for many years. However, with a sensible 

diet and exercise, she hopes to reduce this rate. After six months, Yarni’s mean pulse rate is 

now 65 beats per minute, with standard deviation 1.732. These statistics were calculated from 

42 measurements. Using the p-value, is there sufficient evidence at a 5% level, to conclude that 

Yarni’s pulse rate has decreased? 

In 2011, the mean weight of a gentoo penguin from a 

penguin colony was 7.82 kg, with standard deviation / b 

1.83 kg. Exactly one year after these statistics were 

found, a sample of 48 penguins from the same colony 

were found to have mean weight 7.55 kg. Is there 

sufficient evidence, at a 5% level of significance, to 

suggest that the mean weight in 2012 differs from 
& DD 

that in 20117 - 

As part of a routine health check of its employees, a company wants to check whether their 

systolic blood pressure is too high. High systolic blood pressure is generally diagnosed when a 

blood pressure test is more than 140 mm Hg. 

A doctor measures the systolic blood pressure of a random sample of 35 company employees. 

She finds that the sample mean is 143.7 mm Hg with standard deviation 11.2 mm Hg. 

Conduct a one-sample ¢-test with a 5% level of significance to determine whether the company’s 

concerns are justified. 

The average distance Arthur can hit a golf ball is 115 metres. 

After spending time with a professional, Arthur measured the distance of 30 drives. The results 

in metres were as follows: 

100 126 93 171 131 94 136 144 138 110 

168 132 100 49 156 119 119 150 146 139 
149 145 122 56 140 118 115 73 105 133 

Is there sufficient evidence at the 5% level to claim that Arthur has improved? 

To decide the credit limit of a prospective credit card holder, a bank gives points based on 

factors such as employment, income, home and car ownership, and general credit history. 

The points totals of randomly selected people living in Maple Grove and Berkton are: 

Maple Grove: 14 11 13 13 15 12 12 12 10 11 11 11 12 13 
14 13 11 12 14 14 14 13 15 14 11 10 11 16 

1 12 12 10 11 10 10 12 13 13 13 12 

Berkton: 1 10 12 14 11 12 14 11 11 14 13 13 14 13 

12 12 14 11 12 11 12 12 11 12 13 11 12 13 

12 12 10 10 12 11 11 9 14 10 13 13 10 12 

Conduct a two-sample ¢-test with a 10% level of significance to determine whether there is a 

difference between the average points total of the two suburbs. 

The following scores are the final IB examination results for students who took a revision course 

and students who did not: 

Revision course: 32 39 31 35 40 33 34 33 34 35 39 33 32 35 

No revision course: 28 31 30 23 33 31 36 36 38 35 

a Find the mean and standard deviation of each sample. 

b Conduct a two-sample ¢-test with a 10% level of significance to determine whether the 

revision course was effective.
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  OPENING PROBLEM 

A multiple choice quiz has 10 questions. Each question has Number of 
. o< g Frequency 4 choices, only 1 of which is correct. correct answers 

The quiz is given to 150 people, and the number of correct 

answers for the participants is summarised in the table 

alongside. 

A statistician analysing the data assumes that each person 

answers all questions by randomly guessing. 
5 or more 

Things to think about: 

a Let X be the number of questions answered correctly by a person randomly guessing answers. 

What is the distribution of X? 

b Do you think the statistician’s model is appropriate? Explain your answer. 

  

¢ How can we measure how appropriate the statistician’s model is? 

    
    

      

When we observe a variable in a population, we do not 

always know its distribution. If we choose a distribution 

to model the variable, we will want to know how well the 

distribution fits our observations. 

The Greek letter x 

is written as “chi” 

and pronounced 

“kie” like “pie”. 

In this Chapter we study x2 (chi-squared) tests to assess 

how appropriate a statistical model is. U 

Suppose Rico rolls a die 60 times and obtains the rolls in the table. Since 

the relative frequencies or proportions of the outcomes are quite different, 

Rico claims that his die is biased. 

  

Rico could use the binomial distribution to test a hypothesis about a single 

population proportion, as we did in Chapter 30. 

For example, he could test the hypotheses Hy: p = 

@
l
H
 s b~

 

e
 =
 

=
 @ o
 

  

p = P(rolling a 1). 

However, these hypotheses do not take into account the probabilities of rolling the other numbers. 

If X is the number rolled with Rico’s die, then 

H, being true might mean that the die is fair. 

  

However, there are also infinitely many biased 

distributions for X for which Hj is true. An 

example is shown opposite. 

  
To test whether his die is biased, Rico needs a test for multiple proportions, or a probability distribution. 

He needs the x? goodness of fit test.
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THE HYPOTHESES 

For Rico’s die, let p; be the probability of rolling a 1, ps be the probability of rolling a 2, and so on. 

Our null hypothesis Hj is that the die is fair. If this is the case, then each number is equally likely to 

occur on each roll. We therefore have Ho: p1 =2, p2 =g, v P6 = 3- 

Our alternative hypothesis H; is that the die is not fair. If this is the case, then at least one outcome has 

a probability which is different from the others. We therefore have 

Hiy: at least one of p1, pa, ..., D6 # &. 

Consider a scenario with & categories. Let p; be the population proportion of individuals 

in category i, where p; +p2 + ... +pp = 1. 

The hypotheses in a x? goodness of fit test have the form: 

Ho: p1 = po1, P2 =Po2, -, and pp = pox 

H;: at least one of p; # po; 

where pg; is the population proportion of category 7 under the null hypothesis. 

In Rico’s experiment, poi, Po2, -..., Poe are all equal to %. However, in general the population proportions 

under Hy do not have to all be the same. 

THE TEST STATISTIC 

In our study of probability we calculated the number of times 
. . . L. expected frequenc 

we expect an event to occur given its theoretical probability. i e 
= number of trials x 

For example, if Rico’s die was fair then we would expect to theoretical probability 

see 60 x § =10 of each number. 

We are therefore interested in how the observed frequencies 

differ from their expected values. 

  

- fexp)2 The test statistic for a x> goodness of fit test is: X2, = Z (Sons 7 
exp 

where fons is an observed frequency 

fexp 1s an expected frequency. 

For the die rolling example, we can calculate the test statistic x2,. with the help of a table: 

(Jobs — foxp)? 

o = Jeu)® | P55 | ([ ncxaminionsyou 
will not be required to 

calculate x2,, by hand. 
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THE p-VALUE 

In order to make a decision on whether or not to reject Hy based on x2%,., we need to calculate a 

p-value and compare it to the significance level o of the test. 

For a t-test, we calculated the p-value as the probability of observing a value that is as “extreme” as 

the test statistic. Depending on the form of the alternative hypothesis Hj, this would correspond to the 

upper tail, lower tail, or both tails of the ¢-distribution. 

In the goodness of fit test, if Hy was not true then the 

difference between the observed frequencies and expected 

frequencies would be large. Hence the value of x2%,. would 

also be large. So, for the x? goodness of fit test: 

  

   
   

X -distribution 

i “extreme” values 
—_— 

p-value = probability of observing a value p-value    
greater than or equal to 2, . 

You can use your calculator to evaluate p-values. 
) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

For the die rolling example, we obtain: 

NORMAL FLOAT AUTO REAL DEGREE MP NORMAL FLOAT AUTO REAL DEGREE MP i NORMAL FLOAT AUTO REAL DEGREE MP [i] 

Observed:L1 x2=13.8 
Expected:L2 P=0.016931016 
df:5 df=5 
Color: IV CNTRB={10 @ 2.5 0.4 0.9 .. 
Calculate Draw 

  

So, the p-value ~ 0.0169. For a test of Hy on a 
L .. . On many calculator models, 
mgmficance lj:vel of a = 0.05, this is enough evidence you can use the “GOF” test 

to reject Hy in favour of H;. functionality to obtain x2,.. 

We therefore conclude that Rico’s die is biased. 

  

DEGREES OF FREEDOM 

In finding the p-value with your calculator, you should have noticed that you also need a value for “df”. 

Like in the ¢-test, this stands for “degrees of freedom”. 

In a x? goodness of fit test, the value of df is the number of values that are fiee to vary. 

For example, consider the population proportions of 3 categories p;, pa2, and ps. Since they are 

proportions, they must add to 1. We can therefore write any one of the proportions in terms of the 

other two. For example, p; =1 — py — ps.
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So, only two of the proportions are free to vary. 

For a x? goodness of fit test, df = number of categories — 1. 

SUMMARY OF THE x> GOODNESS OF FIT TEST 

Step 1: 

Step 2: 

State the null hypothesis H, and the alternative hypothesis H;. 

State the significance level . 
_ 2 

Step 3:  Calculate the value of the test statistic: y2,. = Z M. 
fexp 

Step 4: Use technology to calculate the p-value, using df = number of categories — 1. 

Step 5:  Reject Hy if p-value < «, otherwise accept H. 

Step 6: Interpret your decision in the context of the problem. Write your conclusion in a sentence. 

Notice the similarity between the steps of the goodness of fit test and all of the other hypothesis tests we 

have seen so far. 

Example 1 o) Self Tutor 

The table alongside shows the grades received by university 

Step I: 

Step 2: 

Step 3: 

  

students taking a second year Computer Science course. 

In the following semester, a new coordinator is appointed for 

the course. The new coordinator is concerned by the high 

number of High Distinctions and Distinctions awarded, and 

wants to determine if the course should be adjusted. Pass 59 

It is considered usual if 5% of students receive a High 

Distinction, 10% receive a Distinction, 15% receive a Credit, 

40% receive a Pass, and the remaining 30% receive a Fail. 

Conduct a x? goodness of fit test to determine whether the course should be adjusted with a 

5% level of significance. 

High Distinction 16 

Distinction 21 

Credit 21 

Fail 34    
Let p1, p2, p3, psa, and ps be the population proportions of students who receive a 

High Distinction, Distinction, Credit, Pass, and Fail respectively. 

The hypotheses that should be tested are: 

H()I P1 0.05, P2 0.1, p3 0.15, Pa 0.4, Ps 0.3 

Hy: at least one of p; # 0.05, ps #0.1, ..., or ps #0.3. 

The significance level is a = 0.05. 

  

  

  

2 
Grade fobs fexp (f obs f_ £ CXP) 

exp 

High Distinction | 16 | 151 x 0.05 = 7.55 ~ 9.4573 

Distinction 21 151 x 0.1 = 15.1 ~ 2.3053 

  

    
Credit 21 | 151 x 0.15 = 22.65 ~ 0.1202 

Pass 59 151 x 0.4 = 60.4 ~ 0.0325 

Fail 34 151 x 0.3 = 45.3 ~ 2.8188 

Total ~ 14.734 

  

So, X2~ 14.7.
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Step 4: df=5—-1=4 

NORMAL FLOAT AUTO REAL DEGREE MP O T O il 

_E ST ST 

151 Observed:L1 X2=14.73399558 
2265 Expected:L2 P=0.0052859514 

) df:4 df=4 
Color: =NV CNTRB={9.457284768 2.305.. 
Calculate Draw 

  

Using technology, p-value ~ 0.00529. 

Step 5: Since p-value < 0.05 = «, we have enough evidence to reject Hy in favour of H; 

on a 5% level of significance. 

Step 6:  Since we have accepted H;, we conclude that the course should be adjusted. 

  

LIMITATIONS 

In order for x? to be distributed appropriately, the sample size n must be sufficiently large. Generally, 

n is sufficiently large if none of the expected frequencies is less than 5. 

In cases where there are expected frequencies less than 5, we can combine similar categories to get more 

reliable results. 

For example, when investigating the number of serious sports injuries treated by a hospital, the following 

expected frequencies are calculated. Since the expected frequencies of two age groups are less than 5, 

the data for some categories is combined. 

Original table Combined 

Age group | Expected frequency Age group | Expected frequency 

14.9 

14.1 

There are now 4 

categories, so 

df=4-1=3. 

  

15.6 

44+09+02=5.5 

  

EXERCISE 31A 

1 When a coin was tossed 96 times, 54 heads were observed. A x? goodness of fit test is to be 

conducted to determine if the coin is biased with a 5% level of significance. 

a Write down the hypotheses that should be considered. 

How many tails were observed? 

Calculate the expected frequencies of heads and tails assuming the coin is fair. 

Use a table to help you calculate X2, . 

State the number of degrees of freedom. 

Use technology to find the p-value. 

W 
-
 

0
 
Q
 
A
 

Is there enough evidence to conclude that the coin is biased?
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2 In the last election, 54% of voters voted for party A, 30% of voters voted for party B, and the rest 

voted for party C. 

A polling agency conducted a survey asking 300 voters which party 

they are going to vote for in the upcoming election. The results are fl 

shown alongside. 

Conduct a x2? goodness of fit test with a 1% level of significance to determine whether there has 

been a change in the proportions of voters supporting each party since the last election. 

3 Brian owns a chocolate café. He wants to start offering ice cream in 

addition to his chocolate menu items. He initially makes the same amount 

of chocolate, strawberry, vanilla, honeycomb, and choc-chip ice cream, L 

assuming that the flavours will be equally liked. strawberry 

The number of sales of each ice cream flavour are shown in the table vanilla 
alongside. honeycomb 

Conduct a x? goodness of fit test with a 10% level of significance to choc-chip 

determine whether Brian should change the amount of each ice cream _ 

flavour that he makes. Total 

4 Of the people living in London in 2001, 71.2% identified as White, 12.1% as Asian/Asian British, 

10.9% as Black/Black British, 3.2% as mixed ethnicity, and 2.6% as other ethnicities. 

The table alongside shows the number of people recorded for ; 

each ethnic group in the 2011 UK Census. Ethnic group 

Conduct a x? goodness of fit test to determine whether there White 4887435 

was a significant change in London’s demographics between | Asian/Asian British | 1511546 

2001 and 2011. Black/Black British | 1088 640 

  

      
    

Mixed 405279 

Other 281041 

8173941 

If no significance 

level is specified, 

assume o = 0.05.    
5 In Australia, the NAPLAN tests are used to gauge the literacy and numeracy skills of students. 

The students are allocated into “bands” based on the score they obtain. The results for the Year 9 

students at a particular school, and the national percentages for each band, are shown below. 
  

7.9% 

16.7% 

29.8% 

29.7% 

13.5% 

5 and below 2.4% 

Total 100% 
    

  

a Use the national percentages to calculate the expected frequency for each band. 

Conduct a x? goodness of fit test with a 1% significance level to determine whether there is a 

substantial difference between the school’s results and the rest of the nation. 

Explain why you may wish to combine the “Band 6” and “Band 5 and below” categories. 

d Combine the appropriate categories and repeat b. Comment on your results.
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BTN DRI 
The data alongside shows the number of children 

born to 150 Indian women in a 5-year period in the 

19th century. Test at a 5% level of significance, 

whether the data is binomial with parameters 

n=>5 and p=0.5. 

  

  

  

Step 1:  The hypotheses are: - 
We do not need to specify 

Ho: the data is from B(5, 0.5) cach individual probability 
Hy: the data is not from B(5, 0.5). in the hypothesis because 

they are implied by the 

distribution we are 

considering. 

  

Step 2: The significance level is a = 0.05. 

Step 3:  We calculate the probabilities for each value of z given X ~ B(5, 0.5): 
  

      
150 x 0.031 25 = 4.6875 

150 x 0.156 25 = 23.4375 

150 x 0.3125 = 46.875 

150 x 0.3125 = 46.875 

150 x 0.156 25 = 23.4375 

150 x 0.03125 = 4.6875 

There are expected frequencies less than 5, so we combine “categories” appropriately: 

exp 

~ 0.9339 

~ 0.7363 

~ 0.5603 

~ 1.2272 

~ 3.4578 
  

  

So, X2 ~ 3.46.    
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Step4: df=4—-1=3 

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP ] GO T 

Observed:L1 X2=3.457777778 
Expected:L2 P=0.326279632 
df:3 df=3 
Color: CNTRB={0.9338888889 0.73.. 
Calculate Draw 

  

Using technology, p-value ~ 0.326. 

Step 5: Since p-value > 0.05 = «, we do not have enough evidence to reject Hy. We 

therefore accept Hy. 

Step 6:  Since we have accepted Hy, we conclude that the data is from the binomial distribution 

B(5, 0.5). 
  

6 Answer the Opening Problem on page 830. Use a 10% level of significance in your hypothesis 

test. 

7 Tt is claimed that the data in the table comes 

from a Poisson distribution with mean 5. 

Test this claim using a goodness of fit test at a nn 

1% level of significance. 

  

ACTIVITY 

Gregor Johann Mendel (1822 - 1884) is often credited as being 

“the father of modern genetics”. 

  

  

One of his most important contributions was the use of recessive 

and dominant genes to describe inherited traits. 

During his research, he conducted experiments involving over 

28 000 plants, the majority of which were pea plants. The table 

below shows the results of one such experiment. 

Type of pea Gregor Johann Mendel 

Yellow round seeds 

  

Green round seeds 

Yellow wrinkled seeds 

Green wrinkled seeds 

  

According to Mendel’s model, he expected the ratio 

yellow round : green round : yellow wrinkled : green wrinkled =9:3:3:1 

What to do: 

1 Calculate the expected frequency of each type of pea. 

2 In the context of a x* goodness of fit test, show that X2, ~ 0.470 and p-value ~ 0.925. 

3 What can we conclude based on these results?
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THEORY OF KNOWLEDGE 

In 1936, Sir Ronald Aylmer Fisher analysed Mendel’s 

experiments described in the previous Activity. 
Fisher’s calculation 

He considered the probability that Mendel’s results 

were consistent with his expectations, and found that 

the probability of observing a test statistic less than 

X2 & 0.470 was ~ 0.075. 
    

2 
Xeale 

In fact, Fisher observed results like this for all of Mendel’s experiments. By combining all of 

Mendel’s data, Fisher found that the probability of getting data as good as Mendel’s was about 4 in 

100000. Fisher concluded that Mendel had manipulated the data to obtain the results he desired. 

1 Does Fisher’s finding invalidate the importance of Mendel’s contribution to biology and 

genetics? 

Today, the manipulation of data and “data mining” is a major problem in research. Many academic 

publications only report findings which are “statistically significant”, as these findings are more likely 

to yield more interesting results and lead to further research. 

2 Will all claims in academic publications on statistical data necessarily be true? You might 

want to consider your findings in Investigation 1 in Chapter 30. 

3 Discuss the role that statistical interpretation plays in research ethics. 

The MMR vaccine controversy was caused by a fraudulent paper published in 1998 which claimed 

a causal relationship between the MMR vaccine and autism in children. The paper has since been 

retracted after thorough investigation. However, because of the widespread misconceptions that it 

has caused, it has been cited as “perhaps the most damaging medical hoax of the last 100 years”. 

4 Research the details of the MMR vaccine controversy. In particular, consider how the 

authors collected and used the data cited in the original paper. 

5 What other things should a statistician be mindful of when analysing data? 

6 Who do you think was responsible for the damage caused by the MMR controversy? Was 

it the authors of the paper, the media, or the general public? 

ERS IN A 
F FIT TEST 

When the parameters of the distribution of interest are unknown, we must estimate them from the data. 

For example, suppose in Example 2 that we want to test whether the data is binomial with n =5, but 

without specifying the probability of success p in advance.
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In this case we estimate p using the property that the mean of B(n, p) is np. 

4(0) +19(1) +.... + 8(5) 

150 
Now 7=~ ~ 2.6733 

  

Copa 

SR
R 4 

However, since the parameter p is estimated, we would need to reduce the degrees of freedom by 1. 

In general: 

df = number of categories — number of estimated parameters — 1 

   

    

  

    

  

The “— 1” comes from the 

fact that the probabilities 

must sum to 1. 

  

Alternatively, if we think of estimating a parameter as a “restriction” like the one on the sum of the 

probabilities: 

df = number of categories — number of restrictions 

For example, the table below gives the degrees of freedom of the goodness of fit test for various 

distributions when the data is sorted into k categories: 

  

Distribution Estimated parameters If all the parameters of the 

Foson o) 
distribution are known, 

then df =k — 1.     
A manufacturer measures the volume of liquid in Volume (z mL) | Number of bottles 
100 bottles produced in their factory. The results are 266 <2 < 272 

<z 
summarised in the frequency table alongside. 

T < 274 16 

T < 276 26 

T <278 19 

x < 280 20 

T < 286 18 

  

  

    

    

        

  

VA
 

Use a x? goodness of fit test at a 5% level of 

significance to determine whether a normal distribution 

is a suitable model for the data. 

IN
CI
NC
IN
 

N 

  

Hy: the data is from a normal distribution. 

Hy: the data is not from a normal distribution. 

  

Step I: 

Step 2: The significance level is « = 0.05.  
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Step 3:  We estimate the mean p and standard Volume (z mL) 

deviation o of the normal distribution 

using the data alongside. 

Frequency 
  

266 < x < 272 1 

272 < x <274 16 

x <276 26 

19 

T < 280 20 

T < 286 

/ 

Using technology, p~T ~ 277.24 ~ 2 

o~ s~ 3.4027 

I
N
C
I
N
C
I
N
C
I
N
 

N 

So, the proposed distribution is X ~ N(277.24, 3.40272). 

Using this distribution, the probabilities 

associated with each class interval are: 
266 < x < 272 

T <274 

T < 276 

/ 

For the class interval 266 < z < 272 

we actually calculate P(X < 272), 
because X can take any real value. 

T < 280 

T < 286 I
N
C
I
N
C
I
N
C
I
N
 

N 
This gives us the expected frequency table: 
  

Volume (.’E mL) 
(fobsf_ fexp)2 

exp 

~ 4.3404 

& 2.4192 

~ 2.8244 

~ 0.7147 

~ 0.0044 

~ 0.3933 

~ 10.6965 

N
N
 

N
 

D
 

no
 

3
 

n
o
 

no
 

=3
 

= 
S
 

0
0
 
D
N
 
D
 

I
N
C
I
N
C
I
N
C
I
N
 

N 
IN
 

Do
 

o
 

  

So, 2, ~10.7. 

df=6-2-1=3 

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP n 

Observed:L1 X2=10.69649282 
Expected:L2 P=0.0134855338 
df:3 df=3 
Color: NNV CNTRB={4.340434547 2.419.. 
Calculate Draw n 

Using technology, p-value ~ 0.0135. 

Step 5: Since p-value < 0.05 = «, we have sufficient evidence to reject Hy in favour of Hj. 

Step 6:  Since we have accepted [, we conclude that the data is not normally distributed.  
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EXERCISE 31B 

1 The table shows the number of Number of days ol 1 9 314516/l 7 

days last week the students at 
a Bangkok school used public Number of students | 9 | 16 | 22 | 38 [ 57 | 62 | 41 | 26 

transport. 

  

Conduct a x? goodness of fit test at the 5% level of significance to determine whether the data is 

binomially distributed. 

2 The number of accidents reported to the local 

police station over a period of 104 weeks are / n--- 

recorded in the table: Number of weeks | 52 | 22 | 20 
  

a Use the data set above to find the mean number of accidents per week. 

b Conduct a x? goodness of fit test at the 5% level of significance to determine whether a Poisson 

distribution would be an appropriate model for this data set. 

3 Consider the data in the frequency table. 

a Estimate the population standard deviation o. 

b Conduct a x? goodness of fit test to determine whether 

the data is from a normal distribution with mean 5. 

  

  

L The data below shows the time (in minutes) between calls at an information centre for 80 successive 

phone calls: 

42 6.0 56 150 123 49 73 146 4.0 46 

14 35 99 59 82 58 36 81 108 96 

16.0 28 60 43 72 102 78 56 86 109 

142 35 47 56 51 12 112 108 89 6.2 

51 34 44 78 105 145 128 144 64 23 

137 63 30 71 132 68 19 11.1 82 53 

128 33 35 43 74 92 99 42 92 59 

91 36 99 52 60 59 80 37 30 76 

Organise the data into the class intervals in the table. Thne (t min) 

Draw a histogram to display the data. 

Describe the distribution of the data. 

Estimate the mean and standard deviation of the 

population. 

QO 
an 
O
 o
 

e Conduct a x? goodness of fit test at a 1% level of 

significance to determine whether the data is normally 

distributed. Comment on your conclusion. 
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[1 ITCRITICAL REGIONS AND CRITICAL VALUES 
We have seen that for a hypothesis test with significance level a: 

o The critical region of the test is the set of all values of the test statistic that 

results in rejecting the null hypothesis. 

e The critical value of the test is the value in the critical region that has the 

largest p-value associated with it. 

For a x* goodness of fit test, we denote the critical value as 2, .     

      

Since we use the upper tail of the null distribution in calculating critical region 

the p-value, the critical region is the set of values > X2 . ” N 

The inequality x2,. > x2; is called the rejection inequality. p-value = & 

2 2 
Xerit Xeale 

The critical value x2; depends on the degrees of freedom Degrees of Significance level o 

(df) and the significance level « of the test. freedom (df) 

The table alongside shows the critical value for various 

values of df and a. 

Click on the icon for a more detailed table of critical values. 

CRITICAL 
VALUES 

1 

2 

3 

4 

5 

6 

7 

8 

9 

  

—_
 

o
 

x> GOODNESS OF FIT TEST PROCEDURE WITH CRITICAL VALUES 

Step I:  State the null hypothesis H, and the alternative hypothesis /. 

Step 2:  State the significance level a. 
)2 

Step 3:  Calculate the value of the test statistic: %, = Z (f"bsf—fcxp). 
exp 

Step 4: Find the critical value 2, given df and o 

Step 51 Reject Hy if X2, > x%;. otherwise accept Ho. 

Step 6: Interpret your decision in the context of the problem. Write your conclusion in a sentence.
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EXERCISE 31C 

1 A goodness of fit test is to be used to test the following hypotheses: 
1 

Ho: p1=1%, pp=3% o P5=1% 

H;: atleast one of pi, pa, ..., p5 # % with a 5% level of significance. 

The value of the test statistic is x2,, = 10.3. 

a Write down the critical value X2, for the test. 

b Hence determine whether H should be rejected. 

2 Lucy bought a large packet of Chewy Chews lollies. She counted the A 

number of lollies of each colour it contained. Her results are shown in 
re the table. 

The manufacturer of Chewy Chews claims that they make equal 

quantities of each colour. 

Lucy wants to test the manufacturer’s claim with a goodness of fit test 

using a 10% level of significance. 

  

a Write down the hypotheses that Lucy should test. 

b Calculate X2, . 

¢ Find the critical value x2; for the test. 

d Does Lucy have enough evidence to reject the manufacturer’s claim? 

e Verify your answer by examining the p-value. 

3 An internet service provider (ISP) conducted a survey asking their customers how satisfied they 

were with their service. They found that: 

e 5% said “very satisfied” o 25% said “satisfied” o 41% said “neutral” 

e 20% said “dissatisfied” e 9% said “very dissatisfied”. 

To improve customer satisfaction, the ISP made several 

changeg to the internet plans they of,‘fered. They then repeated 

the same survey 6 months later. The results are shown in the very satisfied 

table opposite. satisfied 

Conduct a x? goodness of it test using a critical value and a 1% neutral 

level of significance to determine whether the ISP’s changes dissatisfied 

were effective. very dissatisfied 

  

L The table alongside shows the number of people served Number of people served | Frequency 

at a tourist information centre per hour. 

Conduct a x? goodness of fit test using a critical value 

and a 10% level of significance to determine whether 

the data is Poisson with rate A = 2.2. 
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5 Omni Transport has a fleet of 550 buses. The air pressure in 

every bus tyre is periodically checked. From the last test, the 

number of tyres per bus with incorrect pressure is summarised 

alongside. 

Number of tyres 

0 307 

180 

Conduct a x? goodness of fit test using a critical value and 

a 5% level of significance to determine whether the data is 

binomially distributed. 

This table shows the results of a sample of 400 randomly Regular | No regular 
i . ; 5 Sum 

selected adults classified according to gender and regular exercise exercise 

exercise. 

  

  

We call thisa 2 x 2 contingency table. 

  

We are interested in how the variables gender and regular exercise are related. The variables may be 

dependent, for example females may exercise more regularly than males. Alternatively, the variables may 

be independent, which means the gender of a person has no effect on whether they exercise regularly. 

In this Section, we will apply what we have learned about the x? goodness of fit test to determine whether 

two variables from the same sample are independent. 

THE HYPOTHESES 

We have previously seen that if two events A and B are independent, then 

P(A and B) = P(AN B) = P(A) x P(B). 

For example, if the variables gender and regular exercise are independent, then 

P(male N regular exercise) = P(male) x P(regular exercise) 

_ 216 ., 208 
= 00 X 100 

In a contingency table with r rows and ¢ columns, there are r X ¢ possible combinations, and hence 

r X ¢ probabilities to consider. 

Instead of writing all these probabilities down when we formulate the hypotheses, we can equivalently 

write: 

Hy: the variables are independent 

H;: the variables are dependent 

CALCULATING THE TEST STATISTIC 

Having established a theoretical probability for each possible outcome, we can calculate expected 

frequencies and hence the test statistic x2, . 

For example, in a sample of 400 adults, we would expect 

21 2 21 2 . 
216 X fi) — 26 x208 _ 112.32 to be male and exercise regularly. 
400 400 

400 x ( 
400 

Performing similar calculations for each possible outcome, we can complete an expected frequency 

table.
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Regular No regular For each cell, we 
exercise exercise multiply the row sum 

216 x 208 216 x 192 by the column sum, 
200 112.32 200 103.68 then divide by the total. 

  

  

184 X208 _ gr oo | 184X 192 og a9 
400 400 

  

Using the formula for x2,. on page 831, 

Xcalc Z (fobs — fexp) 

  

fexp 

_ (110-112.32)% | (86 —88.32)2 
112.32 b 88.32 

~ 0.2170 

DEGREES OF FREEDOM 

We have seen that degrees of freedom (df) is the number of values which are free to vary. 

Consider the 2 x 2 contingency table alongside, with the sum values 

given. 

The value in the top left corner is free to vary. It can take many 

possible values, one of which is 9. However, once we set this value, 

the remaining values are not free to vary, as they are determined by the 

row and column sums. 

So, the number of degrees of freedom is 1, whichis (2—1) x (2—1). 

  

Ina 3 x 3 contingency table, we can choose (3—1)x (3—1) =4 values before the remaining values 

are not free to vary. 

The numbers 7 and ¢ of 

rows and columns does 

not include the sums.      
For a contingency table which has r rows and ¢ columns, 

df = (r —1)(c—1). ’ 

Discuss how the above formula for df is related to the formula we used in Section B: 

df = number of categories — number of estimated parameters — 1.
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THE p-VALUE 

Like we did for the x? goodness of fit test, we use technology to calculate X2, 

and the p-value. 
) 

GRAPHICS 

Your graphics calculator likely has a special function for the x? test for CALCULATOR . INSTRUCTIONS 
independence. 

Ceglfiorn]) (GFc)Rel a8 Deslfom]) (GFe)Res) 
1 2 x2 Test 
110 1%} Observed:Mat A 

os NEE xpected:Mat B 
Save Res:None 
GphColor:Blue 
Execute 

ROW-0P] ROW JCOLUMN/NETil] 

  

CRITICAL VALUES 

We can use the same table of critical values on page 842 to find the critical value x2; of the test. 

However, for a x? test for independence, remember that the degrees of freedom = (r — 1)(c — 1). 

SUMMARY OF THE x? TEST FOR INDEPENDENCE 

Step I:  State the null hypothesis H, and the alternative hypothesis /;, which have the form: 

Hy: the variables are independent 

H;: the variables are dependent. 

Step 2:  State the significance level a. 

Step 3:  Calculate df = (r — 1)(c — 1) where 7 and ¢ are the number of rows and columns of 
the contingency table respectively. 

Step 4:  Construct the expected frequency table and calculate the value of the test statistic: 

Jobs = fexp)? Xgalc — Z (fobs exp) . 

fexp 

Step 51 Use technology to calculate the p-value or find the critical value x2; for the test. 

Step 61 Reject Hy if p-value < o or if x%,. = X%, otherwise accept Hy. 

Step 7:  Interpret your decision in the context of the problem. Write your conclusion in a sentence. 

  

   

  

   
     

A survey was given to randomly chosen high school 

students from years 9 to 12 on possible changes to 
the school’s canteen. The results are shown in this 

contingency table. 

    

            

o change [ 11 At a 5% significance level, test whether a student’s 

canteen preference depends on their year group. 

    

    Hy: year group and canteen preference are independent. 

H;y: year group and canteen preference are not independent. 

Step 2:  The significance level is « = 0.05. 

Step 3: df=(2-1)4—-1)=3  



  

x> HYPOTHESIS TESTS (Chapter 31) 847 
  

Step 4: The 2 x 4 contingency table is: The expected frequency table is: 

|9 [10[ [ 12| 

          

   

  

Year group 

        

8 Deglforn]) (Fc)Real 
x2 Test 
Observed:Mat A 
xpected:Mat B 

Save Res:None 
GphColor:Blue 
Execute 

ROW-OP ROW JCOLUMN 
  

      

  

Using technology, X%, ~ 5.81. 

Step 5:  From the screenshots above, p-value ~ 0.121. 

Step 6:  Since p-value > 0.05 = a, we do not have enough evidence to reject Hy in favour 

of Hy on a 5% significance level. We therefore accept Hy. 

Step 7 We conclude that the variables year group and canteen preference are independent. 

  

  
SN 

Click on this icon to obtain a printable flow chart to help you remember which HYI,"E‘S’;I’L%'S 

x? hypothesis test to use. FLOWCHART 

EXERCISE 31D.1 

1 Construct an expected frequency table for the contingency table: 
  

a Junior school | Middle school High school 

  

  

¢ 
| Swnbwrm | 03 | 05 ] 13 | | 
| Notsunburnt| 36 | o | v | | 
s 00 1 ]  



848  y2 HYPOTHESIS TESTS (Chapter 31) 

2 Consider the contingency table: 

  

a Construct the corresponding expected frequency table. 

b Interpret the value in the top left corner of your expected frequency table. 

      

  

     

  

¢ Calculate Xfm by copying and completing this table: In examinations you 

2 can calculate X, 

using technology. 

3 This contingency table shows the responses of a 

randomly chosen sample of adults regarding the 

person’s weight and whether they have diabetes. 

Conduct a y? test for independence at a 5% level 

to determine whether there is a link between weight 

and suffering from diabetes. 

L The table alongside shows the way in which a 

random sample of people intend to vote in the next 

election. 

a For a 10% significance level, what is the 

  

critical value 2 ? 

b Conduct a x? test for independence at a 10% level to determine whether there is any association 

between the age of a voter and the party they intend to vote for. 

5 The guests staying at a hotel are asked to provide their reason for travelling, and to rate the hotel 

on a scale from Poor to Excellent. The results are shown in the table: 

Rating 

Reason for 

travelling 

   

  

a Show that, at a 5% significance level, the variables 

reason for travelling and rating are dependent. 

b By examining the contingency table, describe how a 

guest’s rating is affected by their reason for travelling.
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6 Hockey player Julie wondered whether the position you played affected your likelihood of being 

injured. She asked a random sample of hockey players what position they played, and what injuries 

they had sustained in the last year. 
Position 

Midfielder Goalkeeper 

23 18 24 7 . 
’;}f;;y Mild injury 14 34 23 11 

Test, at a 10% significance level, whether the variables position and injury type are independent. 

  

  

7 Consider the contingency table alongside: Owns a pet 

   

  

a Construct the expected frequency table. 

    

    
        

b Are any of the expected frequencies less than 5? 

¢ Combine the data so that none of the cells have an expected 
Age 

frequency less than 5. 

d For the combined data, test at a 5% level whether there is a 

link between age and owning a pet. 

8 The following table is a result of a major investigation considering intelligence level and smoking 

        

           

habits. . 
Intelligence level 

oot m | o [ | 3 | 
habit 

a Construct the expected frequency table. 

b Test at a 1% level whether there is a link between intelligence level and smoking habits. 

¢ Combine appropriate columns so that none of the expected frequencies are less than 5. 

d  Perform this test again with the table in ¢ at a 1% level. Is your conclusion the same as in b? 

YATES’ CONTINUITY CORRECTION (EXTENSION) 

The x? test for independence may be unreliable if the number of degrees of freedom is 1. This occurs 

when we have a 2 x 2 contingency table. 

To improve the reliability of the test in this case, we can apply Yates’ continuity correction. We use a 

modified formula to find X2, as follows: 

— foo| — 0.5)2 
If df=1, weuse X2, = Z fl.fm.?# 

exp 

where | fobs — fexp | is the absolute value or modulus of fops — fexp - 

When conducting the x? test with Yates’ continuity correction, we cannot use technology to calculate 

X2;. and the p-value. We must therefore calculate xZ,. by hand and use the critical value to make a 

decision about Hj instead.
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BT O R (T 

80 people were surveyed about whether they enjoy surfing and Enjoy surfing? 

skiing. The results are shown alongside. 

Test, at a 1% level, whether there is an association between Enjoy 

enjoying surfing and enjoying skiing. skiing? 

  

  

  

Step I:  Hy: The variables enjoying surfing and enjoying skiing are independent. 

H,: The variables enjoying surfing and enjoying skiing are not independent. 

Step 2:  The significance level is « = 0.01. 

Step 3: df=(2-1)(2—-1)=1 

Step 4. The 2 x 2 contingency table is: The expected frequency table is: 

Enjoy surfing? Enjoy surfing? 

Enjoy 

skiing?      
_ _ 2 

fGXp fobs_fexp |f0bs_fexp|_0'5 (|f0bs_fexp|_0-5)2 W 

4.225 

1.920 

2.817 

1.280 

  

  

S0, X2~ 10.2 

Step 5: Ata a=0.01 =1% level with df =1, the critical value x2, = 6.63. 

Step 6 Since X2, > x2; = 6.63, we have enough evidence to reject Hy in favour of Hj at 

a 1% level of significance. 

Step 7: Since we have accepted H;, we conclude that enjoying surfing and enjoying skiing are 

dependent.   
EXERCISE 31D.2 

1 Horace claims that he can predict the outcome of a coin Result 

toss. To test this, he tosses a coin 200 times, and tries : > s Heads | Tails 
to guess the outcome of each toss. The results are shown -- 

alongside. Guess 

  

a Construct the expected frequency table. 

b Use Yates’ continuity correction to find x2,, .
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¢ Test whether Horace’s guess and the result are independent, at a 5% level with df = 1, 

X2~ 3.84. 

d Comment on the validity of Horace’s claim. 

2 The practical tests for a motorbike licence differ between Result 

France and Germany. An inquiry into the two systems 

yielded the following results for randomly selected _ 
France     

    

  

candidates. Country 
A x? test at a 10% significance level is used to investigate 

whether the result of a motorbike test is independent of 

the country where it took place. 

  

a Construct the expected frequency table. b Write down the critical value X2 . 

¢ Using Yates’ continuity correction, find 2, for this data. 

d What conclusion can be drawn from this x? test? 

  REVIEW SET 31A 

1 A particular x? test has 6 degrees of freedom (df) and significance level o = 0.05. 

a State the critical value xZ%; for this test. CRITICAL 
VALUES 

b The test statistic obtained for this test was x2,. &~ 5.71. Is there sufficient 

evidence to reject the null hypothesis? 

2 When a menswear store opens, the sizes of its shirts are distributed as follows: 

Small | Medium | Large | X-Large | XX-Large 

Percentage (%) | 10 20 | 35 25 10 

In the first week, the store sells these shirts: 
  

Size Small | Medium | Large | X-Large | XX-Large 

Number sold 4 7 22 24 13 

To determine whether the sales are consistent with the distribution of the sizes stocked by the 

store, a x2 goodness of fit test is performed at a 5% level of significance. 

a Write down the: 

i null hypothesis ii number of degrees of freedom. 

  

b Calculate the p-value for the test. 

¢ Decide whether the store should change the distribution of shirt sizes that it stocks. 

3 The table below shows the responses to a survey about whether the city speed limit should be 

increased. o 
Age of driver 

Conduct a x? test for independence at a 10% level to determine whether there is any association 

between the age of a driver and their opinion on the speed limit. 
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4 A guide for a particular role playing game lists the ’ ‘ ¢ ; Percentage chance 
following percentages for the rarity of items obtained 

when a “loot box” is opened. Super rare 

Rare 

Uncommon 

Common 

  

Emmanuel thinks that the guide is incorrect. To test his suspicions, he opens 250 loot boxes. 

His results are shown in the table below. 

Super rare 

Rare 

Uncommon 

Common 

  

a Calculate the expected frequency for each item rarity. 

Conduct a x? goodness of fit test with a 1% level of significance to determine whether 

Emmanuel’s suspicions are justified. 

Use a critical value to make your decision. 

Red and blue biros are sold in packets of six. Each biro is 

either red or blue. The manufacturer claims that the number 
of red biros in a packet is binomially distributed. He collects 

100 packets at random and obtains the information in the table. 

a Calculate the mean number of red biros per packet. 

b Hence estimate the probability that a randomly chosen biro 

is red. 

¢ By calculating an appropriate 2 statistic, test the 

manufacturer’s claim at a 10% significance level. 

  

A survey was conducted to determine whether the use of social media is linked to the amount 

of exercise a person gets. The table below summarises the results from a survey. 

Test at a 5% level of significance whether the variables are related. 

Social media (y hours per week) 
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  REVIEW SET 31B 

1 Atoy company claims t.o manufacture glass, agate, alabaster, ar?d 

onyx marbles in the ratio 4 :2:2:1. The marbles are sold in 

bags of 50. 

Aggie bought a bag of marbles and counted the number of each 

type. Her results are shown in the table. 

Test the manufacturer’s claim using a x? goodness of fit test with 

a 5% significance level. 

2 In an experiment, a coin is tossed until a head appears. 

The number of tosses required is recorded. The results 

from 100 trials of the experiment are recorded alongside. 

a Let X be the number of tosses until a head appears in 

one trial of the experiment. Assuming the coin is fair: 

b By calculating an appropriate x? 

Explain why P(X = z) = (0.5)%, 
z=123, .. 

Construct an expected frequency table for this 

distribution. 

statistic, test at a 

5% significance level whether the distribution is a 

suitable model for the data. 

  

glass 19 

agate 16 

alabaster 13 

onyx 2 

Number of B 

tosses nequzred requency 

20 

12 

  

3 In a study of students entering a university, a psychologist tested 2000 students. The 

psychologist wishes to determine whether the 2000 test scores come from a well-established 

normal distribution with mean 100 and variance 100. 

a Copy and complete the table below, rounding expected frequencies to the nearest integer. 

Clearly explain how you obtain your answers. 

e | 
z < 70.5 

70.5 <z < 80.5 

80.5 <z < 90.5 

90.5 <z < 100.5 

100.5 < z < 110.5 

110.5 < = < 120.5 

120. x < 130.5 

130.5 WV 
A 
N
N
 
N
N
 

&
U
‘
 

Observed frequencies 

10 

45 

287 

641 

725 

250 

40 

  

Expected frequencies 

48 

253 

38 

  

b Test the hypothesis at the 5% level of significance. 

4 Consider the contingency table alongside. 

variables P and @ are independent using a x? test: 

a ata 5% level of significance 

b ata 1% level of significance. 

Test whether the       

    

   
@ ]a e o] 
P19 2 [ [ 
P[0 [ [ 

o6 [0 [ 21 0] P 

    

0 [ 
o9 [21] 

    

26 30 

—
 

   



854  y2 HYPOTHESIS TESTS (Chapter 31) 

5 The frequency table alongside shows the mass m of 

newborn lambs in a field. 

Conduct a x? goodness of fit test at a 5% level of 

significance to determine whether the data is normally 

distributed. 

N 
o 

ot
 

W
 

N 
IN
 
N
N
 
N
N
 

IN
 

  

6 The following table shows the results from an investigation considering level of education and 

business success. . 
Education level 

Business 

success 

  

At a 1% level with df = 9, the critical value is 21.67. Test at a 1% level whether there is a 
link between education level and business success.
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EXERCISE 1A W 5 a % b %5 c1 d 25 e 125 

1 a2® b2 P of 4 22 e o 3 6 a3 b33 c~483 d~248 e ~4sl 
¢ 2% g 2% h 2% i 2 -4 i 2—% 7 a yes b no c yes d yes e no f yes 

1 1 1 3 _5 
2 a3’ b 37 ¢ 3* d 32 e3? 

1 3 4 2 2 

3 a7’ b 3* < 2° d 23 e 7’ 

-3 -1 -3 Lo R L% 
£ 93 h2 L 2 7 b i Ifz is increased by 1, the value of y is quadrupled. 

4 a 2?2 b :c% ez ? d xil e x_% ii If z is decreased by 1, the value of y is divided by 4. 

5 a ~228 b ~0.435 ¢ ~1.68 d ~1.93 ¢ AY 

e ~0.523 

6 a 5 b% < 9V3 d mym e 23z 

7 a8 b 32 ¢ 8 d 125 e 4 
1 1 1 Y o 

fa 3 3 h 5% i 5 I35 
> 

EXERCISE 1B W @ 

1 al bz ¢ 2% or vz . . . 
2 A ab gt g b 22 4 ow il d ia z—o00, y— o0 il as ¢ — —o0, y—0 

d 7%% 4 2(7%) e 2(3%) -1 f 22 +22+3 
3 1 2 

g 145(277) h 5% +1 iz? 2 +1 
3 1 

j 322 4+5(3%)+1 k 22° -z +5 | 230-3(2%)-1 

3 a 22 qortl_3 b 327 4+ 7(3%) 4+ 10 

¢ 52¢ —6(5%) + 8 d 227 +6(2%)+9 

e 3% _2(3%) 41 f 422 4 14(4%) 4 49 
1 4 16 

ge—4 h22®-9 iz-- ja?4+4+— 
x x - 

k 72 24772 I 25-10(27%) 4272 B v v 

& a 5%(5% 4 1) b 10(3") ¢ TH(1+T727) J ) 
[4 ccreasing 

d 5™ — 1) e 6(6Mt —1)  f 164" —1) oreasing - 
. d ia x—o0, y— 0t il as ¢ — —o0, y — o0 

g 2"(2" —8) h 5(2n~1) i 9(22n-1) 

5 a (3°+2)(3*—2) b (2% +5)(2% —5) 
¢ (44 3%)(4— 3%) d (5+2%)(5 — 2%) 3 
e (3% +2%)(3% —27) f (2% +3)2 

g (3°+5)? h (2% —7)2 i (5% —2)? T T T AT T 4 

6 a (2°+1)(2°-2) b (3% +3)(3° —2) 10 

c (2® —3)(2* —4) d (2% +3)(2% +6) Yy=2"143 

e (2% +4)(2® —5) f (37 +2)(3% +7) 8 
g (3° +5)(3¢71) h (52 +2)(5% — 1) 4 

i (7% —4)(7* - 3) 
1 -+ - — > 

7 a2n b 10® ¢ 30 d — e 5% B K 
5n v 

£ (&) gk hs i 5" 

8 a3”4+1 b 146" € 4mp2n d 4T 1 
e 6" f5n g4 h2n-1 il 

1 -1 9 a n2nt b —3" o5 y=3*—4 

EXERCISE 1€ B 20| 

1 a not exponential b exponential 15 

¢ not exponential d exponential 10 

1 3 2 al b -1 ¢ -2 d —23 e —2% 5 

3 als b 135 <5 d & e 2 3o > 

4 a 32 b 2 <4 d1 e =                  
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d Domainis {z |z € R}, Rangeis {y|y> —2} 

7 a i7 i 43 i 16 b y=4 

d Domainis {z |z € R} 

Range is {y |y > 4} 
  

  

  

  

  

                    

EXERCISE 1E s 

1 a¢ b B c E d A e D 

2 

  v Domainis {z |z € R}, Rangeis {y|y >4}  
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c i1 

iiy=0 

ili When z = 2, 

4 
Y=135 

When z = —2, 

y=2 

  

   
   

v Domainis {z |z € R}, Rangeis {y|y <3} 

v (24) iv    

  

v Domainis {z |z € R}, Rangeis {y|y <1} 

9 ak=5 c=-10 b y=310 
10 a P(0,2.5) ba=15 ¢ y=35 

1M1 ay=2"+3 b y=-6x3"+5 
€ y=4x2""-17   

     

12 a i k must be positive as the function is increasing and lies 

above the asymptote. 

il ¢ must be negative as the horizontal asymptote is below 

  

  

  

     

  

                  

  

      
      

  
  

  

  

                                
  

  

     
  

  

  

                    

the x-axis. 

by=4ix4r-6 <-4 dy=-6 
13 f(z) =8x2%+2 14 f(z)=-3x(3)"®+4 

15 8 16 a3 b y=-3 

EXERCISE 1F IENNNNNN———— 

1 a iz~x16 il z~—-0.7 

2 a xz~4.32 b =~ 3.32 ¢ xz~3.10 

d z~6.03 e z~36.8 f z~6.58 

3 a xz=x4.95 b z~6.21 ¢z~ 246 

d z~9.88 e z~6.95 f z~536 

9 x ~ 3.46 h z~1.71 i z~7.23 

— L ~ — 4 aa= 7 b ~ —1.02 

5 a k<10 b k>10 6 x~5.46 

EXERCISE 1G.1 W 
2 , 

1 a 3m d 3UAA m? (30,30.2) 

b 8% 

¢ i ~3.50m2 Bl ) =3 (108) 
i ~6.48 m? 20 

iii a2 30.2 m? 15 
10 

5 110, 6.48) 
(2,3.50) . 

% 5 10 15 20 25 30 ' ) 

2 a 100 grams d W (graths (als0m) 

b The weight is 
increasing by 40012y = 100 x (1.07)", 
7% every hour. 

. 200 
¢ i=x131g 

~197 g ¢ thodrs) 0 - > 
i ~ 507 g 0 10 20 

3 a Ph=50 

b i & 76 possums il & 141 possums 

iii & 396 possums 

< A P (possums) 
400 dor 

Pln) =50 x (1.23)3/ (10:396) 

200 

n (years) 

% 10 > 

d =~ 11.1 years 

4 a 4 people b~ 393 people ¢ ~ 19.9 days 

d 0<t<199 

5 a Bg=200 

b a = 1.1, the bear population is increasing by 10% every 

year. 

¢ A~ 1350 bears d ~ 159% increasc e = 24.2 years 

6 a iV i 2V b 100% increase 

¢ =~ 183% increase, it is the percentage increase in reaction 

speed from 20°C to 50°C. 

7 a A(t)=5000x (1.1)! b i £6050 i £8052.55



  

  

  

  

                      

  

< d = 4.93 years 

400 (10, 396) 

200 

o ) n( earsz 

0 10 

8 a a=1.075 

b k= 360000, the original value of the house was $360 000. 

¢ ~ 5.86 ycars 

9 a k=160, c=40 b ~ 4.42 weeks 

10 a When t=0, V=c—k=0 

coe=k 

b V =60-60x (0.8)" ¢ ~354ms! 

d  AvVs 

60 

    

  

  

0.8) 
  40 

                
  

t (seconds) 

05 10 15 20 25 

e The parachutist accelerates rapidly until he approaches his 

terminal velocity of 60 ms—1. 

EXERCISE 1G.2 N 

  

    

     

  

  

  

                        
  

1 a 250g b i ~112g i ~504¢g iii ~226¢ 

< grams) 

250 

200 W(t) =250 x (0.998) 
150 ( 

100 

50 6) 
0 

0 1000 t (years) 

d = 346 years 

2 a 100°C < AT(°C) 

  b i ~T743°C 100 
ii ~67.3°C 80 

~21.3°C 
  

  

  

  

            

  

t (min) 

~ 95.8 minutes 0 20 40 60 80 d 
3 a P(t) =400 x (0.92)¢ 

b 
< 

i 368 orangutans ii =~ 264 orangutans 
  

P (orangutans 

4009 (15368   

(5,264)   

  

                            (years) 
00 5 10 

d ~ 8.31 years, or = 8 years 114 days 

4 a As the intensity of light diminishes as the depth increases, we 

would expect that 0 < a < 1. 
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a=0.95 ¢ & 2.77 units d ~179m 

235<d<449 

5 a=0.95 

k = 340, the initial population of turtles was 340. 

~ 204 turtles 

No, the model is based on data collected since 2005. Before 

2005 would be an extrapolation and therefore unreliable. 

6 a ¢ = 1000, the value of the car approaches a minimum 

“salvage value” of $1000. 

k = 23000 ¢ $24000 d =~ 5 years 
No, the car depreciates by the same percentage each year 

above the salvage value of $1000. 

7 ac=-10, k=32 

n
O
C
o
 

6
 
O
 

0 
O
 

  

b —10°C, as the horizontal asymptote is 7" = —10 which 

suggests that the temperature in the freezer is —10°C. 

¢ i 22°C il ~6.41°C ili ~ —1.58°C 

d AT(°C 
22 
  

  

  

  

                  v 

e ~ 8.71 minutes 

8 a 120 mg b ~ 6.58 hours ¢ =~ 14.9 hours 

9 a 800g b = 17.0 years ¢ = 68 years 

10 a The initial weight of the isotope is 10 mg. 

b a = 0.7937; each day the isotope’s weight is decreasing by 

~ 20.63%. 

¢ ~6.30 mg d i =~ 5.21 days ii = 9.00 days 

11 = 2.52 hours 12 ~ 18900 years 

EXERCISE 1H I 

1 

  

One is the other reflected in the z-axis. 

2 One is the other reflected in the 

y-axis. 

3 b   
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4 

5 ¢ ~201 d ~1.65 

3 

6 a ce? d e’ 

7 a b ~0.099261 ¢ ~125.09 

d =~ 0.0079945 e ~41.914 f ~42.429 

9 ~ 3540.3 h = 0.0063424 

8 a e?® 42 +1 b 1—e2® ¢ 1-3e" 
9 a e"(e"+1) b (e +4)(e* —4) ¢ (e —6)(e” —2) 

10 a 

b Domain of f, g, and his {z | z € R} 
Range of fis {y |y >0}, Rangeofgis {y|y <0} 

Range of his {y | y < 10} 

¢ For f: as x — o0, y — 0 

as x — —oo, y — 0T 
Forg: as z — oo, y — —00 

as x — —oo, y — 07 

For h: as ¢ — oo, y — —00 

as r — —oo, y — 10~ 

1M1 a i2g b 504 W (grams) 

ii ~257g (6,40.2) 
~423 g 40 

v ~402¢ 30 oo 
20 (3.257) 

10f -/ Uz4:23 

2 0 
0o 1 2 3 4 5 6 

12 a i ~64.6 amps b I (amps) 

il &~ 16.7 amps gg (1,64.6 

¢ = 28.8 seconds 15 ) = 75e=0.15t 

30 3 
,16.7 15 ( ) 

0 
0246 8 1012141618> 

t (seconds)   

13 a A=7e 05 +3 
b The side as the tank never completely empties. 

¢ ~ 5.58 kL d = 3.89 min 

14 a decreasing b i 3900 ms—! i ~ 2600 ms—! 

¢ ~11.8s 

15 a fz)=log.x b Domain of £~ is 
{z |z >0} 

Range of f~1 is 

{ylyer} 

19 4 
16 el ~ 37 =19 ~ 2.718281828 

i=0 2 

EXERCISE 11 B 

1 a 200 people 

b i = 1177 people il & 4719 people 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

                      
  

¢ 5000 people d GOOOAP(bop lation) 

e ~ 35.8 years 5000 

4000 (60,4719 

3000 o0 
| s 

2000 P#) = 1gor 
1000 1177 

200 ) o) 
0 10 20 30 40 50 60 70 80 

2 aC=19 d 100 infec A N (infected (1480) 

b as t — oo, 80 

N — 80~ 60 — 

¢ i =~ 52 people 0 ( 

ii ~ 80 people peop! 20 

t (days 1B ( ayfl 
0 2 4 6 8 10 12 14 16 

3 a L=162 b i x~833cm il ~ 139 cm 

¢ 162 cm d ~ 135 cm 

290 
4 a sz b =~ 198 people 

¢ 290 people d after &~ 7.04 hours (= 3:03 pm) 

REVIEW SET 1A 
1 z _2 

1 a2t b2° 27 2 a4 b1 i 

3 a 14+e*® b 227 1 10(2%)+25 ¢ x—49 

4 a yes b no 

5 

  

  

  

  

  

  

  

                     



10 

1 

12 

14 

15 

16 

ias & — o0, y— 2t il as £ — —o0, y — o0 

    

2 
o
o
 

o 

k:S,a:% by=0 :y:%s 

r~429 b x~x356 ¢ x~86.3 

80 seals b = 4.96 years ¢ & 74.9% increase 

~ 54.6 b ~0.135 ¢ ~ 331 d ~3.19 

  

¢ =100 k =700, 

  

  

  

  

  

  

  

                      

No, the computer depreciates by 40% cach year above the 

computer’s minimum price, but not overall. 

£251.20 

V =100, the computer will never be worth less than £100. 

1500 g b =~ 98.7 years ¢ = 197 years 

T=60e 0% +20 b ~421°C ¢ & 17.9 min 

L =60 ¢ i HEm 
~ 42.5 cm 70 

~ 6.44 weeks (:8 60 
after planting 20 (5,42.5) 1) = T 

40 T45¢ 2 
30 

20 

12 (weeks 

0 2 4 6 8 10 12 14 16 
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REVIEW SET 1B B 
1 z _35 

1 ac’ b z? czx ? 

2 a ~3.95 b ~ 0517 ¢ ~3.16 

3 a9-6"+e*® bax-2-a71 € 2741 

4 a 8(3%) b (2% —4)(2*+3) ¢ (e*+5)(e® —3) 

5 

  

clock: £525, 

b clock: V(t) =500 x (1.05) 

vase: £428 

vase:  V(t) =400 x (1.07)* 

¢ clock ~ £1039.46, vase ~ £1103.61 

d 500 x (1.05)" =400 x (1.07)* 
t ~ 11.8 years 

the vase 

and solve for ¢; 

7 a 181 [ b k=9 

8 ay=6x2"7"44 b y=-3x(3)"+5 

9 ay=10x5""-2 b y=48 

10 a z~245 bz~ 267 ¢ x~2.79 

1M ak>-2 b k< —2 
12 a a=1.15 

b k =800, the initial population was 800 birds. 

¢ ~ 1610 birds 

d No, the population would be unrealistically large. The birds 
would eventually reach a limiting population. 

13 ~152¢g 14 a C b E < A d B e D 

15 a Y 

  

b Domainis {z |z € R}, Rangeis {y|y <3} 

¢ as z — oo, f(x)— —o0; 

20e — 20 

e—2 

as ¢ — —oo, f(xz)— 3~ 

  16 a L= ~ 478, C= ~3.78 
e—2 

b~ 26 adult females ¢ = 29.6 months 

EXERCISE 2A W 

1 a4 b -3 «¢1 do e i f 3 

g -+ h1i 02 i1y k1 13 
2 an b a+2 «c1l-m da-b 

3 a 100 < 237 < 1000 b ~ 237 

log 100 < log 237 < log 1000 

2 <log237 <3 

4 a —1<log0.6<0 b ~ —0.22 

5 a ~188 b ~2.06 ¢ ~0.48 d ~ 292 

e ~ —0.40 f ~351 g =~ —210 h does not exist
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1 

C 
o 

—
w
 

o
o
 

o 
A
 

W
 

0
o
 

O 
o 

o 
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z>1 bzrz=1 cl0<z<l1 dz<0 

~ 100.7782 b ~ 101.7782 ¢~ 103.7782 

~ 10—0-2218 e ~ 10—2:2218 f ~ 1011761 

~ 103-1761 h A 1001761 i A 10—0-8239 

~ 10—3.8239 

i~ 0477 i~ 2477 

log 300 = log(3 x 102) = log(10'°83 x 102) = ... 

i ~0.699 i A~ —1.301 

log(0.05) = log(5 x 1072) = log(10°8% x 1072) = .... 

z =100 b z=10 

= 1l0 e z=+10 

z = 10000 h =0.00001 
x ~ 140 k z ~0.0419 

b =10 

cz=1 

— 1 

fe=75 
i o~ 684 
I 2~ 0.000631 

When z =0, y=1logb=a {fromb} 

(b, a) lies on the graph of y = logx. 

They are inverse 

functions. 

1 g Domainis {x |z >0}, Rangeis {y|ye R} 

e 

  

EXERCISE 2B I 

d ~ —0.357 e ~6.215 

5 x does not exist such that e* = —2 or 0 since e® > 0 for 

all z € R. 
6 a ~vel7918 b A 40943 ¢ n 86995 

d ae—0.5108 e ~ 51160 f o~ 2-7081 

g el 3132 h A e0-4055 i A e—18971 

j A e8:8049 

7 a z=20.1 baz=e cr=1 

d z~0.368 e x~ 0.00674 f z~230 

g x~ 854 h z~ 0.0370 

8 a iz iz < 

b They are inverses 
of each other. 

  

d Domainis {z |z >0}, Rangeis {y|y € R} 

9 a In45 b In5 ¢ In4 d 

e Inl1=0 f In30 g In(4e) h 

2 
i In20 i In(4e?) k ln(—S) 1 

e 

10 a In972 b 1n200 ¢ Inl=0 d 

e In6 f In(34) 3 In(}) h 

i Inl6 i In(16e?)  k ln(§) 1 
e 

  

11 For example, for a, In27 =In(33) = 31In3. 

EXERCISE 2D W 

1 a i A translation through ( o) 
ii Domainis {x |z >0}, Rangeis {y|y € R} 

F0)= 4, f(e) = -3 iv et 

  

o
 

() = evtd 

i A translation through ( ; ) 

Domainis {z |z > 1}, Rangeis {y|ye R} 

v 1+e2 f(1) is undefined, f(e) ~ 2.54 

1 a logl6 b log20 ¢ log8 d log(£> 
m 

e log4 f log2 g 3 h log25 

i log24 i1l k0 I log28 

2 a log700 b 1og(§) ¢ log30 

d log(%) e log200 t log(0.005) 

g log(10t x w)  h 1og(§) i log20 

3 a log96 b log72 ¢ log8 d log(fi) 

e log6  flog(3) g1 h log2s i1 

3 1 3 4 a2 b 3 <3 d 3 e —2 f -5 

5 For example, for a, log9 = log(32) = 2log 3. 

7 apitgq b 2¢+r ¢ 2p+3¢ drtig-p 

e r—>5p f p—2q 

8 azxz+z b z2+2y crt+z—y d2:c+%y 

¢3y7%z f22+%y73z 

9 a 0.86 b 2.15 ¢ 1.075 

10 log 384 11 1+ logl2 

EXERCISE 2¢ I 

1 a2 b4 < 2 do e -1 
1 1 f 3 g —2 h —3 

1 1 2 a3 b9 <z d 7 e a 

fl+a g a+bd h ab 

3 a 3~ 200855, et~ 54.5982 b 3and4 
¢ In40 ~ 3.689 

4 a ~2.485 b ~4.220 ¢ ~0.336  



¢ i A vertical stretch with scale factor 3, then a translation 

through ( _01 ) 

il Domainis {z |z >0}, Rangeis {y|y € R} 

    x+1 

vi fl(z)=e * 

d i A reflection in the z-axis, then a translation through 

0 

(3) 
i Domainis {z |z >0}, Rangeis {y|yc R} 

f(1)=3. fle)=2 

  

iv e3 

  

a i Domainis {z |z >0}, Rangeis {y|y¢c R} 

il vertical asymptote is @ = 0, z-intercept 100, 
no y-intercept 

b 

¢ i Domainis {z |z >0}, Rangeis {y|yc R} 

ii vertical asymptote is « = 0, z-intercept \/%, 

no y-intercept 

i 

  

  

ANSWERS 

d i Domainis {z |z >0}, Rangeis {y|yec R} 

i vertical asymptote is = 0, z-intercept 10, 

no y-intercept 

fii 

  

3 a Ais y=Inz as its z-intercept is 1. 

  

    -r + 

y=1Inx 

¢ y=Inz has vertical asymptote = =0 

y = In(z — 2) has vertical asymptote = = 2 

y = In(z + 2) has vertical asymptote = = —2 

4 y=In(z?) = 2Inz, so she is correct. 

863 

This is because the y-values are twice as large for y = In(x?) 

as they are for y = Inz. 
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6 ay=1+2Inz b 

7 a b=1log50000 b a=log12500 

_l(z):llnz 

a (flog)(e) = 5In(2e 1) 

1 
zln b (gof) ()=   

EXERCISE 2%  — 
1 aP=1h Q=4 

1 

b P Qi i 
' 

OI
 

2 Togaritim 
~ —14.5 

nergy (1) 

A | average kmetlc energy of a | 3 x 10715 
human red blood cell 

energy needed to raise a 
grain of sand by 1 mm 

~ —8.15 

  

  

kinetic energy when a 
200 g apple falls 1 m 

solar energy received by 

1 m? of the Earth’s surface 
directly under the Sun in 

  

F | total world energy 6 x 1020 
consumption in 2016 

~ 0.301 

~ 3.15 

    

b A B C D E 
[ vy 
Lov o b Lo b b Leaa Lo 

*5 10 5 0 510 15 > 

16482646 

China 1420062022 

India 1368737513 

Indonesia 269 536 482 
Nauru 11260 

Singapore 5836496 

Thailand 69306 160 

Vanuatu 288017 

H F A G D 

' oyt «~
m 

[
T
 

QT
WM
mW
MO
U 

Q
W
 

> 

< b b b b bl 
4 5 6 7 8 

20 

    
Cp 

9 

| 

Population 

Country Population relative to | Logarithm 

Singapore 

Cambodia | 16482646 =~ 2.82 

China 1420062022 ~ 243 

India 1368737513 ~ 235 

Indonesia | 269 536482 ~ 46.2 

Nauru 11260 ~ 0.00193 

i 5836496 

69306 160 

288017 

  

  

d Our scale in ¢ is obtained by translating the scale in b ~ 6.77 

P 
units left. This occurs since log(—) = log P — log Ps. 

5 

4 a 1 If M=0, I =Ip the earthquake intensity is equal 

to the reference intensity. 

il If M =1, I = 10Ip, the carthquake intensity is 

10 times greater than the reference intensity. 

b The magnitude of an earthquake follows a logarithmic scale. 

A magnitude 6 carthquake is 10% = 1000 times more 
intense than a magnitude 3 earthquake. 

c i4 il ~5.70 d = 5.01 times more intense 

5 a The concentrations of H3O% are extremely small numbers 

that would otherwise be impossible to compare. 

b i ~363 i 1077 mol L™! 

¢ i vinegar i ~4.30 A2 79.2 times greater 

d Yes, if the concentration of H3O™ is greater than 1 mol L—1, 
then the pH will be negative. 

  

6 a ~599 b~ 2.82 x 10'? joules 

7 a 261.6 Hz b ~ 1.58 octaves 

¢ i ~2090 Hz il &~ 131 Hz d ~1.06:1 

8 b ~10.6 mm 

REVIEW SET 2A 

  

1 a3 b -1 cat+b+1 

2 a ~1431 b ~ —-0.237 ¢ ~2.602 d = 3.689 
3 a A 1015051 b ~ 10—2-8861 ¢ A 1040475 

25 
4 a Inld4d b In(%) < ln( ) d In3 

e 

5 a logldd b 1og(1—96) ¢ log 500 

6 a 24+2B b A+3B ¢ 3A+1iB 

d 3(A+B) e 4B —2A f 3A—2B 

7 ax:lO*S:Tflm b z=¢b 

8 a A vertical stretch with scale factor 3, then a translation 

through (g) 

b f(1)=3 ¢ a-intercept e, no y-intercept 
xz—3 

d y e flx)=¢ * 

y=3nz+3 

 



    

  

10 eand 10 11 a 100 b (100, 2) 

12 

X-rays 0.000 000 001 

Ultraviolet 0.000 00005 

Infrared 0.000 04 

High frequency microwaves 30 

Super low frequency radio waves 7000000 

A B C D E 

?I‘\I\II\IIII\IIII bl L L L L P L L, 

REVIEW SET 2B W 
3 2 1 a3 b 3 ca+b 

a2 b -3 ¢ 2 dil-a 
2 6 a3 b 2 <8 

a zt b5 < % d 3z e —zx f —logz 

2.9957 b A 80064 ¢~ e—2-5903 

a In3 b In4 

8 a=1n2, b=3 

a f~Yz)= % + %lnz 

2 

3 

4 

5 a e~ 

6 ¢ In125 

7 

9 

     

b 
Ly=x 

e 120.368 
~ 

y= % +%ln T 

e 1~ 0.368 

10 a 100 times b i =73.0dB il ~ 3.25 times 

11 a i &~ 13.5 years il = 31.2 years 

b =~ 52.8 years longer ¢ ~2.28% 
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EXERCISE 3A B 

1 a+fom b £ImL ¢ £50mL  d £250 ¢ 
e +0.05°C 

2 a 26.5mm to 27.5 mm 

¢ 4.75 m to 4.85 m 

e 245gt0255¢g 

3 36.35°C < T < 36.45°C 
a 1.055 km b 9.715 km ¢ 10.05 km 

For distances from 1 km up to 9.99 km, the watch displays the 

correct distance accurate to +0.005 km, but for distances from 

10 km up to 99.9 km, the accuracy reduces to £0.05 km. 

5 a 6.4m,asitis the most different from the other measurements. 

b 6.05 m, as it is in the range of values for a measurement of 

6.0 mor 6.1 m. 

¢ 10 cm 

6 a 235m<l<245m 

7 4s<t<6s 8 248 +2cm 

10 a 55.25 cm? b 41.25 cm? 

11 1092.25 + 34 cm? 12 36.125 + 4.25 cm? 

13 196.5 £ 52.125 cm? 14 =~ 1523.90 + 21.79 cm® 

15 ~1197.73 £275.28 cm® 16 339.95 + 7.74 cm? 

17 27.6° <60 < 34.4° 

18 a 3.60 cm® < A < 4.04 cm? 
b 14.62 cm < P < 14.89 cm 

19 volume = %1\'7‘3‘ 

The rounding will have more effect on the volume, as the error is 

multiplied through 3 times rather than twice. 

20 a 36.69 & 1.15 cm? b 73.48 £ 1.54 cm? 

EXERCISE 3B I 

b 38.25 cm to 38.35 cm 

d 1.45 kg to 1.55 kg 

£ 3.745 kg to 3.755 kg 

b 235nm < L <245n m 

9 788 cm <1< 792 cm 

surface arca = 47r? 

1 a €2460, =~ 0.180% b 467 people, = 1.48% 

¢ $1890, =~ 0.413% d 189 cars, =~ 6.72% 

2 a 1.238kg, ~19.8% b 24m, ~246% 

¢ 38L, ~16.0% d 22 hours, =~ 30.6% 

3 a 9991 m? b 100 m? ¢ 0.09m2, =~ 0.0901% 

h a 3254.224 cm® b 3240 cm® 

¢ 14224 em®, & 0.437% 

5 a i 05cm ~0.290% ii 0.5cm, ~9.09% 

b The estimate of her height is more accurate since the 

maximum percentage error is much lower. 

6 72 m? b $6120 ¢ 77.08m?  d ~6.59% 

no f $7650 

7 5 m? b ~17m ¢ 5.1m? d 2% 

8 65.25 kmh—1! b 4.75 kmh™!, =~ 7.28% 

9 ~ 0.840% b ~1.29% 

Hint: Let the measure have the value 1. 

~1.50x 1074 % 

- o
 

o 
A
o
 

A 
C
o
 

o 
o 

O 
o 

1 ~3.22m? b 3.0375 m? < A < 3.4075 m? 
~ 6.01% 

12 ~25lcm® b 173cem® <V <350 em® ¢ ~45.1% 

13 a =~ 4.40 hours (=~ 4h24 min5s) b ~0.287% 

REVIEW SET 3A NS 

1 a accurate to i% cm b 35.5 cm to 36.5 cm 

€ 1260.25 cm? < A < 1332.25 cm? 

2 48 cm < P < 52 cm 3 43.1m2 < A < 52.9 m?
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4 a $590, =~ 22.8% b 0.109 cm, = 0.417% 

¢ 386 people, = 8.80% 

5 ~0.0811% 

6 a ~616m2 b ~707m? ¢ ~0.911m? ~14.8% 

REVIEW SET 3B B 

1 a 14855<t<1495s b 6.66ms™! <s<6.77ms”! 
2 267.5cm? < A<3555cm? 3 57.9km < D < 61.9 km 
4 a ~175cm b ~287cm, ~1.61% 

5 a i2m il 2.24m iii 2.236 m 

b 2.24 m and 2.236 m 

6 a ~4.51% b ~ 1.32% ¢ ~0.0507% 

d ~0.0402% e ~849x107%% 
7 a ~385cm? b 37.4 cm? < A < 39.6 cm? 

¢ ~292% 

EXERCISE 4A W 

1 a $232 b $13920 < $1920 

2 a £282.60 b £10173.60 ¢ £673.60 

3 a $1036.80 b $2610 4 €1903.28 

5 b $27509.01 

c 1 %200 i $186.21 

The balance of the loan is less in month 6 which means the 

interest paid will also be less. 

d i $4.02 il $6497.40 ($6498 using technology) 

e The monthly repayment was rounded up, so every month the 

payments have reduced the balance by a little extra. 

6 a $148.64 b $729.28 

7 a £490.61 b £15598.73 

8 a $8500 b i $518.58 i $1871.60 iii $5492.57 

9 a 6.30% pa. b $395.65 

10 a i $789.19 ii $512.92 iii $395.92 

b The 3 year loan charges the least interest of $3410.84 as more 

is paid off each month and therefore less interest is charged. 

11 a €386.90 b €5214 ¢ €10169.13 

d  Ally pays more interest in the first 2% years than in the second 

2% years. 

12 a $1827.33 b $188559.20 ¢ $162745.03 

d i $3165.28 ii $159196.40 il $29362.80 

13 a $2678.37 b $418703.37 

c 1 $2483.49 

ii 4 years earlier; we assume the new rate is fixed for the 

remainder of the loan period. 

EXERCISE 4B 

2 

3 

7 

a 25 years 4 months b $3693.84 

a 12 years 7 months b 3 years 1 month longer 

a £5614.06 

b No, he can only afford to spend £5614.06 per month. 

Otherwise his money will run out before he turns 84. 

a $1094748.09 

b i $8600.27 ii 11 years 11 months 

a £11512.29 b £394007.62 ¢ £1312.64 

a $4500 x 12 x 20 = $1 080 000 

b Maggie will earn interest on the money in the annuity account 

as she makes her regular withdrawals. 

¢ $618117.53 

The money will last forever. 

a 7.19% b i 2 years 10 months ii €679.24 

9 

10 

a 

a 

< 

$5121.03 b $322605.07 ¢ $6708.44 

€3163.24 b €413500.41 

i €3378.64 ii 9 years 3 months 

REVIEW SET 4A NS 

$455.43 b $27325.80 ¢ $4325.80 

€157.24 b €1086.93 

$2884.74 

Total repayments = $2884.74 x 12 x 25 = $865422 C
o
 

o 

Total interest charged = $865422 — $410 000 = $455 422 

b $2996.23 

b $314877.35 

b 14 years 3 months 

€7645.37 

8 years 7 months 

$799813.28 

€7861.43 

i 9 years 7 months ii 

¢ €727698.90 

REVIEW SET 4B B 

a 

b 

$279.08 b $1395.84 

i 11742.52 pesos il 8286.45 pesos 

The 4 year loan charges the least interest of 63 640.96 pesos 

as more is paid off each month and therefore less interest is 

charged. 

$17500 b $1260.97 ¢ $9347.67 

i $1269.19 ii $65.76 

An annuity fund is an investment where an individual makes 

a lump-sum deposit, and then makes regular withdrawals 
from the account. We have previously considered compound 

interest investments that make regular deposits into an 

account. 

Diane is technically correct, but she will be able to withdraw 

more than £2000 per month since the money in the fund will 

carn interest. 

£3167.02 

€2467.29 b €448.52 

4.90% p.a. b 6 years 7 months 

EXERCISE 5A I 

We have assumed that the cyclist travelled at a constant speed 

of 30 kmh~—? the entire time. This is not realistic, the cyclist 

will travel at different speeds uphill, downhill, and on flat 

ground. 

60 km 

Briony constructed her model by finding the equation of 

the line through (0, 8) and (12, 23). Briony has 
assumed that the laptop will charge at a constant rate, and 

indefinitely. These assumptions are not realistic, but they 

may be satisfactory for this problem. 

0<C <100, t=0 

Briony’s model suggests that it is possible to have charge 

greater than 100%, which is not possible. 

73.6 minutes 

i The laptop likely charges at a faster rate earlier on, then 

at a slower rate as it approaches a full charge. 

il Yes, 73.6 minutes was a useful estimate. 

t = 2d seconds b 75 seconds 20 

Rick will take a longer time to run 500 m than our prediction. 

He will not be able to run 500 m at the same pace that he 

runs 100 m. 

€, it is usually coldest at dawn, and warmest in the afternoon. 

Daily temperature should be roughly periodic. 

~ 28°C



9 4% hours (& 4 h 25 min) 

11 15 hours 

B, most light globes last for 200 hours, then the number of 

working globes quickly decreases. 

b =~ 95 light globes 

Darren has assumed that the Earth is perfectly spherical, and 

that the lighthouse is perpendicular to the Earth’s surface. 

These are reasonable assumptions. 

b D =226 km 

o
o
 

h = (%x + 3) m; we have assumed that the power line 

is hanging perfectly straight and that the poles are directly 

opposite. 

0<z<15 c4dm 

Yes, if the poles are 3 m and 5 m high, we expect the height 

of the power line above the middle of the road to be 4 m. 

Yes, provided he knows the width and height of the truck, he 

should be able to reasonably decide whether or not the truck 

can fit. 

i & 71.8 seconds il &~ 51.7 seconds 

‘We have assumed that there is no current, and that Antonio 

can swim/jog at a constant speed, in all situations. 

b Swimming to C then jogging to B appears to be quicker. 

< Swim to the point 16.2 m from C and jog 83.8 m to B, 

total time ~ 49.7 seconds. 

10 92 minutes (~ 9 min 23 s) 

12 6 hours 13 1% hours (&~ 1 h 51 min) 

EXERCISE 5B I 

1 a 
b 

< 

d 

C =25z 

The model fits the data points exactly. 

the model is exact. 

yes, $30 

  

  

AV (litres) 
  

  

  

  

  

  

  

                        T » t (minut 01T 23 4 5 6 7 g (minues) 
V =265 — 11t 

i 100 litres il 

aft@y[of1[2[8[4[5]6 ] 

b 1004 47 (em) 

90 

80 

70 =10t + 30 

  

  

  

  

60 — 

50 

40 

3 

  

  

                    >t (days) 

d H =10t+ 30 
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It does not make sense to extend the model for ¢ < 0 since 

the number of days after planting cannot be negative. It does 

not make sense to extend the model indefinitely for ¢ > 6 

since the plant will not continue to grow at this rate forever. 

However, we will assume that it does for the purposes of this 

model. H(t) has domain {¢ |t > 0}. 

e 7 days 

The points do not lic exactly on the line. 
the model is approximate. 

~ 160 pieces of litter; this estimate is likely to be inaccurate 

as it is an extrapolation. There would probably not be this 

much litter for Jack to pick up. 

54.85 s, while the actual time was 57.0 s. 

The values differ since the model is not exact. Some times 

will be higher or lower than what is predicted. 

The model would not be accurate for years much earlier than 

1957, as the model would begin to predict unrealistically large 

times. The model should still be useful in estimating times a 

few years prior to 1957. 

2005 

It is not suitable to extrapolate future times. Improvements 

in time no longer follow a linear trend. 

EXERCISE 5C.1 

1 

6 

  

  

  

  

  

  

  

  

  

    
                      
  

  

  

  

  

  

                          

a base rate: gradient = 2; the first 25 KL of water costs $2 

per kL. 

higher rate: gradient = 4; each kL used above 25 kL costs 

$4 per kL. 

b $160 ¢ 15 kL 

a 10 GB b $5per GB ¢ $45 d 18 GB 

a The car was initially travelling at 10 ms™?!, then braked for 

6 seconds to a complete stop. The car stopped for 5 seconds 

before accelerating for 4 seconds to a speed of 7 ms~! which 

it maintained for the remaining 5 seconds. 

b We have assumed that the car accelerates and decelerates at 

a constant rate. These assumptions are reasonable. 

¢ i 5mst ii 30m d 79m 

a wage ($) b $45 
100 

¢ 17k, 
90 € 

80 

70 

60 

50 

40 

30 

20 

10 

% 2 16 s 10121416 18" gt (k) 

a i 875 ii $95 b i 15 min ii 60 min 

¢ $155, assuming that the pattern shown in the graph continues. 

a A cost (8) 
60 

50 

40 

30 
20 o—=e 

10 — 

- s wei 
o1 2 3 a5 et 

b i $23 i $32 $45 c $22 
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7 a A distance (3 
200   

  

150   

  

  100 
  

50     
                        > ti S 

030 60 w0 120 *ime® 

  

  

  

  

  

  

  

  

  

  

  

  

  

                            

b We assume Laura swims at a constant rate in each 50 m leg. 

¢ ~ 104 m 

8 a £448.80 b i £9628.80 il £43543.20 

¢ i £50118.15 il ~32.6% 

7 @ 803 tax paid ($x1000) 

60| 

40 

20 

incpm $ 1(’00 

00 40 80 120 160 200> 

b 604 tax rafe of the last dollar carned (% 

40 > ?_.‘ 
Oo— 

20| o—e 

income ($x1000) 

00 40 80 120 160 200 

¢ i $1862 ii $7244.50 iii $23072.50   
EXERCISE 5C.2 I 

1 a    

3 a D=|z|+|z—10] b i D=10 i D=16 

< 

    

b i The total distance from z to the four beaches O, P, Q, 

andRis |2+ 5|+ |z+2|+|z|+ |z — 3| km. 
the average distance to any beach is 

e +5|+|z+2|+]|z|+ ]|z —3]) km. 

il Anywhere between O and Q inclusive, which corresponds 

to the minimum of our graph in a. 

iii We minimise 

y=z2(z+5|+|z+2|+|z|+|z—3[+|c—T7|). 
The ambulance service should be located at O. 

EXERCISE 5C.3 I 

     

  

    

1 a 30°C b 10 minutes ¢ 25°C d 30 minutes 

2 a S (kmh™1) b 60 kmh—?! 
S=60 . . 

60 ¢ i 18kmh 

5or- i 56 kmh~1 
iii 60 kmh—1! 

d 4 seconds 

   

t(s) 

3 a 

9z (kg) 

b C— 9 + 3z, 0<z<9 

T 1242242V, =9 

c 0 $27 ii $36 

4 a c=45 d=50, e=—105 

b 45 m ¢ 20m d ~245s,4s,and 6 s 

EXERCISE 5D B 

1 a y:%z+l 

2 a a+tbte=7 

4a+2b+c=10 

9a +3b+c =11 

ba=-1,b=6, c=2 

¢ y=—x2+6z+2 

3 ay=2z>+3z-6 b y=—2c2+4z+9 

4 We find that @ =0, b= —2, and ¢ =15. So the three points 

lie on the line y = —2x + 5, but not on a quadratic.



5 a y=—-322+10x b y=21%—422 + 5z 

6 
cy=2r+-—-3 

x 

6 a=02 b=05, c=1 

7 a h= fi —r 
T 

b Hint: Make h the subject in the equation of the surface area 

of a cylinder. 

¢ 727 cm? 
d h = —5 cm, which is not reasonable, as height cannot be 

negative. 

e Ocm <7 <6cm 

8 ay=qe? 22450 b 372m ¢ 0<2<100 

9 a d=5209 b a=0.003, b= -0.117, ¢=0.921 

¢ 0.829 m 

REVIEW SET 5A B 

1 aD=%tm b 1500 m 
¢ The actual distance will be less than our prediction. Ben will 

not be able to kayak at the same speed for 10 minutes as he 

can for 40 seconds. 

1% days 

b The assumption is not reasonable, the job will take more time 

than our prediction in a. 

3 aA b ~40°C 

4 a gradient = —5, A-intercept = 160 

The barrel initially contained 160 L of oil and is leaking at a 

rate of 5 L per minute. 

b A=160— 5t ¢ 85 litres 

5 a | Time (t hours) “ 

Cost (£C) 50 | 130 | 210 | 290 | 370 

d 0<t<32 

  

  

  

  

  

  

  

  

  

  

    
                      
  

  

  

  

  

  

    

b AC(E ¢ C =80t+50 

0 d £530 

0 

doo =80¢ + 50 

100 

t (hours) 
- \#, > 

6 a i $25 ii $35 b 1 hour 

7 @ pdistance (ki) 
60 

40 

20 

time (min) 
=                       

0 40 80 120 160 

b We have assumed that Alana travels at a constant speed during 

cach leg of the race. 

¢ ~ 13 km 

8 a L=|z|+]|z—2| b i L=2 i L=4 

c0<z<2 L=2 d The house should be built at G. 
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9 y=1222+3z—4 

4 
10 a y=3c+— b y =223 422 + 3z 

T 

b 99m 1M aa=q5 b=2 T00° 

¢ No, braking distance is dependent on the car and the reaction 

time of the driver. 

REVIEW SET 5B B 

1 1% hours (= 1 h 37 min), assuming that Todd and Sophie can 

work together at the same rate that they could individually. 

  

  

  

  

  

  

  

                      0, d (days) 0 2 4 6 8 101214 

¢ H=3d+17 d 53 mm 

3 a Yes, these are reasonable assumptions. Not all of the wood 

in a tree is usable, and assuming that the trees are cylindrical 

makes it easier to perform calculations. 
817h 

bV =08xm(0.225)2h m® or V=——tmd 
2000 

¢ ~1.91m3 

4 a The points do not lic exactly on the line. 
the model is approximate. 

e every 21 days (3 weeks) 

  

  

  

  

  

  

  

  

  

  

  

                                              
  

  

  

  

  

  

      
                            

b 2040. This is an extrapolation, so this prediction is not likely 

to be reasonable. 

5 a st 1200f < ®) 
* 

1000 ¢ 
$ 

800 Claire’s cottag § 

*Bibs 600 I Bob’s beach house 
° 

400 * 

. 
200 s 

num cr | of nights 

%1 2 3 4 5 6 7 s 9 ° 
b i $540 i $640 ¢ 9 nights 

d Bob’s Beach Housc will be cheaper by $20. 

6 a piecewise linear model b ~32.7% ¢ €36841.48 

7 a . cnaltics 
7 Pty 
6 OO 

5 o—e 

4 o——o 

3 o——o 

2 o—e 

1 
0 » exceeded 

0 2 4 6 81012141618 20 22 24 26 time (s) 

b i 1 time penalty ii 2 time penalties 
   

i 0 time penalties iv 4 time penalties
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8 a k=60 b 

¢ T'=11s 

d 60 ms—! 

e i 50ms™?t 

i 19ms! 

9 ay=-ga®tz+i b 20.25m ¢ yes 

8 
10 ay=x+2z b y=—2245z+ — 

T 

11 a If =0, the metal cannot be folded into a tray, and hence 

V=0 d=0 

b a=4, b=-120, ¢ =900 d 0<z<15 

EXERCISE 6A IS 

1D 
  

  

  

  

  

  

  

        

  

  

  

  

  

  

  

    

  

        

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                      
  

      

2 a i il yxz, k=5 

b i il y is not directly 

proportional to . 

c i Y il y is not directly 
. proportional to . 

6 . 

. o 

* 

* T = 

d i il y is not directly 

proportional to . 

3 a i€6 i €12 iii €18 iv €24 

b The graph of C against ¢ is not a straight line through the 

origin. 

C and t are not directly proportional. 

4 a yis doubled 

y is divided by 3 

bz is multiplied by 6 

a d z is increased by 20% 

10 
e 1y is decreased by 70% f x is increased by m 

5 When the temperature in °C is 0, the temperature in °F is 32, so 

the graph of these variables does not pass through the origin. 

these variables are not directly proportional. 

directly proportional 

directly proportional 

not directly proportional 

y="12 bp=322 

k = 1.8, the heater uses 1.8 kWh of energy each hour. 

2.7 kWh ¢ 3 h 20 min 

k = 20, 1 cm on the graph represents an actual length of 

20 m. 

5.5 cm 

10 a 366 kgms™?! 

11 a 

b not directly proportional 

d not directly proportional 

® 
A 

o 
o 
0
o
 o
 

o
 ¢ 300 m 

b ~3.44 ms~! 

i The graph of C against ¢ has C-intercept 30, so does not 

pass through the origin. 

C' and t are not directly proportional. 

ii The graph of (C — 30) against ¢ passes through the 

origin and is a straight line. 

(C —30) and t are directly proportional. 

b £330 

EXERCISE 6B W 

1 aAxr? k=m b Voard k=3n 

¢ Txn? k= % 

2 a yis multiplied by 8 b y is divided by 1000 

¢ y is increased by 72.8% d a is multiplied by /2.5 

e x is decreased by ~ 11.2% f « is increased by ~ 26.0% 

3 a M=90 b t=06v3~104 

4 a V=1920 b y=3Y6~545 

5 2500 g 6 a ~11.9mL b ~5.45cm 

7 a = 15.8% increase b = 26.0% increase 

8 a Fxm b E oxv? ¢ E decreases by 19% 

d Stopping distance d x E 

and F « v? 

d o v? 
1 

9 yx 24 

EXERCISE 6C NN 

1B 

2 a xy =24 for cach point. 
P 24 

x and y are inversely proportional, y = —. 
x 

  

AY 
  

     

  

  24 
  

  

  

  

                        Yo 
b xzy =20 when z = 1,2, or 5, and zy = 24 when 

=4 

« and y are not inversely proportional. 

 



¢ zy = 60 for each point. 
. . 60 

« and y are inversely proportional, y=—. 
T 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                      

3 a No, 0 =90 — ¢. There is no constant k such that 

  

Ox =k 

b tanf = z and tan¢ = ¥ 
Yy x 

1 
tanf = Y 

tan ¢ 

tan @ and tan ¢ are inversely O 

proportional. v 

4 a yis halved by is multiplied by 7 

¢y is multiplied by g d y is decreased by ~ 23.1% 

5 aC=5 b t=45 6 10 hours 

7 a 3.75ms 2 b 0.75 kg 

8 a If the share price is multiplied by a constant, then the number 

of shares Wendy can buy will be divided by the same constant. 

number of shares is inversely proportional to share price. 

b i %n shares (rounded down) i 33%% 

EXERCISE 6D 

1 a yis divided by 8 

¢ z is divided by 4 

by is multiplied by 122 

2 ay=3 ba=%2% 3 a M=216 b c=48 

4 a  V=nr’h 
vV 1 h=2Lx = 
7l'><’l‘2 

1 . 
h = {since V and 7 are constants} 

b ~10.4 cm ¢ ~2.79 cm 

d The cans would otherwise be too small or too large to be 

practical for use. 

5 a =~ 24.9% decrease 

6 zoxx? (or T o< /Z) 

EXERCISE 6 NN 

b = 30.7% decrease 

  

42 
1 a H=— b 16m 

16 
3 

2 am= b 6.25 kg ¢ =~ 27.1cm 
20000 

3 a zy =10 for all 3 points, so it is reasonable to assume that 

y varies inversely with z. 

b y:%o < y:% 

4 a zzy:5 for all values in the table b =10 

_ 5 

V== 
so k=5 

ANSWERS 871 

’U2 

5 a i R=— 
200 

202 
il When v=20, R=—=2#14 

200 

302 
When v =30, R=— =4.5#135 

200 
402 

When v = 40, R:L:S#Zfi 
200 

this model is incorrect. 
R 0.5 1 

b When v =10 and R = 0.5, E:fi:m 

R 4 1 
When v =20 and R =4, 3 = 505 — 2000 

R 13.5 1 
When v =30 and R = 13.5, v_3 = _303 = 050 

R 32 1 
When v =40 and R = 32, v_3 = _403 = o5 

B _ 1 foralld i R= 5508 o5 = 000 or all data points, so R = 5555 v°. 

¢ 62.5 units d A reduction of ~ 7.17%. 

EXERCISE 6F NN 

799 
1 a y~0.602z* by~ — 7 

2 a Inverse variation, as the points appear to lie on a curve which 

is asymptotic to both axes. 

451 
b P~ —- 22 

3 a Direct variation, as the graph of C against ¢ should pass 

through the origin, and we expect the charge to increase as 
time increases. 

¢ Px~282 

  

  

  

  

  

  

  

  

  

    
                      

b C =~ 1.25¢t ¢ = 70% 

d 0 <t < 80, as the battery charge must lic between 0 and 

100%. 

4 a Inverse variation, as [w =~ 600 for all [ and w. 

Al(m Yes, the points appear to 

A . lic on a curve which is 

s asymptotic to both axes, 
* as expected for inverse 

” . variation. 

10 
w (] 

1 2l 3 

v 

2 
cl= fl d ~26.2m 

w 

e 15 < w < 24.5, so the width of the block is practical for 

building a house, and the block is no wider than it is long. 

  

  

5 a R=~0.0197s22° b ~3.84m ¢ ~10.2ms ! 

6 a number of b no 
8 A_] Iln1bean 
  

  6 
  

  
4 4 
  

200 
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3 
< V =7r?h = % (since r = g) 

Vo h? 
The volume, and hence number of jelly beans, is proportional 

to the cube of the jar height. 

d number of jelly beans, N ~ 0.183h3 

5.63 
7 an? 

8 a P~ 293 x 00521 
Since multiplying the values of P does not result in the values 

of ¢ being multiplied by the same number, then P is not 
directly proportional to T'. 

b i 
Temperature (T K)_| 278.15] 283.15 288.15 ] 293.15 

Pressure (P x 10° Pa) 3.33 | 3.39 

Temperature (T K)_|298.15] 303.15 308.15 
Pressure (P x 10° Pa) 3.57 

i P~0.0112T 

il Yes, our power model suggests that P o< T', where T' 
is measured in kelvin. 

REVIEW SET 6A W 

{% is constant} 

e 1464 jelly beans 

b ~ 352N ¢ ~0.0931 m 

  
1C 2 a A is multiplied by 4 b ¢t is increased by 5% 

3 ~ 106 N 

4 ayxa? k=5 bPo(n4,k:% 

¢ Vxa®, k= % 

5 a y=33a? b iy=75 i z2=8/5~179 

a xy =40 for each point. 40 

x and y are inversely proportional, y = - 

  

b zy = 60 when z = 3,5, or 10, and zy = 64 when 

  

  

  

  

  

  

  

  

  

  

      
  

r =8. « and y are not inversely proportional. 

7 625 THz 8 a ~0.516 ohms b ~0.321 cm 

9 ay:%mQ by:SO% 

10 a Hint: Write the base lengths [ in terms of h. 

b V=2 ¢ 2x43=256 v Zx63=864 v 

d i V=2048 ii h=5 

11 a y~ 1.50z3 byz% 

12 a A (amperes) 

61 

7 Too > & (ohms)                               

b Inverse variation, as RI = 120 for each point. The points 

appear to lie on a curve which is asymptotic to both axes. 

  

121 
¢ I~ 120 d = 0.48 amperes 

R 

REVIEW SET 6B 

1 a P 
      
  

  

  

  

  

  

  

  

~Y
 

                            

b The graph of P against ¢ is a straight line which passes 

through the origin. 

  

  

  

  

  

  

  

  

  

  

  

  

                              
  

¢ P=2.5t 

2 a 29N b 18A 3B 

4 a A=mr2 7isa constant 

s Axr? 

b 80.625 kg ¢ ~23.1cm 

3456 
5 ay= b i y=54 i z=-12 23 

6 6.75 days 7 decreases by ~ 8.71% 

28 
8 ay=— b y =280 

x 

262 
9 aP=22 5 b i assTW il ~323kmhl 

42875 

10 a AD 

40 

30 

- rmi 

Y 

b We see that Dp? =90 for each point. 
The points appear to lie on a curve which is asymptotic to 

both axes, so the model D = — seems appropriate. 
p 

¢ k=90 d D=36 

11 a Direct variation, as the graph of y against z appears to pass 

through the origin and is increasing. 

b y =~ 0.75322 
  

  

        

12 a[ dm 1 5 10 15 20 

Ixd 63.7 | 12.75 6.37 | 4.245 3.18 

b Ix %27 ¢ = 49.0% decrease 

EXERCISE 7A B 

1 weak, positive, linear correlation, with no outliers 

strong, negative, lincar correlation, with one outlier 

no correlation 

strong, negative, non-linear correlation, with one outlier 

moderate, positive, linear correlation, with no outliers 

weak, positive, non-linear correlation, with no outliers -
0
 

0a
n 

O
C
o



  

  

  

  

  

  

                          

  

2 a Hours worked is the explanatory variable. 

Number of customers is the response variable. 

b A number of customers 
12 ° 

o 

8 
° 

° 
° ° 

4 ° 

0 hours worked 

0 2 4 6 8 10 

¢ i Monday and Friday il Wednesday and Sunday 

d The more hours that Tiffany works, the more customers she 

is likely to have. 

7 10x3dage B 1] 
8 ° 

‘ 1 
4 ° 

  

  

  

  

  

  

  

  

2 

0 Juge o 
0 2 4 6 8 10 

b There appears to be strong, positive, linear corrclation 

between Judge A’s scores and Judge B’s scores. This means 

that as Judge A’s scores increase, Judge B’s scores increase. 

¢ No, the scores are related to the quality of the ice skaters’ 

performances. 

a ijobG 

time L 
(hours) 10 

s 

                            

il jobC 
  

  

  

  

  

6 ° 

! ISaS! 
2 

  

  

  

  

  

                        0 number of workers   ~ 
0 2 4 6 8 10 

¢ There is a strong, negative, non-linear correlation between 

number of workers and time. 

D b A < B d ¢ 

a There is a moderate, positive, linear correlation between hours 

of study and marks obtained. 

b The test is out of 50 marks, so the outlier (> 50) appears to 

be an error. It should be discarded. 

¢ Yes, this is a causal relationship as spending more time 

studying for the test is likely to cause a higher mark. 

a Not causal, dependent on genetics and/or age. 

b Not causal, dependent on the size/location of the fire. 

¢ Causal, an increase in advertising is likely to cause an increase 

in sales. 

d Causal, the childrens’ adult height is determined by the 

genetics they receive from their parents to a great extent. 

e Not causal, dependent on population of town. 

EXERCISE 7B I 

1 weak, positive correlation 

a B b A cD d C e E 

b 

a 

b 
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I 104y il 7~ 0.786 

3 ? moderate, 

positive 

6 * correlation 
o ° 

4 
° 

2 ° 

T 
0 > 

0O 1 2 3 4 5 6 

i A i r=-1 16 Y e 

° perfect, 
12 - negative 

° correlation 

8 
° 

4 ° 

0 
0 4 8 1216 

bo12gy 1 il 7~ 0.146 

10 very weak, 

I positive 
8 o ° correlation 

6 
° 

4 ° 

2 ° 

€T 

0 > 
0 2 4 6 8 10 12 

b r~0.81 
104 text mes: ages received 3 = 0.816 

8 ° ¢ moderate, 

I positive 

1 correlation 

4 ° 

29 o 

Phon calls received 
0 01 2 3 4 5 6 78 

Those students who receive several phone calls are also likely 

to receive several text messages and vice versa. 

r &~ 0.917 

strong, positive correlation. In general, the higher the young 

athlete’s age, the further they can throw a discus. 
  

  

  

  

    
                                    
       

  

  

  

  

  

  

  

  

    
                                      

drying time (y minutes 
120} & f v 

* ° 
80, 

40, 

0 24 26 28 30 32 34 36 38 40 

r &~ —0.987 ¢ very strong, negative correlation 

50§ nlumber of caf accidents 

40 ° 
° 

30 ° 
° 

20 ° 
° 

10 oo 

f . o T nu lb?l‘ superm rkg»s 

0 2 4 6 8 10 12 14 16 18 

7~ 0.572
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¢ The point (3, 37), which represents 37 car accidents in a 
town with 3 supermarkets, is an outlier. 

d i r=~0.928 i strong, positive correlation 
iii Removing the outlier had a very significant effect on the 

value of 7. 

  

  

  

  

  

  

  

  

  

  

  

                                                    

e No, it is not a causal relationship. Both variables depend on 

the number of people in each town, not on each other. 

8 a 300 Slincidence per 100 000 o 

250 
e 

200 

* o 
150 o ° ° 

100 ° ° e 

50 ° ° 

oo e ©o? fatjude (degrees) 
0 6 12 18 24 30 36 42 48 54 60 66 72 

b r &~ 0.849 ¢ moderate, positive correlation   
d The incidence of MS is higher near the poles. 

EXERCISE 7C B 

1 57.8% of the variation in the number of visitors can be explained 

by the variation in maximum temperature. 

2 72 ~ 0.598. 59.8% of the variation in the amount of money 

lost can be explained by the variation in time spent gambling. 

  

  

  

  

  

  

  

  

                                            
  

  

  

  

  

  

                                      

3 r2~0.133. 13.3% of the variation in heart rate can be 
explained by the variation in age. 

4 r =~ —0.906 

5@ 600 iling price (8 % 1000) 
o 

5000 T 

400 i * 
- ° ° 

300 + 
o 

200, - . 
distance from eit (k;n») 

0 4 8 1216 20 24 28 32 36 40 

b 72 ~ 0.561 ¢ ~56.1% 
d The age of the house, the size of the land. 

6 a 7fy( m 
o 

6 o 

5 

4 ° 

3 ° ° 

2 ° -. 

1 
000 km 

0 
12 16 20 24 28 32 36 40 

b 72~ 0.904. 90.4% of the variation in tread depth can be 

explained by the variation in the distance travelled. 

EXERCISE 7D W 

1 af 4y 
30 

  

  

  

can point (14, 16) 
20 /. 

10 ° 

  

  

                                      

b negatively correlated ¢ r~—0.881 

d strong, negative correlation e (14, 16) g y~"T 
  

  

  

  

  

  

  

                          

  

  

  

  

  

                                              
  

2 a,e Ay (beats per min) 

90 

80| 

70| 

60 

50 

< @ (kg) 
20 30 40 50 60 70 

b r~0.929 

¢ There is a strong, positive correlation between weight and 

pulse rate. 

d (45, 64.6) 

f 68 beats per minute. This is an interpolation, so the estimate 

is reliable. 

3 ae 

Ay(m) 
30 * 

20 2 
° ° 

10 mJan oint (45, 15.7) 

. ¢+ 11 z em) 
0 10 20 30 40 50 60 70 80 90 100 

b (20, 22) ¢ very tall and thin d (45,15.7) 

f ~ 37 m. This is an extrapolation, so the prediction may not 

be reliable. 

g ~ 25 cm. This is an interpolation, so the estimate is reliable. 

EXERCISE 7E NN 

1 ac¢ 2043/ 
  

  

  

  16 

12 T— 

8 ° 

  

  

  

  

      4   
                        v 

0[]246810 

by~ 1.92z — 0.0667 

2 
  

a . 
60y y/(minutes) 
  

50 ° .   

  

  40 ° 
  

  30 ° ° 

c (°C 
- 

{\/‘ 16 18 20 22 24 26 28 30 32 34 36 

b ra~—0.219, r? ~0.0481 
There is a very weak, negative correlation between 

temperature and time. 

d No, as there is almost no correlation and only about 4.81% 
of the variation in y is explained by the variation in x. 

3 a r~—0.924, r2 ~0.853 
b There is a strong, negative, linear correlation between the 

petrol price and the number of customers. 

¢ yr —4.27z + 489 

    
                                             



5 

6 

d Approximately 85.3% of the variation in the number of 

customers can be explained by the variation in the petrol 

price. So, the linear model fits the data quite well. 

e ~ —4.27; this indicates that for every cent per litre the 

petrol price increases by, the number of customers will 

decrease by approximately 4.27 . 

f ~ —5.10 customers g ~ 105.3 cents per litre 

h Inf, it is impossible to have a negative number of customers. 

This extrapolation is not valid. 

In g, this is an interpolation, so this estimate is likely to be 

reliable. 

  

60y y (car accidents) 
50 2 - 

40 ° 

30 

20 8 

10 
: (speed o  (spee cftmqras») 

0 4 8 12 16 20 24 28 

b 7~ —0.878, 72~ 0.771 

  

  

  

  

                                    

speed cameras and number of car accidents. 

d y~ —1.06x+ 52.0 

Approximately 77.1% of the variation in the number of car 

accidents can be explained by the variation in the number of 

speed cameras. So, the linear model fits the data moderately 

well. 

f gradient: ~ —1.06; this indicates that for every additional 

speed camera, the number of car accidents per week decreases 

by an average of 1.06. 

y-intercept: ~ 52.0; this indicates that if there were no 
speed cameras in a city, an average of 52.0 car accidents 

would occur each week. 

g = 41.4 car accidents 

a, d   A ceiling 15 ceiling (km) 

12 

11 

10 

9 

  

  

  

  

  

  

                                        maxi h! maximum s| ccq (km l 

650 700 750 800 
  

400 450 500 550 600 

r~ 0.840, r2 ~ 0.706 
moderate, positive, linear correlation 

y ~ 0.008 12z + 6.09 

Approximately 70.6% of the variation in the ceiling can be 

explained by the variation in the maximum speed. So, the 

linear model fits the data moderately well. 

f ~ 0.00812; this indicates that for cach additional kmh—1, 

o 
Q
n
a
n
O
0
C
 

  

  

  

  

  

  

                                

the ceiling increases by an average of 0.008 12 km or 8.12 m. 

g ~11.0 km h ~ 605 kmh—! 

a,d 28 
24Afilou ) 

20 

16 

12 $ 
8 ° 

4 (hours) 
0 > 

0 2 4 6 8 10 12 

There is a strong, negative correlation between number of 
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r ~ —0.927, 72 ~ 0.859 

There is a strong, negative, linear correlation between time 

exercising and time watching television. 

y~ —2.13z + 22.1 

Approximately 85.9% of the variation in the time watching 
television can be explained by the variation in the time 

exercising. So, the linear model fits the data quite well. 

gradient: =~ —2.13; this indicates that for cach additional 

hour a child exercises each week, the number of hours they 

spend watching television each week decreases by 2.13. 

y-intercept: =2 22.1; this indicates that for children who do 

not spend time exercising, they would watch television for an 

average of 22.1 hours per week. 

  

  

  

  

  

                                    

    

i 9 hours per week il & 7.22 hours per week 

iii This particular child spent more time watching television 

than predicted. 

6 y (kg ° 

4 .o ° ? ° 
o 

2 o 

(g per m%) 
0 > 

0 6 12 18 24 30 36 42 48 54 

(50, 4.4) is the outlier. 

i reduces the strength of the correlation 

ii decreases the gradient of the regression line 

i 70798, 72 ~0.637 i r~0.993, 2~ 0.985 

iy~ 0.0672z + 2.22 il y~0.119z + 1.32 

The one which excludes the outlier, as this will be more 

accurate for an interpolation. 

Too much fertiliser often kills the plants. In this case, the 

outlier should be kept when analysing the data as it is a valid 

data value. If the outlier is a recording error caused by bad 

measurement or recording skills, it should be removed before 

analysing data. 

EXERCISE 7F IS 

parallel forms b test-retest ¢ test-retest 

e the same treadmill should be used 

e cach measurement should be taken at approximately the 

same time of day (if they are taken on different days) 

e cach volunteer should wear the same footwear for each 

measurement 

e Jo should ask each volunteer to keep their eating, 

sleeping, and exercise routines the same throughout the 

duration of the experiment. 

test-retest reliability; familiarity with the test will not affect 

the performance of the volunteers. 

r ~ —0.687 

The ATP rank of each player is being used to predict the 

number of grand slams won, the latter of which is the criterion 

variable. 

There is only a weak, negative correlation between the 

variables. So, the predictor variable ATP rank has little 

criterion validity. 

7~ 0.999 

The post office worker wants to know if the set of scales is 

measuring accurately. 

criterion validity; the post office worker wants to know if 

the measured weight accurately predicts the standard weight.
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d By comparing each measured weight with the corresponding 

standard weight, we can see there is a systematic error in 

the measured weight (between 400 mg to 700 mg over the 

expected standard weight). This is not detectable if only 

Pearson’s product-moment correlation is considered. 

5 a r~0.508 

b The same set of cards is used, but they are placed randomly 

cach time. So, each repetition of the test is different. 

¢ The correlation between the /st game and 2nd game times is 
weak. So, the test is not very reliable. 

d The cards are likely to be in different positions in the 2nd 
game so remembering where the cards are in the first game 

will not give the child an advantage. 

EXERCISE 7G Wm0 

  

  

  

  

  

  

  

  

      

1 aB b C c A 2 aA b A 

3 a negative b no 

& a 20 (cFants) b r, =~ —0.921 

16 ° 

12 
° 

o 
8 ° 

o 
o 

4 ° o 
t (m lg                         

  

  

  

  

  

  

  

  

  

  

                        

A rank of C' 
8o 

° 
6 ° 

° 

4 ° 

° 

2 ° 

° 

00 7 1 6 Sbra.nkoft 

drs=-1 

e The scatter diagram of the raw data shows a non-linear 

trend. Spearman’s rank correlation coefficient is therefore 

more appropriate. 

f strong, negative, linear correlation 

  

5047 (maple trees) 

40 ° 

o 

30 o 
%0 

  

  

  

  

  

20   

  

  10       

A (hectares 

0 2 4 6 8 10 12 
                      0 

b There is a positive, linear correlation in the scatter diagram 

of the raw data. We expect to see the same in the rank scatter 

diagram. 7, and 7s will be very similar. 

¢ 1~ 0.943, 7y~ 0.970 
6 a ry=0.762, rs ~ 0.681 

  

  

  

  

  

                            

b A y (number|of eTrror') 
30 ° 

° 
° 

20 ° 

° 

10 

0 ° ° T (n mbI:ro W rds») 

0 20 40 60 80 100 

¢ rp ~0.976, 75~ 0.967 d rs 
  

[ Plang [ 12 [ 8] 1]5]| 

[ Plaone [0 | 7 [ 5[0 0] 
b longest jump 

  

¢ i The variable placing has the values 1 to 10 which act as 

a ranking. 

ii The longest jump always decreases as the placing 

increases. 

REVIEW SET 7A B 

1 a strong, positive, linear correlation, with no outliers 

b weak, negative, linear correlation, with one outlier 

¢ strong, negative, non-linear correlation, with no outliers 

a The correlation between water bills and clectricity bills is 
likely to be positive, as a household with a high water bill is 

also likely to have a high electricity bill, and vice versa. 

b No, there is not a causal relationship. Both variables mainly 

depend on the number of occupants in each house. 

  

1200 ($ % 1000 
10 °   

  

  

  

                          
  

Ticket sales 

($z x 1000) 
25 22|15 |19(12 17‘24 20‘18 23| 29 |26 
  

    

  

14   

12 

10 

  

  

  

o 
o 

  

  

              
  

  o 
v
 s
 

02 4 6 8 

d ry~0.744 

10 12 14 

e moderate, positive correlation



5 

6 

  

@ 32K selling price (5 % 1000 
  

  

  

  

  

                                    ? age (years) 
  

0 2 4 6 8 

b moderate, negative correlation 

d ~60.8% 

10 
B 

12 14 16 

¢ 72~ 0.608 
e mileage, condition, and features 

  

  

  

  

                    

a IOOAy( umber of customers) b mp A2 0.314 

80 ...: P ¢ s~ 0.511 

60 o 8 o© d (31, 35) 

10 e rp~0.801, 
° 

20 rs ~ 0.764 

. () f 1 
W 

22 24 26 28 30 32 34 36 

g moderate, positive, linear correlation 

a mean time &~ 13.3 min, mean spending ~ €57.07 
  

  

  

  

  

  

  

                

b 1604 money (£) 

mean point . ° 
120 13.3,57.07) 

80 ° l °© ° 2 

10 ° o 
time (min) 3 

0 o- > 
0 5 10 15 20 25 30   ¢ There is a moderate, positive, 

in the store and money spent. 

inear correlation between time 

7 test-retest reliability; each titration should be identical. 

10 

a r~0.836 

b The short response marks are being used to predict the 

mid-year exam results, the latter of which is the criterion 

variable. 

¢ There is a moderate, positive correlation between the 

  

  

  

  

  

  

  

  

                                

  
  

  

  

  

  

  

  

                                    

variables. So, the predictor variable short response has 

moderate criterion validity. 

a 170‘ ylem) 

° 

150 S ° 5 

130 o ® 
° 

110 ® 

0 ° 

90 (years) 
> 

0 2 4 6 8 10 12 14 

b y = 5.98z + 80.0 

¢ = 5.98; this indicates that each year, a child grows taller by 

an average of 5.98 cm. 

d ~ 110 cm e 10 years ol 

a 160‘3/ tomatoes) * 6 

120 o 

o 

° 

80 *- 
° 

40 

0  (mL per L) 

0 2 4 6 8 10 12 14 16 
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b r2 ~ 0.115; approximately 11.5% of the variation in 

yield of tomatoes can be explained by the variation in spray 

concentration. 

Yes, (15, 82) is an outlier. 

72 22 0.989. Yes it is now reasonable to draw a linear model. 

y ~ 9.93z + 39.5 

gradient: = 9.93; this indicates that for every additional 

mL per L the spray concentration increases by, the yield of 

tomatoes per bush increases on average by 9.93. 

y-intercept: ~ 39.5; this indicates that if the tomato bushes 

are not sprayed, the average yield per bush is approximately 

39.5 tomatoes. 

i ~ 109 tomatoes per bush il ~16.2 mL per L 

In g i, this is an interpolation, so this estimate is likely to be 

reliable. In g i, this is an extrapolation, so this estimate may 

not be reliable. 

REVIEW SET 7B B 

a Negative correlation. As prices increase, the number of 

tickets sold is likely to decrease. 

Causal. Less people will be able to afford tickets as the prices 

increase. 

b Positive correlation. As ice cream sales increase, the number 

of shark attacks is likely to increase. 

Not causal. Both of these variables are dependent on the 

number of people at the beach. 

moderate, positive correlation 

b r2 ~ 0.619; approximately 61.9% of the variation in energy 
can be explained by the variation in fat content. 

aC b A < B 

  

a 90 Art projec 
  

  

  

  

  

                  

  

Mathematics test mark 
90 60 70 80 

b There is a strong, negative, linear correlation between the 
Mathematics and Art marks. 

  

  

  

  

                              

¢ r~—0.930 

a (50, 2.51) 

b Li® 
4 can point 

50, 2.51 
3 N 

2 

1 
v kmp’]) 

0 > 
0 20 40 60 80 100 

¢ i =& 2.7 seconds il ~ 4.4 seconds 

d The estimate in ¢ i, since it is an interpolation. 

a,d 40 e   

    
  

  30 
  

  20 
  

10                                                 o (em ) 
0 > 

0 100 200 300 400 500 600 700 800 900
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b r=0.994, r?~0.988 EXERCISE 8A I 

¢ There is a very strong, positive, linear correlation between 1 a P=25— %lnt b L=2+ élnk 

area and prt’c&_ ) ) ) . ¢ A~ 1.37+0.5261Inr 
e = £43.42, this is an extrapolation, so it may be unreliable. . 

2 a equivalent; y=p+ gln(rz) 
7 ae 3004 There is a very - 

! strong, positive, =p+q(lnr+Inzx) 
  

  

  

  

  

                      

  

  

  

                        

  

  

  

  

  

  

                        
  

N . =(p+gqlnr)+qglnz 
200 linear correlation . A 

between number —a —b 
of waterings and 

100 fi};w'ers pr§ duced b not equivalent; the laws of logarithms cannot be used to write 
’ In(z — ) in the form Inz + constant. 

« 3 a 3 AS, o ° 
% 2 4 6 8 o © ° 

° 

b f~34.0n+19.3 2 T 
¢ r2 ~ 0.998; approximately 99.8% of the variation in the + 

number of flowers produced can be explained by the variation 1111 T T T 

in the number of waterings. So, the linear model fits the data M 
= extremely well. o 05 B I 5 3 0 " 

d Yes, plants need water to grow, so it is expected that an 3 o 

increase in watering will result in an increase in flowers. A5n o ©° ° 

f i 104 flowers (n=2.5), 359 flowers (n = 10) 9 . ° 
il m=2.5 is reliable, as it is an interpolation. - 

n = 10 is unreliable as it is an extrapolation and 14 
over-watering could be a problem. 

8 a As 0 In 1 

600 ° 0 0.5 1 1.5 2 2.5 
  

  

b The graph of S, against Inn appears to be linear. 

¢ Sp~0.940+0.849Inn 

  

  

  

  

  

  

                          

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

  

  

                      

  

  

  

    

500 d No; as n— oo, Inn — oo 

I 450 ° 6 o EXERCISE 8B 

B 1 a y~T7.39x1.827 b G~ 0.607 x 4.48 
400 0o © ¢ Q~ 1100 x 0.174™ 

Th 3] 2 a s 
140 1.80 2.20 2.60 Y . 

. . . 7 ° 
b Yes, the point (1.70, 597) is an outlier. It should not be . ® 

deleted as there is no evidence that it is a recording error. 6 * 

¢ s~ —116p + 665 . 

d &~ —116; this indicates that with every additional dollar the ° 

price increases by, the number of sales decreases by 116. > 
2 . Lo 0 5 10 15 20 25 E3 

e 72 ~ 0.346; approximately 34.6% of the variation in sales 
can be explained by the variation in price. b The scatter diagram of Iny against x appears to follow a 

f No, the prediction would not be accurate, as it is an lincar trend. 
extrapolation. ¢ Iny ~ 0.0627z + 5.77 d y~ 320 x 1.06% 

9 a r=~0874 b parallel forms e i ~529 il ~ 2874 

¢ There is a strong, positive correlation between the Week 1 and 3 a 12 Vv 

Week 2 results. So, Ms Wang’s tests are very reliable. 100 ° 

d No; it does not consider the students’ oral skills, grammar 0 

skills, sentence structure, and so on. Also, it is only relevant 

to Chinese. No other languages are considered. 60 

10 a 4n — 40 
o 

4 20 
400 * t (minutes)| 

0 
300 0 10 20 30 40 50 60 70 

200 yovars 
o 

4 
100 o 3 ° 

obL—a o f(days) 2 ? 
0 3 6 9 12 15 18 21 24 1 ° 

t (minut 
b ry, ~0.963 crs=1 0 ° (minu es») 

) . ) 10 20 30 40 50 @@ 70 
d Spearman’s rank correlation; the scatter diagram shows a —1 

clear non-linear trend in the data. _2 ®                
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3 

b The scatter diagram of In V' against ¢ appears to be linear. 

¢ InV ~ —0.105t + 5.70 d V & 300 x 0.900° 

e =~ 97.9 minutes 

EXERCISE 3¢ NN 

a y~2.72 x a9 b R~ 0.135 x p3 

¢ Tm66.7xk 0% 

b 

< 

a 

  

  

  

  

  

                      

S mD 
5 o 

o o 

4 o © 

3 o 

9 o 

1 

0 > 
0 0.5 1 1.5 Int 

The scatter diagram of In D against In ¢ appears to be linear. 

InD~1.97Int + 1.62 d D= 5.04 x t197 
  

304p (pascals) 

25 ° 

20 

15 . 

10 

  

  

  

  

    5 % e 

0           
0 10 20 30 40 am?) 
  

n P 
  

  

  

  

  

                      0 > 
0 0.5 1 1.5 2 2.5 3 3.5 4 Ina 

The scatter diagram of In P against In a appears to be linear, 

so a power model is appropriate. 

InP = —1.00lna + 4.61 d P~ 100 xa 100 
e P = 10.0 pascals 

The estimate is reliable as we are interpolating. 

EXERCISE 3D IS 

i 1000   

800   

  600 

400   

200           0 

il 1000 

800 

600 

400 

  

  

  

  

200                 

  

  

  

  

  

  

  

              
  

  

  

  

  

  

  

  

                  

879 

iy 

7 o © ° 
6 ° e 
5 o 
4 

° 

3 

2 

1 x (cm) 
0 > 

0 10 20 30 40 50 

Wy 

7 o ©° 6 ° 
° 

5 o ° e 

1 ° 
3 
2 

1 Inz 
04 > 

2.75 3 3.25 3.5 3.75 4 

b The scatter diagram of Iny against In x appears to be lincar. 

¢ lny~294Ilnz —4.48, 72~ 0.9998 

d y~ 00113 x 2294 

iv 

  

  

  

  

                                    

  

  

  

  

  

                      

604 4 (hectare: ) ¢ 

50 

40 

30 & 
20 

10 ° s 
0 . o ° t (min te:s> 

0 5 1 15 

60, A (hectafes) 4 

40 

° 

20 ° 

o 

0 R ° o 
0 0.5 1 1.5 2 2.5 3 

  

  

  

  

  

  

  

  

                      

  

    
  

  

  

  

  

  

  

  

                

A 
4 ° 

° 
3 ° 

9 ° 

° 

1 ° 

° Int 
0 > 

0 0.5 1 15 2 2.5 3
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b The scatter diagram of In A against ¢ follows a linear trend. 

  

  

  

  

  

  

  

  

  

  

  

  

                
  

  

  

  

            
  

  

  

  

  

              

¢ InA~0.347t — 0.178, 72 ~ 0.999 

d A~0.837 x 1.42¢ 

3 a i 

12AD(cm) 

10 ° o 
o 

8 o ° 
o 

6 ° 

o 

4 

2 
t (seconds) 

0 > 
0 2 4 6 8 10 

ii 

120D (em) 
10 o ° 

o 

8 o 
o 

6 o 

o 

4 

2 
Int 

0 > 
0 0.5 1 1.5 2 2.5 

iii 

2. SKnD W e o e 
9 ° 2 s ° 

s ° 

1 

0.5 

t (seconds) 
0 > 

0 2 4 6 8 10 

iv 

2.5 2AlnD L e o ol e 

2 ° ° 

15] 

1 

0.5 
Int 

o > 
0 0.5 1 1.5 2 2.5 

b The scatter diagram of In D against In ¢ appears to be linear, 

so a power model is appropriate. 

¢ D~ 5.08 x 0330 

d D = 7.67 cm, and since this is an interpolation, this estimate 

is likely to be reliable. 

  

  

  

  

  

  

  

                            

h a i 
At (seconds) 

4 o 

o 

3 +—— 
o 

9 ° 

o 

° 
1 

) (kmh™! 
0 vlanh) 

  

  

  

  

  

  

  

                      
  

  

  

  

  

  

  

                        

  

  

  

  

  

  

  

  

                              

gt (seconds) ° 
° 

° 
3 ° 

° 

2 T 
° 

° 
1 

o Inw 
““v“— > 

2.5 3 3.5 4 4.5 5 

iii 
Alnt 

1.6 

° 
1.2 * 

° 
° 

0.8 ° 
° 

0.4 * 

) (kmh™ = iy 
0 20 40 60 80 100 

W At 
1.6 

° 
1.2 ° 

° 
° 

0.8 ° 
° 

0.4 * 

° Inv 
“v--—s-w- - 

0 2 2.5 3 3.5 4 4.5 5 

b The scatter diagram of ¢ against v appears to be linear, so a 

linear model is appropriate. 

¢t~ 0.0322v + 0.906 d ¢~ 4.44 seconds 

5 a V =a250x 1.03t b V &~ £522000 

6 a a~0.997, kE~1.50 b appropriate, as 7 &~ 1 
3 

cAsa~land k~3,  Tor® 

T2 73 

EXERCISE SE NN 

1 a 5   
  

  

  

  

  

  

  

                                

Yy 

4 

2482 
3 ¥ 2004 
2 

1 o 

€T 

0 
4 6 8 10 12 14 

¢ SSpes = 0.144 

d SSpes is small (less 

than 1), so the model 

fits the data very well. 
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REVIEW SET 8A N 
  2004y 

1   

  150 
  

100 
6.8 47,1359, 2 
  

  

50     
                            

  

  

T 
> 

10 1 

€ SSres & 122 

d y~ 1252103, the 
power of z is close to 

n = 1.359, but 12.5 

is very different from 

a~ 6.894. 

SSres = 1160, so this 

model is less 

appropriate. 

  

  

  

  

  

                                                     

a 30 

20 

10 

s) 
0[] 3 6 9 12 15 18 21 

by~ 0.023322 + 0.697z + 1.78 ¢ SSpes ~ 0.0254 

d  SSp is very small which suggests that the model is a good 

fit for the data. Also, we can assume that 

price o area of each pizza 

o (radius)? 

o (diameter)? 

  

er) 
  

10004 P(horsepos 

800   
  

600   
  

400   
    200 

3 
                            () 
  

0 o ¢ 
0 10 20 30 40 60 

b P ~0.00756v% + 0.0390v% — 1.62v + 21.8 
€ SSres =~ 14.3 

a ya —0.125z% + 2.083z3 — 11.37522 4 22.417x — 4 

  124y 

  

  

  

  

        
U(] 1 2 

  
3 

      z 

4 5 6 

¢ SSpes = 0; the fitted model passes through each data point. 

a y~20.1295 

¢ T=60—2Inn 

b P~ 148 x 0.435™ 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

a I 50 A, 

40 

° 
30 ot 

° 
20 ° 4 

10 * . 
a(days) 

0 > 
0 10 20 30 40 50 

i 50 A o 

40 
° 

30 -5 
° 

20 o, 

10 o 
Ind 

0 > 
0 1 2 3 4 5 

iii 4 lnil 

° ° 
3 e e L 

* ° 
2 

1 

d (days) 
0 > 

0 10 20 30 40 50 

iv   
  

  

  

  

  

  

    

  

        
b The scatter diagram of In A against d appears to be linear. 

¢ In A~ —0.0336d + 3.9631 

d A= 52.6x0.9677 e ~53 
  

a i 
46+R   
  

42   

  

38   
  

34   
  

30           t (seconds 
  

0 50 
> 

100 150 200 250 

  ii Brn 
  

44   
  

  40 
  

  36 
  

  32         A             

4 4.25 45 475 5
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AR ° b The scatter diagram of In V' against In A appears to be linear 

: (r? 2 0.999), so a power model is most appropriate. 

3.7 o ¢ Va69.6xa™ d i ~502dB il ~41.6dB 
L 5 a a~ 127m~ 1% (power model); the scatter diagram of 

36 1 In a against Inm appears to be linear (r? ~ 0.999), so a 

35 ° power model is most appropriate. 

o b From Newton’s 2nd law: F =ma 

34 - t (seconds) . 125 =ma 

0 50 100 150 200 250 125 1 
. Sooa=— =125m 
W AR ° m 

38 The coefficients for the power model in a are quite close to 
37 ° the ones expected above. 

e 6 a 
3.6 ° 

o 

3.5 8 
o 

3.4 Tnt 6 

< > 4 
4.25 4.5 4.75 5 5.25 5.5 9 

b The scatter diagram of In R against ¢ appears to be lincar 0 o 

(r2 2 0.999), so an exponential model is most appropriate. 0 20 40 60 80   
¢ R~ 56.1x 0.997¢ 

d R =~ 35.6, and since we are interpolating, this estimate is 

likely to be reliable. 

¢ SSpes &~ 0.443 

d The value of SSis is 

small (less than 1), so 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

    

  
  

  
            

  

  
  

  
  

  

  

  

  

  

  

  

  

  

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                    

  

4 a i 50 ; : 
AVdB) 5 ° - 0.006 77 the model fits the data 

40 ° - 0.316 very well. 
° ’ —0.413 

30 

20 REVIEW SET 8B M 
10 1 a N =0.607 x 1.396" 

2 
€ 0 a(gper100mL) b K=— (K=~T7.39xd %%) 

0 0.02 0.04 0.06 0.08 0.1 Vd 

i 50 2 a i oo 
- V(dB)A 16000 (joules) 3 

° 40 

° 12000 
30 

8000 
20 

4000 ° 

10 Lo ® (k) 
e 

Mo T 1 7T T 1, 0 100 200 300 400 500 600 
-5 —4 -3 -2 —1 0 

fii 
39 kv i . A H (joules) o 

3.8 ° 
° 120 

37 

36 ° 40 ° 
° Inm 

3.5 < o ° > 

< __a(eqerl00my) S 1 2 o0 2 1 6 % 
0 0.02 0.04 0.06 0.08 0.1 

. - i 
iv VA9 iii » InH I 

° 3.8 
° 8l 

. 87 6f 
4 

3.6 ® 
° 2 

| 35 0 m kg 
< - 0 100 200 300 400 500 600            



b 

  

  

  

  

  

                    

iv AnH 
10 ° 

8 ° o ® 

° 6 
° 

4 
° 

2 
Inm 

- > 
—6 —4 -2 0 2 4 6 8 

The scatter diagram for In H against Inm appears to be 

linear. 

nH ~ 0.6241nm + 5.58, 

H ~ 265 x m0-624 

H =~ 53900 joules. Not likely to be accurate, as we are 

extrapolating a long way beyond the upper pole. 

r? =~ 0.995 

  

AT 
  

  

b 
o 

& 

  

  

  

                        

-+ 1 50 © ? > 

v ° 

b Yes; the scatter diagram of In 7" against ¢ appears to be linear. 

~ 101°C d ~784°C 

The scatter diagram of b against In P appears to be linear. 

b= 9.03 —0.441nP ¢ ~ 31.8 torr 

  

  

  

  

  

  

  

  

  

i 84V (litres) 
° 

6 

4 o 

2 o 

° 
o 

0 ® ° a i urs») 
o 4 8 12 16 20 24 28 
  

  

  

  

  

  

  

    
  

i 8yy, itres) 

° 
6 

4 ° 

2 ° 

° 

UO . £ R 
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iv In 
2 ° 

o 

1 
o 

0 . L 
T ° 

-1 + 

° 

-2 
o 

b Va121x 0818 ¢ ~4.45litres d ~ 10.5 litres 
6 a F ~ 138000 x d=299, the graph of In F against Ind 

appears to be linear. 

b i ~ 162 newtons ii ~ 342 newtons 

iii ~ 0.005 39 newtons 

7 a 
10000 T (micr 

8000 

  

seconds| 

  

6000   

4000   

2000     n 
> 
1200 

        

  

0   
0 200 400 600 800 1000 

b T ~0.00815n% + 1.51n + 35.8 
¢ SSes &~ 3550 d = 0.830 seconds 

e The prediction in d is not very reliable because: 

e it is an extrapolation far beyond the upper pole 

e the value of SSies is very large, suggesting a poor fit. 

EXERCISE 9A.1 B 

1 a b 

  
   

ground 

    135° 

    

  

30 cm min—! 

30N N 

  

runway 

2 a N 

100 ms~! W 
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b Scale: 1em=10ms~! 5 a 825 kmh-! 

35kmh! 800 kmh ! *51am 

Scale: 1cm=125kmh~! 

  

b We use vector addition. 

36ms! ¢ ~ 825 kmh~?!, 88° cast of north 

6 a,b = 70.0N, in the direction &~ 357° 

EXERCISE 9B.2 NS 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

  

  

  

  

  

  

  

                  

  

      

  

    

  

  

  

  

  

  

  

  

  

  

  

  

                      
  

  

  

    

  

  

  

    

  

  

              

    
  

  

  

  

                                        

  

    

  

  

  

  

  

  

      

                

1 a b 

P-q 

P 

d —-q 

Scale: 1cm=30kmh~! ¢ - d 

EXERCISE 9A.2 W & 

1 apaqst b pqrt ¢ pandr, qandt 

dq,t e pandq, pandt 

2 a true b true ¢ false d false e truc f false 
— — 

3 a iBC ii ED 2 a b 
— — 

i FE, BC 
— s > = > o > s o s — 

i DE, EF, FE, FA, AF, AB, BA, BC, CB, CD, DC 
— — 

¢ FC (or CF) 

EXERCISE 9B.1 W 

1 a q b piq c 

+q P q 

P 

< d 

- q 
— — — — 

3 a AB b AB <0 d AD e 0 f AD 

r EXERCISE 9B.3 B 

e f 1 a b s c 
| Cr 51'% 

% p+q 2s s 

T P d 
—S 

2 aAC bBD c¢0 dAD eAD fO 
a i ii 2r—s r 

q-+p 

P 
P r 

P+q 
                                        

  

  

  

  b yes 
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a parallelogram 

  

  

  

            
    

                                          

4 a —p bp+tgq cipt+q d3a-p 
5 b b 2b cb—a db-—a 

= — — 
6 BD = ja b AB=b —a ¢ BA=-b+a 

(fi—b+la ¢ AD=b — La f DA=1La_b = 2 = 2 =3 

EXERCISE 9C W 

1 <3> Ti + 3 b (’6>, —6i 

2 . . 0 
(75), 2i — 5j d (6)’ 6j 

—6 . . -5 
e (3)’ —6i + 3j f(75>, —5i — 5j 

2 a 3i+4j b 2 € 2i—-5 d—i—3 

5 o 
. dg 

- L Ll wl 

—4 . -1 
3 i (_1), —4i—j ii (_5), —i — 5j 

- 5 . . o (2 s 
vii (73), 51 — 3j viii (1) 2i+j 

. —4 L 
ix (_1>, —4i —j 

b BA=ED, AB=DE, AD=BE, DA =EB 

co ) 2 () (%) < (B 

  

  

  

  

                        
          

            

0 

* (3) 
6 aa=3, b=5 ba=4 b=6 cr=4, y=1 

EXERCISE 9D W 

1 a 5 units b 5 units ¢ 2 units 

d /8 units e 3 units 

2 a /2 units b 13 units ¢ /17 units 

d 3 units e | k| units 

3 a unit vector b unit vector ¢ not a unit vector 

d unit vector e not a unit vector 

L a k=+1 b k=+1 c k=0 

— 4L — 4B d k== 7 e k=+% 

5 p=43 

EXERCISE 9E IS 

ve(d) () () < () 
() () () () 

s (7)o () () () 
(%) (%) 

0)=(mto)= (o)== 

5 a i(_sl) i (_81> ii (_81) 

b The vector expressions are equal, as each consists of the sum 

of 2 ps and 3 gs. Each expression is equal to 2p + 3q. 

6 ak=6 b k=-1 

7 a /13 units b V17 units ¢ 5v/2 units 

d /10 units e /29 units f 2v/13 units 

g 11 units h /29 units
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8 a i /10 units i 24/10 units iii 24/10 units 

iv. 310 units v 34/10 units 

EXERCISE 9F I 

¢ OT = /26 units 

  

R 2 
2 aOP=|0|=2i+4k 

4 

-3 . 
bOP=| 1 |=-3i+j+2 

2 

0 — 
cop=[ -2 |=—2 

0 

3 a 3units b 5 units ¢ V21 units d 3 units 

     
  

  

    

  

4 a b 

X P(0,0,-3) 

OP = 3 units 

< d 
(-1,-2,3, 47 

3| 

....... - 

X 

OP = \/fl units 

2 

5 aa= (1], |a|=+21 units 
4 

-3 

b b= 0 |, |b]=>5 units 
4 

0 

cc= 2 |, |e|=+13 units 

-3 

6 aa=5 b=6 c=-6 

ca=2 b=28 =26 

7 a, ¢, and d are unit vectors. 

_ .1 _ 12 _ 41 8 a k=x¥2= b k=23 ckfifi 

d k=%V14 

9 a m==3 b m=+vI11 

a 

10 5 < b < V34   

EXERCISE 9G W 

3 1 1 
1 a 1 b | -3 o | 4 

-2 4 -9 

-1 1 4 
d | 2 e | —4 il 2 

_z 7 -2 
2 

2 a V10 b V6 ¢ 2¢/10 d 2v10 

e —3V6 t 36 g 3V2 h V14 

0 2 4 —14 
3 afo b | -8 ¢ | —10 d 24 

2 8 3 9 

oL 
VIT Vit 

e V38 V3 g | -3/11 h 711_1 

211 3 
Vi1 

4 a a:%. b=2 ¢c=1 

ca=4, b=-1, c=-19 

da=0,b=-1, ¢c=-1 or azfé, b=0, c=-1 

EXERCISE 9H I 

. 3 
-3 

17 units 

— = — — — — 1 
b BC=B C=—-AB+ AC ¢ B :(76) 

-5 
4 a 4 b (75) 

= 7 = 5 == 3 5 a M(1,4 b CA:<5>, :(3), C :<1> 

-2 

4 —4 — — 
8 aAB=|-1], BA=| 1 

-3 3 

b |fi\—\/26 units, \]i)\|:\/26 units 

5 -5 — — 
9 aNM=| —4 b MN= 4 

-1 1 

¢ MN = /42 units 
., 

10 a AB=4i—5j + 3k b 5v/2 units 

11 a /13 units b /14 units ¢ 3 units 

12 AC = —i — 2k 
-1 -3 -3 

13 a 5 b 4 < 6 

-1 -2 =5



14 

17 

18 

19 

21 

23 

24 

25 

26 

zfis’:(kf3), |AB|= /167 (k—3) units 

k=0 or 6 

B(42) b C@22) 16 a(f) b Q@3 3) 

() (5 <o 
B(0, 3, 5), radius = v/3 units 

3 
AB=| -2 |, AB = V17 units 

-2 

. -2 
C= —1 |, AC = /30 units 

-5 

. 5 
CB= | —1 |, CB = +/35 units 

3 

ABC is scalene, and not right angled. 

| AB | = V158 units, | BC | = V129 units, 

| AC | = /29 units, and 29 + 129 = 158 
area ~ 30.6 units? 

r=2 s=4, t=-7 br=-4 s=0t=3 

2 2 — — 
B=| 5|, DC=| -5 

-1 -1 

ABCD is a parallelogram. 

S(—2, 8, —3) b midpoints are at (7%, 3,1) 

parallelogram b not a parallelogram 

R(3, 1, 6) b X(2, —1,0) 

EXERCISE 91 I 

1 

10 

d 

a 

a 

parallel b not parallel ¢ parallel 

parallel e parallel f not parallel 

a=3 ba=-6 

r=3 s=-9 br=-6 s=-4 
— — 
AB || CD, |AB| = 3|CD| 
T | — . . 

b RS || KL, [RS|= 5|KL|, RS and KL are in opposite 

< 

_ 
Qs 

a 

directions. 
— = — 
AB || BC, |AB| = 2|BC|, A, B, and C are collincar. 

—92PR, PR:QS=1:2 

4 -1 ) () 
1 . 2 . 2 . 3 . 1 . 1 . 

FitE b moTE o op 
fi(2i+3k) b fi(—H-Qj—k) 

3(2i = 2j + K) 

6 2 -1 1 
‘/i b “81_7 c V2| 4 d 2|2 
V5 Vit 1 2 

2 -2 
2| -1 b £2( -1 

-2 2 

ANSWERS 887 

— 2v2 — 342V2 1 aAB:(iZfi) b B:<272\/§> 

¢ B(3+2V2, 2-2V72) 

12 a X(4, -1) b X(-12 3 1) 5 

< X(2+%, “1- 2 4+%) 

  

13 a AB=-3BC b PQ=-2QR ¢ AB=2BC 
= 

d PQ=-10R 
— — — 7 — 21 14 aa=7 b=-1 ba=-3 b=-%5 

z—X 

15 a | y-Y b (z—-X)2+@y-Y)?2+(z-2)2=r2 
z—Z 

EXERCISE 9) I 

1 all b 6 ¢ 2 d -9 

2 a7 b2 ¢29 d66 e52 f3 g5 hil 

3 a2 b 2 c 14 d 14 e 4 f4 

4L oal b1 <3 do e 0 f5 

5 a i23 i 12 i —7 iv -2 

6 aeb isascalar and so a e b e ¢ is the scalar product of a 

scalar and a vector, which is meaningless. 

7 16 

EXERCISE 9K B 

1 all b ~49.8° 

2 a ~71.6° b ~177° ¢ ~18.4° d 45° 

4 Hint: Show aeb=Dbec=aec=0. 

5 

6 

  

a ~69.0° b ~94.1° ¢ ~114° 

at==6 b t=— ¢ t=0o0r2 

dt=— 

r=-2 s=5t=—-4 

8 Note: The negative of these vectors are also valid answers. 

(5 (3 < (¥) 

~ 

wl
w ® o+ Il | o
 

- o+ Il o o =2 | @ 
A5 15 
Vi3 V13 

9 10 and 10 

V13 V13 

10 ~3.089 11 as b -9 

12 a aeb#0 b |a|]=12 13 ac=d b c=-d 

1 0 0 
14 a=[0|, b= 1], e=]0 

0 0 1 

a 

15 Hint: Choose a vector b |, where a and b are integers. 

c 

a 1 

Solve for ¢ such that b |e 2 =0. 

c -1 

— ~ 
16 ABe AC=0, .. BAC is a right angle 

17 b |AB| = 14 units, |BC | = /14 units, 
ABCD is a rhombus 

¢ 0; the diagonals of a rhombus are perpendicular. 

18 ABC ~ 62.5°, the exterior angle ~ 117.5°
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19 a ~54.7° 

20 a =~30.3° 

EXERCISE 9L.1 I 

b 60° 

b ~54.2° 

¢ ~35.3° 

2 2 3 

1 a 5 b 4 < 14 
11 1 1 

-8 

d —i—j—k e i—6j+ 2k t | -5 
1 

—11 

3 aaxb=| -2 b ae(axb)=0=be(axbh) 
5 

¢ a x b is a vector perpendicular to both a and b. 

4 aixi=0 jxj=0 kxk=0 

a x a=0 forall vectors a. 

  

bixj=k jxi=-k 
ax b= —b xa forall vectors a and b. 

< 

1 

5 a 4 b 17 

2 

6 a2i—j—k b5 e2+4—k d2+4j—k 

—4 

7 ak 1 ,keR, kE#0 

3 

6 

b k|l 22 |, keR, k#0 
—15 

¢ (mi+j—2kn, n€R, n#0 

d (5i+j+4kn, n€R, n#0 

4 4 4 

8 k| 5] keR k#0, Y| -5 | and ~¥T 5 
-7 -7 -7 

EXERCISE 9L.2 Wm0 

1 aixk=—-j, kxi=j 

1 
_ — - L 2 aaeb=-1 axb= ? b cosf = T 

ing — V2T i — 2T < sm()fm d 51110775 

—4 

4 apeq=0 plq b —17 

—5 

¢ |pxq|=+330, [p|=+v30, |q|=+V11 

Ipllal=+v30x 11 =+330=|pxq] 
— — 

5 a OC is parallel to AB baxb=bxc 

EXERCISE 9L.3 W 

2 -1 7 — — 
1 a OA= 3 s B = 1 b -3 

—1 2 5 

<é@umts2 

2 a —‘1201 units? b —”233 units? < @units2 

3 a %[axb]units® 

— — 
b i BO=-b, BA=a—b 

ii %\7b><(afb)\units2 

4 ox=242v33 
— — 

5 a CB=0OA and AB=0C 
opposite pairs of sides are parallel and equal in length. 

b /222 units? 

6 8v/2 units? 7 a D(—4,1,3) b /307 units? 

8 a i |bxc|units? il |a|sin® units 

b Hint: Let ¢ be the angle between a and b X c. 

¢ 9 units® 

EXERCISE 9M 

  

  

. . o8 VI71 1 a i2 il V13 I’l—\/fi i 5 

L5 /3T 6 . R L d i -2 i 2v2 

2 ao b V14 

a and b are perpendicular, |a|= /14 
5 3 a i -5 b 

5 
" =va 

aii 

4 a Strongman A: 300 N, Strongman B: 60126 ~ 306 N 

2 2 
b Strongman A: fl, Strongman B: @ 

V86 V86 

¢ No; the direction of Strongman A’s exerted force is closer to 

the direction of the train’s motion than that of Strongman B. 

5 a The component of a perpendicular to b is in the plane 

containing a and b. So, it is perpendicular to a x b. 

This component is perpendicular to both b and a x b, so it 

has direction b x (a X b). 

12 _2 
5 5 . — 

b i0X=| 0 iXA=| 1 
4 6 
5 5 

o 
iii (1) OX e XA =0 OX L XA 

2 RN 
(2) OX+XA=[1|=a 

2 

REVIEW SET 9A NS 

1 a 

60ms— L 

5 

Scale: 1em=10ms~! runway 
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11 X(6, 5, —13) 12 vew =16 

3 a —i— 5§ == 5 D 1% aPQ=| -2 b a 41.8° 15 ~61.6° 
-4 

16 t=2+2 17 ~80.3° 18 ~ 16.1° 

  

      
  

  

  

4 a A 0 

3 19 k| -2 |, k#0 20 uev =199 
1 

Y 
= 4 

24 6 18 

2 R ° C<_5 2~——2v—m) 

OP = /14 units OP = /14 units < % units? d \1/—0- units® 
2 

1 
I s 4 EXERCISE 10A 

-9 1 a .i <z>=(i>+/\<’;),,\en§ 
i z=1-X y=4+42\ AER 

()-(2) () en 
(3\/5 il z=5—-2\, y=2+5\ AER 

v (5)= () () e 
iihe=-6+3\ y=T7\ XNER 

N S
 

| - 
| 

W
i
 o
 

  

  

7 a=1b=1 ¢c=-5 8 a 5units b 2i — 5j + 4k = 0 1 

9 m=5 n=-1% d |<y):(2>+)\<3>,/\eR 
3 i c=X\ y=2+3\ ACR 

1M -2 2 12 a —13 b —36 Sz 3 4 A e i (y):(0)+A(2), AER 

13 a aeb=—4 b bec=10 caec=—10 hz=3+4)\ y=2X\ AR 
14 a8 b ~622° 15 ~64.0° 16 t=—4 P (z):(fl)JM( 6 ) AeR 
17 i+ 2k 18 ~40.7° Y 5 —-1 

5 5 i 2=-2+6)\ y=5-11\, ACR 

-3 3 5 3 2 agz=4-) y=-3+2\ AcR 

el b0 o e b Points are: (4, —3), (3, —1), (2, 1), (5, —5), (7, —9) 
3 a (0,8) 

V66 nits2 vid 33 _ 
21 357 units 22 A Vz b 2 b It is parallel to ( 31) and in the opposite direction. 

REVIEW SET 9B T 0 1 

' . ()= () ru( ) wem 
  

  

  

  

                                            i x=1+2\, y=3+X z2=—-7T+3\ AeR 

2 a P_(j b PR ) x 0 1 

b i y |l=111]+x 1 , AER 

3 a (g) 5i+2 b (;3) ~3i + 3j 2 2 -2 
iihz=X y=14+X\ 2=2-2\, AeR 

h ar+q b —p+r+gq ¢r+%q df—p+—r 
x —2 1 

3 7 8 c iy |=|2 |+r[0], rer 
5 a[-3] b -3 ¢ V74 6 | =8 z 1 0 

1 —26 7 i z=-2+) y=2 z=1, A€R 
-3 x 0 — . 

7 aPQ=| 12 b /162 units ¢ /61 units d i |y )= 2 +A 
3 z 

8 k=41 9 a=-2b=0 10 =@ -2 +k i z=2) y=2-2X z=-1+3) A€R
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iihz=3, y=2 2=—-14+X AER 

T 1 —2 

5 a y =121+ 1 |, AeR 

z 1 1 

T 0 3 

b y |=(1])+A] 0 |, AeR 
z 3 —4 

T 1 0 

< y |=[2|+Ax] 3], AR 
z 5 0 

T 0 5 

d y | = 1 +A| -2 |, AeR 
z -1 4 

-2 —1 

6 a 0 b 1 

3 -3 

7 a (0,41) b (409 ¢ (-1 2.0 

l 

g a (zo, Yo, 20) b |m 
n 

-1 2 3 

9 a 5 +2 -1 ]=13 v 
0 2 4 

b (9,0,10) and (—3,6, —2) 

10 (0,7.3) and (2, -1 -4, 

11 a /322 + 2 units b A=0 

2 —4 
12 a Ly: r=|0 | +s 1 , seR 

3 0 

0 —4 
b Ly r=| 0 |+X| -16 |, AeR 

—2 3 

EXERCISE 10B B 

  

  

  

  

  

  

  

  

                                

1 a45° b 0° ¢ ~70.7° d ~650° 2 ~T5T° 
4 ~T55° 5 a ~286° b ia=-2 i x820° 
6 ~TE.TC 7 ~49.9° 

EXERCISE 10C NS 

1 a (L2 b vA ((1,2) [t= 

9 - s 5 c N 
(—5) 4 0. (3,-3) t=1 

d /29 cms™! g “Er 8) t=2 

8 2 5 T 
“*75(75 t 

v 

12 
2 a i (-4,30) ii 5 i ~14.3ms™ ! 

6 

2 
b i (3,0,4) i | -1 iii 3ms—1 

-2 

  

3 a (9”) 
Yy 

¢ 45 minutes 

-3 2 4 a (_2)+t(4), ¢ 

¢ it=15s 

il t=05s 

WV =]
 

o 

—
 

0 
N 

~
—
 

  

  

  

  

  

  

  

  

    
              

  

    

  

120 -3 30,85 
5 a b < 

—90 7.2 3585 

17 

21/66 

1,/ L 
d 3 e 30 

/66 —84 

2 

6 a Aisat(4,5), Bisat (1, —8) 

b Yacht A: (712); Yacht B: (i) 

¢ Yacht A: /5 kmh—1; 

“(5)(3) =0 
Yacht B: \/g kmh—?! 

3 

7 a -3 b (100, —87, 45) ¢ 810m d ~195° 

1.5 

-3 
8 a 1 b ~19.2 kmh~! 

—0.5 

T 6 -3 

cly)=(9])+etl 1 | ter 
z 3 —0.5 

d 1 hour e ~ 8.98° 

EXERCISE 10D B 

1 a ST‘/g units b g units ¢ % units  d O units 

. . 6 — 6t 
2 a 6i—6j b (76+8t> 

d t=0.84 and position is (0.96, 0.72) 

¢ when ¢t = % hours 

—120 x 200 —120 s (C0) 0 (5)= () () 
¢ (80, 60) 

d The aircraft is exactly 100 km from O at 1:00 pm. 

e at 1:45 pm and dpi, = 1010 km f 2:30 pm 

3 
4 a A(1,2,0) b b= —01 ¢ == = 20 units 

5 a (2,-1,4) b /27 units 

6 a(24.3 3 : b \/; units



|APxb| 2T 5 —_— === v 
[b] 

—0.1 

7 a —0.8 b i after 40 seconds il V18 m 

0.4 

EXERCISE 10E s 

1 a i V/B68~7.62m il 4m 

b D=+/22 - 32t + 136 m 

¢ minimum distance = v/8 ~ 2.83 m when t =8 s 

2 a v2425~492m 

b i 11 seconds after entering the enclosure 

il Vb~224m iii (-8, —4) 

—72 (-5 
3 a truck A: (54 ), truck B: (40) 

truck A: 1:30 pm, truck B: 2:00 pm 

i &~ 12:41 pm il ~64.4 km 

V89~ 9.43 m b V35~5.92m when t=3 
a = 6, b= 8; Yvonne throws the water balloon toward 

Alex, so b > 0. 

b 2 seconds after Yvonne throws the water balloon 

¢ 0 m; the water balloon hit Alex 

EXERCISE 10F.1 NS 

1(2,4) 
2 a A(2.3), B(8,6), C(5.0) 

b AB = BC = /45 units, AC = /18 units 

3 a A(2.5), B(18,9), C(14,25), D(—2,21) 
. 1A 12 == 20 

b IAC7<20) and DBf(_u) 

ii |AC| = /544 units, |DB | = /544 units i 0 
¢ Diagonals are perpendicular and equal in length, so ABCD is 

a square. 

4 mo points of intersection; L1 and L2 are parallel. 

5 a (-1,3) 

b Yes; both particles pass through this point when ¢ = 4. 

6 a Jove b(i):(j)fl(i) ¢ (=1, -5) 

d No; Jove passes through the intersection point after 1 second, 

and Fiona passes through it after 6 seconds. 

7 b /10 km min—! 
¢ k minutes later, (¢t — k) minutes have elapsed. 

()= (7)+e-n(Z) 
d ~55.3° 
e i 1:35:28 pm il 1:37:42 pm  iii ~ (6.08, 0.308) 

EXERCISE 10F.2 NS 

an
 

O
 

1 a (1,2,3) b, ¢ Ly and Lo do not intersect 

d (—4,7,-7) 

2 a i V26~510ms™! i V35~x5.92ms™! 
b The paths intersect at (10, 15, 12). 

¢ No; the bird passes through the intersection point after 

3 seconds, and the bat passes through it after 7 seconds. 

12 

3 a —6 

—4 

b (25, —36, —30) ¢ 42m 

ANSWERS 891 

160 
4 a [ 280 b /341 ~ 18.5ms™! 

160 

d i 1.9 seconds 

REVIEW SET 10A S 

()= () () e 
bao=-6+4t y=3-3t, teR 

il 36 m 

  

2 m=10 

T 2 -2 

3 aly|=(-1)+x[ 2 ], XeR 
z 3 —4 

2 2 4 
b C(27%, -1+ 7 37%)’ or 

2 2 4 C(2+%, -1 - 7 3+fi) 

~ o 4 ~67.3 8 

5 a (—4,31) b (28,27, -7) ¢ 6 

d ~102ms} -2 
6 (7,-7) 

7 a 25~ 4.47 units b &0 5,06 units 

8 a i —6i+ 10j i —5i — 15 
iii (=6 — 5t)i + (10 — 158)j, ¢ >0 

b t = 0.48 hours 

¢ Shortest distance ~ 8.85 km, so it will miss the reef. 

9 ax(t)=2+t yi(t)=4—-3t, t>0 

b za(t) =13 —t, y2(t) =(3—2a)+at, t =2 

¢ 2:22:30 pm 

d bearing ~ 192.7°, ~ 4.54 km min—! e a2 31.2° 

T -1 2 
5 2 10 aly|=(2 |+x[-2]. xer b (322 

z 3 —4 

11 a object A: (2, 4,2); object B: (7, —10, 6) 

b (4,-1,3) 

¢ No; object A passes through the point of intersection after 

3 seconds, and object B passes through it after 5 seconds. 

—6 
12 a ( 3 ) 

¢ shortest distance = /85 ~ 9.22 m when Chelsca’s puck is 

at (7,17). 

b V170~ 13.0 m 

REVIEW SET 10B IS 

1 a (52 b ( 4 ) is a non-zero scalar multiple of (g ) 
10 

4 5 
cr:<2)+s(10),seR 

T 2 4 

2 a i y |l=1-31]1+X 2 |, AeR 

z 1 —1 

i z=2+ y=-34+2)\ z=1—-X, AeER 

b i 6 ,AER 

3 

il z=-14+6) y=6-8)\, 2=3-3\, A€R 

3 ~8.13° h ~30.5°
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5 a |AB|=3v3 units 
b A lies on the line r where A = —3 and B lies on r where 

A=0 the line between A and B is the same as line r, 

so it can be described by r. 

¢ =~ 70.5° 

6 2v/10(3i — j) 6 

7 a (—10,5,12) b 14 ¢ ~152ms ! 
—0.4 

d 30 seconds e (170, 425, 0) f (50, 145, 8) 

8 a A(5,2), B(6,5), C(8,3) 

b | AB | = V10 units, | BC | = V/8 units, 

| AC | = V10 units 

¢ isosceles 

9 a No; (—24i+ 7j)e(—3i —9j) =9, so the velocity vectors 

are not perpendicular. 

b (79'6) ¢ (54,—2) d 50m e after 14.6 seconds 
2.8 

10 2/10~6.32cm when t =5 

11 a (4,3,1) b no points of intersection 

5 —2 
12 a Haley’s drone: r = 1|+t 0 , t=0 

0 1.5 

—12 1 

Liam’s drone: r = -3 +t 1 , t=0 

0 0.5 

b V129~ 11.4 m ¢ no 

d closest after 5 seconds, the drones are /30 &~ 5.48 m apart 

EXERCISE 11A NS 

1 a3 b 8i c1li  d i e iv/5 
f /1T g 22 h —6i i —iVIT i—%i 

2 ax=45 b =45 cz=+V5 

d z=+iV/5 e:c::(:% f:cz:l:%i 

3 axz=5+2 b z=-3+4i cr=—-T+1 

dz:%i-‘@i Gz:éi@i fo=-1%+,/2i 

ge=3+1i hoe=v3ti iaz=1xYL 

EXERCISE 11B B 

  

  
2 a 3,0 

3 a-1 b -5 d 6+5 e —4 f6 

EXERCISE 11C B 

1 a7—1 b 10 -4 ¢ —1+4+2¢ d 3-3i 

e 4-T7i f 12414 g 3+4i h 21 —20¢ 

b 4i, —11i, i/3 

¢ —1—4i 

  

  

2 a —3+7i b2 € —24+2 d —1+i 
e —5-12i f —5+i g —6-4i h —1-5 

3 (a-+bi) + (a —bi) = 2a which is real 

4 i, i : 

b 4nt+3 — _; 

5 —6 b No, v—4 x /=9 =—6# /36 
1 7 1 2, 7 1 a 51t b -5+5i ¢ f+5i d-1-2i 

2 1. 1 8 2 3 7 a —f+gi b —55+ 150 € —£+ 31 

2 
d 

2241 

8 a —2 b —4 <3 d o 
i 7 24 . . 9 a —10+198i b —g+Zki ¢ 40411213 

11 2 1 3 641 5277 ; 

d 155 + 1281 € 55~ 2000 f 50—t 
10 z =42 
"M a a27l;271+ 2ab 3 

W= —— ——————— 
(a+1)2+b2  (a+1)2+02 

b purely imaginary if a? —b> =1 and a#0, b#0 

EXERCISE 11D I 

  

  

  

  

  

  

  

  

  

  

                            

    

  

  

    

  

                        

  

  

  

  

    

1 aa=3b=-1 ba=-v2 b=1 
ca=0 b=0 

2 az=0,y=-2 b azx=-2 cx=3 y=2 

dz:71—23,y:71—33 ex=0 y=0 

fae=3 y=-2 or m:4,y:7% 

g =2 y=-5 or zzfg,y:G 

hz=-1 y=0 

3 2=5—4i hm=—k n=% 

5a=3 b=-5 or a=-3, b=5 

6 z=%2+2i or z=-%-2i 

EXERCISE 11E B 

1 A5 
iq®. 

22 

—4 
21 R 

25 
23, 

24 

2 a A5 b A 
i 

- > 
R 2 

2| 

v 
T2 % 

o 

y                      



5 

  

  

    
  

    
        

  

  

  

  

  

  

  

            

  

  

  

  

  

    
  

  

  

  

  

  

        

  

      

  

  

    

  

  

  

                    

  

  

              
  

        

a Ag J 

3z z 

Z 

R 
v 

< ¥4 

3 

7 Z+3 
- > 

R 

e Ay 

z 

2 
- > 

—z R 

2—-z 

v 

S AT 
2 

T e 

z+2 R 

3 

v 

a 4+i 
w 

z 
1 

< —7i 

ab—i 
z/+1 

Z1 

1 

b 4+4 ¢ 44 354 

1z 

Z1HZ21 

2i 
2 

= ’ T+ 3 

1 d4-—3i 

z1+4 = 

1 
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a —1+5i b —5—-4i 

AJ [ s J o) 

5 1+ 2 R 

3 25% - 29 . 

21 —4 

—%2 

v 

d —4+5i 

AJ 

1 

21 5 

321+ 229 
T 

NES % 
v 

A5 

—Z 
- ‘(z - @!—zt— ‘5 

v v                                     

z — z* is purely imaginary 

when Jm(z) # 0 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

a A7 
w 

2 zZHw 

- - > 
w* R 

z¥ S w* = (2 + ) 

w 

v 

ol 
= R 

  

  

            

  

b zw=-2+4 

  

    

AJ 
  

w, 
  

    

    

                        0 |y
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¢ zw =13 d zw=—-2+4 

AJ J 
    

    

    
4 
=+ w 
    

  

                                          

EXERCISE 11F B 

    

    

  

  

    

  

    

      
    

  

  

    

    

    

  

      
    

    

  

  

  

    
    

  

    

    

                                        

1 a5 b 13 ¢ 2v/17 d 3 e 4 

2 a |z|=+56, argz~0.464 

b |z| =5, argz~ —0.464 

¢ |z| =5, argz~2.68 

d |z|=+5, argz~ —2.68 

3 a |w|=+v13, argw~0.588 

b |w|=+V13, argw =255 

¢ |w|=+13, argw~ —0.983 

d |w|=+V13, argw~2.16 

4 oa=-V3 

avsE b5 <5 ds5 e 5V/2 f5/2 
95 hos 05 i5 k 5v5 1 55 

6 al b |r| 

7 a6 b4 c2/5 d2 e i f 4 

8 a AJ b AJ 

2 > 

~ 9 

Y v 

¢ d & 

-~ > 

v 

e f AJ 

S /\n % 

Y 

9 a 445 b |z+w|=+v4l, arg(z+w)~ 0.896 

¢ 0~0.353 

10 a |w|=3 bargw:(‘i—g ¢ lz+w|=3V2   
d arg(z+w) = 1,_?—5' 

"oa a? +b2 -1 +( 2a ) b0 
W=\ —_ )i 

a? + (b—1)2 a? + (b—1)2 

12 z=2+6¢ 

EXERCISE 11G B 

1 a i 4v/2 units i (1,4) 

b i 5v/5 units i (—-2,2) 

2 a /32-32cos 

b perimeter = /32 — 32 cos ¥ + 8 units 

area = 8sin ¥ units? 

3 a reflection in the R-axis 

¢ reflection in the J-axis 

b rotation of 7 about O 

d clockwise rotation of 5 about O 

2 5 i 23 v 2z vz 

b /B, the point representing z4 is /5 units from the point 

representing 4. 

EXERCISE 11H.1 BESSS——— 

1 adcisO b dcisZ d 3cis(~%) 

e ZCiS% f Qficis(f%) g 2ci55T7r h 4015% 

2 0, no angle exists with the positive real axis. 

3 kV2eisZ if k>0, —kv2cis(—3E) if k<0, 

4 a i2 i 4 

¢ Gcism 

not possible if £ =0 

5 a2 b 4V2+4v2i ¢ 2v/3+2i d 3 

el-i f-B43i g 5 h —5—5v3i 
5 azzn= 40152—3"' 

b i zz:8cis%" i z0=—4V3—4i 

1 1. 6 a -7 + 75t b1 cl 

7 a ~3.06+2.58i b~ —1.41+1.01i 
¢ ~1.27 — 3.06i d ~ —1.86 — 1.35i 
e ~ —3.48 + 0.426i f ~ —2.55 — 1.25i 

8 a ~ B5cis(—0.927) b & 13cis (—1.97) 
¢ A~ 3cis (0.491) d & 2.69cis(2.12) 
e ~ 2.78cis (—0.207) f o~ 17.7cis (2.29) 

9 a V2++2i, 2cisE 

b —I 385 =~ 436cis(—2.50) 
2 

10 a |z—1|=2sing 5. arg(zfl):%Jr% 

bz-1= (ZSil’l%) cis(-i;2 + %), 

(z—1)* = (2sin%) cis(—% — %) 

  

1M1 a|z+2i|=2 b i —Z i w=+3-3i 

EXERCISE 11H.2 IESSS————— 

1 a cis36 b cis20 ¢ cis30 d -?-%—%z 

e VZ+ivZ 18 g —V3+3i h L1 
i -2 -1 Kk —4 I 4i 
o o o1 3. 

2 acismt=-1 b cist=-1 <cls§—5+-‘2£z 

a |z|=2, argz=20 

i 2cis(—0) il 2cis(@+m) il 2cis (7w —0) 

iv 2cis(m—0) 

4 a cis(fg) b Tcis(97%) 

¢ A clockwise rotation through % about the origin.
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5 a cisw b rcis(6 + ) 
¢ An anticlockwise rotation through 7 about the origin. 

6 z* is the reflection of z in the R-axis. 

z* = rcis(—0) 

EXERCISE 11H.3 NS 

1 a z:Qficis(f%) <     

  

    

  

b 28is & 1 a-1 b 148 ¢ 
i3z Nt iz 

2 a V2cis3E, V2e' ! b 3¥3_ 3 3¢ °© 

¢ —1+4+/3i, 2cis2E 

3 a ~0.362+0.932i b = 3.06 — 2.58: 

¢ ~-—7.32+4.11¢ d = 0.324 — 0.528i 

d 2z has been dilated with scale factor %, then rotated 4 a ~ 5.39¢0-381¢ b & 9.85¢2-72 ¢ ~ 3.16e—2-54 

anticlockwise through % about the origin. d =~ 4.90e~1-10¢ 

0 — iq D 2 2 a z=2cis g < J 6 a 30 b§ €40+ 75 d g0-3% 

b cisZ =i . 
2 7fi+ @ 

7 a ‘\/E|:\/§, arg(\/fi):% 

b ‘ 2w | =48, arg(z*w) =40+ ¢ 

z 2 z 
¢ |—|=2, arg| —= ) =60-2 wZ| 79 g<w2) é 

d 2 has been dilated with scale factor %, then rotated clockwise d ‘ w3 x \/E‘ =27V2, arg(w® x /z) = 3¢ + %9 

through & about the origin. 8 a ~0.540+0.841i b~ 0.540 — 0.841i 
3 2 2=+2cis¥, w=2cis(-3) b 2vZcis ¢ ~0.455 + 0.891i d ~0.208 

¢z has been dilated with scale factor 2, then rotated clockwise 10 a b k=9 

through % about the origin. 

_ N2eVE _ V63 & a cos{y ==, sinds = o= 

b c05111—27r T r‘:;\/g, 5111111—27r = —fizfi 

6 a|z|=2 argz=¢% b |w|=5, arg;w:—277r 

¢ |zw| =10, argzw = 73—’5" 

z z s T .27 

d - :g, arg(;):% " A:slngfl»cos‘.g’ B —sin 5% 

S S     sin Z + cos sin & + cos 
7 7 

5 EXERCISE 11) NSSS—————— 
f |w3 | =125, arg(w?) =& 

7 1 a =~ 1.1lcos(3t+ 1.39) b = 2.17cos(2t + 0.331) 
— 3cis 3 P 7 a z=3cisq5, w=2cisE 2 b ~4.67sin(t — 0.338) 

b z is dilated with scale factor 2, then rotated anticlockwise 3 a ~ 7.01sin(4t +2.98) b & 7.59sin(2t — 2.64) 
4m 

through . 4 a A~ 4.64cos(z — 1.37) 
< b P(1.37,4.64), Q(4.51, —4.64), R(6.08, 0) 

5 ~ 10cos(z — 0.927) 

6 a V(t)~ 20.3cos(30t— 0.790) b & 20.3 volts 

7 a H(t) ~0.231sin(2t + 0.183) 

b at a2 1.48, 3.05, 4.62, 6.19, 7.76, and 9.33 s 

  

¢ i at 20694s il ~85.2% 

REVIEW SET 11A B 

8 a|-2|=3 arg(—2)=0—n 1 a7 b V23 ¢ —%i 

b |22|:9’ arg(2?) = 20 2 az=3+i/2 ba=+v2+i ¢ x:,gigi 

¢ |iz| =3, arg(iz) =0+ % 3 a 642 b —7 ¢ -3 
d [(L+9)z] =3v2, arg[1+d)s]=0+% & a 1245 b -1+i ¢ 344 

e % =3, arg(%) =0-3 5 real part 744@, imaginary part 7% 6 zzgféi 
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7 a=0, b=—1 
  

  

  

  

  

                        

    

  

    

        
                                        

  

  

  

  

  

                
  

  

  

  

  

  

  

  

                          

8 Ay 
L 

b 
—1+5i 

11 R 

2' a3-2i 

9 a l1+3i b 843 

w 

Y 2z 

4+ 2z —w 3 
z 

1 8 

¢ 3-2i AJ 

Z, 9 

- % —9 
o~ 

Y 

d —9—1 J 

w 

~ wt — 2 % 

r w* 
_Z* 

L 

10 a |z|=+v29, argz~0.381 

b |z|=+v29, argz~2.76 

¢ |z|=+v29, argz~ —0.381 

d |z|=+v29, argz~195 

11 a25 b2 ¢5/10 di eZ 1 

12 a 3v2cis 2 b Tais(-%) ¢ 12cis 32 

13 a = 8.06cis(—2.09) b = 2.35+ 0.855¢ 

— 2 4 14 a¢=F —= ¢ 2cis 7% 

16 a z:\/icis(f%’) < 

b z= 3\/§cis(7§) 

  

d z has been dilated with scale factor 3, then rotated 

anticlockwise through 7 about the origin. 
1. 1 17 fif—Qz 

18 a 5+2i b 22 c 178 d ~ —2.03 

19 4cis(-3), n=3(k+3). keZ 

20 a ‘zS =64, arg(z®) =30 

   
23 

25 = 3.37sin(3t — 2.14) 

REVIEW SET 11B IS 

24 12cis(—F5) 

  

  

  

  

                  
  

  

  

  

  

                

1 az==3i bo=53+8i cao=3x 
2 a —3+48i b 12 ¢ 134 6i 

. . 9 20 - . 3 a —-16+6i b —15-16i ¢ —g5+ 39 d —3-2 

4 a —39-80i b 1+2i ¢ —119+120 -1 
5 —1+2i 
6 ax=0 y=0 bx=5 y=-7 

¢cx=0 y=0 or z=1, y=0 

or x:—%, yz@ or w:—%, y:—@ 

dz=-1y=2 

7 z=3-2i or —3+2i 

10 7 

€ z+3i 

b * 

- > 

—d 2+l » 
el D 

az it 

1 

1M a 12 b8 ¢ 2 d4/D0 

12 zw=—-1-3i J 

z 

- 0 5 

2 

13 a0 b +VI0 <10 d 10 e 10 
f1 3 10 h 10v10 

14 a b 

]    



  

15 a 5cis(~F) b 4cis(-%) ¢ —kV2cis 3, k<0 

16 a 4i b —1+44 ¢ 4—4V3i 

17 a cisllg—s7r b 3015(7;—3) < cis% 

b 18 a 3rcis=F 

d Tzcis(—%') 

- L 19 b= 5 

20 (1775)2::4015(017 ), arg[(1 —d)z] =a— % 

    

= 
1 

2 2 z z 
21 a % =1, arg —12 =7 

) %2 

22 a 3% b —Lx ¢ k=2 

23 a 3v3cis(- &), 3v2e~ i 9 

5/3 _ 5 —i 5% : b — ¥2 — 50, 5e %6 < 7i, 7615% 

24 a I(t) ~ 2.65cos(10t + 1.24) 
b ~2.65mA at = 0.505s 

EXERCISE 12A B 

1 alx4 b 2x1 € 2x2 d 3x3 

2 a -1 b o ] d1 
1.95 
2.35 3 an(z 16 1) bP=| 0 

. . 2.95 
¢ It is the total cost of groceries. 

1000 1500 1250 
4 aPp— 1500 1000 1000 b 4x3 

800 2300 1300 

1200 1200 1200 

40 50 55 40 

25 65 44 30 

35 40 40 35 

35 40 35 50 

EXERCISE 12B B 

1 a aiz2 #bi2 b A and C do not have the same order. 

2 az=0y=1 bz=3 y=2 

crx=-2 y=-2 dz=0, y=0 

EXERCISE 12C B 

9 1 6 8 3 4 
e (3 3) b (—1 1) (—6 —1) 

0 0 
d (41 73) 

20 1 -8 149 14 
2 a8 10 -2 b | 12 -6 14 

1 -5 18 5 3 4 

4 -9 14 
¢ -12 6 -1 

5 -3 4 

ANSWERS 897 

Friday Saturday 

3 a 85 102 b 187 men, 229 women, 

92 137 101 children 
52 49 

1.72 1.79 
27.85 28.75 

4 a i 0.92 ii 1.33 
2.53 2.25 
3.56 3.51 0.07 

0.90 
b subtract cost price from selling price < 0.41 

—0.28 

—0.05 

5 a L R b L R 

23 19\ fridge 18 25\ fridge 

17 29 | stove 7 13 | stove 

31 24 / microwave 36 19 / microwave 

< L R 

41 44\ fridge 

24 42 | stove 

67 43 | microwave 

1 3 1 3 6 aA+B_(5 2), B+A-(5 2) 
6 3 

7 a(A+B)+C7(71 6)’ 

6 3 A+(B+C)_(71 6) 

-3 -6 “ (5o 8 
3 5 6 1 1 4 

z 2 (2 8 7) ° (0 4 1) 
c 5 8 11 d 5 7 14 

3 14 11 2 16 9 

12 

48 
3 12A = 2 

12 

75 < DVD 136 \ = DVD 

4 a A= 27 | =< Bluray , B= 43 | = Blu-ray 

102 )/ <— games 129 ) <— games 

647 \ <= DVD 
b 5A + 2B = | 221 | < Blu-ray 

768 | <— games 

It represents the total weekly average hirings. 

5 a A B C D 

360 480 480 720 
600 480 360 900 

480 480 600 600 

120 240 240 180 

b i A B C D i A B C D 

35 46 46 69 26 34 34 51 

58 46 35 86 43 34 26 64 
46 46 58 58 34 34 43 43 

12 23 23 17 9 17 17 13
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EXERCISE 12E W 7 ap=— (125) N= (2375 5156) 

1 a3A b0 ¢ -C d O e 2A+2B 9.5 )7 2502 3612 
f —A—B g —2A+C h 4A - B i 3B 78669.5 \ income from day 1 . 

2 aX=A-B bX=C-B ¢ X =2C — 4B b ( 65589 ) income from day 2 ¢ £144258.50 

d X=3A e X=1B f X=A—-B 11 - 

g X=2C hX=3IB-A iX=1Aa-0 8 aR= ; g °P=(12 4 44) 
1 1 

3 6 2 Tz 
3 a :( ) b X= 96 140 . L 

9 18 (% %) (104 152 d i %96 i $152 

¢ X = -1 -6 e The clements of PR tell us that, if all the items are to be 
1 —% bought at one store, it is cheapest to do so at store A for 

both you and your friend. However, the cheapest way is to 
EXERCISE 12F.1 EEESSS——— buy paint from store A, and hammers and screwdrivers from 

1 all b 22 ¢ 16 store B. 

% EXERCISE 12F.3 W 

1 1 aA?2+A b B2+2B ¢ AP -2A% + A 
2 b (w oz oy 2)|] d A%+ A% - 2A e AC + BC + AD + BD 

‘11 f A2 + BA + AB + B2 g A2 4 BA — AB — B? 

z h AZ4+2A+1 i 91— 6B+ B2 
4 3 4 2 a A°=3A-2L A* =4A - 31 

=(2 = ’ 3oaP=(27 35 39) Q : b B5=3B—2l, B'=6l—5B B°=11B — 10l 
¢ C3=13C —12I, C°®=121C — 1201 

4 1 " 
3 a iI+4+2A i 21 — 2A iii 10A + 61 b total cost = (27 35 39) 3>:$291 b A% 4 A Lol o aA i oA A 

2 
i1 3 ‘o A2:<3 : 

4 ap=(10 6 3 1), N=|[2 2 3 
b false as A(A — I) = O does not imply that 

2 A=O or A—1=0 

3 0 0 1 0 ¢ b 2 
btotalpoints:(lo 6 3 1) i = 56 points ¢ (0 0)’ (0 1)’ a—a” ] b#0 

b 
2 

(0 1 ., (0 0 
EXERCISE 12F.2 s 5 For cxample, A = (0 0) gives A% = (0 0)' 

1 Number of columns in A does not equal number of rows in B. 6 aa=3 b= -4 ba=1 b=28 

2@ when m=n b 2x3 7 a A2=-2A+1 b A3 =5A — 21 
¢ B has 3 columns, A has 2 rows, and 3 # 2 ¢ AY— _12A & 51 

3 a does not exist b (28 29) 
EXERCISE 12G.1 WS 

2 0 3 s 0 1 -2 
4 a8 b 8 0 12 1 0 3 =3I, 2 5 

4 0 6 3 3 
1 2 

-1 2 4 -7 10 0 _ - sa(1 71) b<72 1) < (3 5 3) 2(0 10)7101, (7L 1) 
0 10 

2 3 a -2 b -1 <0 d1 
d 1 

1 4 a 26 b 6 ¢ —1 d a®>+a 

z _3 
32 24 119 5 a2 b Al — 2 2 

6 aQ=/|25 16 bP:(‘) -2 1 
1.55 

3 9 
1 (5 —4 1 0 . 

39 94 75.98 6 a 77 1 2 b 1 ¢ does not exist 

1.19 : 
cQP=| 25 16 (1 55) = | 54.55 1 0 2 0 

13 9 ! 29.42 d (O 1) e % (1 5) f does not exist 

It represents the total value of sales for each pen colour for 

the week. a7 -2 h L 2 4 
g —4 -1 13 

d $75.28 + $54.55 + $29.42 = $159.25
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o3 1 ) . 2 0 
i (2 1) j does not exist k (2 2) 

1 

(0 T2 
2 0 

1 2 -1 1 k1 E#£-3 b — L k#0 2k+6<6 k) 7 3k(0 3) # 
1 k —2 __ L k#—2o0r1l ¢ (k+2)(k—1)(—1 k+1) 7 ~2or 

1 (& -k d — - , k#£0or—1 
k(k+1>(3 i o) kA0 

1 1 1—-k 
e M(*Qk §2 ), k#0or2 

1 3k —2 [ k£ -dorl (k+4)(k—1)(*k272 k+1) #—dor 

EXERCISE 12G.2 WSS 

  

    

899 

2 -3 T 8 s (2 ()= (8): aeao 
il yes, £ =25 y=-1 

2k x 8 o (2 E)(2)=(5) dmas 2o 
8+ 11k 5 

i k£ -1, a= L y= 
7 24k VT T2k 

iii k:—%, no solutions 

1 -1 -1 T 2 

4 a 1 1 3 y | = 7 
9 -1 -3 z -1 

2 1 -1 x 3 

blo 1 2 y|=1| 6 
1 -1 1 z 13 

1 1 -1 a 7 

< 1 -1 1 b | = 6 
2 1 -3 c -2 

1 0 0 

5 a0 1 0]=1 ba=2 b=-1, c=3 
0 0 1 

4 0 0 

6 a 0 4 0 bu=-1,v=3 w=5 

0 0 4 

_ 23 _ 13 ,__9 7 a T=55 Y=15 2=—3 

1 95 2 
b T=-3, Y= "37, 2= 37 

cr=2 y=4, z=-1 dz=2 y=-1, z2=5 

e x=4, y=-2, z= fao=4 y=-3 2=2 

g xz=4 y=6 z=— h =3 y=11, 2=-7 
i z=0.326, y~7.65 z~4.16 

8 a z is the cost of one football, y is the cost of one baseball, 

and z is the cost of one basketball. 

b 11 basketballs 

2z + 3y + 8z = 903 

9 a T+ 5y + 4z = 749 

z+ 2y + 11z = 865 

b z=112, y=85 z=053 < €2977000 

10 a cashews: $12 per kg, macadamias: $15 per kg, 

Brazil nuts: $10 per kg 

b $11.80 

11 class P: 24 students, 

class R: 25 students 

12 22 — 0.799zy + 0.538y2 — 0.616z — 1.07y — 3.69 = 0 

REVIEW SET 12A B 

class Q: 27 students, 

19 15 
2 0 0 2 2 2 

— 1 1 1 1 o 2 0 =1, T 

4 -3 -5 

s 3 _z Zo_12 13 
1 1 1 9 9 19 
1 -3 3 vl 2 2 

3 1 3 9 19 19 
-3 _1 5 3 3 _38 

1 I 2 9 19 19 

109 630 
9497 79497 T 9497 
_4 257 527 
9497 18994 18994 
284 74T 571 

T 9497 18994 18994 

1.60 —0.996 —0.169 

d ~ | —3.22 1.93 0.629 

2.00 —1.09 —0.396 

_2a 1 s on 
16 6 4 16 
1o s 1 

16 6 1 6 
5 5 3 
I i 1 -3 

15 3 _5 
16 16 1 16 

1 1 3 1 
-3 3 1 3 -3 
_15 1 _4 2 _23 

1 2 17 34 31 
20 3 _e1 19 _s3 

34 2 17 34 34 
39 _3 58 _157 87 
31 2 17 34 34 
L o -4 & 3 
7 7 17 17 

EXERCISE 12H B 

© s (3 I\ (=) _(8 
2 3 y)~\s6 
4 -3 T 11 

(7)) (5) 
(3 “1\(a)_ (¢ 
2 7 b))\ —4 

_ 32 _ 22 _ 37 _ 15 2 az==%, == ber=-55 y=-3 

_ 1 _ 37 _ 59 — ¢ z=13, =—-3 daz=335 y= 

e x = —40, =—-24 fa::fi, y= 

  

4 2 9 6 -2 0 

ve(BE) 205 (WS 
2 2 -5 —4 7 6 

d (2 —5) ¢ (72 6) f (4 711) 
2 g (718 b 2 3 3 

2 —4 -6 -8 0 -1 

9 4 3 10 3 3 — - 3 3 

nEa) () 0 1 6 8 iz 

2 aa=0, b=5 c=1, d=-4 

ba=2 b=-1 ¢c=3, d=8
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3 aY=B-A bY=1A-0 ¢ Y=A"B 

d Y=CB! eY=AC-B) f Y=B'A 

4 a 4L b —2L 
10 —12 2 6 -3 . 

5 a (_10 4 ) b (_4 oy 11) ¢ not possible 

6 a A—A%2 b AB - B2+ A% - BA :4A2—4A+l 

7 A3 =27A + 101, A* = 145A + 541 a= =7 
7 5 I 4 2 

9 a 25 b does not exist 31 

-3 3 -3 

10 k#32 
— — 1 _ 12 _— 13 11 a z=0, y=—3 bzf7, y== 

rz=1 y=-2, z=-1 

12 a a=-3, b=18, c=48 b 48 m ¢ 8 seconds 

3x + 2y + 5z = 267 

13 a 2z + 3y + 2z =145 

z + 5y + 4z = 230 

b opera: €32, play: €18, concert: €27 ¢ €200 

REVIEW SET 12B IS 
3 -2 3 

4 2 2 -2 2 
1 a2 4 b o0 4 ¢ T -4 

3 4 -1 =2 z 
2 3 

2 2 
2 aA-B=[4 1 

3 1 

b i book 2 (hard cover) ii $101 

4 aX=2B-A) bX=2B-A c¢cX=1iB-4) 

_1 .3 
5 X — 2 32 

03 

48 L2 
6 a0 2 b |0 3 ¢ (11 12) 

6 4 % 1 

d BA does not exist 

7 a detB#0 b AB=BA 
8 a detA=5 b det(—2A4)=20 ¢ det(A%) =25 

9 az:l—;, y:% ba=-1 y=3 

czx=2 y=1 z=3 

10 keR, k#3, -2, 0r2 

11 a k#-3orl b= y=—— 

2a+2b+c= -8 

12 a {2a—4b—c=20 b 224y +4z+2y—20=0 
a+3b+c=-10 

13 a adult: $68, student: $52, senior: $56, child: $46 

b $320 

EXERCISE 13A.1 B 
1 aA-7\+6 b 1,6 

2 a —4,6 b3 ¢ —2+y/I1 d —3+iV/2 

e 4 %:t-‘cz 

3 b det(A\l—1) = (A —1)? 
=0 when A=1 

a 12,1 b A2 — 13X +12 

16 12 -1 1 2 _ - —1 _ 4 4 

aA*(-zo 24 ) A *(,i ,L) 
12 12 

b A has cigenvalues —2 and 6, A2 has cigenvalues 4 and 36, 

A~ has eigenvalues 7% and %A 

a The cigenvalues of —A are the negatives of the eigenvalues 

of A. 

b The eigenvalues of A2 are the squares of the eigenvalues 

of A. 

¢ The cigenvalues of A~ are the reciprocals of the cigenvalues 

of A. 

EXERCISE 13A.2 I 

7 

a Eigenvalues are 4 and 3. 

For A\=4, x= (712)15‘ t#£0. 

For A=3, x= (_ll)t, t#0. 

b Eigenvalues are 4 and 0. 

For A=4, x= (;)t, t#0. 

For A=0, x= (jQ)t, t#0. 

¢ Eigenvalues are 3 and —2. 

For A=3, x= (})t, t#0. 

For A = —2, X:(j4>t, t#0. 

a det(M —A) = (A —2)° bx:(“) 
=0 when A =2 

det(AL — A) = (A= A1) (A — A2) 
=0 when XA = Xj or A2 

The corresponding eigenvectors are X1 = (é) t, t#0 

and xo = (?)t, t#0. 

a det(A\l —A) = (A —a)? 
=0 when A=a 

¢ For any non-zero vector X, Ax = alx = ax. 

a Eigenvalues are 3 and —2. 

For A=3, x= (714)15, t#0. 

For A= -2, x:(i), t#0. 

b Eigenvalues are 9 and 4. 

For A\=9, x= (714)15, t#0. 

For A=4, x= 1)t,t7fi0. 

a Both A and B have eigenvalues 3 and 1. 

b For A\ =3, x:(?)t,t#& ¢ no 

For A=1, x:(é)t,t;éo. 

(1)(3)=¢



—i 
8 ai b — c(l)t.t;&O 

9 a Eigenvalues are 1+ V2 and 1—+/2. 

1 
For A=1++2, x:(fi72)t,t#0. 

For A=1—+/2, x:(7f72)t, t#0. 

b Eigenvalues are 3 +4¢ and 3 — 4i. 

1 
For A=3+4i, x= (fi”)t, t£0. 

1 
For A\=3—4i, x= (21 Z)t, t#£0. 

¢ Eigenvalues are iv/5 and —iv/5. 

_1 V5 
For A=iV5, x= ( 3t l>z, t#£0. 

1 

_1_ A5y 
For A= —iV/5, x:( 2 zl)t,t#OA 

1 

EXERCISE 13B B 

32 ia=2 x1:<411>, Ao = -3, h:(’f) 

b i A =2413, n:(’gf‘/g), 
1 

A2 =23, xz:(*?”l”/g) 

2 —1 
4 a A =10, x1:<i), A2 =5, x2:<1) 

EXERCISE 13C B 

AP 1 2445 2-2x4%\ _ [ 342 682 
T3\1-4% 1+2x45) 7\ -341 683 

2 an=1, xlz(}), Y x2:<,54) 

bP:(} *54) 

=G GG ) 
713 0 —1A13p 

a A P_(O (*2)13) 

3 AS0 = (3;0 320 ) 

4 C2015 _ 1 (72+22015 2 4 22016 ) 

3 1422015 74 92016 

EXERCISE 13D.1 B 

var= (05 09) 
b i 20% of customers who buy from Bioblatt one week will 

buy from its competitors the next. 

il 90% of customers who buy from one of the competitors 

one week will buy from one of the competitors the next 

week. 

¢ Tsop = (8;) 

d i17% 

After one week Bioblatt has 10% 
of the market share. 

il ~25.3% 

ANSWERS 901 

10% 

(Bl Do 
0% 

. 09 03 
= (0.1 0.7) 

600 
b so= (400) ¢ i 660 people ii = 718 people 

  

243 
b so= ( 157) 
¢ i =~ 151 students ii &~ 150 students 

4 a 40% of customers who bought Sheez this week will buy 

Baaah next week. 

0.7 04 
bT= (0,3 0.6) 

e im- (95) 
In the second week, Baaah’s market share is 64% and 

Sheez’ market share is 36%. 

ii 59.2% ili ~ 42.8% 

62 
5 as07(38> 

Lo (534 
b 'TSU_(46.6> 

47.38 
52.62 

ii &~ 47 members 

i T2sg = ( 

We expect & 47 smokers and ~ 53 non-smokers at the 

March meeting. 

¢ = 34 members 

  

b 1 10% of the land which is very good this year will be 

very poor next year. 

il No land which is very poor this year will be very good 

next year. 

0.66 0.3 0.06 

0.18 0.54 0.42 

0.16 0.16 0.52 

¢ T2 = 

i 16% of land which is usable now will be very poor in 

two years’ time. 

ii 42% of land which is very poor now will be usable in 
two years’ time.
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e After 3 years, 13.2% is very good, 45.6% is usable, and 

41.2% is very poor. 

0.17 

  

0.88 0.75 0.08 

0.06 0.17 0.42 

0.06 0.08 0.50 

b T= 

¢ i 88% of players who are fully fit this week will be fully 

fit next week. 

i 42% of players who cannot play this week will be getting 

treatment next week. 

0.8242  0.7939  0.4254 
0.0882 0.1075 0.2862 

0.0876  0.0986  0.2884 
d T2 = 

79.39% of players getting treatment this week will be fully 

fit in two weeks’ time. 

e i 31 fully fit, 4 getting treatment, 3 cannot play 

i 30 fully fit, 4 getting treatment, 4 cannot play 

EXERCISE 13D.2 I 

1 a sg describes the current state of the system. The door is 

currently open 10% of the time and closed 90% of the time. 
T is the transition matrix which predicts how the system will 

change each time someone visits. 

L 
15 

b s:<fl> 
5 

¢ In the long term the door is left open 1—15 x 100% =~ 6.67% 

of the time. Jada’s concern is not justified. 

425 
2 aso= (716) 

b Clydes: = 648 passengers, Roos: ~ 493 passengers 

We assume that the preferences of the passengers remain 

the same from month to month, and that the total number 

of passengers travelling between the cities does not change. 

The first assumption may be reasonable, but the second 

assumption may not be if the number of people travelling 

between the cities varies throughout the year. 

o 
Sl
= 

d Clydes: ~ 56.8%, Roos: ~ 43.2% e s= 

£ 
3 a2l -5 b<>(711) ¢ s= E 

13 

i 29 fully fit, 6 getting treatment, 4 injured 

ii 29 fully fit, 6 getting treatment, 4 injured 

30 fully fit, 6 getting treatment, 3 injured 

Note: Due to rounding, the number of players in each 

category does not add up to 40. 

“l
s 
g
 

=
1
1
 

   

b The squad should have enough fully fit players to field three 

teams of 9. 

¢ In the long term, & 75.8% of players are available. 

the squad should have at least 36 players. 

0.75 0.2 0.15 

5 aT=| 015 06 02 

0.1 0.2 0.65 

0.6075 0.3 0.25 

b T2 = 02225 043 0.2725 

0.17  0.27 0.4775 

Of the birds currently living on Chalk, in two years’ time 

25% of them will be living on Paua, 27.25% will be living 
on Manu, and 47.75% will be living on Chalk. 

¢ i Paua: 32.55%, Manu: 34.3%, Chalk: 33.15% 

ii Paua: ~ 38.4%, Manu: ~ 31.0%, Chalk: ~ 30.6% 

d Paua: =~ 41.2%, Manu: =~ 29.9%, Chalk: ~ 28.9% 

e No, ~ 32.4% of birds will migrate cach year. 

  

6 a i 10% it 7% il 34% 
b icC ii D < B 

7 ¢ Inthe long term, the two populations will have the proportions 

q P 
and —— 

p+aq P+aq 

REVIEW SET 13A IS 

1 adet+r-4 b 1+ M7 

2 a Ax= (_;;2), cigenvalue = 6 b —4 

3 a A =12, xlz(i), Ao =2, xz:(’;) 

4 aA=5 x= (_21) 

b A\ =—-4+V3 x1= (1+1\/§), 

A2 =—4-3, x2=(171\/§) 

5 an=1 xlz(g), As = —2, xzz(’ll) 

A6 1 2x70+5x45 —10x70+10x 46 
-3 76 — 46 5x 76 —2x 46 

7 10— 1 4x 810 46x210  —3x81043x210 
T 10\ -8 x81048x210  6x81044x210 

30% 

20% 

.. 0.7 0.2 

= (0,3 048) 
b i 225 passengers 

0.55 0.05 
7 @ T—(0445 0495) 

ii =~ 288 passengers 

b 45% of the children of smokers will be non-smokers. 

b (0225 
¢ Tso= (0.775 

22.5% of the grandchildren of this gencration will be 

smokers, and 77.5% will be non-smokers.



  

05 03 0.2 

0.2 04 02 

0.3 03 06 

il T= 

b After leaving taxi rank C, the probability that Bill will return 

to taxi rank A is 0.2. 

¢ C dC 

REVIEW SET 138 I 
1 a+/22 b -3 ¢ T+ 2 k=-7 

3 oan=7, xlz(i), Ao = -2, m:(’f) 

b A\ =21, xlz(i>, A2 = —6, xg:(_45> 

o
l
 

¢ iBi— 53 0\ _ (125 0 
T\ -5t +5x43 43 ) 7\ -305 64 

i BS = 56 0\ [ 15625 0 
T\ 5T +5 x40 46 ) 7 \ —57645 4096 

-1 3 1 0 
7 aP*(1 4)‘ D*(o 15) 

4+3x150 343 x 1510 
—4+4+4x150  344x1510 

20% 

w(JmL T 
15% 

. 08 0.15 
= <0,2 0.85 

T2 — 0.67 0.2475 T3 — 0.5855 0.310875 

—\0.33 0.7525 )’ 04145 0.689125 
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¢ The 2nd column of T2 tells us how the people who supported 

Suzie this week will respond in 2 weeks’ time. 24.75% will 

support Chris, and 75.25% will support Suzie. 

d i Chris 

0.43 0.18 0.09 
0.47 0.56 0.55 

0.10 0.26 0.36 

i Suzie 

9 aT= 

0.2785 0.2016 0.1701 

T2 = | 0.5203 0.5412 0.5483 

0.2012  0.2572  0.2816 

b i 4% il 20.12% 

¢ 1 =~ 19.1% will be underweight, ~ 54.4% will be of 

healthy weight, ~ 26.5% will be overweight. 

i 20.4% will be underweight, ~ 54.0% will be of healthy 

weight, ~ 25.6% will be overweight. 

0.210 

d s~ | 0539 

0.252 

In the long term, ~ 21.0% of people will be underweight, 

~ 53.9% will be of healthy weight, and ~ 25.2% will be 
overweight. 

e No, it is unlikely that the transition matrix will remain 

constant over a number of generations, as attitudes and 

lifestyles will change. 

60 0.6 02 
1o “s‘)*(b’o)‘ T*<0,4 0,8) 

b Tsp = (4712) 

After 1 week 48 students are painting and 72 students are 

doing pottery. 

3 -1 
<A1 =1, x1:<i>, )\2:%, X2:<1> 

d 20 (2 + (%)n) students e 40 students 

EXERCISE 14A W 

1 a (4.6) b (-1,2) ¢ (5,—1) d (0,-3) 
e (3+h, 2+k) 

2 a (-2,3) b (2,4) ¢ (0,1) d (-5, -1) 

e (x—2, y+3) 

3 a(-21) b (—1,4) c (0, -2) d (1,6) 

e (—1—h, 3—k) 

4 oa (—4,1) b (-1,-1) ¢ (3,5) d (-5, —4) 

e (x—4, y+1) 

se(3) o (F) < (5) < (F) 
< (5) (57) 

oo ()= (2)+ (%) = (21%) 
10 

7A—(O 1)-1, detA =1 

EXERCISE 14B B 

V3 
2 

1 
2 

ba= 3 
2 

2= (1 ) 

w
l
=
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[ _¥3 1 

c A= \/f \f d A= f 2 

V2 2 2 T2 

1 1 
2 2 

e A= 11 

V2 V2 

2 a The transformation is a clockwise rotation about O through 

T 

b The transformation is a clockwise rotation about O through 

~ 1.97¢. 

cosf  sinf _1_ [ cosb sin 6 

i (7sint9 0050) b A 7<—sin0 cosH) 

¢ The inverse of the transformation matrix for an anticlockwise 

rotation about O through 6 is the matrix for an anticlockwise 

rotation about O through —6. 

(—5—\/3 —5\/§+1) 
4 a _— 

2 2 

3vV3-1 -3-+3 

  

i3 13 53 

2 a The transformation is a reflection in the line y = (tan §)z. 

b The transformation is a reflection in the line y = 4x. 

3 a Yes, it can be an anticlockwise rotation about O through %" 

b Yes, it can be a reflection in the line y = (tan §)z. 

4 A is its own inverse. If an object is reflected in y = (tan )z, 

then the resulting image is reflected in y = (tana)z, then we 

obtain the original object. 

5 a (42 b (—1,-3) 

EXERCISE 14D W 

1 a a horizontal stretch with scale factor % 

c (—2,4) 

a vertical stretch with scale factor 2 

a horizontal stretch with scale factor 3 

a vertical stretch with scale factor % 

% 0 15 2 a A= b (L4 (0 1) .0 

1( 

() 
EXERCISE 14E B 

1 a an enlargement with scale factor 3 

o 
an

oC
 

a % - Il 

o 
al
v 

- 
o 

); a horizontal stretch with scale factor % 

b (-1, %) -
 o > Il 

N
 

o
 

© 

wl
h 

© 
S
 

>; a vertical stretch with scale factor % 

b a reduction with scale factor % 

0 
4 b (4,8) 
3 

0 

3 
4 

); a reduction with scale factor % 

(é k) (k ?) (Ig 2), which is the 

transformation matrix of an enlargement with scale factor k. 

EXERCISE 14F B 
NE) 1 

0 1 3 % 1aA_(1 O),B_ i 
2 

b i areflectionin y = (tan {5)z 

5 i areflection in y = (tan 55 )z 

In general for 2 x 2 matrices A and B, AB # BA, 

corresponding linear transformations are different. 

so the a 

2 a areflectionin y=x 

b areflection in y = (tan %)x 

¢ an anticlockwise rotation about O through % 

d an anticlockwise rotation about O through ~ 0.927¢ 

3 a an enlargement with scale factor k; order does not matter 

b a rotation about O through (6 + ¢); order does not matter 

¢ areflection in the line y = (tan %)z; if the transformations 

are reversed, then the composite transformation would be a 

reflection in the line y = (tan(——))x which is different 

for 0 # km, k€ Z. 

3 4 
h ax = Z _52 x+(§1) 

5 5 

3 1 
b x' = 2 2 )« + (_1> 

13 4 
2 2 

’r % 0 5 = (0 (0) 
5 Hint: Let A be the transformation matrix for a reflection in the 

line y = (tana)z, and B be the transformation matrix 

for a rotation about O through 6. Find BA. 

¢ ox=(62)( (%)) 
2 0 6 L 

—(0 2)x+(74), which is of the form 

x' = Ax + b. 

¢ X' = A(x + ¢) = Ax + Ac, thatis b = Ac. 

7 areflection in y = 3z 

EXERCISE 14G Wm0 

o N\
 

1 a3 b 4 < d 10 

L 10 4 - 
2 a ix (le+ o i1 

1 3 
., 2 2 . 

b ix= v B X i1 

2 2



¢ iv=(} 0 
—\0 -1 

,_ (2 0 
d Ixf(0 l)x 

e iy 1 0 
X = 1 X 

0 3 
4 z 0 

foix=(3 4 
(0 5) 

3 no; |detA|=1 

i1 

i 2 

4 a ahorizontal stretch with scale factor 3 

,_ (3 0 
bx7<0 1)x 

area A/B'C’'D’ 9 

  

  

  

  

  

  

  

  

  

  

  

  

    
  

  

                    

=—-=3=|det A| 
arca ABCD 3 

5 a AY b 27 units? 

e Lo 
10 

cx = <0 %>x 

8 

,'D(2 7) d 40.5 units? 

6 

¥ $C'(5,3) 
— “C(5,1 A(=1,0) 5 ) 

A'(=1,0) . 7 7 

2 B(2,-2) 
v B/‘2 -3 

6 a b 157 units? 

8 a P'(0,0), Q'(6,3), 

   
and R’(-3,4) 

  

b AY 
/ 
  

  

  

                  

  

  

          

< 16% units? 

ANSWERS 905 

Qa(é 2) 

¢ The combination of transformations doubles area. 

0o -2 
10 a 2 

-3 0 

b 0/(0,0), A(—%, -3), B'(—%,—-9), C'(0,-6) 
¢ 9 units? 

11 No, det(AB) = det(BA) for all 2 x 2 matrices A and B. 

REVIEW SET 14A W 

1 a (-2,6) b (—5,4) ¢ (—4,-1) d (-8,—4) 

2 a (3,2) b (2, —4) ¢ (—4, —6) 

1 _4 3 
2 2 5 5 

3 aA= - b A= 3 a4 

2 2 5 5 

A 10 
= 4 

0 3 
4 a areflection in the line y = 2z 

b an anticlockwise rotation about O through ~ 0.395¢ 

5 (—37“5 —2 -3 +2¢§) 
6 a avertical stretch with scale factor 5 

b a horizontal stretch with scale factor % 

¢ a reduction with scale factor % 

0 
7 aA=|2 b (21, —4) 

0 1 

2 
-1 7 0 . : 2 c A= 01 ; a horizontal stretch with scale factor £. 

8 a (—1-2v3, V3-2) b (-32.9) 

9 a areflection in the line y = %x 

b an anticlockwise rotation about O through =* pus 

  

10 ax= ( 0 ’4),( b (~20,3) 

11 a ( ) ii 5 

-1 0 o 
b ( 1) i 1 

1 
4 ¥ 1 

‘ (0 ) o 
12 a A/(=5,0), B/(7.8), C'(~1, —4) 

b AV B ¢ 40 units? 
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REVIEW SET 14B IS 

a (7.3) b (4, -2) ¢ (=2, -5) 
3 6 -9 <) o) < (3) 

V31 5 9 
aA=| 2 Z bA=|3 

1 N3 (0 1 
2 2 

3 _4 

¢ A= 54 i' 
5 3 

a an enlargement with scale factor % 

b an anticlockwise rotation about O through ~ 0.464° 

¢ a reflection in the line y ~ —1.87z 

) 
b (-4, -9 

10 . . 
¢ ATl = < 5 ); a vertical stretch with scale factor % 

3 

i B(—1,3) il OA = OB = /10 units 

a areflection in the line y = (tan 75 )z 

b a rotation about O through 7 

av=(3 ) () 
6 (_) (%) 

L 3 32 9 
aA ;/5 \f ’B:<2 3) 
P 0 2 

b (-3 __21 
22" 2V2 

¢ Yes, the order in which the transformations are applied does 

not matter. 

2 a ellipse b 67 cm 

a P’(—Q, T), Q(-8+2v3, % +2V3), 

RI(-8+6v3 2+2v3), & <72 F4VE 1+ -‘@) 
b 24 units? 

  

EXERCISE 15A B 

1 a 6 vertices, 8 edges     

    

b i BE 
i BEF 

¢ i AE,DE, and EF 
il BD, DE, and EF 

b S—=T—=P—>Q—R 

a computer 

  
  

  

  
  

computer 

computer \ / modem 

computer —————— server printer 

computer printer 

computer 
computer 

b printers 

computers server 

modem 

a S is connected to R, but b P 

  

       

   

  

       
    

R is not connected to S. 2 

R 

T S 

a A B b 

l ili 5 people 

¢ é k 

a restaurant 
exterior © 

m. storeroom 

foyer & O kitchen 

O bathroom 

dining area 

b i 3rooms ii 3 rooms 

a Matt 

Warren 

Declan 

Chris Leslic 

Adam - 
Robbi 

b 5, Warren can compete against 5 other members. 

< Matt 

Warren 

Declan 

Chris Leslie 

Adam 

d in degree 1, out degree 4 

Of his 5 potential opponents, Keelan weighs less than 1 of 

them, and weighs more than 4 of them.



8 a i9 i 18 

b d = 2e, every edge contributes 2 to the total sum of the 

degrees. 

¢ 11 edges 

d If the undirected graph has an odd number of vertices with 

odd degree, then d is odd. 

However, d = 2e which must be even. 

an undirected graph must have an even number of vertices 

with odd degree. 

9 No, there may be loops, or more than one edge between the same 

pair of vertices. 

10 a 

  

b i 13 i 13 
In a directed graph, each movement 7o a vertex has a 

corresponding movement from another vertex. The sums of 

the in and out degrees will be the same. 

11 a k=2 

Ly EXERCISE 15B 

  

  

1 a i simple connected not complete 

b i not simple ii connected not complete 

¢ i notsimple ii connected not complete 

d i simple il connected il complete 

2 a 1 3min 

ii 17 min 

  

b 3, there are 3 railway 

stations connected to 

station B. 

¢ i connected 

il not complete 

A—B—D which 

E costs £60 

A 

4 a False, for example, 5 

A C B 

CAB but the latter is not connected. 

DO—OE 

is a subgraph of 

b True, a complete graph is by definition simple. A subset of a 

complete graph will contain no loops and a maximum of one 

edge joining any pair of distinct vertices. 

ANSWERS 907 

5 a not strongly connected 

¢ not strongly connected 

b strongly connected 

6 a yes 

  

8 a It is not possible to travel from every vertex to every other 

vertex since we cannot travel from right to left on the graph. 

b 2 chairlifts, for example from I to A, and A to D. 

9 a It is not possible to travel b B 

from every vertex to every 
other vertex. 

10 an—1 b2z mn— o) 
2 2 

EXERCISE 15C B 

1 a Yes, all edges between adjacent vertices exist. 

b Yes, no edges are repeated. ¢ No, vertex E is repeated. 

d Yes, no edges are repeated, and it starts and finishes at the 

same vertex. 

No, it does not finish at the same vertex at which it started. 

A—C—D b A—=B—C—D 

A—B—-C—E—D 

B—+~A—-C—E—A—D 

A—B—C—D—E—A f not possible 

A—+B—-C—D—E—F—D—A 

A—-D—-F—+E—+A—+B—-C—-D—E—C—A 

True, a trail only requires that no edge is repeated. 

False, a trail can have repeated vertices, but a path cannot. 

True, by definition. 

True, every circuit has a repeated vertex. 

  

Q
a
C
o
 

T
W
w
 
O
 
Q
A
o
 
6
 

= o o 

P—~Q—+R—T 
P—R—T 
P—S—T 

P—>S—=V—>T 

P—>S—V—>U—T 

  

¢ Q—=P—+S—V—U, weight16 
5 a E-C—+-A—+A—-B—C—B—D—C 

b Not possible, for example we cannot include edge EC without 

traversing it twice. 

EXERCISE 15D.1 NS 

b A= 

=
 

o 
N 

O 

o
~
 
o
o
 1 

0 

2 

0 

O
 

e
 

O
 

c
o
r
o
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2 Terms opposite the leading diagonal correspond to the same pair 

ANSWERS 

0o 1 1 1 

1 0 1 1 

A=11 1 0 1 

1 1 1 0 

1 1 1 1 

0O 1 0 0 

1 0 1 0 

0 1 0 2 

0 0 2 0 

A= 0 0 0 1 

0 0 0 1 

2 0 1 1 

1 1 0 0 

of vertices. 

In an undirected graph we can move between a pair of vertices in 

cither direction, and in the same number of ways. 

0100 
0011 

A=lo 201 
1110 

010 0 
00 2 1 

A=|1 1 0 1 
00 0 1 
10 1 1 
010 0 
101 0 
01 0 1 

A=10 01 0 
00 1 1 
110 1 

O
H
O
F
R
F
O
O
Q
O
 

O
F
F
F
M
F
 

o
 

O
O
 

F
O
O
0
 

O
O
 

O
O
 

0 2 

0 0 

0 1 

1 1 

1 0 

0 1 

1 0 

0 1 

o
 

O
r
 

K 

O
 
O
O
O
K
M
 

0 

H
O
o
O
O
o
O
O
O
O
 1 

c
o
c
o
o
r
o
O
 

It is symmetric about the leading diagonal. 

= 
O 

e
 

0O 1 0 0 

1 0 1 

A=]10 1 0 

0o 1 2 

0 0 1 

O
N
O
 
O
O
 

O
O
 

O
R
 

b 4, this is the number of 1-step routes starting at Q. 

4, this is the number of 1-step routes ending at R. 

7 a 

= DC 
the street from E to C 

b A 

H
O
o
O
O
o
O
~
O
O
 

o
 

N
O
 
O
O
 

b Q—>T—S ¢ Q 

a No, the element in the 2nd row, 4th column of the 

connectivity matrix is 0, so there are no 1-step routes from 

QtoS. 

P 

EXERCISE 15D.2 NS 

01001 20210 

1 0100 02012 

A=|01011 bA2=|20311 
00101 11121 

1 0110 02113 

two 2-step routes d E-C—B and E—~A—B 

01 0 1 01 1 1 

[0 o001 o [0 1 10 
A= 01 0 1 boA%= 01 1 1 

01 10 01 0 2 

i There are two 2-step routes from D to D. 

ii There is one 2-step route from A to B (A —D —B), 

but no 2-step routes from B to A. 

0 2 1 2 . 
This shows the number 

of 3-step routes between 

each of the vertices. 

A3 = 

= 
O 

= 
N 

0 1 

0 2 

0 2 

> I 

O
 

H
R
F
R
O
 

—
o
o
o
r
 

-
 

—
O
o
O
 

R 
O
K
R
 

o
r
R
R
R
O
 

A2 shows the number 

of “mutual friends” 

between each pair of 

class members. 

A3 shows the number 

of ways class members 

are connected via 

3 friendships. 

N
N
 
W
O
 
W
 

O
O
 

O
N
N
N
O
 

N
O
U
R
 
N
N
 
W
 

e
 

W
A
 
T
N
 

N 
W
 N
 

N
N
 

W 
O
W
 

In A, there is a 1 in columns 2 and 3 of row 1, but a 0 in 

row 2, column 3 (and in row 3, column 2). 

0100 00 
101000 
010001 

A=lo 01 0 0 1 
100 1 0 1 
00101 10 
0200 01 
212 1 1 0 
2 2 2 1 0 3 3 _ 

A=13 1 3 21 2 
32 3 2 1 3 
06 1 2 2 3 

three 3-step routes; 

E—+~A—B—C, E+>F—+B—C, E>F—D—C 

six 3-step routes; F—D-—+-C—+B, F—~E—-A—B



01 1 0 0 
00 1 0 1 

aA=]1 0 0 1 1 
00 0 0 1 
110 0 0 

10 1 1 2 
2 1 0 1 1 

b iA?2=|1 2 1 0 1 
110 0 0 
01 2 0 1 

3 3 1 1 2 
13 3 0 2 

iA>=]2 2 3 1 3 
01 2 0 1 
31 1 2 3 

3 5 6 1 5 
5 3 4 3 6 

i A*=|6 5 4 3 6 
3 11 2 3 
4 6 4 1 4 

¢ The 4th row and 4th column is positive only in A%. It will 

take 4 steps for Sam’s rumour to get back to him, passing 
through 3 people. 

01 00 
00 1 1 

2A=110 0 0 
100 0 
000 1 1 2.0 0 0 
2. 0 0 0 02 0 0 2 _ 3 _ 

bA=10 100)A=lo o011 
01 0 0 00 1 1 

These matrices show the number of 2-step and 3-step routes 

between each of the locations. 

i 3 train rides i 3 train rides iii 6 train rides 

a A B C D E F 

A /0 1 0 1 0 0 
B 1 0 0 0 1 1 

A= C 0O 0 0 1 0 1 

- D 1 01 0 1 1 

E 01 0 1 0 O 

F\0O 1 1 1 0 0 

2 01 0 2 2 

0 3 1 3 0 O 

S 1120111 
biAT=10o 3 1 4 01 

2 0 1 0 2 2 

2 0 1 1 2 3 

13 1 8 3 13 15 

1 19 8 22 1 4 

i Ad= 8§ 8 9 10 8 10 
- 3 22 10 27 3 8 

13 1 8 3 13 15 

15 4 10 8 15 19 

¢ 2 combinations: Dublin, Edinburgh, Barcelona 

Dublin, Frankfurt, Barcelona 

d The value in the first row and first column of A% is 13, so 

there are 13 4-step routes starting and finishing at Amsterdam. 

However, this includes routes which revisit cities, such as 

A—D—A —D— A, and routes which visit the same 

combinations of cities, suchas A—=D—F—=B—A and 

A—B—F—D—A. 

1 
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01 0 0 0 
00 1 1 0 

A=[1 0 0 1 0 
01 0 0 1 
11 0 1 0 

01 1 1 0 
11 1 2 1 

A+A?2=]1 2 0 1 1 
12 1 2 1 
13 1 2 1 

You cannot travel from K to K, K to O, or M to M in 2 steps 

or less. 

There would be no way to visit O. It would also take longer 

for people at N to get to K. 

010100 
1010 1 0 
00100 0 1 

A=l1 0001 0 
01 01 0 1 
001010 

2 1 11 2 0 
131 2 1 2 
1120 2 1 2 

ATAT=17 2 0 2 1 1 
2 1 2 1 3 1 
002 1 1 1 2 

There are 0s in the matrix A + A2 which indicates that 

there are some pairs of squares on the board for which it is 

not possible to move between in at most two moves. 

2 6 15 2 3 
63 6 2 8 2 

. 16 23 2 5 2 3 _ 

ATATHA =15 9 3 2 6 1 
2 8 2 6 3 6 
32 5 1 6 2 

There are no Os in the matrix A + A2 + A% which indicates 

that it is possible to move between any two squares in at most 

three moves. 

> Il 

O
 

O
o
O
K
~
O
 

o
r
r
O
R
 

o
 
o
o
 

O
 

~
=
O
O
 

o
 
R
O
 

i If the service from C to D is cancelled, it will not be 

possible to travel from B to D in at most 2 trips. 

ii CtoB,orCtoE 

0 

I Il 

—
o
o
o
o
 

o
r
 
o
o
~
 

c
o
r
r
O
 

o
r
o
r
o
O
 

1 

0 

0 

0 

A+ A% + A3 = 

R
 

W
 
W
 
N
 

e
 

e
 

N
N
 W
 
N
 

W 
N 
A
N
 

This shows the number of ways a signal can be sent between 

stations in at most 3 steps.
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025 125 05 075 0.75 
075 1 125 175 2 

¢ A+ 2A24+2A%=|025 05 025 1.25 0.75 
075 15 05 075 175 
105 025 025 0.25 

This could represent the strength of a signal between two 

stations. 

d i Cannot get from A to A, or E to E in at most 3 steps. 

ii Cannot get from C to B, Cto C, D to C, or D to D in at 

most 3 steps. 

e The effect in d ii creates more serious problems. 

12 a No, there are some b F A 

one-way doorways. ¢ E 

c iC i A 

iil E D B 

2 1 0 2 1 1 

1 2 0 1 1 2 

. o |1t o0 1 01 
dTAFAT=1Hy 1 0 2 0 1 

00 0 0 0 0 
1 2 0 1 1 2 

0 4 0 0 2 4 
4 0 0 4 0 O 

o0 2001 2 
0O 4 0 0 2 4 

0O 0 0 0 0 O 

4 0 0 4 0 O 

ii From A 4+ A2, you cannot get from the entrance (C) to 

rooms B, C, or E passing through at most 2 rooms, and 

from A® you can get to rooms B, E, and F from C by 

passing through 3 rooms. Hence the dinosaur room must 

be in either B or E. 

iii B, as E is the exit. 

EXERCISE 15E ISSS———————— 

0 07 03 

1 a Q bT=(06 0 04 
04 06 0 

07, ) ) ) 
0.4 ¢ A train at station P will go 

to station R with probability 
— 0.3. 

P 0.4 R 

d s(,Ti‘:(o,Qz 0.546 04234) 

Three stops from now, a bus currently at P has probability 

0.22 of being at P, probability 0.546 of being at Q, and 

probability 0.234 of being at R. 
04 0.6 

2 a 0.6 b T= (048 0‘2) 

04 Q.‘.e 02 ¢ 0.5824 

0.8 

1 1 1 

i ° 03 3 3 
1 1 

T= 2 2 

0100 
1 1 

3 030   

¢ & A—=B—+A—D, A—~C—B—D, or 
A—=D—A—D) 

1 1 1 
0 2 3 3 
1 1 1 1l 9 1 1 
2 4 4 

4 aT= 1 1 1 
1 1 9 1 
4 4 2 

1 1 1 

7 1 3 0 

boiwt=(5 ¥ 3 3) 
The mouse is most likely to be at junction X. No matter 

which tunnel the mouse takes first, it is always possible 

to return to X after 2 tunnels. 

EXERCISE 15F IESSS——— 

1 a tree b not a tree ¢ tree  d nota tree 

2 a tree, the subgraph has no cycles 

b not a spanning tree, the subgraph does not contain all vertices 

of the graph 

Number of vertices 

i 4 

5 

7 

¢ If a graph has n vertices, its spanning tree has n—1 edges. 

The first edge connects two vertices, and each additional 

edge adds exactly one vertex to the tree. We therefore need 

n — 1 edges to connect all n vertices. 

(7 

Number of edges in spanning tree 

        c
:
.
p
o
a
|
 

A X 
weight: 44 weight: 43 

9 9 

Ju ] 2 10 10 

8 8 
weight: 45 weight: 38 

0 A = 

— o 

o0 
o 

= o 

9 

8 

weight: 48 

9 9 

12 12 

0 10 

8 

weight: 41 

il



9 9 

12 12 

10 10 

8 8 

weight: 44 weight: 40 

9 9 

12 12 

10 10 

8 8 

weight: 46 weight: 39 

5 No, disconnected graphs do not have a spanning tree. 

EXERCISE 15G.1   

  

1 a i w 

5 4 

z X 

3 5 

Y 

i 14 units . . 
il 160 units 

2 AF, BF, CF, CE, DE 

3 a291m b no 

¢ garden tap cucalyptus banksia 
      

    

5 a EF, FG, CD, DF, FK, HJ, AJ, CJ, AB b 19 km 

6 a . 45 S 5 

T 
30 35 

C B 

b 
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EXERCISE 15G.2 

1 a i 50 A b 

  

i Note: Other solutions 

are possible. 

    u 

3 a AB, BD, CD, DE, and EF should be cleared, 43 km 

b the same except BE instead of DE 

4 a 1070 m 

  Scale 1 cm =200 m 

  

b 1310 m 

¢ We assume it is possible to dig in straight lines between 

the fountains and taps, and that it is equally difficult to dig 

everywhere. 

5 a $70 million M 

16 
L N 

\ » 

41 

6 a There is a weight for 

every edge from every 
vertex to every other 

vertex. 

  

b $73000 7 a AE, CE, BC, BD 

EXERCISE 15H 

1 a Euleriain, A—B—F—+E—A—C—F—D—A 

b neither < neither 

d semi-Eulerian, 

A—-B—-D—+-C—-B—+A—-C—+E—-A—E—D 

e Eulerian, 

A—+B—+F—A—-C—-B—-D—-E—-C—D—A 

f semi-Eulerian, G—F—H—+D—E—F—A—B 

—D—-C—+B—-G—C—H 
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2 Note: 

ANSWERS 

These are examples only. 

a b < 

a More than two vertices have odd degree, so the graph is 
neither Eulerian nor semi-Eulerian. 

b Exactly two vertices (A and B) have odd degree, so the graph 
is semi-Eulerian. 

A—-H—+-G—+A—-B—-C—D—+F—+G—E—B 

¢ There are no vertices of odd degree, so the graph is Eulerian. 

A—-H—-G—-F—D—-C—B—E—G—A 

a No, the graph contains vertices of odd degree, so it is not 

Eulerian and thus such a tour does not exist. 

b B, E+D—+C—+B—+D—F—+B—A—[—] 

—H—-G—>]—-A—F—>G—E 

a The graph does not contain vertices of odd degree, so it is 

Eulerian and thus such a route is possible. 

b In any such route, every street is traversed exactly once, so 
the total distance travelled is the same regardless of the order 
of the vertices. 

¢ 2570 m or 2.57 km 

a no 

b Yes, adding a bridge between the largest island and the 

southern bank, or removing the existing bridge between the 

largest island and southern bank, will create a Eulerian circuit. 

a 4 pen strokes are needed. 
An example is shown 

alongside. 

b If a graph has 2 vertices of odd degree, it is semi-Eulerian, 

and the graph can be drawn with a single pen stroke. 

This graph has 8 vertices of odd degree, so we could make 
the graph semi-Eulerian by adding 3 new edges to the graph. 

Equivalently, we can think of adding an edge between two 

vertices as lifting the pen at one vertex and moving it to the 

other. 

So, an additional 3 pen strokes are required to complete the 

diagram, making 4 in total. 

a neither b m, n even, length is mn 

¢ m=n=1 or oneof m, nis odd and the other is 2 

EXERCISE 151 IESSSS—— 

a There are no vertices of odd degree. 

the graph is Eulerian. 

b 69km, L--M—-N—-L—-0—-N—0—L 

a semi-Eulerian 

3 54km, O—+-D—-C—-0—+A—+F—+E—A—0—B 

4 

5 

—E—C—0 

a ABand CD, AC and BD, AD and BC b 41 km 

71 units, A—-B—+-C—+-D—+B—-D—-F—E—C—G 

»f—+F—+G—]—+H—>F—]—F—B—A   

EXERCISE 15) NS 

1 a A—-B—+C—-E—-F—-G—D—H—A 

b i E-F—+G—=D—C—=B—A—H 

i E>F—~G—~A—H—-D—C—B 

¢ The graph is Hamiltonian since it contains a Hamiltonian 

cycle (in a). 

b Hamiltonian 

d neither 

semi-Hamiltonian 

semi-Hamiltonian e Hamiltonian 

neither 

A—=B—>C—F—D—E, 
A—B—+E—+D—C—F, 
A—B—E—D—F—C, 
A—C—+F—+D—+B—E, 
A—C—+F—D—E—B, 
A—-C—+B—E—+D—F 

b A—C—=F—=D—=B—E (total weight = 23) 

Hamiltonian, A—+=B —+E—+=D—=F —C —A 

Hamiltonian cycle. 

67 km 

b i A=B—+C—=D—=E—G—F, 69km 

i AB—C—+F—G—E—D, 70km 

a P~Q—+R—+S—T—=U—+>V—=W—P, 405km 
b ino i P=W—>V—U—>T—>S—>Q—R 

& &y 
b not possible 

| A b A 

a Each vertex is connected to every other vertex. 

It is always possible to travel to a vertex that has not been 

visited, and return to the starting vertex immediately, without 

travelling along the same edge (if n > 3). 

b ko is 

Hamiltonian cycle. 

is a 

O0——o0 which only has one edge and no 

EXERCISE 15K.1 BESSSS——— 

a P—S—Q—R—P, upper bound is 224 

b lower bound is 214 

¢ 0214216224 V 

i P>Q—R—S—P weight 216 
a C—+B—+A—+D—E—C, 
b lower bound is 41 

¢ C—+A—=B—=E—D—C, weight43 

upper bound is 48 

a i 62 ii 57 iii 57 iv 57 v 57 

57 is the best upper bound. 

b i 54 ii 57 iii 57 iv 55 v 54 

57 is the best lower bound. 

¢ C—B—=D—=A—E—C, weight57



4 a Lower bowld 

31 

31 

31 

34 

34 is the best lower bound. 

b A—E—=D—C—B—A, 

  

upper bound is 36 

¢ i Town E, as the roads between E and the other towns are 

the shortest on the graph. 

ii E==D—C—=B—A—E, upper bound is 36 

5 A—E—D—C—F—B—A, with total distance 52 km 

6 a T—+B—-P—-0—D—L—+>S—M—-C—T 

iC-=0—+P—+B—T—+M—-S—L—D—C 

b It makes no difference. The cycles given in a are not 

necessarily optimal, and any cycle starting and ending in 

Calais could also be travelled starting and ending at Toulouse. 

EXERCISE 15K.2 B 

b P—-T—R—+>Q—>S—P 
upper bound is 67 

¢ lower bound is 46 

  

1 a 

  

d P—>Q—+>R—+>S—>R—>T—P, weight55 
46 <55 < 67 

aA     

     
   

  

b i B=A—E—>D—C—B, 
lower bound is 215 

i £215, B—~A—+E—+D—>C—D—B, 
town D is visited twice 

3 a 3ocities b 

upper bound is 215 
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d iD-E—+F—+A—C—B—D, 

upper bound is 970 

i lower bound is 730 

iii For example, D—+E—+F—+A—E—+B—C—D 

has total distance 920 km, E is visited twice. 

REVIEW SET 15A B 

1 a not strongly connected b strongly connected 

  

2 a 1 yes 

ii yes 

iii no 

¢ P—=T—S 

-—-—m 
[U[ 90 [30]50[-T80]-] 

3 a Yes, no edges are repeated. 

b Yes, no edges or vertices are repeated. 

¢ No, edge EF is repeated. 

d Yes, it starts and ends at the same vertex, and no vertex is 

repeated (except the starting vertex B). 

01001 21221 

0 11 142 23 

L aA=|010 11 bA2=]223 22 

01101 22232 

11110 13224 

¢ three 2-step routes 

d T—+P—+Q, T—=R—Q, T—S—Q 

01 0 0 1 
10 0 1 0 

5 aA=[0 1 0 1 1 
00 0 0 1 
00 1 0 0 

1 3 1 2 4 
2 1 2 2 2 

b i A+A2+A%=]1 3 2 3 5 
01 1 1 2 
11 2 2 2 

ii No, items cannot be moved from D to A in at most 

3 steps. 

0O 1 0 0 1 

1 0 0 1 0 

¢ iA=|0 0 0 1 1 

00 0 0 1 
0O 0 1 0 O 

1 2 1 2 4 

2 1 2 2 2 

A+AZ+A’=]0 0 2 2 3 
0o o0 1 1 2 

0o 0 2 1 2 

ii Items cannot be moved from C, D, or E to A or B at all.





13 a Evan and Heidi’s hotel — Sacré Caeur — Opéra Garnier — 

Louvre Museum — Notre-Dame de Paris — Orsay Museum 

— Hotel des Invalides — Eiffel Tower — Arc de Triomphe 

— Evan and Heidi’s hotel 

b i No; the graph contains vertices of odd degree, so it is not 
Eulerian. 

ii Yes; Evan and Heidi’s hotel — Arc de Triomphe — 

Opéra Garnier — Sacr¢ Cceur — Evan and Heidi’s hotel 

— Eiffel Tower — Arc de Triomphe — Louvre Museum 

— Opé¢ra Garnier — Orsay Museum — Notre-Dame de 

Paris — Louvre Museum — Orsay Museum — Hotel 

des Invalides — Eiffel Tower 

14 a i H—=D—-G—E—F—H 

{total time = 37 minutes} 

i D-H—+G—E—F—D 

{total time = 35 minutes} 
upper bound = 35 minutes 

b lower bound = 32 minutes 

¢ D—-H—=G—E—F—D, 35 minutes 

15 a 

  

b iC i upper bound = $1620 

i lower bound = $1070 

iv D-F—+C—->A—+B—=C—E—F—D, $1620, 

F and C visited twice 

vD—-F—-E—-C—B—+A—C—D, §1490 

EXERCISE 16A B 

1 a i3 i 3 iii 1 

b i Site B as P lies in cell B. 

ii PB = /10 ~ 3.16 units, PA = 31/2 ~ 4.24 units, 

PC = v/26 ~ 5.10 units 
¢ i Q lies on the edge between cells A and C. Q is equally 

closest to sites A and C. 

i QA = V10 ~ 3.16 units, QC = /10 ~ 3.16 units, 

QB = 3v/2 &~ 4.24 units 

2 a All points in the green cell are closest to site A than any other 

site. 

b All points on the blue edge are equally closest to sites D and 

C. 

¢ The red vertex is equally closest to sites A, B, and C. 

3 a isiteB i site D iii site C iv site A 

b i distance to sitt A = /5 units 

distance to sitc D = v/3 units 

i distance to site A = v/I3 units 

distance to site D = +/13 units 

¢ (—3,0) is equally closest to sites A and D, hence it lies on 

an edge. (—3, 2) is closest to site B and does not lic on an 

edge. 

d 32 units? 

4 a true b true ¢ not necessarily true 

d not necessarily true 

ANSWERS 915 

5 If the circle passed through another site then P would liec on an 

edge. If another site was contained in the circle, P would be closer 

to that site than X. P would not lie in cell X. 

6 a i postoffice E 

iv post office C 

b (-1, %) and (—-1,-2) 

ii post office B ii post office A 

  

  

  

  

  

  

  

  

  

  

  

  

                                
  

7 a i school C ii school A iii school D iv school B 

b i school D il Ay (km)) N 
AT 

D° 5 ! 
,4) 

< - > 
z/(km) 

] B 

I 

c i (0,2) ii 5 km 

8 A vertex of a Voronoi diagram is equally closest to at least 3 sites 

(whose cells meet at that vertex). The circle’s edge passes through 

site X, which is one of the sites V is closest to, and since every 

point on the edge is equidistant from the centre, the other closest 

sites must also lie on the edge of the circle. 

EXERCISE 16B NS 
  

  

  

  

  

  

  

  

  

    

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                                

1 a 

b 

2 a by=3z+1 

<  



916 ANSWERS 

ii distance to site A = 10 units 6 
distance to site B = 10 units 

d i siteB i site B iii site A 

3 PB(B, C) 

PB(B, F) 

7 

  

  

  

  

  

  

  

  

  

  

  

  

  

      
  

  

  

  

  

  

  

  

  

  

  

  

                                      

4 a 

b 

5 a 

b PB(A,B): y=-5z+11 

PB(A,C): y=1z+4 
PB(B.C): y=-2z+ % 

14 51 ¢ (3 8) 
distance to A = distance to B = distance to C ~ 12.1 units 

d i site A i site B iii site C 

  

  

     

  

  

  

  

  

  

  

  

  

  

            

  

              

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      

  

  

a b i store A 

i store A 

il store C 

¢ i (-3,2) ii /65~ 8.06 km 

a Sites A and D are currently in the same cell. 

b Ay PB(A, D): 
B 1 4 

y=3zr+3 

PB(B, C): 

z+4y+2=0 

PB(A, C): 

2r+y—1=0 
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¢ i site A i site E 3 a AY b 

d i sitessCandE i sites A, D, and E Ay 4 o8 of 

10 a y—3z+3 o oP 
b, d yi(kin) 4| B 

Ay \ -« > 
q 

. C £ 

D 

4 a b Y, 

Y 

PB(A,B): y=-Tz+8 ™ 

i camp B il v13 km =~ 3.61 km 

11 a There is a cell which does not contain a site. 

b The edge of the missing site and site B is perpendicular to 

the z-axis. i 

.. the missing site lies on the z-axis. 5 oa iA i B 

c (—3,0) b i Ay(knh). il Yes, the edge 

B is now closer e (L) b0 A, o ATM D, 
13 a implying that 

some people 

— - =8 are now closer 

to ATM E. 

( . i (5, 1) 
m 

.B .D 

6 a i polling booth A ii polling booth D 

b Distance from (=2, 1) to (0, —1) = 2v/2 ~ 2.83 km b i Ay (km) il cellC 

Distance from (0, —1) to B =3 km As i 12.5 km? 

If the vet clinic was at (—2, 1) then the cell would include 

the point (0, —1). 

c (-3,1) d i vetA il vets Band C 

e 2v2~2.83 km 

EXERCISE 16C N 

1 acellC < Ay 

b cells A and C 4 Y 3 
as they share \ A 

an edge EXERCISE 16D B 

1 a 27.3°C b 25.6°C ¢ 28.4°C 

2 a A y/(km) b i 48m 

Aq o ii 57m 

3 iii 36 m 

2 a SiteDis b 

relatively o (Krm) 
central to the 

other sites. 

¢ 24 units? 

D 
o 

/ v 

3 a i 9.3 inches ii 5.5 inches iii ~ 10.8 inches                                
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il Yes, in i and iii we would now estimate 10.6 inches of 

snow at (—1, —4) and (1, —4). 

EXERCISE 16E M 

1 a (1, 1), radius VI3 units b (0, —1), radius 2v/5 units 

2 a (20,10) b 4v/65 km ~ 32.2 km 

¢ towns B, C, and E 

d Distance from proposed location to B = 5v/26 ~ 25.5 km 

a is preferable. 

3 Let P lie in cell X. The largest empty circle centred at P would 

touch X. As P lies within cell X, the largest empty circle does not 

touch any other site, meaning that a larger empty circle could be 

created with centre closer to the edge of the cell. 

the circle centred at P is not the largest empty circle. 

the largest empty circle cannot lic within a cell. 

4 a i PB(AD): y=2x—1 ii PB(C,D): y=-z-3 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

7 

b Va(—2, —1) ¢ Vi(3, 14) 

5 a y . PB(A, B): 
B y= 7%1 + 4—70, 

PB(A, C): 
1 y =5z — 11, 

PB(B, C): 

y=—3c+% 
Do 0 % 

o —10 
A ° 

b (3,4) ¢ centre (3,4), radius = 2v/65 units 

6 a Ay Uk B b Vi(1,3), 

V2(0, 1) 

hEE 

D.                                       

¢ centre (0, 1), radius = 2v/10 units 

7 a 

< 

8 a 

9 a 

< 

d 

2 a 

b 

3 a 

b 

< 

i station B ii station E b V3(-1, —177 

: iz 
P Va(-1, = 

il Distance from (—3, —3) to E ~ 2.83 km 

Distance from (—3, —3) to V3 &~ 2.36 km 

(2.0), 2v10 ~ 6.32 km from A, B, and C 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

i ) s il (-1, -3) 

E 
° 

(km’ 
= 

4 

° J 
D C                               
  

fire station C b 
  

i fire station B   
  

We could create a 

Voronoi diagram 

like in b. 

(30 31 
T 

  

  

  

  

  

  

 (km) 
      

  

                    

  

i airport C ii airport A 

i The aeroplane is equally closest to airports B and D. 

i~ 361 km iii 300 km 

Y 
  

  

  

  

  

  

  

  

                                

  

    PB(A,B): y=—2x+6 

i 0=-23)+6 v 
ii Distance from (3, 0) to A = 2v/10 units 

Distance from (3, 0) to B = 2v/10 units 

i site A i site A



  

  

  

  

  

  

  

  

                                  
  

  

b No, the vertex lies outside the pool. 

  

  

  

  

  

  

  

  

                          
  

  

  

  

  

L . 21 7 1 ¢ i exitC il 15m d iz i iz i g 

5 a Sites C and D are b AU A 
currently in the ° T 
same cell. N 

- D B, 
-3 T 

™~ 

1T 
v 

PB(C,D): z+3y+7=0 

6 ax—3y=4 < luu 

b i siteC Ae 
Lo | B 
i site D 
  

  

  

  

  

  

  

  

                            
  

d Yes, inii, (=5, —2) would now be closest to site E. 

  

  

  

  

  

  

  

  

  

  

                                
  

7 a 11 kmh™?! b 14 kmh~?! ¢ 19 kmh—! 

8 a AV b Vi(-2,3), 
° o 

A B Va(—1,2), 
i and V3(2, 2) 

3 .C 

-3 T 

/| 

v 

¢ Vo(—1,2), radius = 2/5 units 

9 a iy=4z-10 i x=10 b Vy(10, —5) 

¢ i Vi(0,5) i 10v/2 ~ 14.1 km 
   
ii towns A, B, and D 

REVIEW SET 16B N 

1 a il site E il site C iv sites A, B, and E 

b No, they do not share a common edge. ¢ (1,2) 

2 A point on an edge is equally closest to two sites. If the circle 
passes through a site, then the radius of the circle is the distance 

to that closest site. 

the radius would also be the distance to the other site. 

the circle passes through two sites. 

i site C 

ANSWERS 
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3 a AY A 
o 

5 

PB(A,B) 

- > 
xT 

v 8 

b 
  

  

  

  

  

  

  

  

  

  

                    

  

            
    4 a There is an e 

¢ i taxirank A 

ge with no corresponding site. b (3.1) 

ii &~ 26 min 50 s; we are assuming that she can walk there 

in a straight line, and at a constant speed. 

d i taxiranks B and D 

ii e Whether he can walk there in a straight line. 

  

  

  

  

  

  

  

  

  

        
  

  

  

  

  

  

  

  

  

  

  

  

  

                              
  

  

  

  

  

  

  

  

  

  

      

i site C 

i site A 

iii sites A and B 

i cells Band C 

i 92m 

i 6.9m 

e The price. 

e His direction of travel once he gets into the taxi. 

5 a 'Y o b 

B. 

PB(B, C) 

< AB) = 
3 T 

A. 

° ) 
v 

6 a ~412m 

b i iii Ay(m: 

o 
B 

A E 
° ° 

D 30 
.D C. 

v 

Y 7 a B) AV b 

3| o€ 

=TT / o T 
D 

A =3 

v                         
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8 a i parking lot E ii parking lot D 4 a -2 b 7 ¢ —1 

b i (0,200) il ~447m 5 As x # 0, we can cancel the xs, to give 

i [Ta @k | B iv 240000 m2 lim < = lim 1=1 
° ° z2—0 T  x—0   

  

  

  

  

  

  

  

  

  

  

  

    

  

  

D‘ v                           

  

¢ i (200, 200) is in the cell containing the parking lot F. 

  

  

  

  

  

        

ii 200 m closer 7 a -3 b5 ¢ —1 d 6 e —4 f -8 

EXERCISE 17A.1 W g1 h 2 i5 

1 a ch, The distance increases by the same amount cach time EXERCISE 17C.2 B 

interval. 
1 a das z2—0, f(r) > —o0 

b i ¢ 3mpers ’ 
600‘(1lSt ce (m) P as ¢ — 0T, f(z) — oo 

as z — —oo, f(z) — 0" 

400 as z — oo, f(z)— ot 

200 vertical asymptote = = 0, horizontal asymptote y = 0 

time (se¢) il lim f(z)=0, lim f(z)=0 
0 T— —00 T—00             

0 30 60 90 120 150 180 . 
b ia 22— —-37, f(z) o0 

2 a Yes. The height increases by the same amount each time as = — —3%, flz) > —o0 

  

  

  

  

  

  

  

  

  

interval. 

b 5 cm per week as @ — —oo0, f(z)—3" 
3 a3 b _2 c 1 4 5 as x — oo, f(x)— 37 

4 2 vertical asymptote = = —3, 

EXERCISE 17A.2 I horizontal asymptote y = 3 

1 a No. The graph is not a straight line. ii TETOO f(z) =3, Tllmw flz) =3 

b i 60 km per hour i 100 km per hour ¢ ias g 7§,’ F@) = —oo 

2 a 100 m per hour b 100 m per hour (downwards) ot 
3 1 b 2 5 4 2 as:c—*—g,f(ac)—m)o 

t2 : ‘o - as z oo, f(z) 2= — — [— 
4 a i3 i 25 i 21 v 201 v 2.001 ’ it 

b The average rate of change approaches 2. as ¢ — oo, f(z) = —3 

EXERCISE 178 I vertical asymptote @ = —3, 
1 a05ms! b 2ms! horizontal asymptote y = —% 

2 a 8000L b 3000 L ¢ 10667 L per hour il lim f(z) = —%, lim f(z) = —% 

d 3000 L per hour T Fee 

e The rate at which water is leaking is decreasing. d ias z— 1+~ f(@) — oo, 

3 a,b y ¢ -2 as z — 17, f(z) — —oo, 

as @ — —oo, f(z) — —1F 

7 as =z — oo, f(z)— —1" 

vertical asymptote = = 1, 

horizontal asymptote y = —1 

=1 il lim f(z)=-1, lim f(z)=-1 
- T——00 Tr—00 

2 % 2 a 
                    

EXERCISE 17C.1 NS 

1 aa z—17, f(z) — 3~ b 3 ¢ 10 -1 

as ¢ — 17, f(z) — 3T 

2 arv b7 ¢ 11 d 16 e 0 f5 

3 a5 b 7 cc  



b i lim (e*—6)=—6 
T —00 

il lim (e® —6) does not exist 
z—00 
y = —6 is a horizontal asymptote of y = e* — 6. 

3 a does not exist b -3 < does not exist d 30 

e does not exist f 10 

b lim ze =0 
Z—00 

~ 0.000 454 
~9.64 x 10~21 < yes 

~ 3.72 x 10742 

~ 2.77 x 10~ 

  

EXERCISE 17D B 

(3+h)2—-9 
1 3+ h)? ————— =6+h for h#0 aB+h @Gim_3 otk frhz 

¢ 07 i 6.5 i 6.1 v 601 d6 

2 a i2 i 8 

b Gradient of tangent to  f(x) = 2 

1 2 

  

2 4 

3 6 

4 8 

¢ 2a 

3 a4 b5 c0 d -3 

& a (14 h)®=1+3h+3h%+h3 b ii 3 

5 b i -1 ii —é 

EXERCISE 17E B 

1 a f0)=4 b f(0)=-1 2 F(2)=1 
3 a positive b negative < negative d positive 

4 a 1 fi(-2)=-3 
At x = —2, the derivative function is —3, or the 

gradient of the tangent to y = f(x) at the point where 

r=—2 is —3. 

i f(0)=1 
At = 0, the derivative function is 1, or the gradient 

of the tangent to y = f(z) at the point where = = 0 

is 1. 

b [ D3   
  

  

  

  

  

  

        

  

                    f1(0) 
  

EXERCISE 17F I 

1 a fl(z)=0 b fl(z)=1 ¢ fl(z)=2 

d fl(z)=-1 

2 ad—y:QI bd—y:72z :@:4z+1 
dx dx dx 
d: da - 95 

ANSWERS 921 

3 a fl(z)=6x 

b f/(2) = 12. The gradient of the tangent to y = f(z) at 
the point where = =2 is 12. 

4 a i3 i -1 b fl(z)=—-2zx+3 

¢ f10)=3, f'(2)=-1 
5 a flle)=z—1 b i -3 i (5.4 

6 a f’(:c):—%:c-#l 

b f(-2)=2 f'(3)=-3 
Gradients of tangents are 2 and —%, and 2 X 7% =-1 

tangents are perpendicular. 

  

  

b If f(z) =", then 

f(x) = nzn1L 

  

REVIEW SET 17A IS 

13 
2 a Yes. The height increases by the same amount each time 

interval. 

b 1.6ms! 

3 a -1 b -1 <8 

4 a 

  

ba z—47, y— —oo, as x — —oo, y— 17, 

as x4>4+,y4>oo, as alc~>c>o,y~>1Jr 

vertical asymptote « = 4, horizontal asymptote y = 1 
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¢ SBER —FB) 
h—0 h 

12 

The gradient of the tangent to y = 222 at (3, 18) is 12. 

b W 
dx 

b gradient = 16 ¢cx=-3 

6 f(3)=—% 7 a f'(z)=2z+2 —6z 

REVIEW SET 17B IS 

1 2 2 b 72%°C per hour 

3 a -3 

a 2°C per hour 

¢ -1 b 3 

  

b i lim (e*72-3)=-3 
z——00 

i lim (=2 —3) does not exist 

  

  

  

  

  

  

  

  

                                

  

  

    

    

200 

5 a negative b positive ¢ positive d negative 

6 a,b Ay < 4 
8 

=zt -2 - 

T % 
)= 

-6 

Y 

d 7 a ZL_9z4+5 b (-4, -6) 
dx 

8 a i447.2m i 4328 m b f(t) = —9.6t 

¢ i 96ms! i 19.2ms™! 

EXERCISE 18A W 

1 a 3z? b 8a7 ¢ 1120 d6 
e 6z2 f 14z g 1524 h 3025 

i5 i 2z k 2z+1 I 2243 

m 4z +1 n 6x—7 o —4zx p 223 — 12z 

q 3e2—8x+6 r 6x24+1 s —1-122% t 222-7a 

2 5 1 12 28 
2 a - b < — d — e 

z3 6 322 4 5 
6 4 36 . 1 4 

f2—m—3 321+m_2 Ilfm—s—m—5 i3 o 

16 3 4 2 10 

v 't E 
1 1 1 

3 a — b € 2—— 
2V 322 2z 

-1 3 
d 3 e f 

2V 2z/T 2z2\/x 

3 1 4 
4 h — — 

$ ot /T 2z/z 22 

1 5 7 3T 
    

      

  

  

K2y 15 5V22 2 2 
2z3\/x 3 3z 3ziz 

dy dy dy 16 
4 a —=2 b — =7.522-28 ¢ —=6zx+ — 

dz i dx “ v dx v 3 

d; d; d; d 91 e o1 ¢t o0 
dx dx dx 

d; d; 
s W_se—4 h¥_62_6s-5 

dx dx 

i W sy 39 
dz 2 VT o 2z\T 

di d: -3 3 508 Pogp 1 A 
dt : dt tV/t 
dr | -% 4 

¢ — =1t 473 = —= 
dat 3 + 3z 

dP i 5 
d — =-5u"2-15u> = —= - 15\/u 

du u? 

6 a4 b 22 ¢ -2 d -7 e 2 
13 1 f T g 35 h —11 

7 a=7 8 a=-9, b=28 9 a=3b=6 

10 a=2, b=-3 

d; 3 d 3 
11 & 4+ —, & is the gradient function of y = 4z — — 

dz 22" dx z 

from which the gradient of the tangent at any point can be found. 

1 2 
12 a {z|z>0 b fl(z) = —%=+ —%= {o]a>0} @) ==t o 

¢ {z|z>0} 

d f/(1) =2.5 The gradient of the tangent to the curve 

4 
= —— at x=1 is2.5. f@) =V ot 

ds ds 
13 a — = 4t +4 ms~!, — s the instantancous rate of 

dt dt 

change in the car’s position at the time ¢. 

ds 
b When t =3, — = 16 ms—!. This is the instantancous 

rate of change in position at the time ¢ = 3 scconds. 

14 When z = 1000, Z—C = 7. When 1000 toasters per week are 
X 

being produced, the cost of production is increasing by £7 per 

toaster. 

EXERCISE 18B.1 I 
1 a g(f(@) = (22 +7)° b g(f(x)) =22 +7 

¢ g(f(2)) = V3 -4z d g(f(z)) =3 -4V 

  

2 4 ¢ of@) = 5 tg(f@) == +3 
2 Note: There may be other answers. 

a g(z) =23, f(z)=3z+10 

b g(z) =2° f(z)=7-2z 

c g(m):%, F(a) =20 +4 

d g(z) = Ve, f(z)=q-3 

¢ ge) = = f&) =501 

f o) =15, fe) =302



EXERCISE 18B.2 NS 
1 

b ui, T . 1 aw?2 wu=2z-1 

—1 1 

c2u 2, u=2-—22 du®, u=a%—22 

e 4u3, uwu=3—=zx f 100", u=a2-3 

d 2 a2 L oy@rt3)=8c+12 b X —grt12 
dz z 

d d 
3 a2 & _gu4z—5) b & 95— 20)2 

dz dz 
d 1 

¢ fi:%(ngfi) 2(3—2x) 

d d d o 1901323 e Yo 18G5 x)? 
dr dx 
d 2 A 
d g Y- 60(50—4)3 
dz 

dy 22 2 
h — = 2= 2z + — 

dz (m z) (m+z2) 
1 3 ha—fi b -18 ¢ -8 d -4 e —35 fo 

5a=3 b=1 6 a=2 b=1 7 a=2 b=3 

EXERCISE 13C I 

1 a fllz)=2zx-1 b fl(z)=4z+2 
1 

f(x) = 2z(x + 1)’1’ +3a?(z+1) 2 ¢ 

d f'(e)=2c+2 
1 _1 

e fl@)=(2® - 1)% +2%(2® -1) * 
f f(z) = (z+1)? +2z(z+ 1) 

d: 2 a o op2r—1)+ 242 
dz 
dy 3 2 b —= =420 +1)° + 242(2e + 1) 
T 

1 _1 
< %:21(3—1)2 7%z2(37z) 2 

dy 1 -3% 2 d — =3z (2 -3)%+2x(z - 3) 
dx 

e Z_y =10z(3z2 — 1)2 + 602> (322 — 1) 
L 

dy 1 -% 213 2y2 faziz (z — 22)3 + 3yz(z — 22)2(1 — 2x) 

L 13 11 3 a 48 b 4064 ¢ d i 
4L b x=3 or % 

d; 
¢ Domain of d—y is {z | > 0}. Domain of original function 

T 
d, 

is {z|z >0} d—y is undefined when z = 0. 
2 

  

  

5 r=-1 a.ndzzfg 6 =1 and z = % 

7 az:% bz=0 8a:7% andazf% 

EXERCISE 18D W 

d; di 222 + 2 1. B __ T p Wy _ 2t 
dr  (2—1x)2 dz  (2z+1)2 

. dy —z2 -3 d dy 2c+1 

de (22 - 3)2 de — 2yx(1 — 2x)2 

dy 322 —6x+9 dy 2 -3z 
€ 22 f - 3 dx (3z — x2) dx 21— 32)2 

ANSWERS 923 

2 a 4 b —3z2 -3 . 4x3 — 322 

(3—a)? (z2 —1)2 (22 —1)2 

2z — 20 322 +3 —2% — 6z 
d — e ————— f — 

(z—5)3 2VE(3 - %) (z2 +3)2 
T 28 3 al b1 € —501 —5= 

r—2 
4 fl(x) = T 

2(x—1)2 

5 b i never {@ is undefined at = 71} 
dx 

i z<0 and z=1 

6 b iz=-3and z=2 iix:—% 

7 b iz=-2+11 i z=-2 

EXERCISE 18E W 

1 a fl(z)=4e** b f'(z)=e" ¢ fl(z) = —2e"2 

d fl(z) = %e% e fl(z)= *87% f fl(z)=2e"" 

g f’(z):?e% +3e™® h fl(z) = % 

1 

i f!(2) = —22e="" | f@)=-5 
T 

k f'(z) = 20e2® 

m f’(:c) — 2€2m+1 

o fl(z) = —dgel—22" 

| f'(x) = 40e~2* 

n fl(z)= iez 

p f(z) = —0.02e0-022 

£ 

& 

ze’ — e 
2 a e® +xe” b 3z2e * —zle® 

  

  
  

    

  

d 1;m e 2xedT 4 3x2e3T 
e 

g 20e 057 _ 10ze—0-5% h 

dy dy 3 a L oger24em)3 b 2 a o e (2 + e”) o 

dy o4 ooy (go _ oo ¢ E:%(E +e )2 (ef — e ) 

_3 
d Z—y:762m(e2z+2) 2 

T 

4 9 4 a 108 b -1 ¢ T d = 

5 a {y|0<y<+6} b i P(n22) i -1 

6 k=-9 

7 a Z—y:21ln2 
T 

< id—y:5zln5 ii d—y:SXIOT’lnlO 
dx dz 

4 1 
8 P(0,0 P2, — 9 ¢S d ©.0) or p(2 ) @4 P 

EXERCISE 18F I 

1 adyil bdyfi 2 ‘dy71—2:c 

dz @ de 2z +1 de ~ «—a? 

dfi:—z efi:hcln:c-f—x 'flzlflnz 
dx T dx dx 2x2
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d - d 21 
g —y:emlnz+e— h & _ZIZ 

dx T dx T 

- 
|fi:; jd_y:e——e”ln:c 

dz  2zvInz dx T 

In(2: 1 4 
k d_y: n( x)+_ |fl: 

dx 2V dr  1—=z 

dy Inz —2 dy 212 m===——= n —==In(z2+1 
dz  /z(lnz)? dz n(e® + )+12+1 

d 1-21 o W __—cne 
de a3 

2 f'(z) = =, since In(kz) =Ink+Inz and Ink is a constant. 
z 

    

    

      

  

  

3 
3 ad—y:ln5 bd—yzg :d—y:4z +1 

dz dr =« de  zt4a 

dy 1 dy 6 > 
d —= e — = In(2 1 

de x—2 dx 2x+1[n(m+ l 

ffl:Lfl(“) 9@:71 h@:;l 
dx z2 dx T dz  z(lnz)? 

d 1 d —2 5 a W _ b W _ 
de  2x—1 de 2z +3 

cd 1 a1 1 
dx 2z de =z 22-2x) 

1 1 2 1 e B _ - A2, 
de  x+3 x-1 dv = 33— 

9 1 2x 
5 a f = b f/ = - e =5 Fe) =St a 

2z + 2 1 
¢ f = — 

f'(@) z2+2x z-5 

  

  

  

    

  

  

d; d: 
1 a & —2cos2m b &= cosz—sinz 

dz dz 

d, d 
¢ &= 3sin3z—cosz d —y:cos(a:Jrl) 

dx dx 

d, d 5 e Y= 2sin(3 - 22) 2 
dx dz  cos? bz 

g fl:lccasi-%—Ssinac h fi:4cosx+25in2x 
dz 2 2 dz 

d, 
i _9:73511169;720005435 

dx 

. 1 . 
2 a 2z—sinz b > —3cosz ¢ e®cosx —e¥sinx 

cos“ T 

cosT 

d —e Tsinz +e Fcosx e — 
ST 

f 2e27t, +62z Sn h —1sinZ e tan —5sin % 
COSQI s COSzfl'.’L‘ 2 2 

. 6 . . rcosz —sinz 
i i coszx —zsinz kK ———— 

cos? 2z z2 

z sin /Ze°s VE 
| tanz + m _sinJzer VR 

cos? 2z 

n sinzcosx — 2z 

Vzsin® z 

o 2z cos 2z — xsinx — 3cos x — 3sin 2z 

x4 

  

  

  

  

  

  

1 . 

3 a 2xcos(x?) b v sin(v/z) ¢ —2\5/1% 

d e” cos(e”) e 2sinzcosz 

f —3sinzcos?z g —20sin 2z cos 2z 

h —sinzsin2z + 2 cos z cos 2z i sinzsin(cosz) 

16 4 4tan?2 
j —12sin4xcos? 4z k 7$ Zlancy 

sin® 4z 3cos? 2z 
9 8 4 a -z b3 <0 

5 a fl(z)=0 b f(z) = 2(cos?z +sin®z) + 1 
=2(1)+1 
=3, a constant 

6 b 1 . cos«9+isin921 

et 

e% = cos @ +isin6 

EXERCISE 18H N 

3 
1 a f" =6 b f” = 7(@) @) = o 

12 — 6. 
¢ f'(2) =120 -6 d f(a) = —= 

T 

20 e f'(z) =8 £ () = e £'@) = G 
d2y d2y 30 

2 a — =-6 b —=2—-— 
dz? “ dz? z4 

Py 9 Py _ 8 
da? 422\ /z de? 23 

d?y 
e — =12z% — 36z + 18 

dx? 

d2y 2 d2y 
f — =24 — Z 2 gl 

dx? (1—x)3 9 Ta2 ¢ 

d?y  —x2e”® —2mwe % 42— 2% p &Y _Te Teve wewmee 
dz? z3 

i d2y _ z3 — 322 — 6z — 6 

daz? z3e® 

a f(2)=9 b f(2)=10 c f(2)=12 

r=2 or x=3 

  

  

  

  

    

6 a f(1)=0 b f(1)=3 ¢ (1) =0 
a f(1)=3e—2 b ff(1)=3e—2 < f'(1)=3e 

2 : 2 
8 a d_y: Ssine b HZQCDS(L‘*ZSiDE 

dz?  cosdw dx? 
42 

< dz_g = 18(cos? 3z — sin? 3z) 

d @ _ 45111{!7*2 _ cosx + 6cosx 

dz? 23 22 P 

2 2 2(422 2y 4 q 
e fl = —2e¢ *cosz f fi = —( o” tan(a®) + 1) 

dz? dz? cos?(z2) 

10 a k= b f"(z) =12cos®>zsinz — 6sin’ z + 3sinz 

11 -3V3



d? 1 d? 
12 a 2¥_ y_ ¢ =2 = 

dz? z2 dz? dz? z2 

REVIEW SET 18A I 

1 a f'(z) = 1522 b f'(z) =6z> -5 

d? 2 
Y —(1—1Inz) 

  

  

3 8 
< f’(m):14m+z—2 d f’(m):3+z—3 

2 1 
e fl(z)=3 f fl(z) = — 1) =3v@ Fa) =t e 

dy dy 1 
2 a — =6z —4z® 2= 

dx ¢ dx +ac2 

< dy 2x+/ 2+ o — =2z\/T — —_— 
dx 2V — 2 

3 
3 a fllz)=(2241) * b (0,0) 

4 a d_y:312613+2 E: ! 72 
dx de  x+3 =z 

c @:31252"#»21352“" 
dz 

a 10 b -15 
1 —1 

6 a 5+3zc2 b 4(32% +2”)3(6z+ 42 7) 

¢ 22(1—22?)3 — 6x(z? + 1)(1 — 22)? 

7 (—2,19) and (1, —2) 

  

  

  

8 a (50035x)1nm+sm5x b coszcos2r — 2sinxsin 2z 
z 

1 
< 672’( > 72tanm) 

cos“ T 

o 
2 - - 2 10 a fllayp=—270%"3 o2 L 546 

er e 

12 a f'(z) = 8x(z? +3)3 
1 1 

la(z+5) 2 —2(x+5)? b gy @D 2+ 
T 

6e® — 8xet® 
¢ h(z)= 

@) = =T o02 

13 a d—y:0052zfsin2z b -1 
dx 2 

14 a f(3)=1 b f(3)=0 ¢ f(F)=2 
15 2 

2 
16 a ¥ 

da? 

17 a f'(2) 

(@)= - 
Pl i 82 b i fi(fi V7) i -8 

REVIEW SET 18B B 

1 a fllz)=6x—7 b f/(z) =2z + 10 

1 3 
< f,(z):fi+m_2 d f'(z) = 15z/x 

dy dy 3 15 2 a & 6212047 b o == 
? dz * o dz z2 g4 

dy 5 
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3 a f(3)=-17 b f/(3)=-17 ¢ f'(3)=—-6 
dy 1 ~1 

b a —==32%2(1-22)2 —2*(1—2?) ? 
dx 

1 1 
y B 2z —3)(z+1)% — $(=? —32)(z+1) * 

dx z+1 

dy 1 
¢ —==3z2-1- 

dz © 2z\/T 

d: 
5 a —y:e’-#ace’ b (L e) 

dx 

e’ 3 1 
6 a fl(x)= b f - - @) == re =51 

1 
¢ flla)=——— 

COS T s x 

7 when z =1, fl:o 
dx 

8 (o) =1- = b 1 3 a fl(z)= - i — i 3 

¢ f(z) 

gradient = —1 
<t 3 - 

radient = 5 

L a? 42 

vfll? ’ 
2 _ T (p — 9 ad_y:3ac 3 bgze(z‘ 2) 

der 23 -3z dx 3 

d: 
¢ o 9e2rging + 2% cosa 

dx 

10 a f’(z) = 2422 — 24z — 18 bao=—1ord 

11 a 10— 10cos 10z b tanz 

in 5. 
< (5c055x)1n(2:c)+sm L 

12 a % b 16 13 a=4, b=¢? 
d; 2si 1 14 & -1 b Hint Showthat - _23motl 
dz (sinz + 2)2 

15 b i:c:% il z<0 

17 az=-6+£v33 ba=%+/3 <¢a=-3003 

EXERCISE 19A B 

1 a fllz)=2zx—4 by=-2r-1 

2 ay=-Tz+l1l b y=iz42 cy=-2z-2 

d y=-2r+6 e y=-5r—9 fy=-5zx—1 

3 ay=21and y=-6 b y=23 and y=-9 

cy=2 

4 a k=-5 b y=4z-15 5 y=-3z+1 

6 a=—4b=T7 7 a=2 b=3% 

9 af’(m):?a:—zis b x=+V2 

¢ When :c:fl, y =4 and when :c:—\/i y=4. 

tangents are y = 4.
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10 a=4, b=3 

13 z-intercept %, y-intercept —2e 

15 ay==z by=z cy:7%z+%+§ 

dy=1 e y=2 

16 Hint: Show that there arc no tangents which have gradient = 0. 

17 %(% + 1)2 units? 

18 (—4, —64) 19 (4, —31) 20 (-1, -2) 
21 ay=(2a-1z—a2+9 

b y = 5z, point of contact (3, 15), and 

y = —Tx, point of contact (—3, 21) 

22 a y=(2a+4)z—ad? 

  

a ‘7,/:76’21«{»35’2 b y=—=2 

2 
€ 3 ¢ y=dexr—e dy:?x—5 

a Domainis {z |z <0 or z> 2} 

1 1 b @)=+ 
z -2 

b y =12z — 16, point of contact (4, 32), and 

y = —4, point of contact (—2, —4) 

23 y=>5x—15 and y=—-Tzx -3 

26 a y=ec+e’(l—a) b y=ezx 

25 a y+4r=-2 and y— 12z =-18 

b (—1,2) for y+4z=—-2 and 

(3,18) for y— 12z =—18 
¢ For a tangent to pass through (1, 4), 4 = 4a— 2a? 

have real solutions. But A < 0, so no real solutions. 

d y =222 AY 

16 (3,18) 

y —122 = —18 

(-1,2) / 
s 7 = 

y+dz=-2 

26 a 

b 16z + a’y = 24a ¢ Ads (8a,0). Bis (o, = 

18, 
d area = fi units®; as a — oo, area — 0 

a 

27 =~ 63.43° 

28 a Hint: They must have the same y-coordinate at = b and 
the same gradient. 

_1 
¢ a= % dy=e 22— % 

EXERCISE 198 I 

¢ x—3y=-11 
farx=2 

  

  

  

  

  

  

  

  

  

                                

ax+8 =132 b z+7Ty=26 

1 
3 

e y=3ex — be 

¢ y=3r-4+In3 

3 
14 —— units? 

4/e 

  

d z+6y=43 e 64zt 4y = —65 
ay=4-2 by:—%xfi—% 

17%+ln3 

24 

a2 

must 

3 

L a=2 b=4 

z=0 6 

< 

y=x+1 

z+ 2ey =1+ 22 

y:7%m+2—’;—1 

5 (—1,-2) and (2,1) 

7 y:—\/fix+4\/fl 

berty=e2+1 

docty=2183 

f?m—Z\/gy:TrJr\/g 

EXERCISE 19C I 

< 

e 

f 

o
 

W 
a
0
 

nan
 

o
 

i never 

izeR 

x>0 il never b 

<2 iixz>2 d 

1<xz<5h 

2< <4, >4 

1L z>3 

fl(z) =322 — 12z +9 
=3(z—3)(z—1) 

N
N
 

N 

T 

f'(z) = 322 — 12z 

iih1<z< 

i —2<2<3 

il never 

iiz<1, =5 

il z<0, 0<z<2 

3 

+ - + fl(@) 
1 3 3 

) 
=3z(z —4) 4;[‘];|—> 

increasing for < 0 and z >4 

decreasing for 0 < z < 4 

4 T 

increasing for x > 0, decreasing for = < 0 

decreasing for all =z € R 

_3 1 

decreasing for all « # 0 

increasing for z > decreasing for z < — 

e
 

increasing for a > 0, decreasing for = < 0 

decreasing for all « > 0 

increasing for x < 0 and = > 4, 

decreasing for 0 < z < 4 < 

< = 
w
i
]
 

8 

8 vV S 

increasing for — < % 

decreasing for =z < — / 
v
l
 

increasing for —5 < @ < 3, 

T 3023 
increasing for all = € R 

decreasing for =z < — 

increasing for « > 0, decreasing for = < 0 

increasing for z < 2 — V3B, =243, 

decreasing for 2 — V3 < 2 <2+ V3 

+ - - + [l 
-3 0 3 T 

increasing for # < —3 and z > 3, 

decreasing for —3 <2 <0 and 0 <z < 

— + — fl=) 

-1 1 3 

increasing for —1 <z < 1, 

decreasing for # < —1 and = > 1 

_ + - f) 
-1 1 T 

increasing for —1 <z < 1, 

decreasing for < —1 and = > 1 

increasing for —1 <z <1 and 1<z < 

decreasing for < —1 and = > 3 

3 

3,
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9 In this case, f(z) is only defined when z > 0. b a g'(z)=—622+122+ 18 = —6(z — 3)(z + 1) 

. f'(x) is only defined when z > 0. 

increasing for all = € R, never decreasing 1 3 > 

increasing for x > —2, never decreasing 

never increasing, decreasing for all z € R 

increasing for > —1, decreasing for x < —1 

increasing for @ > 1, decreasing for 0 < = < 1 

b increasing for —1 < z < 3, 

decreasing for z < —1 and = > 3 

¢ (3,47) is a local maximum, (—1, —17) is a local minimum 

d As z — o0, g(xz) = —o0, as x — —oo, g(x) — oo. 
e %, decreasing for 0 <z < e 

increasing for V3 and z < 7\/5, € 4y (3,47) 

decreasing for -3 <x< -1 and -1 <z <1 and 40 

1<z<V3 

h increasing for < 0, decreasing for = > 0 0 

i increasing for = > 0, decreasing for =z < 0 

| increasing for = > 2, 3 

decreasing for z <1 and 1 <z <2 

I increasing for = > 0, decreasing for = < 0 (=1,=17) n'r)' g(r) = —22° + 62 + 182 — 7 
I increasing for = < —1, 

decreasing for —1 <2 <0 and >0 5 a 

11 a increasing for (2k+ 1) < @ < (2k+ 2)7, k € Z, 

decreasing for 2km < z < (2k+1)w, k€Z 

b increasing for —(4k —Un <z < —(4k + 1)7r’ 
2 2 

(4k 4 3) 
— 

2k +1 
u, k € Z, never decreasing ¢ 

. . 1 
increasing for 3 

  

W 
- 

&0 
Q
A
 
O
C
o
 

V
o
W
V
 

W
 

WV 

  

  

  

  

  

  

                            
stationary 
inflection f 

kezZ, 

  

(4k + 1) 
decreasing for — <z< kel local min. 

    

     

   

¢ increasing for x # local max. 

(1,4 
d increasing for (Gk%)fl- << (616%5)#7 ke, 

decreasing for M <z< M, kel 
3 3 (1.0) 

    

    

    

local min. local min. y local min. 
EXERCISE 19D B 

1 a A-local max, O - stationary inflection, B - local min. 

  

   
    

      
   

e 

b + - - + Sl 
-2 0 3 T stationary 

inflection 
¢ iz<—-2and z>3 i —2<z<3 

d T 

— + — + fl@) (no stationary points) 

4 0 5 

2 a Pis alocal maximum, Q is a local minimum. h ?f(.r) 

b f'(z) =322+ 12z — 15 = 3(z + 5)(z — 1) e 2 . 
¢ P(—5,60), Q(1, —48) f(z) =2* — 627 + 8z — 

3 a flz)=2>-9 + - +  fl@) 
= (z+ 3)(z —3) —_3 3 T (+,—1) local min. (1,0) 

stationary 
b increasing for @ < —3 and z > 3, inflection ! (—2,-27) 

decreasing for —3 <z <3 I 3 
ocal min. 

¢ (—3,22) is a local maximum, (3, —14) is a local minimum 

d As z — oo, f(z) — oo, as x — —oo, f(z)— —oo. i f(=) 
(0, 1) local max. 

  

  

  

  

  

  

  

  

        
    

4 (-1,-9) | (1,-9) 
-3 T local min. § local min. 

~10 ) 

v 3,-14) 6 a x=—— b local min. if a > 0, local max. if a <0                                
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    16 a= 

1 
17 Hint: Show that 2z has only one stationary point, which is 

T 

a local maximum. 

18 Hint: Show that f(z) > 1 forall = > 0. 

EXERCISE 19E Wm0 

1 
7 a (1, —) is a local maximum 

e 

4 . . . L 
b (-2, — | isalocal maximum, (0, 0) is a local minimum 

€ 

¢ (1, e)is alocal minimum d (—1, e) is a local maximum 

8 aa=9 b (—4,113) 

aa=-12, b=—13 
b (-2, 3) isalocal maximum, (2, —29) is a local minimum 

10 a a=3,b=6 b local minimum 1M1 az>0 

12 a (%, ) is a local maximum, (377", — ) is a local minimum 

f(x) 

    

   

(37", — ) local minimum   

b (0,1), (m 1), and (2w, 1) are local maxima, 

(%, —1) and (377‘. - ) are local minima 

f(z) local maxima 

0,1) (m1) (2m1) 

    60 (R 
local minima 

  

5 

d (ST, *\/5) is a local minimum, 

i < (T’ \/5) is a local maximum 

f(z) local maximum 

(#.y2) 

  

    

    

     
f(z)=cosz —sinz 

   (#-v2) 
local minimum 

13 P(z) = —92% — 922 + 9z + 2 

14 a greatest value is 63 when x =5, 

least value is —18 when = =2 

b greatest value is 4 when z =3 and z =0, 
least value is —16 when = = —2 

¢ greatest value is 20 when x = 4, 
least value is 12 when = =2 

d greatest value is 0 when z =0, 
least value is —4 when = =4     

1 a 

2 a fl(z)=3z>4+6z—5 b _ + @) 

F'(x)=62+6 —L 
¢ iae>-1 diz< -1 

3 a concave up b concave down ¢ concave down 

d concave up 

4 a x>0 iihz<0 iii zeR iv never 

b never i zeRrR z<0 v x>0 

< z €R ii never zeR iv never 

d x>0 i never never v z>0 

e >0 i never ili never v z>0 

f ~V6<2<0 and = >6 

  

xg—\/é and Oéxgx/f_i 

z< V2 and =z > V2 v —vV2<z<V2 

  

5 a a-intercept In /3, y-intercept —2 

b f'(z) =2e** >0 forall z €R 

¢ f'(x) =4e** >0 forall z €R 
3 1 

6 a x-intercept is et ~ 10.5 

b no, .. there is no y-intercept 

¢ Domainis {z |z > %} d gradient = 2 

e f'(x)= — <0 forall z > %, so f(z) is 
(22 —1)2 

concave down. 

  

    

7 az>0 
1 

! = = b f@) =+ E 
0 

f(x) is increasing for = > 0. 

1 
1 —_ 1@ == 

  

f(z) is concave down for z > 0. 

ex+y=e>+1



8 a f(x) does not have any x or y-intercepts. c i 

b as z — oo, f(z) — o0, as & — —oo, f(z) — 0" 

¢ local minimum at (1, e) d iz>0 i z<0 ii 

€ f(x) ii 
   local minimum 

(1,¢) 

    

iv    
   

  

2 horizontal asymptote 

vertical asymptote y=0 

=0 

f2r4+ey=-3 

EXERCISE 19F B 

  

  

B - 0 + d i 

@ 0 + 0 ii 
D + 0 0 iv 

b B is a local minimum. 

¢ C is a non-stationary inflection point, 
D is a stationary inflection point. 

  

no points of inflection b stationary inflection at (0, 2) 

¢ non-stationary inflection at (2, 3) 

stationary inflection at (0, 2) 

non-stationary inflection at (—1%, 11;—?) 

no points of inflection e i 

stationary inflection at (—2, —3) iii 

non-stationary inflection at (1, 9) iv 

non-stationary inflections at (—1, 5) and (1, 5) v 

_%) i local minimum at (%, 

i no points of inflection 

increasing for = > 2, decreasing for = < 2 2 

  

iv concave up for all = € R 

        

f i 

ii 

iii 
: 8 256 i b i local maximum at (75, —7), iv 

local minimum at (0, 0) 

il non-stationary inflection at (7%, %78) v 

iii increasing for z < 75 and = > 0, 

decreasing for —% <z<0 

iv concave up for = > —% concave down for = < —% 

v 

local maximum (—— 

non-stationary 

inflection s |       

    

(0,0) 
local i 
minimum 

    

local minimum (—1, —3) 
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local maximum at (—2, 29) 

local minimum at (4, —79) 

non-stationary inflection at (1, —25) 

increasing for z < —2 and x > 4 

decreasing for —2 <z < 4 

concave down for = < 1, 

f(z) 

non-stationary 

inflection 

concave up for z > 1 

        
    

  

local maximum 
(-2,29) 

  

(4, —79) local minimum 

no turning points ii no points of inflection 

increasing for « > 0, never decreasing 

concave down for = > 0, never concave up 

  

local minimum at (1, 0) il no points of inflection 

increasing for z > 1, decreasing for =z < 1 

concave up for all z € R 

     

  

minimum 

(1,0) 

local minimum at (—1, —3) 

3. 2) non-stationary inflection at (— 

stationary inflection at (0, —2) 

increasing for x > , decreasing for z < —1 

z<0 

and >0 

-1 

concave down for 7§ <z 

o concave up for z < —% wl 

stationary 

inflection 

local minima at (7\/5, —1) and (\/5, —1), 

local maximum at (0, 3) 
. . . 5T 7 

non-stationary inflections at (\/;, 5) and 

V%D
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i increasing for —v2< <0 and z > V2 

decreasing for x < —\/5 and 0 < z < \/5 

iv concave down for 7\/3 <z < \/g 

concave up for x < —\/g and = > \/g 

non-stationary f() 

inflection 

3) 
                

   

   

non-stationary 

inflection 

VR 
maximum 

(0,3) 

f‘
\ = 

flz) =2 — 42 +3 

2, -1) 
local minimum 

(-v2,-1) 
local minimum 

i no turning points il no points of inflection 

increasing for x > 0, never decreasing 

iv concave down for = > 0, never concave up 

v f(z) 

    

    
y=3 

a local maximum at (0, 712—) 
3 

b increasing for = < 0, decreasing for = > 0 

  ¢ non-stationary inflections at (—1, 
1 

and 
vV 2em ) 

  (- 7) 
d as z — oo, f(z)— 0T, as x— —oo, f(z)—0F 

local maximum 4 f () f(z)=—k e*%“z 
Ve 

non-stationary 

inflection 

1 (7 

  

  

    non-stationary 

inflection 

     

  

  

a The inflection points coincide with the z-intercepts. 

b non-stationary inflection points at (%, O) and (377‘. O) 

o<z N 8 n ofg
 

¢ int<z<2n iii% 

3T < rp Lo v 0<z<Z and 5 
2 

  

(m, —1) local minimum 

a i Hint: Show that f’(t) = Ae= (1 — bt). 

i Hint: Show that f'(t) = Abe % (bt — 2). 

- 1 A 
local maximum ( —, -— 

5 b e 

    non-stationary (2 24 
inflection  \    

    
   

7 a y-intercept 

  

. L 
is 

1+C 

b As t — oo, 
_kt non-stationary /| L 

€ inflection (ElnC, 7) 
L 

14 Ce~kt 

REVIEW SET 19A B 

1 ay=4c+2 b y=7x—-14 cy=-1 

2 
d3z—ey=-1 e y=-zx 

€ 

1 18e* +1 
2 a8 +3y=44 b y=-—zg+—" "~ 

e Y 6ez” 6e2 

3 p=1qg=-8 4 (—2,19) and (1, —2) 

    

5 (=2, —25) 

_ a 2 ~ _ 6 a y77262uz+262a+e“ by~ —1.12z 

7 P(0,7.5), Q(3,0) 8 227 ~ 21.5 units? 

9 a -6<x<2 bz< -6 and z>2 

10 a local maximum at (—2, 51), local minimum at (3, —74) 
   

    

     

b increasing for d 

r< -2, >3 

decreasing for 

-2<z<3 

¢ as x — oo, 
f(z) — oo, 

local maximum 

(~2.51) 

local minimum 
(3,-74) 

as x — —o0, 

f(@) = —o0 

11 a {z|z#-3} b z-intercept :2, y-intercept —% 

11 ’ ’ — : f'(z) W= ettt 
d no stationary points 

12 greatest value is ~ 10.3 when z = 10, 

least value is 6 when = =4 

13 b 

¢ local maximum at ( 

iz>0 i z<i 
11 
2> 2 

14 a increasing for = < 7\/5 and = > \/5, 

decreasing for “V2<z<V2 

b increasing for = > 1, decreasing for = < 1 

¢ increasing for all =z € R 

15 a local maximum at (1, 3), local minimum at (%, % 

b local maximum at (—6, —12), local minimum at (0, 0)
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6 
16 a (—m, —1) is alocal minimum, (7, 1) is a local maximum d i0< 2 and UT < p < 2n 

Yy 51 

T < T 

local maximum (7, 1) ii TSz <1 6 

21 a (0,1In5) isa local minimum 

b (—+/5,1n10) and (V/5, In10) are non-stationary 

inflections 

  

  

   

¢ increasing for « > 0, decreasing for = < 0 

d concave up for —V5<x<V5b 

local minimum (-, —1) concave down for 2 < —+v/5 and z > V5 

. e . Af(z) 
b (—m 1), (0,1), and (m, 1) are local maxima, non-stationary (z) = In(z? + 5) 

     

  

  

. 

(—=%.0) and (%, 0) are local minima 
  

  

     

    

  

                      
  

    

o . 
( l/ local maxima \£ ) 

. (Ul'l 15) 
-, , + ocal 

\ o _ mminimum 

N -3 -2 -1 1 2 7 

Y 

-~ P > 
T (5 O —local minima—> (3.0) T 7 REVIEW SET 19B BN 

v 1 a y=3lz—43 b z+ 128y =41 

_ \/_ _3 1 
¢ (—m, 0), (0,0), and (m, 0) are local minima < y=3c+?2 -3 dy=jc+3 

2 az=1 bz:O bk oa=-14, b=21 

6 a f(3)=2 f'8)=-1 b flx)y=az>—-Tz+14 
— [ — 4 — 11 ) tane 7 aa=2 by=3c-1 < (-4,-13) 8 (41 

9 a2z+3y=3242/3 b z4+2vV2y=3+2 

10 a=% b=-3% 

11 a —1<z<0and >4 b z<—-1and 0<z<4 

12 a a=-9 

b local maximum at (—1, 55), local minimum at (3, 23) 
local mmlma 

13 a local minimum at (0, 1) b as z — oo, f(z) — oo 
-/ — 2 17 a f//(a:) =6z° — 6z +1, b _ . @) ¢ f(z)=e® . (@) 

— . “ -+ f(z) =12z -6 1 T > 

cz< % d (%, —12) f(x) is concave up for all € R. 

18 a concave up for x > %, concave down for x < % d Y 

b concave up for z < —3, 
concave down for —3 <z <0 and =z >0 

19 az>0 ! L 

b fi@) =14~ @) = —= 
T T     14 a 

15 (1—a, e*1) is a local maximum 16 a=2, b=3 

< 17 stationary inflection at (0, 9), 

non-stationary inflection at (%, 1—2) 

18 a 0<z<% and 3F<a<2r 
sinx 

b f'(z) = ————, increasing for 23X <z < 27 
(@) 2y/cosz’ ¢ 2 S 

decreasing for 0 < z < % 

< 

20 a f’(z):e“/g(coser\/gsinz) b g = 3% or Ur 

 



932  ANSWERS 

  

19 a f'(z) = 4a® — 1222 - - + (@) 
-— 5 

0 3 T 

f'(x) = 1222 — 24z + — + f(x) 

0 2 T 

b (3, —20) is a local minimum 

(0, 7) is a stationary inflection 

(2, —9) is a non-stationary inflection 

d iz>3 i z<3 fi <0 and =z > 2 

ivogz<?2 

€ Aj@) 

12 

  

  

  

f(z) Az’ +7 

(0, 7) stationary inflection 
  

  

  

  

  

  

o 2, -9) 
non-stationar; 

inflection 

v —20) local minimum 

  

  

                      
20 a local maxima at (0, 1), (m, 1), and (27, 1), 

local minima at (%, 0) and (3Z,0) 

b non-stationary inflections at (%, %), 3x 1y 

(%",%). and (ZIx, 1 

  

21 a 1 bzl 
¢ f'(z)<0 for <1 and 1<z <2 

and f'(z) >0 for z>2 

f'(x) >0 for x>1, f’(z) <0 for # <1 
The function is decreasing for all defined values of z < 2, 

and increasing for all = > 2. The curve is concave down 

for < 1 and concave up for > 1. 

  

EXERCISE 20A W 

1 a $118000 

¢ 20, which means that in 8 years from now, profits will be 

increasing at a rate of $20 000 per year. 

2 a 190 m® per day b 180 m? per day 

3 a i Q(0)=100 il Q(25) =50 iii Q(100)=0 

b i decreasing by 1 unit per year 
. . 1 . 
ii decreasing by = units per year 

< Q’(t):fi<0 forall ¢ >0 
Vi 

e tangentis y =e 

P 

b = = 4t — 12 thousand dollars per year 

dh 
a i — =0.2t40.15 metres per year 

dt 

ii 0.35 m per year iii after 3 years iv 22m 

dH 71.2 
b i k=712 i —=—= 

dt t2 

il Yes, since fl # E 
dt dt 

iv It means that according to the model the tree will never 

stop growing. 

v After 10 years, height = 12.88 m 

After 20 years, height = 16.44 m 

After 50 years, height = 18.576 m 

The rate of growth is slowing as the years progress. 

H (m)          

   

12 

10 

H=0.1£* + 0.15¢ 

\ 
0 2 4 6 8 10 

C
R
E
 

) 

a C'(z) = 6+ 8.4z 93 dollars per pair 

b (C’(220) ~ $7.67, this estimates the cost of making the 

221st pair of jeans if 220 pairs are currently being made. 

¢ ((221)—C(220) ~ $7.66, this is the actual cost of making 
the 221st pair of jeans. The answer in b is a very good 
estimate. 

i 4500 euros ii 4000 euros 

b i decreasing at ~ 210.22 euros per kmh—1! 

i increasing at &~ 11.31 euros per kmh—?! 

¢ ~79.4kmh™! 

dv 

dt 
= —1250 (1 - i) L min—! 

80 

(%) 

b t =0 when the tap was first opened 

d>V 125 
ar 8 
This shows that the rate of change of V' is increasing at a 

constant rate. 

  

a The near part of the lake is 2 km from the sea, the furthest 

part is 3 km. 

b % = %xz —x+ % 

When z = %. :—‘Z = 0.175, the height of the hill is 

increasing as the gradient is positive. 

When z = 13, % = —0.225, the height of the hill is 

decreasing as the gradient is negative. 

¢ ~ 2.55 km from the sea, ~ 63.1 m deep



9 a 

b 

d 

10 a 

b 

< 

11 a 

< 

12 a 

< 

21 1375 

14 a 

b 

15 a 

b 

16 a 

d 

e 

f 

  

i 20 grams il &~ 15.7 grams iii = 3.73 grams 

~ 300 hours or ~ 12.5 days ¢ b=-0.01 

i ~—0.0736 gh~! ii —9.08 x 1076 gh—1 

P = 8000/ + 1 — 8000 kg ms~—! 

dpP 4000 dP 
E:\/H_l; when ¢t =3, EZQOOO 

After 3 seconds, the momentum of the car is increasing at 

2000 kg ms~! per second. 

   

after 24 seconds 

= 20.7°C b c=-0.12 

i decreasing at 11.4°C min~—! 

i decreasing at ~ 3.43°C min—! 

iii decreasing at &~ 1.03°C min—! 

~~ 43.9 cm b =~ 10.4 years 

i growing at ~ 5.45 cm per year 

ii growing at ~ 1.88 cm per year 

em? per radian ~ 0.259 cm? per degree 

I = /800 — 800 cos 6 cm 

10 cm per radian ~ 0.175 cm per degree 

i 0 volts i 340 volts 

i —340007 volts per second ii 0 volts per second 

2000 bees b ~37.8% ¢ yes, 3000 bees 

2595 
B'(t) = >0 forall t>0 e1T3L(1 + 0.5e 1.73t)2 

B(t) is increasing over time. 

~ 0.0806 bees per month 

B(#) 
  

  

3000 
05173t 
  

  

  00 

t (months) 
—   

1 5                   

EXERCISE 20B S 

1 250 items per day 

3 b 

4 b 

< 

5 a 

b 

< 

T
 

an
 
T
 o
 

2 10 blankets per day 

  

      

15m x 30 m 

Lin = 28.3 m, when z =~ 7.07 

141m 

T T7.07Tm 

Hint: V =200=2z xxz Xxh 

. 100 . . 
Hint: Show h = — and substitute into the surface arca 

x 

equation. 

Amin ~ 213 cm?, d _———— 
when o~ 422 “! S62em 

sa3em  22em 

Hint:  Vyjinger = 772k and 1 L = 1000 cm?. 

Hint: SAgyinger = 2772 + 277h 
ra5.42, ha10.84 

6cm x 6 cm 
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8 a0<z<Wre37 

b 1=100, z=120~318 A=20000x6370m? 
9 20 kettles 

10 a area = 42v25 — 22 cm? b 5v2cm x 52 cm 

11 b 0~ 191, A~ 237cm? 

12 ¢ 0= %, area &~ 130 cm? 

13 a E'(t) = 750e~ 1% (1 — 1.5t) 
b 40 minutes after the injection 

14 3% km 
15 a Hint: Use the cosine rule. b =~ 3550 ¢ = 5:36 pm 

16 c0=7% d ar 
+ - a0 

g e 
0 2 

e i Row from P to Q at an angle of % to the diameter of the 

lake, then walk from Q to R. 

ii Walk from P to R. 

17 a X s between A and C. 

¢ x & 2.67 This is the distance in km from A to X which 

minimises the time taken to get from B to C. 

18 b D (units) 

(8,7.10) 

4.12 D=/(z—1)2+(Vz —4)2 

(1.94,2.77) 

¢ D = 2.77 units, when z ~ 1.94 

d fl:0 when z ~ 1.94 
dx 

19 b PA=./(z—1)2+36, PB=+/(z—T7)2+25 

¢ S=1/(z—1)24+36++/(z—T7)2+25 

+/(x—3)2+9 

d S (km) 

S=/(z—1)2136 
(3.54,15.6) + \/m 

+V/(@-32+9 

xT 

e _ + () f at (3.54,8) 

3.54 3 

25000 000e —0-5¢ 20 a P/(t)= ° 
(1 + 1000e—0-5¢)2 

b ~ 2813 wasps per month 

¢ after &~ 9.13 weeks and 18.5 weeks 

d after ~ 13.8 weeks 

EXERCISE 20C I 
a h(0)=3 c=3 b h'(z) =2az+b 

h'(0) = gradient = tan 25° 
b= tan25° 
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a C(z) ~ —0.178z3 + 15.3z2 + 3280z + 24 500 

b €331700 
a P(0)=215 .. d=215 

b P/(t) = 3at? + 2bt + ¢ ¢ t=15 

d 3375a + 225b + 15¢ = 5 
125000a + 2500b + 50c = —13.9 

675a + 30b +c = 0 
P(t) ~ 0.000136t> — 0.0263t2 + 0.697¢ + 21.5 

e i ~22.4 million ii ~ —1.99 million 

f The model provided a reasonable estimate when interpolating 

between data points. The extrapolation in e ii however 
predicted a negative population, which is not possible. 

a A(0) =0, A(10) =0, A’(2)=1770, A’(8) = —1800 

b A(t) = —7.5t> — 185t2 4+ 2600t, 0 <t < 10 

A (attendance)    

  

      i 
     

   

  

6000 (5.31,7470) 

4000 A(t) = —7.5t% — 185 + 2600t 

2000 

0 
0 2 4 6 8 10 ¢ (hours) 

The model seems reasonable; the attendance was always 

increasing until shortly after 1 pm, then it began to decrease. 

    

d =~ 7470 people at 1:19 pm 

a B, Ir2is approximately constant 

180266 dI 360532 
~ © — - 

r2 dr r3 

decreasing by ~ 0.361 lux per cm 

The surface area of a sphere is proportional to the square of 

its radius. The total illuminance from a point is a sphere. 

e 
o 

O 

. 1 . . . 
Since SA o< 72 and T — the total illuminance is a 

L 

constant. 

EXERCISE 20D W 

7 

9 

10 

1 

d d 
a . 622 = b increasing at 54 units per second 

dz dt 

dA d 
a A=2a? b — =2z @ ¢ 24 cm? per second 

dt dt 

100 d 100 d. 
ay=— b y _ e 

z dt z2 dt 

¢ i 0.25 cm per minute ii 0.16 cm per minute 

a 4m m? per second b 87 m? per second 

aV= %7\'7‘3 b increasing at 0.375 m per minute 

a decreasing at 0.005 m® per minute 

b decreasing at 0.16 m® per minute 

2—:? cm per minute 8 decreasing at % ~19.2ms~ ! 

b & 1.35 cm per minute 

—1 4 —1 a 0.2ms b 4 ms 

a increase b increasing at 327"'? ~ 1.21 cm per minute 

12 2 radians per second 
100   

2 
100 b i decreasing at radians per second 

i decreasing at — radians per second 100 

15 a Lrems ! b 0cms! 2 
   

REVIEW SET 20A B 

1 a 60cm b i ~4.24ycars i ~ 201 years 

¢ i 16 cm per year il &~ 1.95 cm per year 

2 a £20000 b £146.53 per year 

3 a ~ $4930.25 

b i decreasing at ~ $1.39 per kmh—?! 

ii increasing at ~ $2.83 per kmh—! 

¢ ~79.4kmh™! 

4 b C(V3,6) 

5 b A=200x—2z%— ira? < 
2 

56.0 m 

28.0m 

1 
6 a y:—z,z>0 

& 

¢ baseis /2~ 1.26 m square, height is ~ 0.630 m 

7 a {t|0<t<59} b ~333s ¢ ~49.8m 

d ~36.0m 

8 a h(0)=16 - c=16 
b W(0)=164 . b=164 ¢ a=-49 
d ~153m at ¢t~ 1.67 

9 a A= @12 b %fi cm? per minute 

10 a V(r)= %m‘3 m? 

i 8 ~ =1 b decreasing at == ~ 0.006 79 m min 

REVIEW SET 20B IS 

1 a C'(x)=2.805z"91% + 1.42°5 curos per item 

b C’(1000) ~ €1.04, this estimates the cost of making the 
1001st item each day. 

¢ C(1001) — C(1000) ~ €1.04, this is the actual cost of 
making the 1001st item each day. The answer in b is a very 

good estimate. 

2 a A=242r(1— cosf) cm? 

b 121271 &~ 538 cm? per radian ~ 9.38 cm? per degree 

3 6 cm from each end b x~211 

dD 
5 a s —3.4476sin(0.507t), this tells us the rate at which 

the depth of water is increasing or decreasing ¢ hours after 

midnight. 

b ~515m ¢ rising, when t =8, % ~273>0 

d midnight and &~ 12:24 pm, maximum depth of 16.1 m



1 (units) 

    

   
   

    
   

    

(0.955, 1.09) 

I=+/8cossin®0 

i + - © iii ~0.707 m 

R (million tonnes per year) 

(50.2,17.0) 

10 100 x 3003t 

R(t) = 95 1 20.250-10 

60    80 100 t (years) 

b + — R'(t) ¢ = 7.72 million 
50.2 ¢ tonnes per year 

0 100 

o ~ 28.0 years and = 63.1 years after mining begins 

begins 

S(0)=2281 .. d=2281 
S'(0) = —0.16 .. c=—0.16 
a=0.00291, b~ 0.00904 

S($) [
 

T
 

  

         
  

    

       

23.00 (6.5,22.95) 
(3.37,22.48) 

399 5,22.60 (3,22.49)\ ( \J 
N 

S(t) 2 0.00291° + 0.00904¢% — 0.16¢ + 22.81 

22.81”) 
   

4 6 t (hours) 

e =~ $22.95 f minimum =& $22.48 at 12:52 pm, 

maximum ~ $22.95 at 4 pm 

9 increasing at 0.128 radians per second 

10 &3@ = 21.1 m per minute 

EXERCISE 21A.1 B    1 a i 0.4 units? il 0.6 units? b 0.5 units? 

2 a = 0.653 units? b =~ 0.737 units? 

3 Ar and Ay converge to % 

L 

0.16000 | 0.36000 

0.20250 | 0.30250 

0.24010 | 0.26010 

0.24503 | 0.25503 

0.24900 | 0.25100 

0.24950 | 0.25050 

0.24995 | 0.25005 

= 17.0 million tonnes per year, &~ 50.2 years after mining 
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n 

0.40000 [ 0.60000 
0.45000 | 0.55000 
0.49000 | 0.51000 
0.49500 | 0.50500 

0.49900 | 0.50100 
0.49950 | 0.50050 
0.49995 | 0.50005 

0.54974 | 0.74974 

0.61051 | 0.71051 

0.656 10 | 0.676 10 

0.66146 | 0.67146 
0.66565 | 0.66765 

0.66616 | 0.667 16 
0.666 62 | 0.666 72 

0.61867 | 0.81867 

0.68740 | 0.78740 

0.73851 | 0.75851 

0.74441 | 0.75441 

0.74893 | 0.75093 

0.74947 | 0.75047 

0.74995 | 0.75005 

  

  
  

1 
b il ii% iz w3 ¢ area = ——— 

5 a b n=10000 
2.9045 < m < 3.3045 

3.0983 < 7 < 3.1783 

3.1204 < 7 < 3.1604 

3.1312 < 7 < 3.1512 

3.1396 < m < 3.1436 

3.1414 < 7 < 3.1418 

  

EXERCISE 21A.2 W 

1 a =~ 2.3479 units? b~ 7.25 units? 

2 a 4% units? 

b y =3 —x is a straight line. 

We are finding the area of a triangle with base and height 

cach 3 units. 

3 a =~ 5.2650 units? b a2 0.1346 units? 

¢ 2 0.9920 units? 

¢ o [ (e o o= 

  

EXERCISE 21B NS 

1 a 
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¢ 1 
/ Vz dx =~ 0.67 

0 

  

d Using the trapezoidal method with 8 subintervals, 
1 

/ Vi dz ~ 0.6581 . 
0 

With just 8 subintervals, the trapezoidal method is more 

accurate than lower and upper rectangles were with n = 50. 

Zn:\/1+xi3, 
=1 

2n1 

2 a E xf Ay == 

21 
where z; = — 

n 2 

< V1+a3de~3.24 
0 50 | 3.2016 | 3.2816 

100 | 3.2214 | 3.2614 
500 | 3.2373 | 3.2453 

  

d Using the trapezoidal method with 10 subintervals, 
2 

/ V 1+ 23 dz ~ 3.2480. 

0 

With just 10 subintervals, the trapezoidal method is more 

accurate than lower and upper rectangles were with n = 100. 

  

  

3 

-3 

b lower ~ 1.2493, upper =~ 1.2506 

3 22 
¢ / e 7 dr~ 24999, V27 ~ 2.5066 

-3 

d 7 subintervals 

4 a 18 b 45 ¢ 2w 5 b io0 i 22 

EXERCISE 21C W 

. a? _oad Lol ool 
1 a i — i — i — v —— 

2 3 6 T 
1 4 2 5 

Vo i 225 il 3% il 227 
ol 

b The antiderivative of z™ is (n# —1). 
n+1 

le 
2 a0 dedt i et i 2¢7 iv 100001 

v lem= vi 3e? 
T 1 

b The antiderivative of e** is = e*®, where k #0 isa 

constant. 

d 2 3 a —(a®+2?) =322 +2z 
dz 

the antiderivative of 6x2 4 4z is 23 + 22, 

d 
b —(zvz) =2z 

dx 

the antiderivative of /z is 

  

‘d(l)7 117%* 1 

de\yz) 2 T 27 

  

1 2 
the antiderivative of is ——. 

EXERCISE 21D W 
d . 

1 a —(2%) =22 b 8 units? 
dx 

the antiderivative of 2z is z2. 
3 

2.2 22 2 2 a sz b £ units ¢ £~067 

the answers are the same. 

3 a i 4units? ii 16l units? iii 20% units? 

b / / 23 do + / 23 da 

4 -2 
h a 3§ units? b %umts < fT units? 

d 2 units? 

9 6 =F units? 
1 

7 c i / (—a?)de = 7§, the area between y = —z2 and 
0 

the z-axis from z =0 to z =1 is % units?. 

1 

ii / (22 —z) dz = 7%, the area between y = 22 — 
0 

1 and the z-axis from =0 to z =1 is 3 units®. 
0 

fii / 3z dez = —6, 

-2 

the area between y = 3z and the 

  

z-axis from = —2 to = =0 is 6 units?. 

d —m 

REVIEW SET 21A B 

1 a A=4.25 B=6.25 b ~5.3125 

2 
A+B 

c /(47z2)dz:5% In a, B 505 
0 

Both answers provide good approximations of the integral. 

1 y=sinz 

  

b lower rectangles upper rectangles 

            

   

y=sinz y=sinz 

      > - 
T =Y

 

T 
3 

V3 [F (3 + V3) 
—_—< sinz dr < ———— 

12 o 12 

3 
or 0.715 < / sinz dr < 1.24 

0



5 1 1 

3 2 b —— ¢ —2 ? d sinz 
5 2 

4 a 2w b 2 

5 a i éunits2 ii 2% units? fii 2% units? 

2 1 2 

b/wzdx:/:chx+/ 22 da 
0 0 1 

6 a =~6.2365 

b It is an over estimate. Joining the interval endpoints with 

straight line segments would give a larger area than the shaded 

area. 

-1 

< / x4dx:3—51:6.2 

-2 

REVIEW SET 21B B 

1 a 

  

lower rectangles upper rectangles 

4 Y 4 Y 

3 3 

2 2 

1 1         
= V02040608 1 % = § 02010608 1 % 

  

. 3.1396 + 3.1436 

2 
= 3.1416 d ~3.1399 

  

oy 
e dr = 7 ~ 3.1416 

o 1+a2 

Both answers in ¢ and d are good approximations of 

the integral, but the trapezoidal method required fewer 

subintervals and is hence more efficient. 

b i =0.6338 

il =~ 0.8056 

iii ~0.7197 

  

1 
< / (e —1)de =e—2~0.7183 

0 

0.6338 + 0.8056 

2 
Our approximations of the integral using the rectangle and 

trapezoidal methods with 10 subintervals are very accurate. 

=0.7197 
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3 al0 b Z 
d 
d—(m3 —2z) =322 — 2 

z 
the antiderivative of 3z2 — 2 is % — 2z. 

d % 4 % 4 — 3 b (z ) =3 =3VT 

the antiderivative of ¥/ is %a:g. 

5 a3 b L2 6 a 18units? b 18 units? 

EXERCISE 22A I 
d 7 6 1 a T (z ) =Tz 

  

dx 

et 
x”da::n+1+c, n# —1 

d (4 4 2 a E(et)félez 

  

  

dx 

/ekzdacfzekz-#c, k#0 

3 a i(sinz):cosz 
dx 

/coszdz:sinz+c 

b 4 (cosz) = —sinz 
dx 

/Sinzdzzfcoszi»c 

d 1 
< — (t = 

dw(anz) cos? @ 

1 
/ 5— dz =tanz +c 

cos?
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4 %(z3+12):3z2+21 

/(312+2z) de =2+ +c¢ 

d 
5= (32" —22%) = 122" — 4z 

/(3x37x)dm:%x4—%m2+c 

6 a f(z)+g(z) 

7 a di (sin3z) = 3cos 3z 

/cosSzdz—-sln3z+c 

d . 
= cos(3 7z)) :sm(%fz) 

/sm(gfz) dz:cos(gfz)+c 

. i( se+1) _ geet 
dx 

ST gy = Lgdotl 4 
3 

d 1 5 
d—\/571:55—15— (VD) =30 -7 = sy 

1 
———dz =25z 1 /\/m”” eolte 

e dim (z+1)*) =82z +1)° 

/(2z+ 1)3 dz = %(Qz + 1)t +e 

f % ((1271)3) =3(2¢ — 1)(2? — 2)? 

2z — 1)(z? — z)% dz = %(zz —z)’tec 

1 Inz +c, z>0 
< —dx = 

T In(—z)+¢c, z<0 

EXERCISE 22B Wm0 

1 a2+ 322 204c b 22° - 322 ta+tc 

¢ —fat43ad-3z4+c d 322+ 328+ttt 

e ta°— 1% — a2+ 20+ f 208 +Infz|+c 

3 2 
g %ziffizfi»c %ln|z\+;+c 

L2 B . 1,45 
i 2z2 —9z+c I —6z72 +zz% +c 

—e’+c 

d —3cosz—2z+c 

2 a Ze’—%xz-%—c b 4ln\:c|+%a:3 

5e® + %13 +c 

222 — 2sinz + ¢ f —cosz —2sinz+e” +c 
z . 

%15+100051+c h %z‘sféz2+tanz+c 

4 3 
cosx + 3x2 +c¢ 

. 1 
3 ay=6zx+tc by:%z‘3+c cy=——+c 

T 
2 

d y=3z>+¢ e y:%:c4—4a:+c 

fy=zt+a3+c gy:Z:c—ln\ac|+c 

h y=—cosz+2sinz+c | y=2e® 5ac+ 1224 ¢ 

4 a 2e'44cost+c b 3sint—In|t|+c 

< 75cost7—t\/_+c d tanz —2cosz + ¢ 

e %62+cos¢9+c f 2In|0|—tan6 +c 

1 
5 a 22342224+ z+¢ b i3 4+22 - = +¢ 

T 
2 

¢ —— —8/z+c d %z T—2y/T+c 7z 

e %x2—2x+ln|x\+c fln|ac\—%x2+c 

4 z? 
g ——+4lnjz|+z+c h 774x+101n|x\+c 

z 

i%z27217§+c 
z 

6 a fw)=z-222+32%+c 

b f(z)=2zyz—4/z+c c f(z):z+§+c 

7 a %z2 +—smz+c 

¢ 3sinz +cosz + ¢ 

1 3 3 1 

b 2e® +4cosz +c 

8 a %x57x27—+c b %mQ 7%12+4m2 +c 
T 

18 % 12 % 2 3 < = —ZT” +3z° +c 

EXERCISE 22C W 

1 a flx)=22-z+3 b fx)=a3+22-7 

¢ fz)=22+2yz-3 d f(z)=322-4/z+ 4 

e f(z)= —m2—2m+8 t f(z)=In|z|+1 

2 23 

2 y:%f%+ 3 y=a—e®+2e -3 

4 a f(z):%1374sinz+3 

b f(z) = 2sinz + 3cosz — 2V2 

¢ f(z)= —m x72tan:cf—7r\/_ 

d f(x) =e* + 3sinz — ™ 

5 fla)=-a?+a+3 6 f(z)=3z>+1 

7 a f(z)=32%+ 1‘2+5E+3 

b f(a:):4x§ Tde? —az 45 

¢ f(g)=—cosz—xz+4 d f(x):%x371_—,fm+5 

8 flz)=3e *—z+1 

EXERCISE 220 I 

1 a $@2z+5)%+ec b 4z —3)8+c 
. 1 3 5 ¢ —£(1- + d — £(1-z)°+c 2(372@-%—0 

e 2, f 23 4)%+ —_— c oo — c 

3(2z —1)3 9 

g —4V1-5z+c h —2v3—-4z+c 

5 — 63z 22 ¢



  

3 
2 y=302z-7)7 +2 3 (-8, -19) 

4 a %(22771)3+c b é(4zf5)3+c 

¢ —H(1-3z)t+c d —1—15(27535)3+c 
3 

e 7§(571)§+c f %(7z+1)5+c 

5 
5 y=1z2 -7 
Y=2 1—=z 

6 a —%cos3x+c b —%sin(—4:c)+x+c 

< %tan?erc d 6sin§ +c 

e 7%COSQZ+87’”+C f 7005(21+%)+c 

g 35111(§—x)+c h %ezzf4tan%+c 

i 72tan(§72m)+c i %sin?m—%cosZa:Jrc 

k 7%cos3z+%sin4z+c I l—lfisin8z+3005z+c 

7 a 23’”+%eh+c b %65’”’2+c 

< 7%67’31 +c d %621 + 2z — %e’h +c 

e —%e’zx —4e * +4x +c 

10e® — 25e~* + ¢ 

8 y:Z72eI+%62z+% 

9 flz)= —e 22 44 

1.3z _ f ge 

10 p:*%, f(z):%cos%+% 

12 y:%x 27%6_4:”‘#%6_47% 

13 a 6ln|lz+4|+¢c 

< 7§1n\173z|+c 

b fInf2z—1|+c 

d 4z+%ln|5Z72H~c 

e z—a2+4ln|z—3|+c 

f750052z+%ln|172z\+c 

14 Both are correct. 

d 

dx 
d 1 

(In(Az)) = —(InA+1Inz) = -, A,z>0 
dzx T 

  

z+2 

16 f(z)=22+2In|l1—a|+2—2In2 

3z —1 
15 / L de =3z —7ln|z+2|+c 

EXERCISE 22E B 
d 

1 - (22 = 52)°) = 3(4z — 5)(22* — 52)” 

/(4z —5)(22% — 5z)2 dz = %(212 —5z)% +¢ 

d /. 
2 = (sm(zz)) = 2z cos(z?) 

/a:cos(a:Q) dz = %sin(wQ) +c 

d 5 2z — 3 
3 E(lr](5f3m+x)):m 

4z — 6 2 /mdz:21n|5—3z+z +ec 

Ve R P b gettiae c fantae 
d sin(z? —3) +c¢ 

5 a8 de+attec b 2VaT ¥ 3+c 
1 

- 1.3 5 < 73<2x3_1)3+c d z(@®+2z+1)°+c 
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e 1 +c f ot +c 
8(1 — z2)% 2(z2 + 4z — 3) 

6 a el 

7 a ln|z2+l|+c 

b ez2+c ¢ 2eV7 f ¢ 

7%1n|27272|+c 

< ln|z273z|+c 

8 a —3(B-2%3+c b —é(l—mZ)%Jrc 

< —%el””2+c d %(lnx)“-%—c 

e —em% 4o I—%ln|x3—3:c|+c 

b —dcosbz e 9 a Llsin®z+ec 3 
8 

—2(cosx)%+c d —In|cosz|+c a 

e %(sinx)% +ec f —(2+sinz) 1 +c 

g In|l—cosz|+c h %ln\sin2173\+c 

i —%cos(acQ)-%—c 

10 a ef¥%4c¢ b 7§sin3m+sinx+c ¢ Lsin2z+ec 5 

REVIEW SET 22A B 

1 %(14,z2):413,2z 

/(2z37z) dz = %14 - %12+c 

d 5 ™ s 2 . (sm(§ - 295)) = —2cos(§ — 2z) 

/cos(% —2x)do = —3 sin(§ —2z) +c¢ 

2 2 
3 a%xfl+;+c bxz—%xa-%—C 

¢ dz\/z+ 10T + ¢ 

4 1 2 
4 a8 b — +a2 ¢ —— + = VITte et 2t Te 

1 
5 a —325+20 4c b 222 o4 =+tc 

T 

6 a y=-3e7"—2cos(§—a)+c 

b y:zsin4zféz3+c 

7 fx)=2%-222+zx+2 8 y=-222+3z+2 

9 fz):geh+% 

10 a %1277ln|z\+c b %e2m’37§1n\3171|+c 

< 7%(4 —3z)* + %cos(721) +ec 

11 a=6v2, f(z)=2v2sin3z—1 

12 i( 12,4):4 
dx z2 —4 

13 7%005(12 +%)+ec 

1 a dlfa?+dz|+c b el 
< %sinmz+c d 7%1n|c052z|+c



940  ANSWERS 

REVIEW SET 22B W 

  

  

d 10— (6e72%) = —12¢7 
dz 

\/ei2010 dr = 7%(57230 +c 

2 L (in(2e + 1) — (In(2z = 
dx 2z +1 

1 1 /21+1da::51n\2x+1|+c 

2 23 
3 az+=+c b 3231222 +16z+c ¢ 4x—%+c 

x 

4 

4 a %x +3z+c b 2®—2zx+c ¢ 9z +622+ m +c 

5 f(z)=4a%— 322+ 204+ 13 
1 

6 ay= 1 z5 gz:3+z+c b y:4001740z§+c 

7 a iz 47—1 +7z+c b 222 —In|z|+ec 

¢ —2eT+3zx+c d 2sin2z +c 

e 91+362171+%e4”’2+c f —tan (%*TIJ)‘FC 

8 f(z)=2In|z|-z+e+2—1In4 

SRt 
10 f(z)=—-2V4—3c+8 

11 a ——1n\3—2x\+c 

12 ddz (32 +2)*) = 3(32% + 2)*(6z + 1) 

/(39: + )26z +1) de = 1(32% +2)% + ¢ 

13 a 2vzZ—5+c¢ b 

d —costr%cosSerc 

  

b |5z +1|+c 

  

2 
+ec ¢ —2e" +c 

3cos3z 

14 a%ln|x2—9‘+c b1n|cos(sin (8) [ +e 
EXERCISE 23A IS 

4 4 

1 a/\/_dz—% /(*fi)dzzf% 
1 

1 
_1 b/x de =3, 

0 

2 ai b1l g d1 

3 a4 b2 ¢c2 4 a2 b2 4 

5 a1 b 2 c18 d 2 e 1 ¢ 20 

g 2 h & i 21+1n4 

6 m=—lori 7 a3l b2 o 

8 ae—1 b 23 —11 ¢ 3(e®—1) 

9 ai+ b1 ¢V3-1 di e1 f% 

10 -1 11 In4 

12 a —In3 b In3 ¢ 4m2 d 2In(£) 

14 a ~130 b ~149 ¢ & —0.189 
d ~0363 e ~0797 f ~627 

EXERCISE 23B I 

1 a % b % < %(ezfe) d % 

e %(e‘2 e %) f %ln(%) 

1 1 2 a2-v2 b g ¢ ;n3 

EXERCISE 23C Wm0 

1 a 6 units? b 6 units? 

2 a 30 units? b 41 units? ¢ 133 units? 2 

3 a %units2 b 63% units? < 2% units? 

4 a A(—2,0), B(3,0) b 202 units 

5 a 4fuwnits® b 9units® ¢ 4v/3 units® 7 1 unit? 

8 Zuits®> 9 a I b —Injcosz|+ec ¢ Inv2units? 

10 a 3 units? b (e~ 1) units> ¢ 43 units? 

d 18 units? e (25 — %) units? 

11 a z-coordinate of A ~ z-coordinate of B ~ 4.69 

b ~ 7.08 units? 

—1.44, 

sin 2 

1+ cos2 

13 a b 13104 b a=+3 ¢ kx1.7377 d k=2V5 

EXERCISE 23D M 

1 a 4% units? b (1+e2) units? ¢ 2 units 
d 2% units? 

2 a 404 units? 
5 

3 a/f(m)daczf 
3 

3 5 7 

b / f(:c)dac—/ f(a:)dx+/ f(z) dx 
1 3 5 

4 Region B is larger. 
4 

/ f(x) dx = arca of region A + (— arca of region B) 

-2 {region B is below the z-axis} 

= area of region A — arca of region B 

12 b ~ 1.56 units? 

b 8 units? 

(arca between & =3 and x = 5) 

=—6 

area of region B > area of region A 

5 k= % or 6 

a b 2V3- 28 

      y=2sinz+1 ~ 1.37 units? 

 



b~ 0.462 units? 

8 a 33— cm? b ~66.7L 

EXERCISE 23F I 

1 
1 a fiy)== b 1 units? 

45 31 
= wnits® b 12 units® ¢ [ < units? 

2 % \/5 

3 a 3% units? 

    

b 12% units? 

4 a 6% units? b 2In3 units?2 ¢ (6—3In %) units? 

EXERCISE 23F.1 I 
127« 1 a 367 units® b 87 units? < units® 

d 255" units® e 992" units? f 250" units? 

9 5 umts3 h 4%" units? 

2 a 186w units® b T units® ¢ Z(e® — 1) units® 

d = 17.0 units® 

3 a acone of base radius r and height A 

o
 yzf(%)z+r ¢ V=24r2n 

4 a asphere of radius 

a 27 units® b /3 units3 

6 a ~153units® b 

d & 30.2 units® 

EXERCISE 23F.2 I 
10237 T (pd 

5 EC 

~ 19.7 units® ¢ ~ 18.6 units® 

units® 

2567\' 

1 a 8runits® b 

d 4837\' 

— 1) units® 

umts e umts 

2 a 26" units® b 271In5 units® ¢ 527 units® 

4 327 units3 

b 637 ~ 198 cm? 

3 487 units® 

5 a 63 units® 

EXERCISE 23C IS 

6 ~ 38.8 cm? 

  

  

  

    
  

  

  

  

  

                

1 a 20 cars per minute b ~ 8:05 am 

¢ _Ar(y| [ || 15 
20 / R(t)dt represents the 

10 
40 . 

total number of cars going 
30 past the pedestrian crossing 

from 8:10 am to 8:15 am. 

20 

10 

0 t 

0 10 20 30 

d 1031 cars 

i A~ 1.65 L per minute ii ~ 1.09 L per minute 

b The rate of water leaking into the kayak is greater than the 

rate of water being bailed from the kayak after 2 minutes. So, 

the amount of water in the kayak is increasing after 2 minutes. 

3 
< i/Rl(t)dtz&?Q 

0 
About 3.72 litres of water have leaked into the kayak in 

the first 3 minutes. 
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5 

ii / Ra(t) dt ~ 5.27 
2 

About 5.27 litres of water have been bailed out of the 

kayak from ¢ = 2 minutes to ¢ = 5 minutes. 

8 

iii / [Ri(t) — Ra(t)] dt ~ 5.09 
0 

There are about 5.09 litres of water in the kayak 
8 minutes after striking the rock. 

d =~ 6.31 litres 

3 a Cpis y=3sin 4 71'5, Cois y =sin 7{5 b < units 

¢ The arca in b represents the difference in the total amount of 

cnergy that enters the greenhouse in the first 10 hours on a 

sunny day versus an overcast day. 

AE(D) 
300 

  

  

  B(t) = 13sin( 527 + T0cos (U507 + 196 
  250° 

  200 

  

100   

50                   
% 2 1 6 8 0 12 % 
  

4 

b i/E(t)dtuQQO,lQ 
3 

The power consumption of the United Kingdom in April 

is about 220.12 TWh. 

8 

ii / E(t) dt ~ 392.96 
5 

The power consumption of the United Kingdom from 

June 1st to September 1st is about 392.96 TWh. 

12 

iii / E(t) dt = 2352 
0 

The yearly power consumption of the United Kingdom 

is 2352 TWh. 

REVIEW SET 23A B 

  

1 1 178 1 as8 b 5 - s ¢ 52 

2 a 12 b V2 ¢ 2In3 
d 

3 i = (e 2@ sinz) = e 2@ (cosz — 2sinz) 

2 

/ [e’2z(cosx — 2sin :c)] de=e" " 
0 

4 a ~1.23617 b ~1.95249 ¢ ~0.772652 

. . e—1 
5 a $(@®+1D)%+c b i1 0 58 6 — 

7 a (3m+1) units? b 36 units? ¢ (3ln3 — 2) units? 

8 a 39uis? b (4 -2v3) wnits® ¢ 3 units? 
1 : 

9 No, total area shaded = f(z) dz — / f(z) dz 
-1 

10 k=16 

11 a 22 units? b (15105 — 30 + 3e) units?
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13 

14 

15 

16 

b 
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b~ 0.262 units? 

b 4027 units? ¢ 2m units® 3127 units® 

7r<1 + %) units® b ~ 124 units® 

3lm = units® b S5z itg3 1 units 

1 
2 

i/ Ra(t) dt =~ 0.655 
0 

About 655 millilitres of water leak from the watering can 

in the first 30 seconds. 

1 

ii / [R1(t) — Ro(t)] dt ~ 5.03 
0 

There are about 5.03 litres of water in the watering can 

after 1 minute. 

~ 199 seconds 

REVIEW SET 23B I 

2 

3 

4 

6 

10 

1 

12 

13 

14 

15 

16 

a 

d 

a 

b 

k= 

b 

b 

2 QA\/% b -3 < £ 

3(V5-v2) b 4In(3) < 3+V2 

~3528 b ~2963 ¢ ~0.9566 5 3 

22 units> b In3 units? < %(64 — 1) units? 

% units? 

x-coordinate of P &~ —6.41, 

~ 14.0 units? 

z-coordinate of Q ~ 1.41 

  

4 _ 3 9 m=3 
In 2 units? b (3\3/_ - %) units? 

A(0,2), B(4,0) 
i 5% units? ii 5% units? 

We get the same result using both methods. 

87 units® b 187 units® 

~ 4.93 units® b =~ 29.6 units® 
1 

== b 27 units® 
sin® 

16 cm b % cm? ¢ ~ 192 mL 

12 

/ E(t) dt ~10.7 
5 

The solar energy transferred into Callum’s solar panels from 

5 am to 12 pm is about 10.7 kWh. 

20 

/ E(t) dt ~12.9 
1 2 

The solar energy transferred into Callum’s solar panels from 

12 pm to 8 pm is about 12.9 kWh. 

20 

/ E(t) dt ~ 235 
5 

The solar energy transferred into Callum’s solar panels from 

5 am to 8 pm is about 23.5 kWh. 

EXERCISE 24A B 

a 

b 

d 

5 cm to the right of the origin 

i 2 cm to the right of the origin 

ii 5 cm to the left of the origin 

No, the displacement function s(t) is linear, so it has no 

turning points. 

t=10 t=5 

cat t=5s 

t=3 t=0 

1 m to the right b 

of the origin 

  

t=0.35s, 0.225 m to the left of the origin 

at 0<t<02s and 05<t<1s 

t=05 t=02 t=1 

t:O.SSh’t:U 

  

14 cm to the right of the origin, at ¢ = 0.0625 s, and 

2 cm to the left of the origin, at ¢ = 0.1875 s 

t=0.25 

t=0.1875 a0 =0.125 
=0 t=0.0625 

-l T 
-2 0 6 14 

EXERCISE 24B.1 NS 

® 
A
o
 

A
 
o
 

i3m i —3m b —2ms™! ¢ —2ms! 

—2ms™?! b v(t)=2t—6 ms~! 

i —4ms?! i 4ms™?t 

2 cm to the left of the origin b t=6s 

to the right dt=3sand t=9s 

i - O - 
6 t 3 9 t 

0 0 

1ems™?t 

%cms_1 b 3 cm to the right of the origin 

1 — 1 ! 1 P 1 v(t)fficms d i 3cms i §ems 

(t) = 3t? — 22t + 24 ms~?! 

The object is initially at the origin, moving to the right at 

24 ms—1, with decreasing speed. 

+ | = |+ () + - |+ d 
3 8 t 4 6 t 

0 0 3 

at0s,3s,and 8 s



<—-'10 =30 -20 -10 O 10 30 40 s(t) 

6 b i 69.58ms™t i ~247m 

EXERCISE 24B.2 W 

1 110m 

2 a i travelling forwards 

i travelling backwards (opposite direction) 

b 16 km ¢ 8 km from starting point (on positive side) 

i 20‘vcjloc ty (ms™ ') 

15 

10 

5 

t(s) 
0 > 

0 60 120 180 240 300 

b 3.3 km 

1 Aa S0 bty i b b 65 km 
40 

30 

20 

10 

0 
0 2 4 6 8 10 12 14 16 18 

5 aatt:%second b%cm ¢ Ocm 

6 a a(t)=3t3— 12 -2t cm b 51 cm 

< 1% cm left of the origin 

a s(t) =294t —4.9t2+ 1 m b 45.1m 

a s(t) =32t +2t2+ 16 m 

b There is no change in direction, - 

so displacement = s(7) — s(0) = (32 +4t) dt 

¢ 160 m 0 

9 alm b s(2)= L2 

10 a A(t) (cm per second) 

25 

20¢ 

15 
() 20 + 5in4t 

10 

5 

t (seconds) 
0 > 

e at % sand 6 s; s(%) ~14.8 m, s(6) = —36 m 

f The object starts at O, and moves towards the right at 

24 ms—1. Its velocity is decreasing. After % seconds, when 

it is 14.8 m to the right of O, it changes direction and moves 
to the left, passing O after 3 seconds. After 6 seconds, when it 

is 36 m to the left of O, it changes direction again and moves 

towards the right, passing O once more after 8 seconds. 

8 ; ; . ; 

position       
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~16.2 cms™?! ¢ ~41.4cm 
3 

a(t) = —4t+ 2t° m b t=16s 

~ 10.5 m left of the origin d ~322m 

ke
 

i 10ms—! i 10/2ms! 

2 

/ v(t) dt ~ 18.9 
0 

b os(t)=2t" m 

The motorcyclist travels about 

18.9 m in the first 2 seconds. 

i 4 seconds 

ii Yes, he only needs 53% m to reach the required speed. 

~ 513 m b ~ 0.637 cm 

EXERCISE 24C I 

b 

11 a 

< 

12 a 

< 

d 

13 a 

1 a 

< 

2 a 

b 

3 a 

b 

< 

d 

& 

7 a 

b 

16 cms™! b 6 cms?2 

a(t) =10 — 2t cms—2 d 4cms—2 

2(2) =—-1m, #(2)=8ms™ !, #(2)=10ms? 

t= % s 

v(t) =98 — 9.8t ms~! a(t) = —9.8 ms—2 

() + — t 5 a(t) l;{ t 

0 20 0 20 

5(0) =0 m above the ground, v(0) =98 ms~! upward 

At t = 5 s, the stone is 367.5 m above the ground and 

moving upward at 49 ms~ 1. Its speed is decreasing. 

At t = 12 s, the stone is 470.4 m above the ground and 

moving downward at 19.6 ms~?. Its speed is increasing. 

490 m e 20 seconds 

a o(t) =100 — 40e=5 ems—1, a(t) = 8¢~ 5 ems—2 

5(0) = 200 cm to the right of the origin 

v(0) = 60 ems~!, a(0) =8 cms—? 

as t — 0o, v(t) — 100 ecms~! from below 

as t — 00, a(t) — 0cms™2 from above 

  

. 2 
z(t)=1— ems™t 

2t+1 
. 4 

[ o<t 3 d i) = ——— 
2 2 0= Gre 

2;45 cms—2 g 1+1n(%) ~ 0.777 cm 

40ms~—! b ~47.8ms~! ¢ 2In2 ~ 1.39 seconds 

as t — oo, v(t) — 50 from below 

a(t) = 5e0-5t 

for all ¢. 

t= 2111(%) seconds 

and as e” > 0 for all z, then a(t) >0 

h ~134m 

  

2 
v(t) = 50 3t +45 ms—! 

60 

/ v(t) dt = 900 
0 

The train travels a total of 900 m 

in the first 60 seconds.
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4 
Show that (t) = 100 — 80e 20° 51 and as 8 a Hint: 

t — oo, 2(t) — 100 ms~1L. 

b ~370m 
1 

9 avt)=-——=+1 ms! 
® (t+1)2 * 

b s(t) L ot i m s(t) = —— - 
t+1 

¢ The particle is % m to the right of the origin, moving to the 

right at % ms~!, and accelerating at 2—27 ms~2, 

EXERCISE 24D NS 

1 a v(t)=2t—6ms?! a(t) =2ms? 

_ + o) + a(t) 
3 t t 

0 0 

b i 4ms?! il 2ms™1 

¢ 5(0)=7m, v(0)=-6ms"!, a(0)=2ms" 2 

Initially, the object is 7 m to the right of O, moving to the 

left at 6 ms—, with acceleration 2 ms—2. 

d 2 m to the left of O 

¢ t_s > =0 
PR I I S R 

-4 -3-2-10 1 2 3 4 5 6 7 8 position 
origin 

fo<t<3 

1.2m 

s'(t) = 28.1 — 9.8t represents the instantaneous velocity of 
the ball. 

~41.5m 

i 28.1ms ! il 8.5ms! i 20.9 ms~?! 

z(t) = 12 — 6t2 ems— !, &(t) = —12t cms™? 

2(0) = —1cem, (0) =12cms™!, #(0) =0cms™2 

The particle started 1 cm to the left of the origin and was 

travelling to the right at a constant speed of 12 cms—1. 

¢ t=12s, z(\/fi):g\/fifl cm 

d it>2s 

o
 

o 

“w
 

o 
o 
O
 a
 

ii never 

i 

L1 1L L1 
“2 10 1 2 3 4 5 6 7 8 9 101" 

origin position 

b a v(t)=— —ms’1 -2 

|—. 

b s(O)—3m v(0) = —% ms~1, a(O) 

Initially, the particle is 3 m to the right of O, moving to the 
2 

o
 4(t+1 

ms— 

left at % ms~! with acceleration % ms— 

¢ After 3 seconds, the panicle is 2 m to the right of O, moving 

, with acceleration E ms—2. 

d The particle’s speed is continuously decreasing. 

5 a k=187 

b o(t)=-98t+49ms!  a(t)=-9.8ms 2 

L= - alt) 
t t 

0 ~1.87 0 

to the left at % ms~ 

ol
 

¢ i decreasing il increasing 

6 a z(0)= 2(0) =0 cms™!, #(0)=2cms™2 

b At t= 7 scconds, the particle is (v/2 = 1) cm to the left 
1 

—1 cm, 

of O, moving to the right at V2 ems™ 

V2 ems™2. 

changes direction when ¢ =7 s, z(7) =3 cm 

, with acceleration 

d increasing for 0< ¢t < § and 7 <t < % 

7 a i right il left b @(t) =4cost ms™? 

i left i right d i(t) = —2sin § ms? 

e decreasing 

8 a 5 o(t) (ems™1) c0<t< % 

4 (33) dit>3 
3 

9 (t) = 25te=2* 

1 

  

9 a lion: ~13.6ms~ 1, zebra: ~ 1.90 ms~! 
  

Aov(t) (ms™! 
  

  

  

                             

0 5 100 15 20 25 30 t(s) 

The lion’s speed vy(t) decreases over time whereas the 

zebra’s speed vo(t) increases over time. 

3 

< / v1(t) dt = 150 — 150e ™3 ~ 38.9 
0 

The lion has travelled about 38.9 m in the first 3 seconds. 

3 

d / [v1(t) — v2(t)] dt = 290 — 350e 03 ~ 30.7 
0 

In the first 3 seconds, the lion has gained about 30.7 m on 

the zebra. 

e At the time when vy (t) = v2(t), the lion and the zebra will 

be moving at the same speed. Since the lion’s speed decreases 

over time and the zebra’s speed increases over time, the zebra 

will be faster than the lion after that time. So, they will be 

closest at the point when their speeds are equal. 

f —10In(%) ~5.60s 

g No, the lion was about 1.92 m from the zebra at their closest 

point. 

EXERCISE 24E NS 

1 a =485 ms—2 

2 a a=18s3ms™? 

b velocity = —48 ms~!, acceleration = 1152 ms~2 

36 
3 aa=-—= ms~2 b 7% ms~2 50 : 

d k k? 
b a:v—v—k s X —= = —, where k is a constant 

s 2/s 

5 a a=s(252—9s5+9) ms 2 

b i initial velocity = —10 ms™', 

initial acceleration = 70 ms™?2



ii The particle initially moves to the left, and while 

3<s<5 v<0 and a > 0. Once the particle 
reaches s = 3, v =a = 0, so the particle remains at 

s =3. 

EXERCISE 24F I 

1 

< 

a
0
 

O
 
o
 

QO 

  

  

  

  

  

  

  

  

    
                          

  

  

  

1, -2 b y -2 LA J 
2 (2re1) 

i VBms?! 4 

i VI3 ms™?! 

it=55s 

il t=3s 

vy 

3 

(11, —6) b Vit+1 ¢ 5ms! 

4 

The truck decreases to a speed of 4 ms™1. e t = }—g s 

—t 
(=6.7) b (Do) 

d_y = & = é, which is constant, so the cat is 
dx ! (t) 4 
moving in a straight line. 

ii The velocity vector changes over time, so the cat is not 

moving with constant velocity. 

The cat’s speed decreases over time as it moves in a straight 

line to (—10, 4). 

T~ 3.91 

(2, —6) b (tiQ) ¢ v2ms™?! 

il k=4 il 4v/5m iv when t=4++3s 

z(t) =12 -2t +2, y(t)=t>-3t+5 t=>0 

2,7 ¢ 4¢/37ms™1 

10 ms—! 
lowest: =2 9.90 ms~! 

e ~994m 

highest: ~ 10.8 ms~1, 

z(t) = 6t — 2cost + 2, 

y(t) = 8t + 2cost — 2, 

(2,0) b (0,2) 

t=0 

¢ (2cost)? + (2sint)? = 4(cos® t +sint) =4 

P moves in a circle centred at (0, 0) with radius 2 m. 

—2sint 

2cost 

i (5,0) 

position: (0, —5), velocity: (100> 

Starting  from 

(5, 0), P moves 
anticlockwise in a 

circle centred at 

(0,0) with radius 
5 m. 

e 2ms! 

i (-3 28     
_x 

t=3 

‘. 

10 ms™! 
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=5 siné 
9 a 30cm b 127 seconds < ; 

5cos g 

d 5cems! 

e i z(t) = 30cos (%), y(t) = 30sin (%) 

i first train: (30 cos 2, 30sin2), 

second train: (30 cos %, 30sin é) 
3 

iii 60sin % ~ 19.6 cm 3 

10 a (50,0) 

< y(m) The path Kristen runs 

along is an ellipse with 

width 100 m and height 

120 m. 

  

d 80 scconds e 37" ~4.71 ms—! 

EXERCISE 24G I 
1 a (=06,1.8) 

b initial velocity = (gg; ) , initial speed ~ 30.0 ms~! 

¢ 0.6 m d ~ 4.61 seconds e ~26.9m 

f ~93.1m g ~A47.7° h =~ 48.7° 

2 a i (313) il (28.4,8.1) b ~ 2.79 seconds 

¢ ~354m d ~102m e ~14.2ms™! 
f a0 46.1° g ~48.1° 

3 a initial speed ~ 62.6 ms™ 1, 
initial angle of trajectory ~ 16.7° 

b % ~ 1.84 seconds ¢ ~16.5m 

d No, the golf ball would be slowed by air resistance and would 

have a lower maximum height. 

4 a i5/2~7.07ms! i v/25.01 ~ 5.00 ms~* 
b = 3.04 seconds ¢ ~15.2m 

5 a x(t)=at, y(t)=2+bt—49t2, t>0 

b b=aV3 ¢ a~3.24 d ~ 648 ms~! 

e ~36lm f ~4.74ms™! 

b b2 2b 
6 a it=- il maximum height = — il t = — 

g 29 9 
. . . 2ab 
iv horizontal distance travelled = — 

g 

b i D=/(at)? + (bt — Lgt2)2 

i 4 2\ _ 9,2 2 2 2,3 ii E(D ) = 2a%t + 26%t — 3bgt? + gt 

REVIEW SET 24A S 

1 a 12 m to the right of the origin 

b i 10 m to the right of the origin ct=6s 

ii 6 m to the right of the origin 

d No, the displacement function is linear, so it has no turning 

points. 

e t=10 t=6 t=3 t=1 
—e——e—o—o0it=0
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2 a o(t)=6t2 18t + 12 cms™!, a(t) = 12t — 18 cms™—?2 

+ =+ o) - + o) 
1 2 t t 

0 0 

b s(0) = =5 cm (5 cm to the left of origin) 

v(0) = 12 ems™! towards origin 

a(0) = —18 cm §72 (decreasing speed) 

wl
es
 

¢ At t =2, the particle is 1 cm to the left of the origin, is 

instantancously stationary, and is beginning to accelerate. 

datt=1s, s=0cm, andat t=2s, s=—1cm 

b The particle moves in the positive direction initially, then at 

t=2, 6% m from its starting point, it changes direction. It 

changes direction again at ¢t = 4, 5% m from its starting 

point, and at t =5, itis 6% m from its starting point again. 

< 6% m d 95 m 

4 a i 275ms7! i ~1.62ms™! 
b Hint: Show that a(t) and v(t) are opposite in sign for all 

The kayak travels approximately 

5 0<t<6. 

< / v(t) dt ~ 4.54 
0 4.54 m in the first 2 seconds after 

the kayaker stops paddling. 

120 ems™L, a(t) = — 360 cms 
t+1)3 ’ L 

b At t = 3, the particle is 41.25 cm to the right of O, 

moving to the right at 16.875 cms ™1, with decreasing speed 

(a(3) ~ —1.41 cms™2). 

The particle’s speed is never increasing. 

5 a o(t) =15+ -2 

6 a z(0)=3m, (0)=2rms !, #(0)=0ms"2 

bt=1 112131 415 ¢ 20m 

7 alm b 6m ¢ 4m 

8 a o(t)=—2t+65ms ! b s(t) = —t2 + 65t m 
¢ i3ls ii 1054 m 

9 a v(0)=25ms"!, v(3)=4ms! 

b as ¢t — oo, v(t) — 0 from above 

< 

     t(s) 

The boat travels a total distance of 

25 m in the first 2 seconds after 

its engine is turned off. 

2 

d / v(t) dt = 25 
0 

e 3 seconds 

10 a a=2s3ms 2 b initial velocity = 4 ms~1, 

initial acceleration = —16 ms—2 

  

  

  

  

  

  

11 a (-2 -5) b 

c 1 

—2t+3 

d i VI0ms™?! 

il V26 ms™?! 
                      

  

12 a i (10,0) i (0, 10) b anticlockwise 

-5 sin% 
¢ 4m seconds d . e 5ms! 

5cos 3 

13 a V181~ 13.5ms ! b ~42.0° ¢ ~563m 

d ~ 1.99 seconds e ~19.9m 

REVIEW SET 24B B 

b 8ms! 

d 6ms! 

1 a 1 m to the right of the origin 

¢ v(t)=2t+4ms ! 

2 200 m 

3 a o(t) =3t — 30t + 27 cms! 

b —162 cm (162 cm to the left of the origin) 

. . 3 
4 a z(t)= 73\/Zcms_1 Z(t) = ———= ems—2 OEERS =17 

+ - () - i(t) 
4 t 

0 0 t 

b z(0)=0, z(0)=3 

The particle is initially at the origin, moving to the right at 

3cems 1. 

¢ The particle is & 3.17 cm to the right of the origin, travelling 

to the right at ~ 0.879 cms~!, with decreasing speed 

(#(2) ~ —0.530 cms—2). 
d at t =45, 4 cm to the right of O e 0<t<4 

f -1 g ~4.70 cm 

-1 0 y (t) 

5 a i 72ms 2 il 9.6ms™2 i 0ms™—2 

v —12ms™2 
3 

b / v(t) dt =27 The human cannonball travels 
0 27 m in the first 3 seconds. 

¢ ~314s 
_t 

6 a v(t)=-8 ' —40 ms™! 

at)=%e ¥ ms2 {t>0} 

b 5(0) =80 m, < 

v(0) = —48 ms™1, 

a(0) = 0.8 ms—2 

d t=10In2 seconds 

  

7 a v(0)=0cms!, v(3)=-mems~L v(l)=0cms L, 

v(14) =7 ems™!, v(2) =0 cems™! 

b 0<t<1, 2<t<3, 4<t<5, andsoon 

So, for 2n<t<2n+1, n€{0,1,2,3, ...}



  

8 a ~6.76ms™! 

b a(t) = 0.15(t1 1 + 3¢)0-5(1.1t%1 + 3) ms—2 

¢ ~1.79ms2 d ~ 109 m 
144 142 ~ 9 a z(t)=—ggt* —57t° +2m b ~346s 

10 a Tyson 
5 

b / vy (t) dt &~ 42.0 Tyson has travelled about 42.0 m 
0 in the first 5 seconds of the race. 

¢ s1(t) =10t + 8¢ 125 —8m d Tyson 

s2(t) = 10.5¢ + 10.5¢ " — 10.5 m 

e 51(10.8) ~ 100 f Maurice 

12 b i ~514ms! 

" Gsiné t 
i z(t) = —F=, y(t) = —40e”5 +40 

es 

i ~1.64m iv ~1.45ms™! 

EXERCISE 25A NS 
dpP dG 

1 —=kP, k>0 2 — =kVG, k>0 
dt dt va 

dr 
— =—k(T—71), k>0 a0 (T—7) 

4 a i mg il —kv? 

b Air resistance reduces the resultant force of the parachutist. 

5 b gx9.95ms 2 

EXERCISE 25B S 

  

  

  

  

  

  

  

2 aB b C < A 

4 b P 

20 c=10 

=9 c=2 

10 
6 
2 c= 

—2*0 1 15 t 
c=-2                   

¢ ¢ must be positive so that the population of guinea pigs is 
positive. 

d P =305 
5 b G(0)=a, 

a is the initial 

amount of algae. 

  

  

  

    

  

    
  

      
  

  

    

o 
(L
I o
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v 7 b s 

=1 

-+ 1 — 1 > 

A 
c=0 - 

=1 

cy=2z—-2+3e " dy=—a+1 

8 b \=fiw 

EXERCISE 25C B 

1 ay=zt+ec by:%x3+3x2+c 

d y=sinz— Lcos2z+¢ < y:%egz+4z+c 3 

e y=In|lz+4|+c fy:gz%72ln\z|+c 3 

2 & M=In|tS—4|+c by=-vZB_2+c 

¢ ft)=—te ¥ L2t 4c 
3 ay:%1272z+5 by:éeh«#zf% 

¢ y=In|z|+1n6 

ay=ettet-2 b M = $sin20+3cosa+2 

  

  

  

  

  

  

  

  

                            

5 f(-2)=2 
6 ay=e"+e -1 b AY t 

!l y=etfet-1 

4 

0,1 T 
o 7> 

¢ 3z —2y=3In2-3 Y 

1 
7 f(x)zgxu;—% 

8 a f(x)=a3—222+4zx—1 b y:—%sin2x+4x 

9 £4250 

10 a P(z)= 15z — 0.015z% — 650 pounds 

b maximum profit is £3100, when 500 plates are made 

¢ 46 < = < 954 (you cannot produce part of a plate) 

11 =~ 225°C 

12 a =~ 400°C b ~0.387 m ¢ ~0.187m 

13 ay= (—0‘.?1 3 — —0‘?2059:4 - —0',?89:) metres 

b ~ 3.33 cm; yes, it seems reasonable that the maximum sag 

occurs when z = 2. 

¢ 2.375 cm d ~1.05° 

EXERCISE 25D NS 

1 ay= \3/%124»0 b y=In(z?+c¢) < y:Ae%z2 

1‘2 
2 

d :<7+c) e y=Ae ©o5% 

g y= Az 

i y=Az—1)—2
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b The skydiver approaches a terminal velocity of 50 ms~1. 
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EXERCISE 25F B 
  

  

  

  

  

  

                  

1 a 

b Y 
3 

2.9 
28 
2.7 

? 

0 01 02 03 04 05 % 

2 a 1 ~3.4865 il ~3.8283 
b y(0.5) = Se ~ 4.0774 

The accuracy of Euler’s method was improved by decreasing 
the step size. 

3 y(1) ~ 0.7869 

4 a y(0.5)~ —0.4851 b y(0.5) ~ —0.4795 

¢ y(0.5) = —sin(0.5) ~ —0.4794 

The accuracy of Euler’s method was improved by decreasing 

the step size. 

5 a~l1 b ~1.3021 ¢ ~1.3018 

REVIEW SET 25A B 
dM k 

1 —=—, k>0 
dt M2 

3 a y:%sin2z+cosz+c b y:3z+%e’2”+c 

cy=1m[2z+1]+2 dy=LiE+e’ +3e—1) 

  

4 a1 160 spectators per minute 

ii =& 249 spectators per minute 

d 1 0.2¢—0-05¢ b — —):'— 
dt (1 + 4005t ) T (1 4 4¢—0-051)2 

20000 
¢ S(t) = ————— d = 19500 spectators 

1+ 4e—0:05¢ 
5.3 -1 

5 a y= Aes” by:Q— 
s —x+c 

dM 
a?:—kM, M(0)= Moy, k>0 b =93.2days 

7 y=In(e — 3z) 

Y 

8 al o ko 
Ly L e e 

gy L ey 

Ly L e 

| Pt b i v 
| [ L VLV vy 

| [ \\\\lez’\S)\\ 7/ 

Py Ly vy NNZ7/ 1] 

Vol bl v vy~ sl 
VANV NN ST 
VAN N YN=ASLS 
v \ -7 s 

VAN TS 

oI B A ® 
VAN Y =00y 
VY NN YNS= 20 0] 

L s   

  

  

  

ANSWERS 949 

9 10 y ~ 1.0088 

REVIEW SET 25B 
dD 

1 —=k/D, k>0 
dt 

3 b AY cy=3e"+1 

d y=3z+4 
  

  

  

  

                        

    

h a 7%sin(%72z) 7-‘§ 

5 a b P=AVt2+1 

6 a b y=esina—3 

7 a =—kvh, k>0 

it dh k 
b V=2x2xh, E:—Z\/fi,k>0 ¢ 20 minutes 

8 aB b C < A 

9 a 

B0 N —— 

               
e 
s 
s 
s 
srs s 
srs s 
sss s 
s 

s 
s 

T 
— —t(years) 

b The population of rodents approaches the limiting population 
of 3000. 

10 y(0.5) ~ 0.8555 

EXERCISE 26A I 
dz On the phase portrait, the 

a 1 vector at (1, 0) has the 
1 a i = ( ) 

fl L direction ( L ) 
dx 1 

dz On the phase portrait, the 

vector at  (—1, 1) has 
iiafe dy | =\ -1 Lo e 

. direction ( I )
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Trrr s 2l - 

    

  

    e 
e 

e 
e 

e 
o
l
 

a 
o 

  

R) 
] 
v 
v 
' 
v 
v 
v e

 
e
 

a
a
a
l
s
 

e 
e 
e
y
 

       
     

    

   

2 a i centre b v 1 
o . \ X 7 
i saddle point NN 4 

¥ ’ r 
[ X 
by X 

R + 
A X 2 

—2 N 2T 

IR tt 
[ A 
I X 
[ dy 
Ve L 
VN Ny £t 
VA 1t 

3 a (0,0), unstable spiral 

¢ (1, 1), unstable fixed 

T ) 
5 (1,1) and (—1, —1) are centres, 

(1, —1) and (-1, 1) are saddle points. 

b (-1, —1), saddle point 

d (0,0), centre 

stable spiral 

6 a (%,%), centre 

b Anticlockwise, for example at (0, 0) the vector has direction 

(%) 
EXERCISE 26B NS 

1 ax:Ae-t(f)JrBeZt(*ll) 

b i<’0'3> iix:2e—t(f)+em<—ll> 

¢ saddle point d y 

(3,3) 

1 

2 a The cigenvalues of A are purely imaginary. 

() 
i anticlockwise 

e The line k ( ) will be an asymptote as ¢ — oo. 

  

  

3 a Y, b AY 

— ] 

(2,1) 1) 
€T €T 

_/ 

v 

—2+4i y 4 a 2izfi d ©3) 
b stable spiral 

21 . . 
< ( ), the trajectories 

3 x 

of the phase portrait 

rotate clockwise. 

5 a cigenvaluesare Ay = —1, A2 = —5 

. 2 -2 
cigenvectors are vi = | 1 ), v2 = { 

b stable fixed 

¢ i(jfl) iix:e*t<f)+26*5t<’12) 

d ~ (0.709, 0.381) 

¢ (23 Y 

f The trajectory approaches O along k (? ) as t — oo. 

dal 
6 a i V is proportional to e and acts in the opposite 

direction. 

ii I is proportional to il 1 1 —_— prop Tt 

dI 

. dt 0 —25 I . . b w = (105 o ) (V) i £500iv/10 

dt 

ii Over time the voltage 

and current oscillate, 

such that when one is 

zero, the other is at its 

maximum or minimum 

value. 

  

dx — =y 
dt ( 0 1) 2 a b x= 2 X - —k fi:fl,%fky o
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d If k=0, the equilibrium point is a centre, and the spring 

oscillates indefinitely. 

e If 0 <k < 2w, the equilibrium point is a stable spiral, so 

the spring eventually comes to rest. 

=0 
3 k 

v =—g——v° 
m 

dx Z oy 

4 a b y(t) = Ae" % 
1 fi tant A = = oY or some constant A. 

c z(t) = —50Ae 50 + ¢ for constants A, e 

d i w(t) ~8.59 % | 16.4 
ii The temperature of the drink will approach ~ 16.4°C. 

EXERCISE 26D NS 

dz Z oy 

16 d ¢ ti=tiith 
d_Z = -9z z; = xi—1 + hyi—1 

Yi = Yi—1 — hxi1 
d (2, -0.18) 

e 5 Tn(tn) 

  

The points (t;, x;) approximate a smooth curve similar to 

the analytic solution (¢) = 2 cos 3t. Euler’s method is less 
accurate at times when the curve changes gradient faster. 

ti=t;_1+h 
@i =ai—1 + h(2Ti—1 — Ti—1Yi-1) 
Yi = Yi-1 + h(Tic1yio1 — yi-1) 

  

(2.1) 

- 

v v   
iii The exact solution indicates that the system repeats itself 

in a closed loop, whereas the numerical solution moves 

in an unstable spiral. The numerical solution appears 

to suggest onc or both of the populations will become 
extinct in the long term, which is not the case. 

6 

      

951 

a 

b 

a j; b ~237m 
=9.81 - 0.375,2 a Y 

¢ ~5.1147 ms™! 
d ~5.1147 ms—!, which is consistent with the answer to c. 

az,y=20 b (0,0), (0,1500), (1200, 0), (900, 150) 

¢ i 820 common hermit crabs, 170 yellow-footed hermit 

crabs 

i In the long term, there will be no common hermit crabs 
and 1500 yellow-footed hermit crabs. 

1500 

      

  

Bay 2 

(1000, 300) 
(1500, 200) 

e No, the only stable equilibrium points are (0, 1500) and 

(1200, 0). Unless the populations are initially xzo = 900, 

yo = 150, one of the species will become extinct in the long 

term. 

[ 

(0.998, 0.047) 
(1.986, 0.202 
(2.947, 0.474 

(3.867, 0.865 

(4.729, 1.371 

(8213, 6.135) 
(8.531, 7.083) 
(8.794, 8.048) 
(9.011, 9.024) 
(9.190, 10.008) 
(9.337, 10.997) 
(9.457, 11.990) 
(9.556, 12.985) 
(9.637, 13.982) 
(9.703, 14.979) 

(6.224, 2.691 
(6.844, 3.475 
(7.378, 4.320 
(7.832, 5.211 

© 
0
0
N
 

U
 

W
 
N
 ) 

) 
) 
) 

(5.518, 1.984) 

) 
) 
) 
) = o
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ii No, the distance between the fox and the rabbit appears 

to converge to & 5.03 units. 

(1.996, 0.102 
(3.964, 0.451 

(9.828, 5.332) 
(10.000, 6.917) 
(10.000, 7.917) 
(10.000, 8.917) 
(10.000, 9.917) 

(7.571, 2.117 

) 
) 

(5.852, 1.102) 
) 

(8.967, 3.538) 

  

ii Yes, the fox appears to catch the rabbit after 

approximately 6.7 seconds. 

REVIEW SET 26A B 

1 (-1, —2), unstable spiral 

-2 2 s () 

b (0, 2) is an unstable fixed point, 

(0, —2) is a stable fixed point. 

© NN\ 
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b The cigenvalues are complex with positive real part. 

¢ i (:‘;) i anticlockwise 

O
[
O
 

  

. 
a1 

« A A 
A1 

AAAS 
LR 
AT 
A/ 
A 
S 
IS 

P 

T=S 
h ds 

— =200 —30P —8S 
dt 

o (1 a (1 b x= Ae ( 1 + Be 1 

€ x=—3e"2 (711) 

d The trajectory approaches O along & ( 

5 a saddle point 

1) as t — oo.   

6 a (0, 0) - both populations have died out 

(10000, 0) - the lions have died out 

~ (2200, 46.8) - the zebras and lions coexist in equilibrium 

= 1010 zebras, 27 lions 

In the long term, there will be &~ 2200 zebras and 

47 lions. 

~ 26 lions, after ~ 2 years 

b 

    

REVIEW SET 26B 

1 a 

  

i centre b 

i saddle point 

  

2 a A(%, %) b Inwards, the trajectory at (0, 0) is (1 ) 

-3 -1 — Ae3t 5t 3 a x=Ae ( 1 )+Be ( 1 ) 

¢ unstable fixed d 

s 
r
r
r
f
r
a
]
a
a
 

s 
s
 

s
 

V
W
 

A 
A    



    
   

    

e The trajectory becomes parallel to ( 71 ) as t — oo. 

dz — =y 

4 b jt ¢ ti=ti1+h 
d_z = 4z T =xi—1+hyi1 3 

Yi = Yi—1 — 4hwi_1 
d (0.03, 3) 4 

e 5 

2t 

x(t) = 3 sin 2t 

_3 Tn(tn) 

The points (t;, ;) approximate a smooth curve similar to 6 

the analytic solution (t) = 3sin2t. Euler’s method is less 
accurate at times when the curve changes gradient faster. 

dI 

a7 0o 1 
5 a b x= ( )x 

—-16 -4 
47 = —161 —4J 

dt 

¢ —242i/3, stable spiral 

  

. 5 L 
d i (*84) il when ¢~ 0.6 ms 1 

iii 2 

3 

b 

iv In the long term, the current converges to zero. 

6 a z=—Rwsin(wt+¢), y= Rwcos(wt+ ) 

. 0 —w 
b x= (w 0 )x 

¢ *+iw, the equilibrium point of the system is a centre. 

d —Rwsin ¢ 

Rw cos ¢ 

e i If w> 0, the angle (measured anticlockwise) increases, 

so the rotation is anticlockwise. 

If w < 0, the rotation is clockwise. 5 

ii If A has the form ( 3 6 ), the rotation is 

anticlockwise. 

0 + Lo . 
If A has the form  — 0 ) the rotation is clockwise. 6 

i bc must be negative. 

If b<0, ¢> 0, the rotation is anticlockwise. 

If b>0, ¢ <0, the rotation is clockwise. 

EXERCISE 27A W 

  

1 a continuous b discrete ¢ continuous d continuous 

e discrete f discrete g continuous h continuous 

2 a i X = the height of water in the rain gauge 

i continuous iii 0 < X <400 mm 

o
 
a
n
O
C
o
 

o
 
O
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i X = stopping distance ii continuous 

0< X <50m 

i number of switches until failure 

i discrete iii any integer > 1 

X has a set of distinct possible values. 

X =2,3,4,5,6,7,89,0r 10 

X =4,56,0r7 b i X=5 il X=6o0r7 

X=0,1,2 3 0r4 

VVVY VYV R VYV xx xxxV xXXXX 
VVxy VxvVx xxVx 
VvV Vxxyv xVxx 
xVVV xxvVV Vxxx 

xV %V 
l xVv V% l 

(X=4 (X=3) (x=2 (=1 (X=0 
i X=2 i X=23o0r4 

X =0,1,2,0r3 

HHH HHT TTH TTT 

l HTH THT l 

THH HTT 

(X=3) (X=2 (X=1) (X=0) 

No, for example there is probability % that X = 3, and 

probability £ that X = 2. 

EXERCISE 27B B 
  

i yes il no il yes iv no 

For a iii, X is a uniform random variable. 

k=0.2 b k=1 

a=0.2 

No, as the probabilities of each outcome are not all equal. 

2 d P(X >2)=0.65 

P(2) = 0.1088 

a = 0.5488 is the probability that Jason does not hit a home 

run in a game. 

P(1)+ P(2)+ P(3) + P(4) + P(5) = 0.4512 and is the 
probability that Jason will hit one or more home runs in a 

game. 

0.6 

0.4 
  

0.2             0   > 
0 1 2 3 4 5 

median = 0 home runs 

b 0 tyres 

mode = 0 home runs, 

k=0.04 

¢ P(X > 1) =0.12 which is the probability that more than 
1 tyre will need replacing on a car being inspected. 

  

¢ mode = 1 

median = 2 

d P(Xx<3)=2 

A probability 

  

  

            O 
ol
 

wi
o 

oo
l 
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=
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7 a X=1,23,0r4 

  

¢ mode = 2 bedrooms, median = 2 bedrooms 

8 a X=1,23,0r4 

  

median = 2 shots ¢ mode = 1 shot, 

10 ak=% b k=432 

11 aa=10 b P(X=1)=3% c 2 

EXERCISE 27C.1 S 

1 a E(X)=17 b E(X) =25 ¢ E(X) =385 
d E(X) =30 

2 aa=3% b3 cp=2% 3 =117 points 

& 1.57 fish 5 a a=025 b 4books ¢ 3.13 books 

6 5.25 lollies 7 a & b & 8.93 pins 
8 a offensive strategy: P(draw) = 0.15 

defensive strategy: P(draw) = 0.5 

b offensive strategy: 1.05 points per game 
defensive strategy: 1.1 points per game 

¢ defensive strategy 

d Yes, an offensive strategy would then be better. 

9 a=0.1, b=04 

10 a 

b Zoe should choose car park A as the expected cost for car 

park A is $14.80 whereas the expected cost for car park B is 

i car park B il car park A iii car park B 

  

    

$15.25. 

11 8390 

EXERCISE 27C.2 W 

1 fair 2 a $3.50 b —$0.50 ¢ no 

3 a =~ -%0.05 b lose ~ $5.41 h —$0.75 

5 a Expected gain & —$0.67 # $0 b $30 

6 a 103 ii 0.1 b E(X) = 2.5 tokens 

¢ No, as the player can expect to lose half a token on average 

per game. 

7 $4.75 

EXERCISE 27D NS 

1 a ip=2 il 02=06 i o~0.775 

b ipu=15 il 02=1.25 i o~ 1.12 

2 a k=015 b 20 ¢ p=13 d o~6.88 

3 b Michelle: o =1ace, o2 =1 ace? ¢ Amanda 

Amanda: o ~ 1.30 aces, o2 = 1.7 aces? 

4 a k=0.03 b p=0.74 ¢ o =~0.996 

5 a[ @ ] -- b pum 217 
P(X ¢ 0 ~0.898 

6 a 

b p=3, 

8 a 1 Y would have the greater mean as, on average, we are 

more likely to obtain higher values from two rolls than 

one roll. 

il X would have the greater standard deviation as the 

probabilities of obtaining eac outcome are more spread 

  

  

¢ X: p=25, or 112, Y: p=3.125 o~ 0.927 

  EXERCISE 27E 
1 E(aX +b) =E(aX) + E(b) =aE(X) +b 

2 al3d b -5 ¢ 3% 

3 mean = 17, standard deviation = 4 

4 a E(Y)=13, Var(Y) =16 

  

b E(Y) = —22, Var(Y) = 100 
¢ E(Y)=0, Var(Y) =1 

5 a E(X)=2 b Var(X)=1 ¢ o(X)=1 

d E(X+1)=3 e Var(3X +1)=9 f o(5-X)=1 

g E(2X3+5) =3 h Var(20 — 4X) = 16 

6 a a:i 

b i E(X) =24, Var(X)~ 191, o(X)~1.38 

i E(X +4) =643, Var(X +4) ~ 1.91, 

(X +4) ~1.38 
il EBX —1) =73, Var(3X —1) ~ 17.2, 

o(3X — 1) ~4.15 
7 a i E(X)=1.85 i Var(X)=~ 173 

b Y =25X + 100 
¢ i E(Y)=146.25 

iii o(Y) ~ 329 

EXERCISE 27F IS 

1 a The binomial distribution applies, as tossing a coin has two 

possible outcomes (H or T) and each toss is independent of 

every other toss. 

i o(X)~ 131 

i Var(Y) ~ 1080 

b The binomial distribution applies, as this is equivalent to 

tossing one coin 100 times. 

¢ The binomial distribution applies as we can draw out a red 

or a blue marble with the same chances each time. 

d The binomial distribution does not apply as the result of each 

draw is dependent upon the results of previous draws. 

e The binomial distribution does not apply, assuming that ten 

bolts are drawn without replacement. We do not have a 

repetition of independent trials. However, since there is such 
a large number of bolts in the bin, the trials are approximately 

independent, so the distribution is approximately binomial.



5 a 

6 a 

4 2 2 
2)" = 16 2 N _ 8 8 

(3) =8 b 6(3) (3) =27 €3 

3)\4(1\2 _ 1215 347 347 
15(2) (Z) = 1096 b oas € 3048 

EXERCISE 27G W 

1 a =~0.0305 b ~0.265 

2 a =~0476 b ~0.840 ¢ =~ 0.160 d ~0.996 

3 a ~0.0280 b =0.00246 ¢ =0.131 d ~0.710 

4 =~ 0.000864 5 a ~0.998 b ~0.807 

6 a ~0.038 b ~0.405 ¢ ~0.573 7 =~ 0.0341 

8 a ~083 b ~0475 9 a & b ~0.846 
10 a =~0.0905 b =0.622 

¢ Yes, the probability that Shelley is on time for work each day 

of a 5 day week is now ~ 87.2%. 

11 a ~0.0388 b 25 solar components 

EXERCISE 27H B 

  

  

  

  

  

    

i p=3, oc~1.22 

im0 [ T [ 2 ] 3] 

[z [ 4 T 5 T 6 | 
0.0938 | 0.0156 

probability 

0.3 ] 

0.2 

0.1 

=] [l .         

iii The distribution is symmetric. 

i p=12, o~0.980 

ii ko 0 1 2 3 
  

  

  

  

(o [ 4 [ 5 T 6 | 
P 
A probability 

0.4 

0.3 

0.2 

0.1 

0         
0 1 2 3 4 5 6 3 

iii The distribution is positively skewed. 

i p=4.8, c=0980 

ii ko 0 1 2 3 

[ e | 4 | 5 [ 6 ] Z5 

  

  P 
Aprobabiliy 

04 

0.3 

0.2 [ 

0.1 [     0 —> 

o - w© w - o o 5 

o
 

w
1
 
W
 
P
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iii The distribution is negatively skewed and is the exact 

reflection of b. 

w=>5 02=25 

ap=12 o~1.07 b u=288, o~ 1.07 
n=39, o~ 184 

a p =285, o0~ 267 b ~0.740 

a px =np 
_ 1 =100 x 3 

=50 

b ox =5, oy ~6.45 

¢ X is more likely to lie between 45 and 55 inclusive because 

the standard deviation of X is lower than that of Y, which 

means there are more values of X which lie close to the 

mean. 

d i =~0.729 

Ky =np 
=300 x & 
=50 

il ~0.606 

I 

(7.12)%e~ 712 

z! 

il Var(X) =17.12 

il ~0.0757 

a PX=uzx)= , z=0,1,2 .. 

b i E(X)=T7.12 

¢ i ~0.0205 

iv ~ 0974 

~ 0.0498 

  

i o(X) ~ 2.67 

il ~0.838 

b =~ 0.577 ¢ ~0.185 

i ~0.150 il ~0.967 

n=17 02=17 o=~1.30 

~ 0.271 b ~0.271 ¢ ~0.677 

~ 0.990 

4 years, assuming that the probability of a fatal crash remains 

constant. 

_3+33 
T2 

d ~0.440 
C 

o 
o 
O
 o
 

a A ~4.37 

b i E(X)~4.37 

iv ~0.524 

a A=3++V15~6.8730 b 

a p=1.694 b A=1.694 

¢ o2 for the data ~ 1.67 

Inb, 02=X\=1694. 
The two values are very close. 

2 

ay=e?® (1+I+?> 

il o(X)~209 iii ~0.812 

i ~0.177 i ~0417 

  

1‘257.7? dy 

dz 2 
a Y eggs are laid, and each egg has probability % of hatching 

independently of one another. 

~ 2 40 b ~0.0211 < 2y d 4 

  <0 forall >0
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REVIEW SET 27A B 11 a i =~0.0751 il ~0.166 b ~ 4.97 games 

1 a discrete b continuous ¢ discrete 12 a bowling probability 

2 a iyes ii no iii no iv yes v yes i yes . 1.1 1 
2 strik IX = 

b the distribution in a iv e 1%5 = 58 
aa=3 b 4 ads §—> 1 strike Ixd=1 

4 a k=005 bo015 ¢2 dEX)=17 5 osrkes  1xd—1 
s . 1 

5 a X has a set of distinct possible values. 1 head 3 1 strike % « l; _ % 

b X=010r2 ¢ éi :()Su'ikes %x%:% 

d 1.2 green balls 0 heads — -+ 0 strikes % x1= % 

6 ~3.83 

7 a $7 b No, she would lose $§1 per game in the long run. ¢ ~8$3.33 

8 apu=3 b o2=1.1 ¢ o~ 1.05 

9 aa= 78_14 b 4 marsupials c 3 d =~ — $1.67, Suvi should not play the game many times. 

10 mean = 27, standard deviation = 8 13 a ~0.0516 b no 

64 _ 128 _ 14 ~ 1.2 ~ 1.1 ~ 0. 11 a 38 =0.02048 b 128 = 0.2048 ap 8, o 3 b ~0.366 

12 a =~ 0.544 b ~0.456 EXERCISE 28A.1 N 

13 a pentagonal square b I 1 B,D,and F 

spinner . spinner 2 a The diameters may be affected by: 
1 R e the type of lathe used 

<: R’ o the steadiness of the woodworker’s hand 

4 e the operating speed of the lathe. 

1 R b The scores may be affected by: 
<: e the time spent studying 

3 R’ e natural ability (for example, memory, learning ability) 

e general knowledge. 

¢ i X ~B(10, % ¢ The times may be affected by: 

. v (10N [11)\ (99 e weather conditions o walking speed 

i PX=1)= ( 1 ) (%) (%) ~0.00416 e physical fitness o the terrain. 
10\ (11\9( 9 . . . - . P(X =9) = ( o ) (2—0) (2—0) 2 0.0207 3 a The variable is not likely to be normally distributed as it is 

more likely that there would be more people younger than 

the mean age than there are older. The distribution may be 

positively skewed. 

It is more likely that exactly one red will occur 9 times. 

iii p=5.5 o~157 

14 a ~0.891 b ~0.0293 ¢ =~ 0.450 

REVIEW SET 27B IS 

1 a X is the number of hits that Sally has in each match. 

X =0,1,23,4,05 
b i k=023 il P(X >2)=0.79 

il P(1< X <3)=083 b The variable is likely to be normally distributed as the long 

jumper is likely to jump the same distance consistently, but it 

  

¢ mode = 3 hits, median = 3 hits will vary due to factors such as the speed at which the long 
2 a2 b3 < 2.7 jumper runs before the jump, and the positioning of their body 

4 a i Naomi i Rosslyn b Rosslyn before hitting the sand. 
.2 1 o 

5 a ig il 55 iii 15 b $2.70 per game 

6 a The probability of rolling a two is not the same for each die. 

So X is not a binomial random variable. 

5 
¢ 1z 

¢ The variable is not likely to be normally distributed as each 

number has the same chance of being drawn. The distribution 
7 aa=015 b=035 b Var(X) =1.26 should be uniform. 

8 a i E(X)=21 i Var(X) =1.29 

b iY=4-X il E(Y)=1.9, Var(Y) =1.29 

9 a The probability of spinning a 3 is the same for each spin. 

b u=4, ocx1.79 

10 a 42 donations b i =0.334 i ~0.0931 
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d The variable is likely to be normally distributed as the lengths 3 

of the carrots will be generally centred around the mean, but 

will vary due to factors such as soil quality, different weather 

conditions, harvest times, and so on. 

N\ 
e The variable is not likely to be normally distributed. People 

are most likely to be served quite quickly. The distribution is 

likely to be negatively skewed. 

S 
f The variable is not likely to be normal as it is a discrete 

variable. Each egg has the same probability of being brown, 

so the distribution is binomial. 

  

    e 
0123456789101112> 

    

g The variable is not likely to be normally distributed as it is a 

discrete variable. Most families will have 0 - 2 children, and 

there will be much fewer families with more than 2 children. 

The distribution will be positively skewed. 
: N 

l_D_I:IDDl EXERCISE 28B.1 N 
0 1 2 3 4 

1 a i40 ii 25 

b 

  

h The variable is not likely to be normally distributed as there 

will tend to be many more shorter buildings than tall buildings 

in a city. The distribution will be positively skewed. 

N 
i 1 standard deviation above the mean 

ii 2 standard deviations below the mean 

3 standard deviations above the mean 

   

    

  

15 20 25 30 35 40 45 X 

  EXERCISE 28A.2 d ~34.13% e ~0.1359 

1 aB b D < A d C 2 apu=2, o=4 
2 b i ~34.13% il ~ 13.59% il ~ 2.28% 

3 a 

      
  

51 59 67 5 83 91 99 
examination score 

b i ~1587% il ~2.28% ili ~ 81.85% 
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4 a ~0.6826 b ~0.0228 

5 a i ~3413% i~ 47.72% 

b i ~0.0228 il ~0.8413 

¢ ~ 68 students d k~178 

6 a =~0.8413 b ~0.8185 

7 a = 459 babies b~ 446 babies 

8 a =41 days b =~ 254 days ¢ =~ 213 days 

9 a &5 competitors b~ 32 competitors 

¢ ~ 137 competitors 

10 a p=176g oc=24¢g b ~81.85% 

1M1 a i ~8413% i ~2.28% 

b i ~0.0215 ii ~0.9544 ¢ ~0.0223 

EXERCISE 28B.2 N 

A 

    

60 65 60~ 62 67 X 

P(60 < X < 65) ~ 0.341 P(62 < ~ 0.264 

< 

A 50 68 > 

P(X > 64) ~ 0.212 P(X < 68) ~ 0.945 

e f 

6061 X 57.5° 60 Tg25 X 

P(X < 61) =~ 0.579 P(57.5 < X < 62.5) 

~ 0.383 

2 a ~0334 b ~0.166 3 ~0.378 

4 a ~0.303 b ~0.968 ¢ ~0.309 

5 a ~0.0509 b ~52.1% © R 47 eels 

6 a i =~904% il ~4.78% b $4160 

7 a i x127% il ~52.0% 

b i 21.6kL ii & 76 customers 

8 a i ~215% 

b i Enrique ii Damien 

9 a ~103% b ~0456 10 a ~84.1% b ~0.880 

11 a ~0.133 b ~ 00971 

EXERCISE 28C.1 NS 

1 a Emma’s z-scores: 

English ~ 1.82, Mandarin ~ 2.33, Geography ~ 1.61, 

Biology = 0.9, Mathematics ~ 2.27 

b Mandarin, Mathematics, English, Geography, Biology 

¢ The scores in cach of Emma’s classes are normally 
distributed. 

2 a Sergio’s z-scores: 

Physics &~ —0.463, Chemistry ~ 0.431, 

Mathematics &~ 0.198, German =~ 0.521, 

Biology ~ —0.769 

b German, Chemistry, Mathematics, Physics, Biology 

3 a Frederick’s z-scores: 

50 m freestyle ~ 1.95, 100 m backstroke ~ —1.07, 

200 m breaststroke &~ —0.578, 100 m butterfly ~ 0.345 

b Lower times are better as they indicate that the person swims 

faster. 

¢ 100 m backstroke, 200 m breaststroke, 100 m butterfly, 

50 m freestyle 

EXERCISE 28C.2 NS 

1 a =0.683 b ~0.840 ¢ ~0.341 d ~0.977 

e ~0.841 f ~0.159 

2 aa=-1b=2 b a=-05 b=0 

ca=0 b=3 

3 a ~0.150 b ~0.431 ¢ ~0.922 

d ~0.885 e ~0.298 f ~ 0.0968 
g ~0.919 h ~317x107° i ~0.383 

i ~0.950 k ~ 0.900 I ~0.100 

4 a i =0.976 b i =~0910 il ~0.302 

5 a i z1~-0859, z~1.18 ii ~0.687 

EXERCISE 28D N 

1 a b 

0.9 

0.3 

k 20 X 20 k X 

k~18.4 k ~23.8 

< d 

‘ 0.2 

20 k X 

k=20 ke~ 225 

e f 

‘ 0.13 

20 k 20 k X 

k=~ 20.9 k~234 

2 akN0878 b k=0.202 ck%70.954 

k~ —1.64 e k~—128 k =~ 0.228 

3 b a=309 

¢ 1043 

i 0.07 

a > 30 

4 a k=125 b k~ 188 ¢ k~4.93 

5 a ~0.212 b kx75.1 

6 a a~420 b a=46.7 ¢ a~40.1 

7 ~24.7cm 8 =~ 75.2 mm 

9 a i krb45 il 1~69.8



10 ~501.8 mL to 504.0 mL 

REVIEW SET 28A 

1 a The distribution of times taken for students to read a novel is 

likely to be positively skewed, and hence not normal. 

11 = 31.0°C 

b The mean amount spent on groceries at a supermarket is 

likely to occur most often, with variations around the mean 

occurring symmetrically as a result of random variation in 

the prices of items bought and/or the quantities of items 

bought (for example weights of fruits and vegetables). So 

the distribution is likely to be normal. 

  

    

  

3 

20 25 30 35 40 45 50 
X (mL) 

b i ~47.7% il ~2.28% 

h a ~2.28% b ~ 68.26% ¢ ~95.44% 

5 a ~502% b ~ 7 oysters 

6 a Harri’s test score is 2 standard deviations below the mean. 

b ~97.7% <7 

7 a ~0.364 b ~0.356 ¢ k~18.2 

8 a ~6.68% b ~0.854 

9 a =0.758 b ~0.115 ¢ ~0.285 

10 a k=19.7 b k=~28.0 

11 a ~0.260 b ~ 29.3 weeks 

12 a 1 ~0.0736 il ~ 0.0406 b ~0.644 

13 a k=281 b k~265 ¢ k~25.0 

REVIEW SET 28B 

1 

  

  

  

0 5 10 15 20 25 30 35 40 45 50 

2 apu=32 0c=5 

b 1 ~34.13% il ~84.13% il ~ 2.28% 

3 k~1.96 

h a i ~228% il =~ 84.0% b = 0.3413 

5 a i =x=76.1% il ~ 96.0% b ~0.598 

¢ z~61.9 

6 a =0479 b ~ 0.0766 ¢ k~552 

7 = 162 seconds 

8 a a=x9.05 b ax13.7 ¢ a~104 
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9 a ~0.258 b & 243 suitcases ¢ 23 kg 

10 a The relative difficulty of each test is not known. 

b z-score for English = 1, z-score for Chemistry = 1 

Kerry’s performance relative to the rest of the class is the 
same in both tests. 

  

11 a i ~0.0362 ii ~0.610 il ~ 0.566 

b kx744 ¢ a=81.0, bx~102 d =~ 0.506 

12 a ~68.3% b ~ 0.0884 

13 a i =~0.722 il ~0.798 b ~0.0563 

EXERCISE 29A 

1 a5 b 4 ¢ 48 

2 a E(X+2Y)=152, o(X +2Y)=+/4403 ~2.10 
b E(Y —X) =19, oY —X)=+1343~ 1.16 
¢ E(BX —2Y) =0, o(3X —2Y) = /6.987 ~ 2.64 

  

ihEX+Y)=3, Var(X+Y)=1 

v E(4X —2Y) =-3, Var(4X —2Y) =322 

4 a As Z P(z) =1 in ecach distribution, each is a well defined 

probability distribution. 

i E(X) =$2.50, o(X) =525~ $2.29 

i E(Y) =$2.20, o(Y)=+9.16 ~ $3.03 
¢ —$0.30 or —30 cents 

d No; the expected gain from playing this game is negative. 

a 

b 

o
 

E(X) =p, Var(X)=p(l-p) 
i The outcome of each trial of the experiment is a Bernoulli 

random variable with probability of success p, 

X; ~B(1,p). So the total number of successes out of 
n n 

n independent trials is ZX, Thatis Y = ZXi . 

i=1 i=1 

a sum of n independent Bernoulli random variables. 

EXERCISE 29B 

1 a T ~ Po(27) b ~0.307 

2 a Y ~Po(4) b ~0.908 

3 a =017 

b PY<1nNn (X+Y)=4) 

=P(Y=1)P(X =3) + P(Y =0)P(X =4) 

¢ ~0.0314 d ~0.179 

4 =~ 0.0251 5 X=1In4 

6 a i (X1+ X2)~Po(A1+X2) 

il (X1 4 X2+ X3) ~ Po(A1 + A2 + A3) 
n n-1 

b Y ~Po < Z )\k> ; Z X}, is a Poisson random variable 
k=1 k=1 

n—1 
with rate Z Ax which is independent from X, ~ Po(Ay,). 

k=1 

So, Y can be written as the sum of 2 independent Poisson 

random variables.
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EXERCISE 29C W 

1 a ~0.0259 b ~0.0724 ¢ ~0.669 

2 a ~0.888 

b The weights of each adult and each child are independent of 

one another. 

3 The manager needs to adjust the machine. 

4 a E(U)=20, o(U)=+109~ 10.4 

5 a ~0.00401 b ~0.00110 

6 a ~0.303 b ~0.233 

EXERCISE 29D 

1 a mean = 70, standard deviation = 1.5 

b ~0.0277 

b Yes, 64 should be a sufficiently large sample for the Central 

Limit Theorem to apply. 

2 a 150 i <= 

b Yes, as X is normally distributed. 

3 a mean = 80, standard deviation = 1.5 

b Yes, 36 is a large enough sample. 

¢ i ~0.747 ii ~0.0912 il ~ 0.252 

d No, as we do not know if X is normally distributed. 

4 a mean = 3.6, standard deviation &~ 0.124 

b Yes, 32 is a large enough sample. 

¢ i ~0581 il ~0.210 iii ~0.00767 

5 a Yes, as X is normally distributed. 

b X, as it has a larger standard deviation. 

¢ i ~0.309 il ~0.132 

6 a Histogram B as it is closer to the normal distribution, and the 

values are spread out over a much smaller range. 

b 55 ~0.217 

¢ 20550683 
For a normal distribution, the probability that a value is within 

one standard deviation of the mean is ~ 0.6826 

our estimate is good. 

7 a ~0.369 b = 0.0680 

8 a ~0.609 b ~0.934 9 ~0.864 

10 ~0.908 11 a ~0.252 b ~0.0228 

12 a ~14.5% 

b i Xgais normally distributed with mean 267 days and 

standard deviation 1.875 days. 

ii ~0.0000945 

¢ The answer to a may be affected but the answers to b remain 

the same. 

EXERCISE 29E.1 B 
1 .70.8< pu<75.2 
2 a za 1.75 b 79.7< p <835 

3 a 1407<p<443 il 403 < p <447 

il 39.6 < p <454 

b Increasing the confidence level increases the margin of error. 

a T=29.7 b 26.9 < p<325 

5 a 240.75 < p < 244.45 mg b width ~ 3.7 mg 

¢ increase the sample size 

EXERCISE 29E.2 

1 anxTI11 b n~ 17800 ¢ n = 1780000 

2 50 crayfish 3 a 136 packets b 305 packets 

4 a The width will decrease by a factor of /2. 

b 4 times larger 

5 a 1000.2 < p < 1001.8 mL b width ~ 1.6 mL 

¢ i 326 bottles 

ii It would waste a lot of time and money sampling this 

many bottles. 

EXERCISE 29E.3 M 

1 a 473 < p <509 

b Since 50 lies within the confidence interval, we do not have 

enough evidence to reject the claim. 

2 a 98.9 < p < 99.9 grams 

b 100 g lies outside the confidence interval so we reject the 

claim that g = 100 g. 

13.28 < p < 13.32 dollars 

b Yes, as the entire confidence interval lies below the old mean 

price of $13.45. 

12.01 < p < 12.35 seconds 

b i Joan’s time to run 100 m has improved as the entire 

confidence interval lies below the old mean time of 

12.46 seconds. 

i 12.26 seconds is within the confidence interval so we do 

not have enough evidence to accept this claim. 

EXERCISE 29F B 

1 8.38 < i < 9.02 minutes 2 511 < p < 517 grams 

3 37.0 < 1 < 39.4 days 
4 a T~ 82.2hours, s~ 3.71 hours 

80.8 < p < 83.5 hours 

7.04 < p < 8.96 minutes 

Yes, as the entire confidence interval lies below the old mean 

time of 12 minutes. 

6 a 3.12 < p < 3.21 seconds 

b i Yes, the confidence interval lies entirely below the old 

mean stopping time. 

ii No, 3.1 seconds is below the confidence interval. 

REVIEW SET 29A 

1 a E(X1+2X2+3X3) =6p, o(X1+2X2+3X3) =014 

b E(2X1-3X2+X3) =0, o0(2X1—3X2+X3) =014 

b 

5 a 

b 

2 a ~0.380 b ~0.395 

3a=1 b=1 
4 a mean = 35, standard deviation = 4 

_ ation — —&— b mean = 35, standard deviation = 75 

5 ~0.819 

6 a Histogram B as it is not normally distributed. 

b mean = 11.4 gkg~ 1, 

7 594.5 < p < 598.9 grams 

We are 95% confident that the mean weight of cereal packets is 

between 594.5 g and 598.9 g. 

8 a 824.2 < p < 832.2 grams 

9 a s=~4.05 b 

standard deviation = 3.07 g kg—! 

b 260 cans 

i 12475 < < 12924 i k=~ 93.0 

REVIEW SET 29B B 

1 a i2-8 i 4+2 ba=4 b=3 
¢ Y is a linear combination of normal variables. Consequently 

Y is normal. 

So, Y ~ N(0, 12). 

d =~ 0.106 

2 a T ~ Po(355) b ~0.00879
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_ oo 6 a mean = 50, standard deviation = 75 

b Yes, 60 is a large enough sample. ¢ ~0.902 

a mean = 500 g, standard deviation = \}—230 g 

b Yes, as X is normally distributed. 

a ~0.296 

b mean = 63.4 g, standard deviation = 6'—\/% g 

¢ = 0.0447, this is the probability that the mean weight of 

10 sausages will be 60 g or less. 

a T ~ 118 points, s = 31.0 points 

b 109 < p < 128 points ¢ width ~ 19 points 

a Histogram A, as it is more symmetric and has a smaller spread 

than Histogram B. 

b i Using the Central Limit Theorem, 
2 

T~ N(4A3, (\}%) > ~ N(4.3, (0.12)2) 

il ~0.662 il ~ 0.662 

a 24.3 < p < 27.9 units per kg 

b No, the mean protein content of free range chickens, 

24.9 units per kg, lies within the confidence interval. 

a =~ 0.0515 b ~0.0299 ¢ 601.2 mL 

  

  

EXERCISE 30A 

w 
D 

10 

1 

13 

a A Type I error involves rejecting a true null hypothesis. 

b A Type II error involves accepting a false null hypothesis. 

¢ The null hypothesis is a statement of no difference. 

d The alternative hypothesis is a statement that there is a 

difference. 

a a Type I error b a Type II error 

a a Type II error b a Type I error 

a The alternative hypothesis (H1) is that the person on trial is 

guilty. 

b a Type I error 

a A Type I error would result if X and Y are determined to 

have different effectiveness, when in fact they have the same. 

b A Type II error would result if X and Y are determined to 

have the same effectiveness, when in fact they have different 

effectiveness. 

a Hp: p=80 {new globe lasts as long as old globe} 

Hy: p>80 {new globe lasts longer than old globe} 

b Hp: p =280 {new globe lasts as long as old globe} 

Hy: p <80 {new globe does not last as long as old globe} 

< a Type II error 

: p=26.3 {new top speed is the same as old top speed} 

Hy: p>26.3 {new top speed is greater than old top speed} 

Ho: =80 {mean weight of paper is 80 g per m?} 

Hi: p# 80 {mean weight of paper is not 80 g per m?} 

Ho: p =27 {mean travel time is the same as before} 
Hy: g1 <27 {mean travel time is lower than before} 

: p=2.7 {fat content of Brand B’s muesli bars is 2.7 g} 

: > 2.7 {fat content of Brand B’s muesli bars is 

greater than 2.7 g} 

p = the proportion of smokers in the British population 

Hp: p=0.21, H;: p<0.21 

p = the proportion of cancer patients who survive more than 

5 years after diagnosis on the new treatment 

Hp: p=0.3, Hp: p>03 

p = the proportion of Party A supporters 

a Ho: p=0.42 b Ho: p=0.42 
Hy: p> 042 Hy: p+#0.42 
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EXERCISE 30B NS 

a i z=-1.89 il p-value =~ 0.0294 

As the p-value < 0.05, we reject Ho in favour of Hy. 

Ho: p=280 and Hi: p >80 

2 A 3.40, the null distribution is Z ~ N(0, 12) 

p-value =~ 0.000 339 

As the p-value < 0.01, we reject Ho. 

We conclude that > 80 at the 1% level of significance. 

z~ —2.37, p-value =~ 0.008 85 

Since p-value < 0.05, the customer’s claim is valid at the 5% 

level of significance. 

2z~ —3.40, p-value ~ 6.63 x 104 

Since p-value < 0.05, we conclude that the herd fineness has 

changed between 2013 and 2017, at the 5% level of significance. 

® 
Q
n
a
n
C
o
 O
 

EXERCISE 30C I 

4 

5 

a In a Z-test, the null-distribution is Z ~ N(0, 12), and 

does not depend on f. For a given significance level a, the 

critical value, critical region, and acceptance region are the 

same for each set of hypotheses. 

b Yes, the null distribution is still Z ~ N(0, 12). The critical 

value, critical region, and acceptance region will be the same. 

a Ho: p=16 and Hyi: p<1.6 

i ~—1.96 il C={z|2<-196} 

iii A={z]2z>-1.96} 

¢z~ —0.569 ¢ C, so there is insufficient evidence to claim 
that the mean tread depth does not meet the legal requirement. 

a i C={z|2<-233 or z>233} 

i A={z]-233<z<233} 
b yes; z~ —259€C 

Ho will be rejected if T < —23.8 or T > —22.2. 

The quality controller should not adjust the machine for 

502 mL <7 < 506 mL. 

EXERCISE 30D W 

6 

  

a i t~-1.53 il T~ toz p-value ~ 0.141 

b i Since p-value > 0.05, we do not reject Ho as there is 

insufficient evidence to do so. We accept at a 5% level 

that p = 18.5. 

i critical region C = {¢ |t < —2.069 or ¢ > 2.069} 

Since t ¢ C, we do not reject Hy as there is insufficient 

evidence to do so. We accept at a 5% level that 

pn=18.5. 

t~ —11.8, p-value =~ 0 

Since p-value < 0.02, we conclude that the mean price has 

fallen at a 2% level of significance. 

t ~ —2.64, p-value =~ 0.0136 

Since p-value > 0.01, we conclude that the machine is not 

underfilling the bottles at a 1% level of significance. 

t~ 1.72, p-value = 0.107 

Since p-value > 0.02, it is not justified to adjust the machine 

at a 2% level of significance. 

t~ 1.67, p-value ~ 0.931 

Since p-value > 0.01, we conclude that the machine is not 

underfilling the bags at a 1% level of significance. 

a Since the growth of carrots depends on many factors such as 

genetic makeup and environment, it is reasonable to assume 
the weight of carrots is normally distributed.
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b ¢t~ 238, p-value ~ 0.0140 

Since p-value < 0.05, we conclude that the mean weight is 

greater than 50 grams at a 5% level of significance. So, the 

buyer will purchase the crop. 

t~ 0.982, p-value ~ 0.164 

Since p-value > 0.02, there is insufficient evidence to 

support the management’s claim. 

b Type II error 

EXERCISE 30E I 
  

  

b i Ho: pp=0, Hyi: pp <0 

il Ho: pp =0, Hi: pp #0 

¢ t~ —2.01, p-value =~ 0.0292 

Since p-value < 0.05, we conclude that the sprint times of 

the athletes have improved at a 5% level of significance. 

2 t=1.17, p-value = 0.134 

Since p-value > 0.05, there is insufficient evidence to support 

that there has been improvement at a 5% level of significance. 

A[BJCIDJEJF[ G [H]JIJI]K 
| & [s[1]7]s5]s3]2]-1]1ui]6]5]4 

b t~ —0.843, p-value =~ 0.419 

Since p-value > 0.05, there is insufficient evidence to reject 

the sports commission’s claim at a 5% level of significance. 

EXERCISE 30F B 

1 a Let py be the population mean weight of the tomatoes from 

last year, and 

4o be the population mean weight of the tomatoes from this 

year. 
Ho: py = po and Hi: py < g 

b t~ —1.99, p-value ~ 0.0244 

Since p-value > 0.01, there is insufficient evidence to 

support the claim that the weight of the crop increased at 

a 1% level of significance. 

2 t=~1.31, p-value =~ 0.0967 

Since p-value > 0.05, there is insufficient evidence to support 

the claim that high school students sleep less than middle school 

students at a 5% significance level. 

3 t~ —0.198, p-value ~ 0.423 

Since p-value > 0.05, there is insufficient evidence to support 

the claim that Brand B is better than Brand A at a 5% significance 

level. 

4 a t~2.39, p-value~ 0.0251 

Since p-value < 0.05, there is sufficient evidence to support 

the claim that there is a significant difference between the 

runners’ times at a 5% level. 

b The mean time for Jesiah ~ 12.6 s and the mean time for 

Billy ~ 11.7 s. So, Billy is faster. 

EXERCISE 30G NS 

  

  

            

  

n 
1 The test statistic 7" = Z X; is a Poisson random variable 

i=1 
which can only take non-negative integer values, so the observed 

n 
test statistic ¢ = Z x; must also be a non-negative integer. 

=1 

a Hop: A=2, Hyi: A <2 

b Since p-value &~ 0.458 > 0.05, there is insufficient evidence 

to conclude that the specimen is older than 5000 years old at 

the 5% level of significance. 

a t=86 

b p-value ~ 0.328 > 0.05, so Hg should not be rejected. 

a Hop: A=30, Hi: A>30 

b Since p-value ~ 6.38 x 10~ < 0.1, there is sufficient 

evidence to support upgrading the intersection at a 10% level 

of significance. 

¢ We assume that the number of cars passing through the 

intersection per minute during peak time has the same 

distribution every day and does not change during a particular 

peak time. Thus the 30 minute “sample” may not be entirely 

representative of the situation. If the data was collected on a 
different day, or earlier or later in this particular peak time, 

we may get very different results. 

a Let A be the mean number of siblings per student. 

Ho: A=15, Hi: A>15 

b Since p-value = 0.693 > 0.05, there is insufficient evidence 

to support the claim that the mean number of siblings per 

student is greater than 1.5 on a 5% level of significance. 

¢ t~ —0.566, p-value ~ 0.712 

Since p-value > 0.05, there is insufficient evidence to 

support the claim that the mean number of siblings per student 

is greater than 1.5 on a 5% level of significance. 

d Both tests give similar results and the same conclusion. 

However, because the number of siblings is a discrete variable 

and the sample size may not be sufficiently large enough for 

the Central Limit Theorem to apply, the test in b is more 

appropriate for Emily. 

    

  

a ic=A{0,1} i A={t|t=2} i c=1 

b i C={t|t>16} i A={0,1,...,15} iii ¢c=16 

¢ 1 C={0,1,2,3,4,5} ii A={t|t=>6} iii c=5 

critical region C = {t |t > 26} 

Since t =20 ¢ C, we accept Ho at a 5% level of significance. 

t =3 is the value in C with the largest p-value ~ 0.0424. So 

the significance level a > 0.0424 because all of the values in C 

must result in rejecting Ho. Similarly, ¢ =4 is the value in the 

acceptance region A with the smallest p-value ~ 0.0996. So, 

the significance level « < 0.0996 because all of the values in 

A must result in retaining Ho. So, 0.0424 < o < 0.0996. 

EXERCISE 30H NS 

a p = the probability the magician rolls a six with a fair die 

Hp: p=0.9, Hp: p<09 

b significance level & 0.0159 

a p = the probability of rolling a four with the die 

Ho: p= %, Hi: p> % 

b a=0.05 

Test statistic: 

X = the number of fours rolled in 30 rolls of the die 

Null distribution: X ~ B(30, £) 

d p-value =~ 0.114 

a p = the probability of a head when the coin is flipped 

Hop: p=0.5, Hy: p<0.5 

b Test statistic: 

X = the number of heads in 80 tosses of the coin 

Null distribution: X ~ B(80, 0.5) 

¢ p-value ~ 0.288 d no 

e no



Since p-value ~ 0.0259 < 0.05, there is sufficient evidence to 

say that the new medication is better than the old on a 5% level 

of significance. 

Since p-value ~ 0.327 > 0.02, there is insufficient evidence 

to support the consumer group’s suspicions on a 2% significance 

level. 

Since p-value ~ 0.295 > 0.01, there is insufficient evidence to 

support the claim that people’s feelings about their future financial 

situation have improved on a 1% level of significance. 

a i Cc={0} il A={1,234,5} i ¢c=0 

b i cCc={7.8 i A=1{0,1,2,3,4,56} iii c=7 

¢ iC=1{0,1,23,4,5} i A={6,7,8,9, 10} 

iii c=5 

a i critical region = @ 

il acceptance region = {0, 1, 2, 3, 4} 

b no ¢ Toss the coin more times. 

EXERCISE 301 B 

5 

a Ho: p=0 and Hi: p>0 

b test statistic &~ 1.65, p-value ~ 0.0804 

¢ There is insufficient evidence to reject Ho in favour of Hy 

on a 5% significance level. The variables are not correlated. 

p-value = 0.0334 

a yes; p-value < 0.05 b no; p-value > 0.01 

Since p-value ~ 1.53x10~% < 0.01, there is sufficient evidence 

to support the researcher’s claim at the 1% level. 

Since p-value ~ 0.0256 > 0.02, we conclude that the data is 

not lincarly correlated at the 2% level of significance. 

a =229 b =005 and a=0.1 

¢ p-value &~ 0.0477, which is less than 0.05 and 0.1. 

EXERCISE 30J.1 B 

a i C={z|z>164} il C={z]z=>233} 

b i ~0.147 il =~ 0.356 

a ~0.285 b ~ 0.400 ¢ =~ 0.9999 

a Ho: p=35, Hy: p#35 
b {z]|2< —-2.58 or z> 258} 

¢ i ~0.343 il =~ 0.657 

a a=0.00621 b i =0.0228 il ~0.977 

a =~ 0.0455 b i ~0.0228 il ~0.977 

a 
  

i[a] o1 0.05 0.01 0.001 
| 3] ~0.00926 [ ~0.0207 [ ~0.0772 | ~ 0.239 | 

ii (3 increases as « decreases. 

b i D'uevalueof,u 

  

  

il As the true value of p gets further and further away from 
0, the value assumed under Ho, 

B = P(Type I error) — 0. So the power of the test 

1 — 3 = P(correctly rejecting Hg) — 1. 

That is, as p gets further away from the null value, the 
more likely it is that a genuine difference will be detected. 

EXERCISE 30).2 I 

a Ho: p=13%, Hi:p>3% sl
 

3 

4 
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b i A TypeIerroris rejecting Ho when it is true. This means 

deciding it is biased when it is in fact fair. 

ii P(Type I error) &~ 0.0496, significance level ~ 4.96% 

¢ ~0.146 

Hyp: p=0.5, Hy: p>0.5 

b i critical region 

ii P(Type I error) /= 0.0193, significance level ~ 1.93% 

¢ i P(Type Il error) &~ 0.917, power ~ 0.0834 

il Type II error 

a ~0.0263 or ~2.63% b ~0.391 

a {t|t>15} b ~0.275 

REVIEW SET 30A N 

1 

12 

13 

Hp: p =0 {the bus arrives on time} 

Hy: p>0 {the bus is late} 

a There is 7.94% chance of observing this result if the null 

hypothesis is true. 

b For a 10% significance level, we reject Ho if there is less 

than 10% chance of observing this result. 

¢ As the p-value < 0.1 = o, we reject H in favour of Hy. 

d Type II error 

C={z|2<—233 or z> 233} 

The test statistic z &~ —0.685 does not lie in the critical region. 

There is insufficient evidence to reject the manufacturer’s claim 

at the 2% level of significance. 

£428000 <7 < £448000 

a Ho: p=90 and Hp: p <90 b one-sample ¢-test 

¢ critical region C = {t |t < —2.54} 
Since t ~ —3.59 € C, we conclude that Rosario’s concerns 

are justified at a 1% level of significance. 

a Let puq be the population mean number of fish caught by Joe 

per fishing trip, and 

1o be the population mean number of fish caught by Ruben 

per fishing trip. 

Ho: pq = py and  Hi: pq > po 

b ¢t~ 0.644, p-value ~ 0.263 

Since p-value > 0.05, there is insufficient evidence to 

support Joe’s claim at a 5% level of significance. 

a two sample t-test; the data is not paired or there are two 

different samples of customers. 

b t~ —1.80, p-value ~ 0.0863 

Since p-value < 0.1, there is sufficient evidence to support 

the claim that there is a significant difference between the 
time spent shopping by customers at the supermarkets at a 

10% level. 

t ~ —3.06, p-value ~ 0.00677 

Since p-value < 0.05, we reject the claim that the fuel economy 

of E10 fuel is just as good as regular unleaded at a 5% level of 

significance. 

Since p-value &~ 0.0302 < 0.05, there is sufficient evidence 

to conclude that the new exercises are better at a 5% level of 

significance. 

Since p-value ~ 0.177 > 0.01, there is insufficient evidence to 

support hiring a new receptionist at a 1% level of significance. 

Since p-value &~ 0.113 > 0.05, we conclude that the height and 

weight are not linearly correlated at a 5% level of significance. 

a {z|z2<—194 or z>1.94} ¢ ~0.651 

a i{z|z=>13} il {z|x< 12} 

b ~0.0253 or =~ 2.53% ¢ ~0.910
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REVIEW SET 30B NS 

1 a A Type I error would occur if we concluded that the seafood 

company is supplying undersize fish when they are in fact 

not. 

b A Type II error would occur if we concluded that the seafood 
company is not supplying undersize fish when they actually 

are. 

2 t~ —11.2, p-value =0 

Since p-value &~ 0 < 0.05, there is sufficient evidence to 

conclude that Yarni’s resting pulse rate has decreased at a 5% 

level of significance. 

3 2z~ —1.02, p-value =~ 0.307 

Since p-value > 0.05, there is insufficient evidence to suggest 

that the mean weight has changed from 2011 to 2012 at a 5% 

level of significance. 

4 t~1.95 p-value ~ 0.0295 

Since p-value < 0.05, there is sufficient evidence to justify the 

company’s concerns at a 5% level of significance. 

5 t~ 140, p-value ~ 0.0858 

Since p-value > 0.05, there is insufficient evidence to support 

the claim that Arthur has improved at the 5% level of significance. 

6 t~1.18, p-value ~ 0.242 

Since p-value > 0.1, we conclude that there is not a significant 

difference between the average points totals of the two suburbs at 

a 10% level of significance. 

Standard deviation 

b t=x1.71, p-value =~ 0.0508, 

Since p-value < 0.1, there is sufficient evidence to support 

the claim that the revision course improved results at a 10% 

level of significance. 

8 a paired t-test; Josie only has 1 sample of individuals, but 

2 measurements for each individual, so the data is paired. 

b t~ —4.89, p-value ~ 0.000118 
Since p-value < 0.1, there is sufficient evidence to support 

Josie’s claim that yelling helps people to withstand pain at a 

10% level of significance. 

    

      

    

¢ e Each Silent measurement is independent of every 

other Silent measurement.  Similarly for the Yelling 

measurements. 
e The order in which the Silent and Yelling measurements 

were taken does not matter. 

9 Since p-value &~ 0.0447 < 0.05, there is sufficient evidence 

to conclude that the dic is biased towards 6 at a 5% significance 

level. 

10 a p = the probability that the train is behind schedule 

Hp: p=0.3, Hp: p<0.3 

b Test statistic: 

X = the number of times the train is late in the 10 trial runs 

Null distribution: X ~ B(10, 0.3) 

¢ critical region = {0} d no 

11 Since p-value ~ 1.22 x 1074 < 0.01, the variables are 

negatively correlated at the 1% level of significance. 

12 a {z|z< —1.64} b ~0.639 ¢ p=355 

13 a {t|t<33} b ~0.0383 ¢ ~0.738 

EXERCISE 31A NS 

1 a Let p1 be the population proportion of “heads”, and 

p2 be the population proportion of “tails”. 

Hp: p1 =0.5, p2 =0.5 

Hi: p1 #0.5 and p2 # 0.5 

b 42 ¢ 48 heads, 48 tails =1.5 

e 1 f ~0.221 

g Since p > 0.05 = ¢, there is insufficient evidence to 

suggest that the coin is biased at a 5% significance level. 

2 x2, ~5.97, df =2, p-value ~ 0.0505 
Since p-value > 0.01, there is insufficient evidence to suggest 

that there has been a change in the proportion of voters supporting 

cach party at a 1% significance level. 

3 X2, ~ 103, df =4, p-value ~ 0.0351 
Since p-value < 0.1, there is sufficient evidence that the 

proportions of each ice cream flavour sold are not all the same 

at a 10% significance level. Brian should change the amounts of 
cach ice cream flavour that he makes. 

b X2 A 5.70 X 10%, df =4, p-value ~ 0 
Since p-value < 0.05, there is sufficient evidence to support 

the claim that there was a significant change in London’s 

demographics between 2001 and 2011 at a 5% significance level. 

P Jo o [ ][R clow 

d x2 
calc 

  

Expected | 1) g5 | 95 05 | 44.7 | 44.55 | 20.25 | 3.6 
Jirequency 

b Xfm ~19.1, df =5, p-value =~ 0.00181 

Since p-value < 0.01, there is sufficient evidence to support 

the claim that there is a substantial difference between the 

school’s results and the rest of the nation at a 1% significance 

level. 

¢ Since the expected frequency for “Band 5 and below” is 

less than 5, the sample size is not large enough for x? to 

be distributed appropriately. By combining “Band 6” and 

“Band 5 and below” we can obtain more reliable results. 

d X2, ~ 189, df =4, p-value ~ 0.000807 

Since p-value < 0.01, there is still sufficient evidence 

to support the claim that there is a substantial difference 

between the school’s results and the rest of the nation at a 

1% significance level. Although we have obtained the same 
result both times, the result is more reliable now that each of 

the expected frequencies is sufficiently large. 

6 a X ~B(10, 1) 

b It is unlikely that a person will have to guess the answer 

to every question. Some questions are more likely to be 

answered correctly than others. So the statistician’s model 

is not completely appropriate. 

¢ Using the p-value of a x2 goodness of fit test. 

X2 ~ 8.89, df =5, p-value ~ 0.114 

Since p-value > 0.1, we conclude that the statistician’s 

model is appropriate at a 10% significance level. 

7 X2, R T.60, df=4, p-value~ 0.107 

Since p-value > 0.01, there is insufficient evidence to reject Ho 

at a 1% significance level. We conclude that the data is from a 

Poisson distribution with mean 5. 

EXERCISE 31B W 

1 X2, ~ 135, df =5, p-value~ 2.43 x 10727 

Since p-value < 0.05, we conclude that the data is not binomially 

distributed at the 5% level of significance. 

2 a =~ 0.885 accidents per week 

b x2, ~ 115, df =2, p-value ~ 0.0325 
Since p-value < 0.05, we conclude that the data does not 

come from a Poisson distribution at a 5% significance level.



3 a o~3.35 

b x2, ~ 617, df =4, p-value~ 1.26 x 10712 
Since p-value < 0.05, we conclude that the data is not from 

a normal distribution with mean 5. 

0<t<25 

25<t<h 

5<t<75 

75<t<10 

10<t <125 

125<t<15 
15<t<175 

  

  

  

  

    
  

         ¢ (min)        
0 25 5 75 10 125 15 175 

¢ slightly positively skewed 

d p = 7.325 minutes, o &~ 3.64 minutes 

e x2,~943, df=4, p-value ~ 0.0512 
Since p-value > 0.01, there is insufficient evidence to reject 

Hy at a 1% level of significance. We conclude that the data 

is normally distributed. 

EXERCISE 31C ISSS— 

1 a x2,=949 

b As x2 
9 . . 

cale = Xait» We reject Ho in favour of Hi. 

2 a Let p1, p2, p3, and pa be the population proportions of red, 

yellow, green, and blue lollies respectively. 
1 Ho: pr=13 p2=13%, . ps=1 

Hy: atleast one of pi1, p2. p3. pa # + 

2 2 _ b Xeate = 2.02 € Xgy = 6.25 

d As Xfm < X?m , there is insufficient evidence to reject Ho. 

e As p-value = 0.569 > 0.1 = «, there is insufficient 

evidence to reject Hg at a 10% significance level. 

3 As X2 > x4 (G ~ 288, x2, = 13.28), there is 

sufficient evidence to support the claim that the ISP’s changes 

were effective. 

b As X2 < xZ G m 354, xZ, = 9.24), there is 
insufficient evidence to reject Hp. The data is Poisson with rate 

A =2.2 ata 10% significance level. 

5 As xZ. < X% (G ~ 423, x%, = 5.99), there 
is insufficient evidence to reject Hg. The data is binomially 

distributed at a 5% significance level. 

EXERCISE 31D.1 NS 
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b In a sample of 100 students, we would expect 30 to be male 

and pass the Maths test. 

      2 

Xeate = 6 

3 x2, ~6.61, df=2 p-value ~ 0.0368 
Since p-value < 0.05, we reject Hp, and conclude that the 

variables weight and suffering diabetes are dependent. 

4 a xZ =461 
2 b X2, ~8.58 

Since X?alc > Xfm’ we reject Ho. So at a 10% level, 

we conclude that age and the party they wish to vote for are 

dependent. 

5 a x2,~236, df=3, x2 =781 
2 
cale 

Jfor travelling and rating are dependent. 

b Guests travelling for a holiday are more likely to give a higher 
rating. 

Since xZ,. > Xgm , wereject Hp. So ata 5% level, reason 

6 X2, ~T.94, df =6, p-value ~ 0.242 

Since p-value > 0.1, there is insufficient evidence to reject Ho. 

So at a 10% level, position and injury type are independent. 

7 a Owns a pet? 

b Yes, 4.02 and 3.98. < 

  

Owns a pet?     
d X2, ~5.22, df=2, p-value~ 0.0735 

Since p-value > 0.05, we do not reject Hy. So at a 5% 

level, age and owning a pet are independent.
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8 a Intelligence level 

~26] ~ 
Smoking 

habits 

Heavy smoker | =~ 107 

b X2, ~16.9, df =6, p-value ~ 0.00959 

Since p-value < 0.01, we reject Hp. So at a 1% level, we 

conclude that intelligence level and smoking habits are not 

independent. 

< Intelligence level 

o [ ey 

Smoking 

habits 

  

  

d XCQalc ~ 13.2, df =4, p-value = 0.0104 

Since p-value > 0.01, we do not reject Hp. So ata 1% 

level, intelligence level and smoking habits are independent. 

This is a different conclusion from the one in b. 

EXERCISE 31D.2 W 

1 a Result b Xc2alc ~ 1.35 

  

¢ As Xfalc < 3.84, there is insufficient evidence to reject Ho. 

So at a 5% level, Horace’s guess and result are independent. 

d According to this test, Horace’s claim is not valid. 

2 a 

  

So at a 10% level, X2y > 271, 
motorbike test result and country are dependent. 

we reject Ho. 

REVIEW SET 31A IS 

1 a 12.59 

b As x < X2.., there is insufficient evidence to reject Ho. 
crit * 

2 a Let p1, p2, p3, pa, and ps be the population proportions of 

shirts which are small, medium, large, X-large, and XX-large 

respectively. 

i Ho: p1 =0.1, p2 =0.2, pg =0.35, ps=0.25, 

ps =0.1 

i df =4 

b ~0.0134 

a Yes, the p-value < 0.05, so we reject Ho in favour of Hy 

on a 5% level of significance. We conclude that the store 

should change its distribution. 

3 x2,~421, df =2, p-value = 7.37 x 10710 

As p-value < 0.1, we reject Hg at a 10% significance level. 

The variables age of a driver and their opinion are dependent. 

rarity | super rare uncommon | common 4 a | Item 

  

Lxpected | 55| o5 62.5 150 
frequency 

b X2, =1134, df=3, x% ~10.0 
2 . . . . 

As xcalc < Xt there is insufficient evidence to reject Ho 

crit 

at a 1% significance level. 
justified. 

5 a 4.02 biros per packet b ~0.67 

¢ X2~ 271, df =3, p-value ~ 0.438 

Since p-value > 0.1, there is insufficient evidence to reject 

Hy ata 10% significance level. We conclude that the number 

of red biros is binomially distributed. 

6 x2, ~27.6, df=9, p-value ~ 0.00112 

Since p-value < 0.05, we reject Ho. So at a 1% level, social 
media and exercise are related. 

REVIEW SET 31B IS 

1 2, =5215, df=3, pvalue~ 0.157 
Since p-value > 0.05, there is insufficient evidence to reject 

Hg. We accept the manufacturer’s claim. 

2 a 1 PX=2)=05x05x...x05x 05 

z—1 heads 1 tail 

= (0.5) 

Emmanuel’s suspicions are not 

ii | Number of tosses required 

1 50 

25 

12.5 

6.25 

3.125 

1.5625 

0.78125 

0.78125 

  

b x2, ~ 114, df =4, p-value ~ 0.0220 

Since p-value < 0.05, we conclude that the distribution is 

not a suitable model for the data. 

Observed 

[frequencies 

Expected 

frequencies 

x < 70.5 
70.5 < < 80.5 

80.5 < = < 90.5 

90.5 < = < 100.5 

100.5 < = < 110.5 

110.5 < z < 120.5 

120.5 < = < 130.5 

x > 130.5 

  

b Xcal ~ 10.2, df =05, p-value ~ 0.0697 

Since p-value > 0.05, there is insufficient evidence to reject 

Hg. We conclude that the data is from a normal distribution 

with mean 100 and variance 100. 

4 X2 ~13.0, df =6, p-value ~ 0.0433 
a Since p-value < 0.05, we reject Hp. So, at a 5% level, P 

and @ are dependent. 

b Since p-value > 0.01, we do not reject Ho. 

level, P and @ are independent. 

bdk ~ 6.06, df =2, p-value ~ 0.0485 

Since p-value < 0.05, we conclude that the data is not normally 

distributed at a 5% level of significance. 

6 X2 ~ 256 

Since X?a]c > 21.67, we reject Hy. So ata 1% level, education 

So,ata 1% 

level and business success are dependent.
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